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32. DIFFERENTIATION OF MULTIVARIATE FUNCTIONS

We will now move to discuss calculus of multivariate functions of multiple variables
focusing on aspects related to derivatives.

32.1 Definitions and basic facts.

Multivariate calculus is concerned with m-tuples of functions

f1px1, . . . , xnq, . . . , fmpx1, . . . , xnq (32.1)

of n-tuples of variables x1, . . . , xn. We will typically write this as a map f : Rn
Ñ Rm

which makes the expression in specific coordinates a matter of choice.
The linear structure of Rn and Rm allows us to add coordinates as well as functions,

provided the corresponding dimensions match. We can also multiply coordinates and
function by scalars and thus take linear combinations thereof. We will think of Rn

and Rm as metric spaces with the metric induced by the Euclidean norm that we de-
note by } ¨ } regardless of the underlying dimension. In particular, the symbol z Ñ x
means that }z ´ x} Ñ 0 while f pzq Ñ f pxq means } f pzq ´ f pxq} Ñ 0.

In single variable calculus, we defined the derivative as a limit (of the slope of the
secant lines) and then observed that the existence of the derivative is equivalent to the
existence of a linear approximation. As we will see, this equivalence becomes problem-
atic in the multivariable case and so we proceed directly via the latter property:

Definition 32.1 Let f : Rn
Ñ Rm and x P intpDomp f qq. We say that f is differentiable

at x if there exists a m ˆ n-matrix A such that

lim
zÑx

} f pzq ´ f pxq ´ Apz ´ xq}

}z ´ x}
“ 0 (32.2)

If such an A exists, it is unique and we denote it D f pxq. We call D f pxq the total deriva-
tive, or total differential of f at x.

Note that, in light of equivalence of all norms on Euclidean spaces, (32.2) does not
depend on the choice of the norm in Rn or Rm. The reader has likely encountered dif-
ferentiation of multivariate functions in the following form:

Definition 32.2 Let f : Rn
Ñ Rm and x P intpDomp f qq. For each i “ 1, . . . , m and

j “ 1, . . . , n, the partial derivative of fi with respect to xj at x is the limit

B fi
Bxj

pxq :“ lim
hÑ0

fipx ` hejq ´ fipxq

h
(32.3)

where ej is the j-th coordinate vector in Rn. Similarly, given v P Rn, the directional
derivative of fi in direction v is the limit

B fi
Bv

pxq :“ lim
hÑ0`

fipx ` hvq ´ fipxq

h
(32.4)

where the limit is only through positive h.

The i-th partial derivative, if it exists, coincides with the directional derivative in di-
rection ei as well as the negative of the directional derivative in direction ´ei (which thus
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both exist). As the example of f : R2
Ñ R defined by

f px, yq :“
b

x2 ` y2 (32.5)

shows, one may have directional derivatives without having partial derivatives. (In-
deed, here B fi

Bv p0, 0q “ 1 which does not reverse sign when v does.) This is no surprise;
after all, the directional derivative is the counterpart of the right and left derivative for
functions of one variable.

Various alternative notations exist; e.g., Bj fi for B fi
Bxj

and Dv f for B fi
Bv . The connection

between the three differentiation concepts comes in:

Lemma 32.3 Suppose f : Rn
Ñ Rm is differentiable at x P intpDomp f qq. Then the partial

derivatives at x exist and we have

D f pxq “

¨

˚

˚

˝

B f1
Bx1

pxq . . . B f1
Bxn

pxq

... . . . ...
B fm
Bx1

pxq . . . B fm
Bxn

pxq

˛

‹

‹

‚

(32.6)

Moreover, for any v P Rn,
B fi
Bv

pxq “ ei ¨ D f pxqv (32.7)

Proof. For (32.7), note that for z :“ x ` hv with h ° 0 we have
ˇ

ˇ

ˇ

ˇ

fipx ` hvq ´ fipxq

h
´ ei ¨ D f px0qv

ˇ

ˇ

ˇ

ˇ

§ }v}
} f pzq ´ f pxq ´ Dp f0qpz ´ xq}

}z ´ x}
(32.8)

where we used }z ´ x} “ h}v} and also noted that for all a “ pa1, . . . , amq P Rm and all
i “ 1, . . . , m we have |ai| § }a}. For (34.32) we specialize to the case v :“ ej. ⇤

We call the matrix on the right of (34.32) the Jacobian matrix associated with f at x.
The row-vectors can be interpreted using the notion of the gradient which assigns to a
function f : Rn

Ñ R the vector

r f pxq :“
´

B f
Bx1

pxq, . . . ,
B f
Bxn

pxq

¯

(32.9)

Both notions play an important role in multivariable calculus and differential geometry.
As in the single-variable case, we have:

Lemma 32.4 Suppose that f : Rn
Ñ Rm is differentiable at x P intpDomp f qq. Then f is

continuous at x.

