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31. L’HÔSPITAL’S RULE AND TAYLOR’S THEOREM

We proceed with further applications of the Mean-Value Theorem to l’Hôspital’s Rule
and, after introducing higher derivatives, Taylor’s Theorem.

31.1 l’Hôspital’s Rule.

All of our previous uses of the Mean-Value Theorem referred to the part attributed to
J.L. Lagrange. For an application of A.L. Cauchy’s version of MVT, we recall the well-
known (and terribly overrated) Calculus technique called l’Hôspital’s Rule. As happens
for many of these ancient results, the attribution is incorrect. Indeed, quoting from the
corresponding wiki page: “The rule is named after the 17th-century French mathemati-
cian Guillaume de l’Hôpital, who published it in his 1696 textbook after learning it from
his tutor, the Swiss mathematician Johann Bernoulli.”

Theorem 31.1 (l’Hôspital’s Rule, proved by J. Bernoulli in 1694) Given a P R and d ° 0,
let f , g : R Ñ R be defined and continuous pa ´ d, a ` dq and differentiable on pa ´ d, a ` dq r
tau. Assume, in addition, that

f paq “ 0 “ gpaq ^ @x P pa ´ d, a ` dq r tau : gpxq ‰ 0 ^ g1
pxq ‰ 0 (31.1)

Then

lim
xÑa

f 1
pxq

g1pxq
exists ñ lim

xÑa

f pxq

gpxq
exists ^ lim

xÑa

f pxq

gpxq
“ lim

xÑa

f 1
pxq

g1pxq
(31.2)

Proof. The claim actually holds even for one-sided limits so let us prove it for the limit
from the right. Indeed, using that f paq “ gpaq “ 0, for x P pa, a ` dq, Cauchy’s Mean-
Value Theorem implies the existence of zx P pa, xq such that

f pxq

gpxq
“

f pxq ´ f paq

gpxq ´ gpaq
“

f 1
pzxq

g1pzxq
(31.3)

As x Ñ a`, we have zx Ñ a` and, assuming the existence of the right limit of ratio of
derivatives, we get

lim
xÑa`

f pxq

gpxq
“ lim

xÑa

f 1
pxq

g1pxq
(31.4)

A similar statement holds for the limit from the left thus proving (31.2). ⇤
The first condition in (36.1) shows that (as is practiced to a point of exhaustion in

Calculus) l’Hôspital’s Rule is a tool to compute limits of expressions of the indeterminate
form 0

0 . To demonstrate this on an example, we note

lim
xÑ1

xa
´ 1

xb ´ 1
“ lim

xÑ1

axa´1

bxb´1 “
a

b
(31.5)

Similar statements exist for other indeterminate expressions such as 8
8 or limits of such

ratios as x Ñ ˘8. (One way to deal with the case 8
8 is to write f {g as pg{ f q

´1 which
effectively converts the indeterminate form 8

8 to the form 0
0 .)

That being said, there are examples where l’Hôspital’s Rule does not yield any con-
clusion; e.g., for limxÑ0

1
x e´1{x2 where a formal application of l’Hôspital’s Rule asks us to

compute limxÑ0
2
x3 e´1{x2 which seems harder than the limit we started with. (Iterating
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further only makes this worse.) The fact is that, for this and other reasons, most working
mathematicians pretty much never use l’Hôspital’s Rule as it stands but rather proceed
more sophisticated methods such as Taylor’s theorem.

31.2 Higher derivatives.

The Lagrange notation for the derivative is suggestive of a map that assigns the func-
tion f 1 to the function f (with Domp f 1

q being a subset, even proper or possibly empty,
of Domp f q). Iterating this map further leads to the concept of higher derivatives which
we need to introduce next.

Let f : R Ñ R be defined (and f 1 thus defined) in an open set containing x. If f 1 is
itself differentiable at x, we write

f 2
pxq :“ p f 1

q
1
pxq (31.6)

for the second derivative of f at x. Similarly, we write

f 3
pxq :“ p f 2

q
1
pxq (31.7)

to denote the third derivative of f at x whenever f 2 is defined in an open set containing x
and is differentiable at x, etc. Formalizing this further, this leads to:

Definition 31.2 (Derivatives of higher order) For all f : R Ñ R, let t f pnq
unPN be func-

tions such that

Domp f p0q
q “ Domp f q ^ @x P Domp f q : f p0q

pxq “ f pxq (31.8)

and that

@n P N : Domp f pn`1q
q “

 

x P intpDomp f pnq
qq : f pnq differentiable at x

(

(31.9)

and
@n P N @x P Domp f pn`1q

q : f pn`1q
pxq “ p f pnq

q
1
pxq (31.10)

We then call f pnq the n-th derivative of f . In the Leibnitz notation, we write f pnq as dn f
dxn .

