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33. PROPERTIES OF MULTIVARIATE DERIVATIVE

Here we proceed to prove the standard properties of the derivative of multivariate func-
tions of multivariate variables and then demonstrate its use.

33.1 Rules for multivariate derivatives.

We start with the simple fact:

Lemma 33.1 (Sum rule) Let f,g: R" — IR™ be differentiable at some x € int(Dom(f)) n
int(Dom(g)). Then so is f + g with

D(f +8)(x) = Df(x) + Dg(x) (33.1)
Similarly, for each A € R and x € int(Dom(f)) such that f is differentiable at x, so is A f with
D(Af)(x) = ADf(x) (33.2)

Proof. Differentiability of f + g along with the formula (33.1) follows from
|(f +8) (@)~ (f +8)(x) = Df(x)(z — x) — Dg(x)(z — x)|
<|[f(z) = f(x) = Df(x)(z = x)[ + |8(2) — g(x) — Dg(x)(z — )]

and the definition of the total derivative in (32.2). The proof for Af is a consequence of
the homogeneity of the norm. O

(33.3)

A consequence of the lemma is that the map f — Df is linear in the set of functions
that are defined and differentiable in a given open set U < IR".

Next we address the product rule which we state in the simplest form of a product that
takes two vector-valued functions f and g of possibly different dimensions and outputs
a scalar. Since the product is ex definitio also required to be linear in each coordinate, it
must take the form

x = f(x) - A(x)g(x) (334)
for some matrix function x — A(x) of the corresponding dimensions. We will for sim-
plicity only treat the case when A(x) is a constant matrix.

Lemma 33.2 (Product rule) Given k,m,n > 1, let f: R* — R™ and ¢: R" — RF be
differentiable at some x € int(Dom(f)) n int(Dom(g)). Let A € M,, k. Then the R-valued
function z — f(z) - Ag(z) is differentiable at x and

D(f - Ag)(x) = g(x) - A (Df)(x) + f(x) - A(Dg)(x) (33.5)
Proof. Proceeding as in the scalar case, we write the relevant expression as
(f- A=) — (f - AQ)(x) — [g(x) - AN(DS)(x) + f(x) - A(Dg)(x)](z — x)
= f(2) - A[g(z) - 8(x) — (Dg)(x)(z — x)] (33.6)
+8(x) - A[f(2) = f(x) = Df(x)(z — %)]

where we used that f(z) - Ag(x) = g(x)- ATf(z). Since f is continuous at x, the func-
tion z — |f(z)| is bounded by some M > 0 in a neighborhood of x. It follows the
absolute value of the right-hand side is at most

M| A||g(z) — g(x) — (Dg)(x)(z — )| + Ig(x)[| AT f (2) — f(x) = Df (x)(z = )| (33.7)
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Dividing by |z — x| and taking z — x, both terms tend to zero. U

It is interesting to note how the product rule works in coordinates. Denoting the
product by h(x) := f(x) - Ag(x), we have

m k
=) fi0) g (x (33.8)

i=1j=1

and, forallr =1,...,n,

09
ZZ{afl l]g] )+fl( ) l]ag (x)] (33.9)

=1j=1

This is now readily check to wrap into the form in (33.5).
Finally, we will address compositions of functions:

Lemma 33.3 (Chain rule) Given k,m,n > 1, let f: R" - R" and g: R" — R* be such
that, for some x € int(Dom(f)) with f(x) € int(Dom(g)), the function f is differentiable at x
and g is differentiable at f(x). Then g o f is differentiable at x and

D(go f)(x) = Dg(f(x)) Df(x) (33.10)

Proof. We proceed very much like in the single variable case. The assumed differentia-
bility of g gives us a function us(y: R"™ — Mj , such that

8y) = 8(f(x)) = [Dg(f(x) + ) (y)] (v — f(x)) (33.11)

for all y € Dom(g) with [[uf)(y)| — Oasy — f(x). The assumed differentiability of f in
turn gives us a function ii,: R" — M,, , such that

fz) = f(x) = [Df(x) + i1x(2)](z — %) (33.12)
for all z € Dom(f) with |ii,(z)| — 0 as z — x. Plugging y = f(z) into (33.11) and using
(33.12) then yields

8(f(2) —g(f(x)) = [Dg(f(x)) + usx)(f(2)][Df (x) + 11x(2)] (z — )

[Dg(f(x))Df(x) + fx(2)](z — x) (33.13)

where
i12(2) = [D(f(x)) + s (F(2))]8a(2) + 15 (F(2)) Df (%) (33.14)

The rules for working with norms give

I < (IDF@] + 1o FED]) s @) + [ (FE)IDF )] (33.15)

By Lemma 32.4, differentiability of f at x implies its continuity and so f(z) — f (

as z — x. The fact that [us)(y)| — 0asy — f(x) then implies that z — Huf(x z))|
is bounded on a neighborhood of x and tends to zero as z — x. Since also |, (z )H -0
as z — x, we have that [|iI,(z)| — 0 as z — x. This proves the claim. U

Writing this using functions x — f(x) and y — g(y), we can cast (33.10) as

Agof)i, .\ xn 9i ofs
ox, )= ;_1 2y, ))é’x]( ) (33.16)
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foralli=1,...,kandallj=1,...,n.
33.2 Inverse function rule.