Proof. Let d ° 0 be such that the ratio on (32.2) is less than 1. Then } f pzq ´ f pxq} §

}Apz ´ xq} ` }z ´ x} and the right hand side tends to zero as z Ñ x. ⇤
We remark that the existence of partial derivatives or even directional derivatives is

not strong enough to ensure continuity. For the former case, this is seen by considering
the function f : R2

Ñ R defined by

f px, yq :“

# xy
x2`y2 if px, yq ‰ 0

0 if px, yq “ 0.
(32.10)
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For any t P R, we have limxÑ0 f px, txq “
t

1`t2 and so f is NOT continuous at p0, 0q. Yet
both partial derivatives of f at p0, 0q exist and are equal to zero. We point out an example
with all directional derivatives an no continuity after (32.14).

32.2 Sufficient conditions for differentiability.

In spite of the undue emphasis on partial derivatives in Calculus, the sheer existence of
partial derivatives is not sufficient for a function to be differentiable. A trivial counterex-
ample is provided by the function f : R2

Ñ R defined by

f px, yq :“

#

x ` y if x “ 0 _ y “ 0
x2

` y2 else
(32.11)

whose partial derivatives at px, yq :“ p0, 0q equal 1 yet the directional derivative in all
non-coordinate directions equals zero (which, if f were differentiable at zero, would
force D f p0, 0q “ 0 and thus make all partial derivatives vanish). A little less singular-
looking example is

f px, yq :“

#

x3

x2`y2 if x2
` y2

° 0

0 else
(32.12)

where the second line ensures that the function is continuous at zero. Here the partial
derivatives at p0, 0q equal 1 and 0, respectively, yet B fi

Bv p0, 0q “
v3

1
v2

1`v2
2

which is not linear
in v and thus cannot be of the form (32.7).

Since we are at the counterexamples, let us note that not even the existence and lin-
earity of the directional derivative is sufficient for differentiability. This is seen from the
example of f : R2

Ñ R given by

f px, yq :“

#

0 if x ° 0 ^ x2
† y † 2x2

x ` y else
(32.13)

Here the directional derivative at px, yq “ p0, 0q equals v1 ` v2 in all directions v “ pv1, v2q

because each half line emanating from p0, 0q has an initial segment in the region where
f px, yq “ x ` y. Yet for z P tpx, yq P R2 : x ° 0 ^ x2

† y † 2x2
u we have

f pzq ´ f p0q ´ p1, 1q ¨ pz ´ 0q “ ´p1, 1q ¨ z “ ´pz1 ` z2q (32.14)

and the fact that |z1 ` z2|{}z} •
1?
2

once 0 § z2 § z1 then shows that (32.2) fails, dis-
proving differentiability of f at p0, 0q. Another way to violate differentiability would
be to change f to take value 1 in the first line in (32.13). This will not affect directional
derivatives but would make f discontinuous at px, yq “ p0, 0q.

A natural question in light of the above counterexamples is what conditions on the
partial derivatives guarantee differentiability. We address this in:

Lemma 32.5 (A sufficient condition for differentiability) Let f : Rn
Ñ Rm and let x P

Domp f q be such that, for some d ° 0, we have Bpx, dq Ñ Domp f q and the following holds:
(1) the partial derivatives exists at all points of Bpx, dq, and
(2) they are continuous at point x.

