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39. LEBESGUE-VITALI’'S CHARACTERIZATION OF RIEMANN INTEGRABILITY

The previous section gave a number of sufficient conditions for Riemann integrability
but the only necessary condition that we have had so far is boundedness. The sufficient
conditions all had to do with the structure of the continuity set of the function under
integral. In this section we will formulate a condition on the continuity set that is both
necessary and sufficient for Riemann integrability. This will allow us to characterize the
class of Riemann integrable functions completely.

39.1 Statement and preliminaries.

We have seen that a function can be Riemann integrable while being discontinuous at a
set of cardinality of the continuum. However, the sets of discontinuities cannot contain
non-degenerate intervals :

Lemma 39.1 Let f: [a,b] — R be bounded. Then

fRI = {xe€[ab]: f continuous at x} dense in [a, b]. (39.1)

We leave the proof of this lemma to a homework problem while noting that the Dirich-
let function, 1, is an example of a function which is discontinuous at all points and thus
fails to be Riemann integrable. As the example in (27.23) shows, the complement of (39.1)
can be dense in [4,b] with f Riemann integrable on [a,b]. As it turns out, the criterion
that decides whether the discontinuity set is too large is based neither on cardinality nor
on (metric-space) topology; instead, it is based on measure.

Definition 39.2 We say that a set A < R is of zero length if

o0
Ve > 03{(a;, bi)}ien intervals: A< | J(a,bi) A D (bi—a;) <e (39.2)
ieN i=0

It is easy to check that any finite set is of zero length. But even a countably infinite set
of points is of zero length. Indeed, writing the set as a sequence {x, },cN, the intervals

{(oxn — €272, x, +€27" 2 ne N} (39.3)

cover the set and have total length equal to € >}, 527"~ = €. There are even uncount-
able sets of zero length; for instance, the Cantor set, which is covered by 2" intervals of
length 37", for every n € IN. This shows that the following statement readily subsumes
all the cases discussed in the previous section:

Theorem 39.3 (Lebesgue/ Vitali’s characterization of Riemann integrability) Leta < b
be reals and f: [a,b] — R a bounded function. Then

fRIon[ab] < {x¢[ab]: f NOT continuous at x} zero length (39.4)
Before we delve into the proof, we note:
Lemma39.4 The statement in (39.2) is equivalent to that in which the open intervals {(a;, b;) }ieN

are replaced by closed intervals {[a;, b;]}ieN-
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Proof. Since (a;,b;) < [a;, b;], if (39.2) holds with open intervals then it holds with
closed intervals. Conversely, assuming that (39.2) holds for a given € > 0 with inter-
vals {[a;, b;]}ien. Now set

ali=a;— €27 A bli=b; +e2”" (39.5)

o0 o0 a0
S —al) = Y —a)) + > 2627 < e + 4e = 5e (39.6)
i=0 i=0 i=0

and so (39.2) holds with open intervals for each € > 0 as well. O

For the proof, we also need:

Lemma 39.5 Given a bounded f: R — R with Dom(f) = R, define M¢,ms: R — R by

My (x) := éinf sup  f(y) (39.7)
>0 ye(x—46,x+9)
and
me(x):=sup inf  f(y) (39.8)

5>0 ye(x—4,x+0)
Then we have:
(1) Vxe R: mg(x) < f(x) < My(x),
(2) Vx e R: f continuous at x & My(x) = my(x)
(B) Vxe RVé > 0:
osc(f, [x — 6,x]) + osc(f, [x, x + 4])

(39.9)
> osc(f, [x —6,x+6]) = My(x) —my(x)

(4) Vx e R:
li J(x—=6,x+6]) =M - 39.10
Jlim osc(f, [x —d,x+4)) £(x) —mg(x) ( )
Proof. (1) is checked immediately from the definitions. For (2) we note that continuity is
equivalent to for each € > 0 there being 6 > 0 such that f(x) —e < f(y) < f(x) + € being
true for all y € (x — J,x + ). This shows that continuity is equivalent to