The last remaining differentiation “rule” concerns invertible functions. Here we focus
on functions between Euclidean spaces of the same dimension because (by Invariance of
Dimension theorems) there are, in fact, no continuous injective maps with a continuous
inverse between open subsets of Euclidean spaces of different dimension.

Lemma 33.4 (Inverse function rule) Givenn > 1, let f: R" — R" and x € int(Dom(f))
be such that f(x) € int(Ran(f)). Assume that f is injective on its domain and differentiable at x
with the matrix Df(x) is invertible. If also f~' is continuous at f(x), then f~' is differentiable
at f(x) and

D(f)(f(x)) = Df(x)! (33.17)
A key point of the proof of Lemma 33.4 is to prove differentiability of f~! at f(x).
The proof we give does this along with proving the formula (33.17) which can be inde-

pendently checked by the Chain Rule. The proof requires the following facts about the
matrix norm of inverse matrices which we will prove first:

Lemma 33.5 Givenn > 1, let A,B € My, be such that A~V exists. Then

_ 1 - A~
IB[|A7Y <1 = (A+B) lexists A [(A+B)7!|<—°" 1 _ (33.18)
| 1—|BJA=1]
Under the condition on the left, we then also get
[(A+B) 1 —A7Y < Lluz_luBH (33.19)
1—|B[|A~Y

In particular, the set of invertible matrices in M, is open and the map A — A~ is continuous
(in the topology induces by the matrix norm) on this set.

Proof. Writing A + B = A(1 + A~1B), for invertibility of A + B it suffices to prove invert-
ibility of 1 + A~1B. Here we observe that, for any x € R”,
|(1+A7'B)x| = |x + A™'Bx|

B B (33.20)
> || = |A™"Bx| = |x| (1~ |BJ|A7Y)

Under the condition ||B|||A~!| < 1 we get that (1 + A~!B)x = 0 implies x = 0, proving
that 1 + A~ B is invertible. Using facts from linear algebra which we do not go into here,
this means that the map x ~— (1 + A~!B)x is onto. Hence, for each z € IR" there exists a
unique x € R” such that z = (1 + A~!B)x. Using this in (33.20) shows
-
1—|BJA~Y
With 1 + A~!B invertible we have (A + B)~! = (1+ A7!B)"'A~! and using (32.26) we
then get (33.18). For the second part of the claim we note that

(A+B) ' —A1=_—(A+B)"'BA™! (33.22)

Using the “product rule” (32.26) for the matrix norm, we get (33.19). U

[A+A7'B) 2| < Iz (33.21)
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Proof of Lemma 33.4. Let x € int(Dom(f)) be such that f(x) € int(Ran(f)). Differentiabil-
ity of f at x implies

f(@) = f(x) = [Df(x) + ux(2)](z = %) (33.23)
with |uy(z)| — 0 as z — x. Since Df(x) is invertible, it follows that there exists 6 > 0
such that B(x,d) < Dom(f) and

Vze B(x,8): |ux(z)||Df(x)7"| <1/2 (33.24)
The continuity of f~! at f(x) in turn implies that there exists € > 0 such that
B(f(x),€) = f(B(x,6)) (33.25)

For all y € B(f(x),€) we thus have z := f~!(y) € B(x, ) and, by Lemma 33.5 and (33.24),
the matrix Df(x) + u,(z) is invertible. Plugging z := f~1(y) into (33.23) then gives

fH) ~ FHF®) = [DF) + u(F )] (v = £(3)

(33.26)
= [Df(x)™" + ()] (v — (%))
where
ix(y) = [Df(0) +ux(f ' )] " = Df(x)™ (33.27)
The estimate (33.19) enabled by (33.24) now gives
)] < 2D Pl W) (33.28)

Since the continuity of f~1 at f(x) implies that f~'(y) — x asy — f(x), we get that
lux(f1(y))| — 0asy — f(x). But this means that |i,(y)| — 0asy — f(x), which
proves the the claim via Lemma 32.8. O

To give an example, let f: (0,0)? — (0, 0)? be defined by

Xy

LY) = 33.29
fow) = (1) 3329

Then f is differentiable with

— Yy x
Df(x,y) = <—y/x2 1/x> (33.30)
For this matrix we get

det(Df)(x,y) = 2y/x (33.31)

which is non-zero, and so Df(x,y) is invertible, for x,y > 0. The inverse of f can be
computed by inverting the substitution

U= xy
v e y/x (33.32)
as
u/v
y = Vi (33.33)
which means that f~! exists and
Fluo) =V \/%v> (33.34)
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This inverse function is defined on all of (0,0)? and is continuous there so the assump-
tions of Lemma 33.4 are satisfied. A calculation shows that

_ 2
(Df) " (xy) = 5 (”x x>=;C” x”) (33.35)

~ 2y/x y/x*> y 1/x «x

An explicit differentiation in turn gives

(33.36)

1/4/uv «/u/v3>
Vou o ufo

which is easily checked to coincide with (33.35) under the substitution (33.32), proving
the formula (33.17) by explicit calculation.

Dq*xww—i(
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