Then f is differentiable at x.
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Proof. Given e ° 0, the continuity of the partial derivatives implies existence of some
d1

P p0, dq such that

@y, z P Bpx, d1
q @i “ 1, . . . , m @j “ 1, . . . , n :

ˇ

ˇ

ˇ

ˇ

B fi
Bxj

pyq ´
B fi
Bxj

pxq

ˇ

ˇ

ˇ

ˇ

† e (32.15)

Now pick z P Bpx, d1
q and, for each k “ 1, . . . , n, denote

zpkq :“ x `

k
ÿ

j“1

pzj ´ xjqej (32.16)

Then zpnq
“ z and zp0q

“ x and so

fipzq ´ fipxq “

n
ÿ

k“1

“

fipzpkq
q ´ fipzpk´1q

q
‰

(32.17)

Noting that the linear segment connecting zpk´1q to zpkq lies entirely in Bpx, dq, the fact
that zpkq

´ zpk´1q
“ pzj ´ xjqej along with the Mean-Value Theorem ensure the existence

of ypkq on this segment such that

fipzpkq
q ´ fipzpk´1q

q “
B fi
Bxk

pypkq
qpzk ´ xkq (32.18)

Subtracting B fi
Bxk

pxqpzk ´ xkq on both sides and taking absolute value we then get

ˇ

ˇ

ˇ

ˇ

fipzq ´ fipxq ´

n
ÿ

k“1

B fi
Bxk

pxqpzk ´ xkq

ˇ

ˇ

ˇ

ˇ

§

n
ÿ

k“1

ˇ

ˇ

ˇ

ˇ

B fi
Bxk

pxq ´
B fi
Bxk

pypkq
q

ˇ

ˇ

ˇ

ˇ

|zk ´ xk| (32.19)

Bounding the first absolute value on the right using (32.15) and invoking the Cauchy-
Schwarz inequality, the right-hand side is at most e

?
n}z ´ x}. Squaring both sides,

suming over i “ 1, . . . , m and taking square roots then yields
›

› f pzq ´ f pxq ´ Apz ´ xq} § e
?

mn}z ´ x} (32.20)

for all z P Bpx, d1
q, where A is the matrix on the right of (34.32). Since e was arbitrary,

this implies (32.2) with D f pxq “ A. ⇤
We note, however, that differentiability at x does not tell us anything about differen-

tiability, or even continuity away from x. This is seen from the example

f px, yq :“ px2
` y2

q1Qpxq1Qpyq (32.21)

which is continuous and differentiable at px, yq “ p0, 0q, yet is neither differentiable nor
even continuous at all px, yq ‰ p0, 0q.

32.3 Matrix norm.

In order to start working with derivatives, and also their own analytic properties, we
need to be able to quantify closeness of two matrices. For this we introduce:
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Definition 32.6 (Matrix norm) Given m, n • 1, denote by Mm,n the set of m ˆ n-
matrices with real entries. Then for all A P Mm,n,

}A} :“ sup
xPRnrt0u

}Ax}

}x}
(32.22)

is the matrix norm of A. If we think of A as a linear operator x fiÑ Ax taking Rn to Rm,
we call }A} the operator norm of A.

Note that Mm,n is a vector space, in which two matrices are added component by
component and the multiplication by a scalar is also done component by component. To
justify the use of the term norm, we now observe:

Lemma 32.7 For each A P Mm,n, we have

max
i“1,...,m

max
j“1,...,n

|Aij| § }A} §

ˆ m
ÿ

i“1

n
ÿ

j“1

A2
i,j

˙1{2
(32.23)

and so 0 § }A} † 8 with }A} “ 0 implying A “ 0. Moreover, for all A, B P Mm,n all l P R,

}A ` B} § }A} ` }B} (32.24)

and
}lA} “ |l|}A} (32.25)

Finally, for all A P Mm,n and all B P Mk,m we also have

}BA} § }B}}A} (32.26)

In short, A fiÑ }A} is a norm on Mm,n under which the matrix product is continuous.

Proof. By the Cauchy-Schwarz inequality,

|pAxqi|
2

“

ˆ n
ÿ

j“1

Aijxj

˙2
§

ˆ n
ÿ

j“1

A2
i,j

˙

}x}
2 (32.27)

Summing over i “ 1, . . . , m and taking the square root we get }A} § p
∞m

i“1
∞n

j“1 A2
i,jq

1{2.
Similarly, }Aej} • |pAejqi| “ |Aij| implies }A} • |Aij| for all i and j, proving (32.23).

