Metric/topological space review

Recall the following notions:
@ A metric space is a set X with a metric p: X x X — [0, 0)

@ An open ball of radius r centered at x is the set

B(x,r) = {y € X: p(x,y) <1}
@ Aset O < X in a metric space (X, p) is open if
Vxe O3dr>0:B(x,r) < O

A set C < Xisclosed if O := X \ Cis open

@ A topological space is a set X with a topology 7 = a set of open subsets
which is required to contain ¥ and X and be closed under arbitrary
unions and finite intersections

@ A topology 7 is metrizable if it arises from a metric



Review continued

Metric space notions:

e A sequence {x,}nen € X™ is convergent if there is x € X with
Ve > 03ng e NVn = ng: p(x,,x) <€

We call x the limit of {x,},en with notation x = lim x,, or x, — x
n—o0

o A sequence {x,}n,en € XN is Cauchy if
Ve >03nge NVn,m=ng: p(xy, xm) <€

@ A metric space is complete if all Cauchy sequences are convergent

@ Aset K < X is sequentially compact if every sequence from K contains a
convergent subsequence with a limit in K, i.e.,

V{xu}nen € KN 3 {mbeen € NN Ix e K: 1y — 0 A Xp, — X



Review continued

Topological notions:
@ Given a set A C X, its closure is the set

A= ﬂ{C < X: closed A Ac C}
and its interior is the set
int(A) := U{O < X: open A O < A}
Then int(A) is open, A is closed and int(A) S A S A
@ A (topological) boundary of A < X is the set
0A := A\ int(A)

e Aset K < X is compact if every open cover of K contains a finite
subcover, i.e., if for any set I and any family {O, }qes of open sets,

KEUO“ = JF c I: Ffinite A K< LJODé

el a€eF

Equivalent formulation: Cantor’s intersection property



Review wrapped up

Connecting the two approaches:

@ Sequential characterization of closedness: A set C < X is closed if and
only if every convergent sequence from C has a limit in C; i.e.,

Vi ben e CNVxe X: x, »x = xeC

@ Aset K < X in a complete metric space (X, p) is sequentially compact if
and only if it is closed and totally bounded

e For any metric space (X, p),
X sequentially compact < X compact

Note: AC is needed in the proof



Continuity in metric spaces

@ Metric spaces (X, px) and (Y, py)
@ A functionf: X — Y (with Dom(f) not necessarily equal to X)
Definition (Continuity at a point)
Let xo € Dom(f). We say that f is continuous at x if
Ve > 036 > 0Vx € Dom(f): px(x,x0) <& = py(f(x),f(x0))

<€

e Equivalent formulation

Ve >030 >0: f(Bx(x0,9)) < By(f(x0),€)
@ Domain matters: Take f: Q — R with
0 if x < /2
flx) = .
1 ifx>+/2
Definition (Continuity)

We say that f is continuous if Vx € Dom(f): f is continuous at x




e Constants (f(x) := y) are continuous
@ Identity map f(x) := x is continuous
e Distance maps
fx) = p(xy)
or
fx) == inf{p(x,y): y € A}

are continuous



Algebraic rules for real-valued functions

Theorem

Let f,g: X — R be continuous at xo. Then so are functions f + gand f - g.
If g(x0) # O, then also f /g is continuous at x.

Proof for f + g: Let € > 0. Continuity of f and g at xo implies
36" > 0Vx e X: px(x,x0) <& = [f(x) —f(x0)| < €/2

and
36" > 0Vx e X: px(x,x0) < 8" = [g(x) —g(x0)| < €/2

Now set ¢ := min{¢’, 6"} and note that for all x with px(x, x0) < ¢:

|(f +8)(x) = (f +8)(x0)| < [f(x) —f(xo0)| + [g(x) —g(x0)| <€/2+€/2=€



Proof forf - g: Given € > 0 find § > 0 such that for all x with px(x, x) < 0:

1
)~ )] < minfe, 3 €}

AND
1 €

g(x) — g(x0)| < 2 e+ fm)|
Then [f(x)| < [f(x) —f(x0)| + |f (x0)| < € + [f(x0)] gives

()0 = (- )(x0)] = | () (8(x) — 2(x0)) +&(x0) (F(x) —f(x0))|

< |f()[|g(x) — g(xo)| + |g(x0) || f(x) — f(x0)

Jleler o)) 1 sl _ oo

2 e+|f(xo)]  2e+]g(x0)

Proof for f /g: similar, see the notes ...