If rx, x ` dq Ñ Domp f pnq
q then we can of course talk about the right pn ` 1q-th deriva-

tive at x, and similarly for the left derivative. The reader has probably encountered the
second derivative in the following context:

Theorem 31.3 (Second derivative test) Let f : R Ñ R and x P intpDomp f qq be such that f
is differentiable on px ´ d, x ` dq, for some d ° 0. Assume also that f 2

pxq exists. Then

f 1
pxq “ 0 ^ f 2

pxq ° 0 ñ f has a strict local minimum at x (31.11)

If instead f 2
pxq † 0, then f has a strict local maximum at x.

Proof. The existence of f 2
pxq implies that f 1 is continuous at x. The inequality f 2

pxq ° 0
than forces existence of d1

P p0, dq such that

@z P px ´ d1, xq : f 1
pzq † f 1

pxq (31.12)

and
@z P px, x ` d1

q : f 1
pzq ° f 1

pxq (31.13)
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Since f 1
pxq “ 0, we get f 1

pzq † 0 for x P px ´ d1, xq while f 1
pzq ° 0 for x P px, x ` d1

q.
The Mean-Value Theorem then gives f pzq ° f pxq for all z P px ´ d1, x ` d1

qr txu, proving
that f has a strict local minimum at x. ⇤

As the example f pxq :“ x3 shows that that no information is obtained in the case
where f 2

pxq “ 0. However, the conclusion still holds when f 2
pxq “ 0 but f 2

pzq • 0 for z
in an open interval containing x such that z ‰ x. The points where f 2 changes sign are
called inflection points. This is due to the relation to the following concept:

Definition 31.4 (Convex/concave functions) Let V be a vector space. We say that a
function f : V Ñ R is convex if for all x, y P Domp f q and all a P r0, 1s,

ax ` p1 ´ aqy P Domp f q ^ f
`

ax ` p1 ´ aqy
˘

§ a f pxq ` p1 ´ aq f pyq (31.14)

We say that f is concave if ´ f is convex.

The relation to the derivative now comes in:

Lemma 31.5 Let a † b be reals and f : pa, bq Ñ R with Domp f q “ pa, bq be convex. Then
(1) f is continuous on pa, bq

(2) f is right and left differentiable on pa, bq

(3) the one-sided derivatives f 1,` and f 1,´ are non-decreasing with

@x P pa, bq : f 1,´
pxq § f 1,`

pxq (31.15)

and

@x, y P pa, bq : x † y ñ f 1,`
pxq §

f pyq ´ f pxq

y ´ x
§ f 1,´

pyq (31.16)

(4) f 1,` is right-continuous and f 1,´ is left-continuous
(5) if x P pa, bq is such that f 2

pxq exists, then f 2
pxq • 0

We leave the proof of these claims to homework. A key point of our interest here is
part (5); particularly, if combined with:

Lemma 31.6 Let a † b be reals and f : pa, bq Ñ R with Domp f q “ pa, bq be twice differen-
tiable on pa, bq. Then

f 2
• 0 on pa, bq ñ f is convex on pa, bq (31.17)

Proof. Let x, y P pa, bq with x † y and let h : r0, 1s Ñ R be defined by

hpaq :“ f
`

ax ` p1 ´ aqy
˘

´
“

a f pxq ` p1 ´ aq f pyq
‰

(31.18)

The Chain Rule then tells us

h2
paq “ f 2`

ax ` p1 ´ aqy
˘

px ´ yq
2 (31.19)

and so h2
• 0 on pa, bq. The Second-derivative test implies that h cannot have a local

maximum inside pa, bq and, noting that h is continuous, the maximum of h on r0, 1s is
achieved at the endpoints. But hp0q “ 0 “ hp1q and so h § 0 on r0, 1s. This now readily
translates into the convexity of f on rx, ys. ⇤

Using this lemma we conclude that the regions of convexity of a twice-differentiable
function are exactly those where the second derivative is non-negative, while those of

Preliminary version (subject to change anytime!) Typeset: May 4, 2026



MATH 131BH notes 186

concavity are those where the second derivative is non-positive. The inflection points
are those where type of convexity changes.