Ve > 035 > 0: sup f(y)— inf f(y)<e (39.11)
ye(x—6,x+96) ye(x—0,x+9)

which is thus equivalent to Ms(x) —ms(x) = 0.
As to (3), since both sides are unchanged if a constant is added to f, we may assume
that f(x) = 0. Then

sup f(x)+ sup f(x)= sup f(y) (39.12)
ye[x—4,x] ye[x—4,x] ye[x—08,x+4]

and
ye[icllfd,x] f(x) * ye[%crl%,x] f<x) < ye[xl—l},fx%-d] f(]/) (39.13)
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Subtracting both sides and invoking (37.20) we get

osc(f, [x —d,x]) + osc(f, [x, x + 6])

> sup f(y)— _inf f(y) = Mg(x) —mys(x) (39.14)
ye[x—8,x+4] ye[x—d,x+4]
thus proving (39.9).

For (4) we invoke (37.20) to cast the oscillation in (39.10) as the difference of the supre-
mum and the infimum of f over [x — ¢, x + 6] and note that the infimum /supremum over
d > 01in (39.7-39.8) can be replaced by the limit as 6 — 0. (This also shows that we can
write the closed interval in (39.7-39.8) with no difference to the resulting quantity.) [

39.2 Zero length implies Riemann integrability.

We will now move to the proof of the main statement, proving separately the implica-
tions = and < in (39.4). We start with:
Proof of < in (39.4). Let f: [a,b] — R be bounded and extend it by constants to a function

on all of R. Suppose that the set of discontinuities of f is of zero length. This means that,
given € > 0 there are open intervals {J;};cn such that

o0
€
{xe[a,b]: Mf(x) > mp(x)} < U Ji Zlength(]j) < Trsup]f] (39.15)
ielN i=0
At all continuity points x € [a, b] of f, Lemma 39.5(3) shows that the set int
1 €
Oy 1= > sup{é € (0,1]: osc(f, [x — 0x, x + 6:]) < m} (39.16)
is non-empty and the supremum is thus a number in (0, 1]. In particular, we have
osc(f, [x — 8, x + 54]) < bfg (39.17)
The collection of open intervals
{(x — 6y, x+8): xe [a,b] A Mp(x) = mf(x)} U {Jisie N} (39.18)

then covers [a, b] which is compact and so, by the Heine-Borel Theorem, the collection
(39.18) contains a finite subcollection still covering [a, b]. This can be phrased by saying
that there are m,n € N and points xo, ..., x,; € R such that

U Jiv U xk; X + (Sxk) (39.19)
k=0

LetIT = {t;} , be the partition consisting of 2 and b and all the endpoints of the intervals
on the right of (39.19) that lie in [a, b]. Each interval [t;_;,t;] must then lie in the closure
of at least one of the intervals on the right of (39.19). Denote

[:= {i — 1, N: (G =0,...,m: [ti_y, t;] S [xk — b2, X +5xk])} (39.20)
and, foreachj =0,...,n,let

K;:= {i=1,...,N:i¢ A [tiig,ti] 7]} (39.21)
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Note that the disjoint union UieKj (ti—1,t;) is contained in J; and so
D (ti —tiz1) <length(J;) (39.22)
iEK]‘

by an elementary telescoping argument. With these in hand, (39.17) gives

€

Viel: osc(f,[tii, t]) < r—

(39.23)

while (39.15) along with (39.22) show

u €
Diti—ti) Z Dt —tiz) < ), length(J;) < Trsap[f] (39.24)

i¢l j=0ieK; j=0

Hence we get

ZOSC [ti1, ti]) (ki — ti1)
—ZOSC tioa, ti]) (ti — tica +ZOSC tio1, b)) (t — tio1)

el i (39.25)
€
< b—a Z(ti - tifl) + 2sup |f| Z(ti - tifl)
iel i¢l
€

< 2 ——F= <3

€+ Sup|f|1+sup|f| €

Using Theorem 37.9, f is thus Riemann integrable. g

As a consequence of the implication we just proved, we get:

Corollary 39.6 Let f: [a,b] — R be bounded and has at most countably many discontinuity
points. Then f is Riemann integrable.

