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Uniform convergence



Problem of exchange of limits 2

Question: Given a two dimensional array tam,num,nPN of reals, when can we
guarantee that the equality

lim
mÑ8

lim
nÑ8

am,n “ lim
nÑ8

lim
mÑ8

am,n

holds, assuming the stated limits exist?

Example: Taking A :“ tpk, `q P NˆN : k ď `u, note that

lim
mÑ8

1Apm, nq “ 0 and lim
nÑ8

1Apm, nq “ 1

so exchange of limits is not automatic.



Uniformity does the job 3

Lemma (Uniformity allows for exchange of limits)

Let tam,numPN P RNˆN obey

@m P N : bm :“ lim
nÑ8

am,n exists

and

@n P N : cn :“ lim
mÑ8

am,n exists

Assuming, in addition, that the first limit is uniform in the sense

lim
nÑ8

sup
mPN

|bm ´ am,n| “ 0

then

lim
mÑ8

bm exists ^ lim
nÑ8

cn exists ^ lim
mÑ8

bm “ lim
nÑ8

cn



Two modes of convergence 4

Definition (Pointwise and uniform convergence)

Given sets A Ď B, a metric space pX, ρq, a function f : B Ñ X and a sequence of
functions tfnunPN from B to X (with all having domain B), we say:

fn Ñ f pointwise on A if

@x P A : lim
nÑ8

ρ
`

fnpxq, f pxq
˘

“ 0

fn Ñ f uniformly on A if

lim
nÑ8

sup
xPA

ρ
`

fnpxq, f pxq
˘

“ 0

If A “ B then “on A” is usually dropped.

Note: Uniform convergence is metric convergence w.r.t. the supremum metric

ρ8p f , gq :“ sup
xPA

ρ
`

f pxq, gpxq
˘
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Lemma
For any functions tfnunPN and f ,

fn Ñ f uniformly ñ fn Ñ f pointwise

Proof: Uniform convergence implies that, for each ε ą 0 there exists n0 P N

such that
@n ě n0 : sup

xPA
ρ
`

fnpxq, f pxq
˘

ă ε

But then for any z P A,

@n ě n0 : ρ
`

fnpzq, f pzq
˘

ă ε

proving pointwise convergence.



What makes all the difference? 6

fn Ñ f pointwise :“ @ε ą 0@x P X Dn0 P N@n ě n0 : ρ
`

fnpxq, f pxq
˘

ă ε

fn Ñ f uniformly :“ @ε ą 0 Dn0 P N@x P X @n ě n0 : ρ
`

fnpxq, f pxq
˘

ă ε



Relation to continuity 7

Motivating example: For each x ě 0,

fnpxq :“
nx

1` nx

converges to 1p0,8qpxq. Yet limit not uniform because supxą0 | fnpxq ´ 1| “ 1.

What’s the obstruction?

Each fn is continuous yet their pointwise limit is NOT!



Uniform convergence preserves continuity 8

Theorem
Given metric spaces X and Y, let tfnunPN and f be functions X Ñ Y (with domain X)
such that fn Ñ f uniformly. Then

@x0 P X :
`

@n P N : fn continuous at x0
˘

ñ f continuous at x0

In particular,
`

@n P N : fn continuous
˘

^ fn Ñ f uniformly ñ f continuous



Proof by 3ε-argument 9

Let ε ą 0. Uniform convergence implies existence of an n P N such that

@x P X : ρY
`

fnpxq, f pxq
˘

ă ε

Continuity of fn at x0 in turn gives a δ ą 0 such that

@x P X : ρXpx, x0q ă δ ñ ρY
`

fnpxq, fnpx0q
˘

ă ε

By the triangle inequality, once ρpx, x0q ă δ, we get

ρY
`

f pxq, f px0q
˘

ď ρY
`

f pxq, fnpxq
˘

` ρY
`

f px0q, fnpx0q
˘

` ρY
`

fnpxq, fnpx0q
˘

ă 3ε

proving continuity of f at x0.



Uniform Cauchy property 10

Definition
Let A be a set and pX, ρq a metric space. A sequence of functions tfnunPN

from A to X is said to be uniformly Cauchy if

@ε ą 0 Dn0 P N@m, n ě n0@x P A : ρ
`

fnpxq, fmpxq
˘

ă ε

Note: Cauchy w.r.t. the supremum metric ρ8pf , gq :“ supxPA ρp f pxq, gpxqq.