For readers wondering why the above lemmas are stated over an open interval, ob-
serve that if f : ra, bs Ñ R is convex, it is continuous on pa, bq but it may not be con-
tinuous at the endpoints of ra, bs. Similarly, even if it is continuous ra, bs, the right/left
derivative may not exist in proper sense at the endpoints as the associate limit diverges
to negative infinity at a or positive infinity at b.

Convexity is an extremely useful property in all sorts of analytic arguments. To give
an example, we note the following consequence of Lemma 31.5:

Lemma 31.7 (Derivative of exponentials) Given a ° 0, let fa : R Ñ R with Domp faq “ R

be defined by fapxq :“ ax. Then fa is convex and, in fact, continuously differentiable on R

with f 1
apxq ° 0 for all x P R. Moreover, we have

@x P R : f 1
apxq “ f 1

ap0qax (31.20)

with
@a, b ° 0 : b ‰ 1 ñ f 1

ap0q “ f 1
bp0q logbpaq (31.21)

where logb is the inverse to fb.

In order to prove convexity of fa, we need to show that

ap1´aqx`ay
§ p1 ´ aqax

` aay (31.22)

holds for all x, y P R and all a P r0, 1s. Here we note that, given any u, v • 0, the
inequality 0 § p

?
u ´

?
vq

2
“ u ` v ´ 2

?
uv implies the AMGM inequality

@u, v • 0 :
?

uv §
u ` v

2
(31.23)

Setting u :“ ax and v :“ ay then proves (31.22) for a “ 1{2. This suffices thanks to:

Lemma 31.8 Let f : R Ñ R with Domp f q an open interval be such that

@x, y P Domp f q : f
´ x ` y

2

¯

§
f pxq ` f pyq

2
(31.24)

If f is continuous, then it is convex.

Proof. Let Dn :“ tk2´n : k “ 0, . . . , 2n
u. We will prove by induction that, for all n P N,

@a P Dn @x, y P Domp f q : f
`

p1 ´ aqx ` ay
˘

§ p1 ´ aq f pxq ` a f pyq (31.25)

This holds trivially for n “ 0 because D0 “ t0, 1u, so let us suppose that it holds for
some n P N. Let a P Dn`1 r Dn. Denote ã :“ a ´ 2´n´1 and note that a R Dn implies
ã, ã ` 2´n

P Dn. Invoking (31.24) along with (31.25) for n then gives

f
`

p1 ´ aqx ` ay
˘

“ f
ˆ

p1 ´ ãqx ` ãy
2

`
p1 ´ ã ´ 2´n

qx ` pã ` 2´n
qy

2

˙

§
1
2

f
`

p1 ´ ãqx ` ãy
˘

`
1
2

f
`

p1 ´ ã ´ 2´n
qx ` pã ` 2´n

qy
˘

§
1
2

´

p1 ´ ãq f pxq ` ã f pyq

¯

`
1
2

´

p1 ´ ã ´ 2´n
q f pxq ` pã ` 2´n

q f pyq

¯

(31.26)
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The right-hand side is now readily identified with p1 ´ aq f pxq ` a f pyq proving the claim
for n ` 1 and, by induction, for all n P N.

We have thus shown that the inequality in (31.25) holds for all a P D :“
î

nPN Dn. But
the set D of dyadic rationals is dense in r0, 1s and so (taking suitable limits) the claim
holds for all a P r0, 1s by the assumed continuity of f . ⇤
Proof of Lemma 31.7. The function fa is continuous and, by our reasoning, obeys (31.25)
and so it is convex. By Lemma 31.5, the one-sided derivatives of f exist. Moreover,

f 1,˘
pxq “ lim

hÑ0˘

ax`h
´ ax

h
“ ax lim

hÑ0˘

ah
´ 1
h

“ ax f 1,˘
a p0q (31.27)

Since tx P R : f 1,`
pxq ‰ f 1,´

pxqu is at most countable, there exists x P R where f 1
apxq

exists. But then the derivative exists at zero and thus at all points with (31.20) in force.
For (31.21) we just note that ax

“ blogbpaqx which upon diffentiation gives the result. ⇤
For b ° 1, the function a fiÑ logbpaq is strictly increasing, continuous with range being

all of R. Hence there exists a unique a ° 1 such that f 1
ap0q “ f 1

bp0q logbpaq “ 1. We give
this a a special name:

Definition 31.9 The Euler constant e is the unique positive real such that fe
1
p0q “ 1.