Proof. It suffices to show that any finite or countable set A < R is zero length. Pick e > 0
and write A into a sequence {x,},eN. Define I, := (x, —€27",x, +€27"). Then A <

U en In and yet

> length(L,) =€ Y 2-27" = 4e. (39.26)
nelN nelN

Hence A is of zero length. N

39.3 Riemann integrability implies zero length.

We will now continue to prove that the clause on the right of (39.4) is also sufficient
for Riemann integrability.

Proof of = in (39.4). Suppose f: [a,b] — R is Riemann integrable. We will extend f to a
function R — R by f(x) := f(a) for x < aand f(x) := f(b) for x > b. All discontinuity
points of this extension then still lie in [a, b].
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Pick € > 0. Then Theorem 37.9 ensures that for each n € IN there exists a partition
IT, = {tf}:i(g ) of [a,b] such that

m(n)
Z L) — ) <ed™” (39.27)

(Here t7 is a notation for the partition point, not the n-th power or t;.) Let

I, = {z’ —1,...,m(n): osc(f, [t £1]) > 2—”} (39.28)
We claim that then
{xefab]: Me(x) >me(x)} < | (JIE 8] (39.29)
nelN iel,

Indeed, if Mf(x) > my(x) then there is n € IN such that M(x) — ms(x) > 27" and
so there exists i € {1,...,m(n)} such that x € [t} |,t!]. Assuming first that x # t' |, t7,
(39.9) then shows that, for each 6 > 0,

1 _
max{osc(f, [x — 6, x]), 0sc(f, [x, x + 5])} E[Mf<x) —my(x)] >27" (39.30)
and, since x is an interior point of [t} ;,t], also
osc(f, [t t]) > 27" (39.31)
by choosing § < min{x —t! |, t! — x}. If x = t! then the same argument only gives
max{osc(f, [t} 4, t1]), osc(f, [, ] 4]) > 27" (39.32)

provided thati < m(n), and so at least one of the two oscillations exceeds 27". When i =
m(n) we get (39.31) again because f is constant on [b, c0) and so its oscillation over any
interval contained therein vanishes. The case when x = t! ; is treated analogously and
so, in all cases, we have demonstrated the existence of an i € I, such that x € [tl” 17 t”].
This proves the inclusion (39.29).

In light of Lemma 39.4, it suffices to control the total length of the intervals

JA{[E 8] i e I} (39.33)
nelN
First, using osc( f [t 4, t])/27" = 1 for eachi € I,, we get

1)
osc(f, [t 1, t!]
Z(t?—t?—ﬂ < Z ( 2,,11 l )(t?— ie1)
iEIn iEIn
m(n)
< 2" ) osc(f, [t ) (] — 1) < 2"ed™" = €27 (39.34)

i

—~

Il
—_

(The argument for the first < goes by the name Markov inequality.) Summing this over n €

IN then shows
o0 o0
DI -t < D e =2e (39.35)
n=0

n=0iel,

Preliminary version (subject to change anytime!) Typeset: May 12, 2026



237 MATH 131BH notes

As this holds for all € > 0, the set on the left of (39.29), which by Lemma 39.5 coincides
with the discontinuity set of f, is of zero length. U

We finish with two remarks. First, the proof of Theorem 39.3 is considerably easier
once the apparatus of measure theory and Lebesgue integral becomes available. Indeed,
in this case we show that (assuming f bounded),

b b
J medA = f f(x)dx < J f(x)dx = My¢dA (39.36)
[a0] Ja a [a,b]

where the intervals on extreme ends of this inequality are Lebesgue integrals and A is
the so called Lebesgue measure. Hence we get

b b
dx = dx < M, — dA 39.37
L f(x)dx f f(x)dx jm< - my) (39.37)

and, since My —my > 0, the existence of the Darboux integral is equivalent to My = m;y
being TRUE except on a set of zero length (or, technically, a A-null set).

This being said, the proof we presented above is quite hard and so we caution the
reader not to use Theorem 39.3 as a means to prove Riemann integrability in situations
that can be handled by considerably simpler arguments. (This applies, in particular, to
all of the sufficient conditions for Riemann integrability discussed earlier except perhaps
that treated in Corollary 39.6 where a direct argument seems to run quite closely to the
proof of Theorem 39.3.)
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