Noting that }pA ` Bqx} § }Ax} ` }Bx} we then get (32.24). The relation (32.25) then
follows from }lAx} “ |l|}Ax}. Hence, A fiÑ }A} is a norm on Mm,n. Concerning the
product, we note that the definition of the matrix norm implies

@x P Rn : }Ax} § }A}}x} (32.28)

with }A} being the smallest constant for which this inequality holds. (The case x “ 0 is
checked directly.) Hence }BAx} § }B}}Ax} § }B}}A}}x}, proving (32.26) as well. ⇤

Note that the bound (32.23) readily implies

1
?

mn

ˆ m
ÿ

i“1

n
ÿ

j“1

A2
i,j

˙1{2
§ }A} §

ˆ m
ÿ

i“1

n
ÿ

j“1

A2
i,j

˙1{2
(32.29)

Since Mm,n is naturally identified with Rmn, the operator norm is comparable to the
Euclidean norm on Rmn. (It can be checked that operator norm-squared is equal to the
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maximal eigenvalue of the positive semi-definite matrix ATA while
∞m

i“1
∞n

j“1 A2
i,j equals

the trace of AT A which is the sum of its eigenvalues.)
Using the matrix norm, we rephrase the notion of differentiability in terms similar to

those in the proof of Lemma 29.5:

Lemma 32.8 Suppose f : Rn
Ñ Rm is differentiable at x P intpDomp f qq. Then there exists

ux : Rn
Ñ Mm,n with Dompuxq “ Domp f q such that

@z P Domp f q : f pzq “ f pxq `
“

D f pxq ` uxpzq
‰

pz ´ xq (32.30)

and
lim
zÑx

›

›uxpzq

›

› “ 0 (32.31)

Conversely, if there exists a matrix D f pxq P Mm,n and a function ux : Rn
Ñ Mm,n with

Dompuxq “ Domp f q such that (32.30–32.31) hold, then f is differentiable at x.

Proof. Recall from Lemma 32.3 that differentiability implies existence of partial deriva-
tives and that pD f pxqqij “

B fi
Bxj

pxq. For z ‰ x define

`

uxpzq
˘

ij :“
„

fipzq ´ fipxq ´

n
ÿ

k“1

B fi
Bxk

pxqpzk ´ xkq

⇢ zj ´ xj

}z ´ x}2 (32.32)

and set uxpxq :“ 0. Then
n

ÿ

j“1

`

uxpzq
˘

ijpzj ´ xjq “ fipzq ´ fipxq ´

n
ÿ

k“1

B fi
Bxk

pxqpzk ´ xkq (32.33)

which rewrites as uxpzqpz ´ xq “ f pzq ´ f pxq ´ D f pxqpz ´ xq and proves (32.30).
For (32.31) we square (37.34) and sum over i and j to get

m
ÿ

i“1

m
ÿ

j“1

ˇ

ˇ

`

uxpzq
˘

ij

ˇ

ˇ

2
“

˜

m
ÿ

i“1

ˇ

ˇ

ˇ

ˇ

fipzq ´ fipxq ´

n
ÿ

k“1

B fi
Bxk

pxqpzk ´ xkq

ˇ

ˇ

ˇ

ˇ

2
¸

n
ÿ

j“1

|zj ´ xj|
2

}z ´ x}4 (32.34)

The second sum equals }x ´ z}
´2 while the first sum equals the squared-norm of f pzq ´

f pxq ´ D f pxqpz ´ xq. Using the inequality on the right of (32.23) along with the bound in
(32.28) we thus have

›

›uxpzq

›

› §
} f pzq ´ f pxq ´ D f pxqpz ´ xq}

}z ´ x}
(32.35)

The definition (32.2) of D f pxq then implies (32.31).
For the converse, if (32.30) is true, then (32.35) holds with the inequality reversed

(proving, somewhat remarkably, that equality holds there). The convergence (32.31)
then implies (32.2). ⇤

The concept of the matrix norm allows us to introduce:

Definition 32.9 Let f : Rn
Ñ Rm be differentiable at every point of a non-empty open

set U Ñ intpDomp f qq. We say that D f is continuous at x P U if

lim
zÑx

›

›D f pzq ´ D f pxq

›

› “ 0 (32.36)

If this holds at all x P U, we say that D f is continuously differentiable in U.
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