The definition of e is such that x fiÑ ex differentiates to itself. This is naturally ad-
vantageous in calculations. The corresponding inverse, to be denoted logpxq with lnpxq

sometimes used instead, is the so called natural logarithm.
A corollary of the above proof is the well-known inequality:

Corollary 31.10 (General AMGM inequality)

@u, v • 0 @a P r0, 1s : u1´ava
§ p1 ´ aqu ` av (31.28)

Proof. Apply Lemma 31.8 with (31.23) used as input. Alternatively, with the exponentials
differentiable, compute the second derivative of the left-hand side with respect to a is
non-negative and apply Lemma 36.7. ⇤

31.3 Taylor’s Theorem.

Moving to another application of the MVT, recall that, as we learned in the proof of
Lemma 29.5 (and again in Lemma 29.6), f having the derivative at a entails a linear
approximation near a of the form

f pxq “ f paq ` f 1
paqpx ´ aq ` uapxqpx ´ aq, (31.29)

where the “error term” uapxqpx ´ aq is a quantity of smaller order than the previous
terms. In short, f is approximated by a linear function up to errors that vanish at linear
order. This idea can be iterated to yield:

Theorem 31.11 (Taylor 1715, Gregory 1691) Let I Ñ R be an open interval, n P N and
assume that f : I Ñ R (with Domp f q “ I) is pn ` 1q-times differentiable in I. Then for all
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a, x P I there exists z P pminta, xu, maxta, xuq such that

f pxq “

„ n
ÿ

k“0

f k
paq

k!
px ´ aq

k
⇢

`
f pn`1q

pzq

pn ` 1q!
px ´ aq

n`1 (31.30)

Let Pnpxq be the quantity in the square brackets in (31.30); i.e.,

Pnpxq :“
n

ÿ

k“0

f k
paq

k!
px ´ aq

k (31.31)

This is a polynomial of degree n in x conveniently written in powers of x ´ a (which is
a “small” quantity near a). We call Pn the n-th order Taylor’s polynomial associated with f
near a. The theorem then gives a quantitative bound on the difference f pxq ´ Pnpxq by
a quantity that is higher order than Pnpxq itself and it leads to a polynomial approximation
of f near a. Note that Pn shares all relevant derivatives of f at a:

@k “ 0, . . . , n : Ppkq
n paq “ f k

paq (31.32)

As we will see, this is an important ingredient for:
Proof of Theorem 31.11. Fix a, x P I and for simplicity assume a † x. Abbreviate

A :“
f pxq ´ Pnpxq

px ´ aqn`1 (31.33)

and let h : I Ñ R be defined by

hptq :“ f ptq ´ Pnptq ´ Apt ´ aq
n`1 (31.34)

Observe that (31.32) implies

@k “ 0, . . . , n : hpkq
paq “ 0 (31.35)

We now claim
@k “ 0, . . . , n ` 1 Dzk P pa, xs : hpkq

pzkq “ 0 (31.36)
To prove this we proceed by induction. The base case is simple: The definition of A
implies hpxq “ 0 and so we can set z0 :“ x. Assume now that hpkq

pzkq “ 0 for some k P N

with k § n. Note that hpkq is continuous on ra, zks and differentiable on pa, zkq. In light of
(31.35) we have hpkq

paq “ hpkq
pzkq and so Rolle’s Mean-Value Theorem gives existence of

a point zk`1 P pa, zkq Ñ pa, xs such that hpk`1q
pzk`1q “ 0. This proves (31.36) as stated.

With (31.36) established, observe that Ppn`1q
n vanishes. It thus follows that

0 “ hpn`1q
pzn`1q “ f pn`1q

pzn`1q ´ pn ` 1q!A (31.37)

Using the definition of A, this rewrites into (31.30) with z :“ zn`1. ⇤
As an applications of Taylor’s theorem, we show how to control Newton’s method for

numerically finding a root of a function:

Lemma 31.12 (Newton’s method) Let a † b be reals and let f : ra, bs Ñ R be continuous
on ra, bs and twice differentiable on pa, bq. Assume f paq † 0 † f pbq and the following