Uniformly convergent vs uniformly Cauchy 11

Lemma

Let tfnunPN and f be functions from a set A to a metric space X. Then

fn Ñ f uniformly ñ t fnunPN uniformly Cauchy

On the other hand, if pX, ρq is complete, then

t fnunPN uniformly Cauchy ñ Df P XA : fn Ñ f uniformly

Proof: First part follows from

sup
xPX

ρ
`

fnpxq, fmpxq
˘

ď sup
xPX

ρ
`

fnpxq, f pxq
˘

` sup
xPX

ρ
`

f pxq, fmpxq
˘

For the second part note that tfnpxqunPN is Cauchy for each x. Completeness
lets us define f pxq :“ limnÑ8 fnpxq. Uniformity checked via

ρ
`

f pxq, fnpxq
˘

“ lim
mÑ8

ρ
`

fmpxq, fnpxq
˘



Application to infinite series 12

Lemma (Weierstrass M-test)

Let X be a metric space and tfnunÑ8 functions X Ñ R such that, for a sequence
tMnunPN P r0,8qN,

@x P X @n P N :
ˇ

ˇ fnpxq
ˇ

ˇ ď Mn

and 8
ÿ

n“0

Mn ă 8

Then there exists a function f : X Ñ R such that
n
ÿ

k“0

fk Ñ f uniformly

Proof: For n ď m we have
ˇ

ˇ

ˇ

n
ÿ

k“0

fkpxq ´
m
ÿ

k“0

fkpxq
ˇ

ˇ

ˇ
ď

m
ÿ

k“n`1

ˇ

ˇfkpxq
ˇ

ˇ ď

8
ÿ

k“n`1

Mk

so t
řn

k“0 fkunPN is uniformly Cauchy. Now use that R is complete.



Power series and its radius of convergence 13

Lemma

Let tanunPN P RN be such that (with conventions `8´1 :“ 0 and 0´1 :“ `8)

R :“
´

lim sup
nÑ8

|an|
1{n

¯´1
ą 0

Let x0 P R. Then for all x P px0 ´R, x0 `Rq,

f pxq :“
8
ÿ

n“0

anpx´ x0q
n

converges absolutely and defines a continuous function f : px0 ´R, x0 `Rq Ñ R.

Note: R is called the radius of convergence



Proof of Lemma 14

Let r P p0, Rq and let ε P p0, R´ rq. As pR´ εq´1 ą R´1, there exists n0 P N

such that
@n ě n0 : |an| ď

1
pR´ εqn

Setting A :“ maxpt|ak|pR´ εqk : k “ 0, . . . , n0u Y t1uq, we then have

@n P N : |an| ď
A

pR´ εqn

Denoting fnpxq :“ anpx´ x0q
n, we then have

Mn :“ sup
xPrx0´r,x0`rs

ˇ

ˇ fnpxq
ˇ

ˇ ď |an|rn ď A
´ r

R´ ε

¯n

As r ă R´ ε, this is summable on n and so the Weierstrass M-test applies.
Hence, for all r P p0, Rq,

f pxq :“
8
ÿ

n“0

fnpxq “
8
ÿ

n“0

anpx´ x0q
n

converges uniformly on rx0 ´ r, x0 ` rs and is continuous there.



Application to integrals 15

Theorem

Let a ă b be reals and tfnunPN and f functions ra, bs Ñ R such that
´

@n P N : fn Riemann integrable
¯

^ fn Ñ f uniformly

Then

f Riemann integrable ^ lim
nÑ8

ż b

a
fnpxqdx “

ż b

a
f pxqdx

Note: Osgood’s Bounded Convergence Theorem does the same assuming
only that fn Ñ f pointwise with f Riemann integrable.



Proof of Theorem 16

First note that

ˇ

ˇ

ˇ

ż b

a
fmpxqdx´

ż b

a
fnpxqdx

ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ

ż b

a
pfn ´ fmqpxqdx

ˇ

ˇ

ˇ
ď pb´ aq sup

xPra,bs

ˇ

ˇ fnpxq ´ fmpxq
ˇ

ˇ

and since tfnunPN is uniformly Cauchy, t
şb

a fnpxqdxunPN is Cauchy and

L :“ lim
nÑ8

ż b

a
fnpxqdx

exists. Fix ε ą 0. Then there exists n0 P N such that

@n ě n0 :
ˇ

ˇ

ˇ

ż b

a
fnpxqdx´ L

ˇ

ˇ

ˇ
ă ε

Next, uniform convergence fn Ñ f implies existence of n ě n0 such that

sup
xPra,bs

ˇ

ˇ fnpxq ´ f pxq
ˇ

ˇ ă
ε

b´ a

which then implies . . .