Thanks to algebraic rules we get:

All polynomials are continuous on R. A rational function R(x) := P(x)/Q(x)
where P and Q are polynomials is continuous on Dom(R) := {x € R: Q(x) # 0}.




Another way to produce continuous maps:

Supposef: X — Yand g: Y — Z and xq € X obey:
xo € Dom(f) A f is continuous at xo

AND
f(xo) € Dom(g) A g is continuous at f(xo)

Then g o f is continuous at xg




For each 7 > 0 find € > 0 so that
8(By(f(x0),€)) < Bz(gof(x0), 1)
Next find 6 > 0 so that
f (Bx(x0,9)) < By (f(x0),€)

Then
gof(Bx(x0,6)) < Bz(gof(x0),1)

proving continuity of g o f at x



Sequential characterization of continuity

Theorem (AC)
Let f: X — Y be a function with Dom(f) = X. Then for all x € X:

f is continuous atx < (V{xn}neﬂ\l exN:x, > x = flxn) —’f(x))

Proof of =: If e > 0 and 6 > 0 are s.t. f (Bx(x,d)) < By(f(x),€) then

plrn,x) <6 = py(flxn) f(x)) <e

Proof of <: If f NOT continuous at x, then 3¢ > 0 s.t.
V6 > 0: f(Bx(x,8)) N By(f(x),€) # &
Pick (using the AC) x, € Bx(x, ;17) s.t. f(xy) ¢ By (f(x),€). Then

X — X yet f(xs) = f(x)



A function (between two metric spaces) is continuous if and only if it turns
convergent sequences into convergent sequences.




Topological characterization of continuity

Theorem

Let f: X — Y be a function with Dom(f) = X. Then the following are equivalent:
(1) f is continuous
(2) YOZ Y: Oopen = f~1(O) open
(3) VC< Y: Cclosed = f~1(C) closed

Proof of (1) = (2): Note that
f(Bx(x,0)) € By(f(x),e) < Bx(x,8) <f ' (By(f(x)¢€))

So given O C Y open, for all x € f~1(O) we have Bx(x,d) Cffl( ) for 6 small

Proof of (2) = (1): Apply (2) to O := By(f(x), €) to get f ~}(By(f(x), €)) open.
Since x € f~}(By(f(x), €)), there exists § > 0 such that
Bx(x,6) < f(By(f(x)
which means f (Bx(x,6)) < By (f(x),€)
Proof of (2) = (3): Apply the identity f1(Y \ O) = X\ f~1(O)



Let (X, T) and (Y, S) be topological spaces. Amapf: X — Y
with Dom(f) = X is continuous if

VOeS: f10)eT

Note: {f~}(O): O € T} the coarsest topology making f continuous



Open and closed maps

Definition
A function f: X — Y with Dom(f) = X is said to be
@ open, or an open map, if
VO < X: Oopen (inX) = f(O)open (inY)
@ closed, or a closed map, if
VC < X: Cclosed (in X) = f(C) closed (in Y)

@ Constant functions are closed but generally not open
e For bijective f we have
fopen < f closed

@ For bijective f we have
fopen < f! continuous



Imaging compact sets

Theorem (Continuous image of a compact set is compact)
Let f: X — Y obey Dom(f) = X. Then

X compact A f continuous = f(X) compact

Proof: Let {Oy}4e1 be open cover of f(X). Then f continuous with Dom(f) = X
implies
{f1(Ou)}aer is an open cover of X
Next
X compact = 3F c I: finite A Uffl(O,x) =X
aeF

But then f(X) < (J,er O« so f(X) is compact