A :“ inf
xPpa,bq

f 1
pxq ° 0 ^ B :“ sup

xPpa,bq

ˇ

ˇ f 2
pzq

ˇ

ˇ † 8 (31.38)
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Then there exists unique z P pa, bq such that f pzq “ 0. Moreover, for any d ° 0 such that
pz ´ d, z ` dq Ñ pa, bq and Bd § 2A, the function f : pa, bq Ñ R defined by

fpxq :“ x ´
f pxq

f 1pxq
(31.39)

maps pz ´ d, z ` dq into itself. In particular, for any x0 P pa, bq with |x0 ´ z| † d, the sequence
txnunPN defined recursively so that

@n P N : xn`1 “ xn ´
f pxnq

f 1pxnq
(31.40)

obeys @n P N : xn P pz ´ d, z ` dq and

@n P N : |xn ´ z| §

´ B
2A

¯2n´1
|x0 ´ z|

2n
(31.41)

Proof. The existence of z with f pzq “ 0 follows from the Intermediate Value Theorem.
Since f is strictly increasing, the solution is necessarily unique. Given x P pa, bq, Taylor’s
theorem centered at x then tells us

0 “ f pzq “ f pxq ` f 1
pxqpz ´ xq `

f 2
pyq

2
pz ´ xq

2 (31.42)

for some y between x and z. Dividing by f 1
pxq gives us

f pxq

f 1pxq
“ x ´ z `

f 2
pyq

2 f 1pxq
px ´ zq

2 (31.43)

which upon inserting into the definition of f shows

fpxq ´ z “ x ´ z ´

„

px ´ zq ´
f 2

pyq

2 f 1pxq
px ´ zq

2
⇢

“
f 2

pyq

2 f 1pxq
px ´ zq

2 (31.44)

Taking absolute values and invoking the definitions of A and B results in the bound
ˇ

ˇfpxq ´ z
ˇ

ˇ §
B

2A
|x ´ z|

2 (31.45)

In particular, if d ° 0 is such that pz ´ d, z ` dq Ñ pa, bq and Bd § 2A, which is possible
thanks to A ° 0, the function f maps pz ´ d, z ` dq into itself.

With d ° 0 as above, we may iterate f starting from any x0 P pz ´ d, z ` dq to define a
sequence txnunPN satisfying (31.40). The inequality (31.45) then results in the recursive
bound

@n P N : |xn`1 ´ z| §
B

2A
|xn ´ z|

2 (31.46)

Using induction, we now verify the claim (31.41). ⇤
The upshot of (31.41) is that the convergence xn Ñ z is doubly-exponentially fast. (Re-

member that contraction maps, of which f is an example, typically result only in an
exponentially-fast convergence.) To demonstrate this, assume that we start the itera-
tions from x0 such that |x0 ´ z| § d{2. The bound (31.41) along with Bd § 2A then yields
|xn ´ z| § d2´2n which decays to zero remarkably fast (note that 210 is about 1000 so 2210

is about 10100).
A disadvantage of Newton’s method is that one needs start them close enough to the

root (which is tantamount to finding d with above properties). Indeed, starting from a
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generic point in ra, bs often takes the iterations out of the interval. Another disadvantage
is that we need to be able to evaluate f 1, as opposed to just f . This poses no problem for
polynomials; for instance, taking f pxq :“ x2

´ q for q ° 0 gives us a way to compute
?

q
numerically as the limit of the sequence txnunPN where x0 is chosen “close” to

?

q and
further terms are defined recursively via

xn`1 :“ xn ´
x2

n ´ q

2xn
“

1
2

ˆ

xn `
q

xn

˙

(31.47)

(The convexity of f ensures convergence regardless of how far x0 is from
?

q as long as it
is positive.) The resulting Heron’s method for computing square root dates back to Heron
of Alexandria who published this algorithm in the year 60AC.

Theorem 31.11 is not the end of the story. Indeed, we will return to it one more time
once we have introduced the Riemann integral which allows us to write the “error term”
in integral form. Another version of the result is the following asymptotic form:

Theorem 31.13 (Taylor’s theorem in asymptotic form) Given an open interval I Ñ R

a natural n • 1 and a P I, assume that f : I Ñ R (with Domp f q “ I) is pn ´ 1q-times
differentiable on I and n-times differentiable at a. Then

lim
xÑa

f pxq ´ Pnpxq

px ´ aqn “ 0 (31.48)

We leave the proof of this version to a homework exercise. Note that here we only
assume the existence of derivatives up to n; i.e., those needed to define Pn. Moreover,
existence of the n-th derivative is assumed only at the point a.
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