Proof of Theorem continued 17

... that for all marked partitions Π of ra, bs
ˇ

ˇRp f , Πq ´Rp fn, Πq
ˇ

ˇ ď pb´ aq sup
xPra,bs

ˇ

ˇ fnpxq ´ f pxq
ˇ

ˇ ă ε

The Riemann integrability of fn in turn gives us δ ą 0 such that for all marked
partitions Π with }Π} ă δ,

ˇ

ˇ

ˇ
Rpfn, Πq ´

ż b

a
fnpxqdx

ˇ

ˇ

ˇ
ă ε

The triangle inequality then yields
ˇ

ˇRp f , Πq ´ L
ˇ

ˇ ď
ˇ

ˇRp f , Πq ´Rp fn, Πq
ˇ

ˇ

`

ˇ

ˇ

ˇ
Rp fn, Πq ´

ż b

a
fnpxqdx

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ

ż b

a
fnpxqdx´ L

ˇ

ˇ

ˇ
ă 3ε

As this holds for all ε ą 0, we get the claim.



Application to derivatives 18

Theorem
Given reals a ă b, let tfnunPN be a sequence of differentiable functions pa, bq Ñ R

such that

Dx0 P pa, bq : lim
nÑ8

fnpx0q exists

and

t f 1nunPN is uniformly Cauchy

Then there exists a differentiable function f : pa, bq Ñ R such that

fn Ñ f uniformly ^ f 1n Ñ f 1 uniformly

In particular, the derivative can be exchanged with the limit n Ñ8.



Proof of Theorem 19

Define φn : pa, bq Ñ R by

φnpxq :“

#

fnpxq´fnpx0q

x´x0
if x ‰ x0

f 1npx0q if x “ x0

Then φn is continuous on pa, bq. Moreover, Lagrange’s MVT implies

@x P pa, bq Dξ P pa, bq : φnpxq ´ φmpxq “ f 1npξq ´ f 1mpξq

and so t f 1nunPN being uniformly Cauchy implies tφnunPN being uniformly
Cauchy. In particular,

@x P pa, bq : φpxq :“ lim
nÑ8

φnpxq exists

and, since φn Ñ φ uniformly, φ is continuous. Next . . .



Proof of Theorem continued 20

. . . define
f pxq :“ lim

nÑ8
fnpx0q ` φpxqpx´ x0q

and note that, for x ‰ x0,

fnpxq “ fnpx0q ` φnpxqpx´ x0q

implies that fn Ñ f uniformly. This means that we can repeat the above
arguments with x0 replaced by any x. It thus suffices to show that f 1px0q exists
and f 1npx0q Ñ f 1px0q. Here we note that, for x ‰ x0,

f pxq ´ f px0q

x´ x0
´ lim

nÑ8
f 1npx0q “ lim

nÑ8

„

fnpxq ´ fnpx0q

x´ x0
´ f 1npx0q



“ lim
nÑ8

“

φnpxq ´ φnpx0q
‰

“ φpxq ´ φpx0q

By continuity of φ, this tends to zero as x Ñ x0.



Differentiating power series 21

Corollary

The power series

f pxq :“
8
ÿ

n“0

anpx´ x0q
n

is infinitely differentiable on px0 ´R, x0 `Rq once

R :“
´

lim sup
nÑ8

|an|
1{n

¯´1
ą 0

Proof: Set fnpxq :“
řn

k“0 akpx´ x0q
k. Then

f 1npxq “
n
ÿ

k“1

kakpx´ x0q
k´1

Now use that for x P rx0 ´ r, x0 ` rswe have k|ak||x´ x0|
k´1 ď Akp r

R´ε q
kr´1

which is still summable on k once 0 ă r ă R´ ε.



Transcendental functions 22

Lemma (Exponential, sine and cosine)

The real-valued functions exp, sin and cos are well-defined for all x P R by

exppxq :“
8
ÿ

n“0

xn

n!

sinpxq :“
8
ÿ

n“0

p´1qn
x2n`1

p2n` 1q!

cospxq :“
8
ÿ

n“0

p´1qn
x2n

p2nq!

where the series converge absolutely everywhere and uniformly on any compact
subinterval of R. Moreover, these functions are infinitely differentiable on R with

exp1pxq “ exppxq ^ sin1pxq “ cospxq ^ cos1pxq “ ´ sinpxq

at each x P R.


