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Recall the following notions:
A metric space is a set X with a metric ρ : XˆX Ñ r0,8q
An open ball of radius r centered at x is the set

Bpx, rq :“
 

y P X : ρpx, yq ă r
(

A set O Ď X in a metric space pX, ρq is open if

@x P O Dr ą 0 : Bpx, rq Ď O

A set C Ď X is closed if O :“ X r C is open
A topological space is a set X with a topology T “ a set of open subsets
which is required to containH and X and be closed under arbitrary
unions and finite intersections
A topology T is metrizable if it arises from a metric
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Metric space notions:
A sequence txnunPN P XN is convergent if there is x P X with

@ε ą 0 Dn0 P N@n ě n0 : ρpxn, xq ă ε

We call x the limit of txnunPN with notation x “ lim
nÑ8

xn or xn Ñ x

A sequence txnunPN P XN is Cauchy if

@ε ą 0 Dn0 P N@n, m ě n0 : ρpxn, xmq ă ε

A metric space is complete if all Cauchy sequences are convergent
A set K Ď X is sequentially compact if every sequence from K contains a
convergent subsequence with a limit in K, i.e.,

@txnunPN P KN DtnkukPN P NN Dx P K : nk Ñ8 ^ xnk Ñ x
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Topological notions:
Given a set A Ď X, its closure is the set

A :“
č

 

C Ď X : closed ^ A Ď C
(

and its interior is the set

intpAq :“
ď

 

O Ď X : open ^ O Ď A
(

Then intpAq is open, A is closed and intpAq Ď A Ď A
A (topological) boundary of A Ď X is the set

BA :“ A r intpAq

A set K Ď X is compact if every open cover of K contains a finite
subcover, i.e., if for any set I and any family tOαuαPI of open sets,

K Ď
ď

αPI

Oα ñ DF Ď I : F finite ^ K Ď
ď

αPF

Oα

Equivalent formulation: Cantor’s intersection property
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Connecting the two approaches:
Sequential characterization of closedness: A set C Ď X is closed if and
only if every convergent sequence from C has a limit in C; i.e.,

@txnunPN P CN @x P X : xn Ñ x ñ x P C

A set K Ď X in a complete metric space pX, ρq is sequentially compact if
and only if it is closed and totally bounded
For any metric space pX, ρq,

X sequentially compact ô X compact

Note: AC is needed in the proof
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Metric spaces pX, ρXq and pY, ρYq

A function f : X Ñ Y (with Dompf q not necessarily equal to X)

Definition (Continuity at a point)

Let x0 P Dompf q. We say that f is continuous at x0 if

@ε ą 0 Dδ ą 0@x P Dompf q : ρXpx, x0q ă δ ñ ρY
`

f pxq, f px0q
˘

ă ε

Equivalent formulation

@ε ą 0 Dδ ą 0 : f
`

BXpx0, δq
˘

Ď BY
`

f px0q, ε
˘

Domain matters: Take f : Q Ñ R with

f pxq :“

#

0 if x ă
?

2
1 if x ą

?
2

Definition (Continuity)

We say that f is continuous if @x P Dompf q : f is continuous at x
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Constants ( f pxq :“ y) are continuous
Identity map f pxq :“ x is continuous
Distance maps

f pxq :“ ρpx, yq

or
f pxq :“ inf

 

ρpx, yq : y P A
(

are continuous
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Theorem
Let f , g : X Ñ R be continuous at x0. Then so are functions f ` g and f ¨ g.
If gpx0q ‰ 0, then also f {g is continuous at x0.

Proof for f ` g: Let ε ą 0. Continuity of f and g at x0 implies

Dδ1 ą 0@x P X : ρXpx, x0q ă δ1 ñ
ˇ

ˇf pxq ´ f px0q
ˇ

ˇ ă ε{2

and
Dδ2 ą 0@x P X : ρXpx, x0q ă δ2 ñ

ˇ

ˇgpxq ´ gpx0q
ˇ

ˇ ă ε{2

Now set δ :“ mintδ1, δ2u and note that for all x with ρXpx, x0q ă δ:
ˇ

ˇpf ` gqpxq ´ pf ` gqpx0q
ˇ

ˇ ď
ˇ

ˇf pxq ´ f px0q
ˇ

ˇ`
ˇ

ˇgpxq ´ gpx0q
ˇ

ˇ ă ε{2` ε{2 “ ε
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Proof for f ¨ g: Given ε ą 0 find δ ą 0 such that for all x with ρXpx, x0q ă δ:

ˇ

ˇ f pxq ´ f px0q
ˇ

ˇ ă min
!

ε,
1
2

ε

ε` |gpx0q|

)

AND
ˇ

ˇgpxq ´ gpx0q
ˇ

ˇ ă
1
2

ε

ε` |f px0q|

Then |f pxq| ď |f pxq ´ f px0q| ` |f px0q| ď ε` |f px0q| gives

ˇ

ˇpf ¨ gqpxq ´ pf ¨ gqpx0q
ˇ

ˇ “

ˇ

ˇ

ˇ
f pxq

`

gpxq ´ gpx0q
˘

` gpx0q
`

f pxq ´ f px0q
˘

ˇ

ˇ

ˇ

ď
ˇ

ˇ f pxq
ˇ

ˇ

ˇ

ˇgpxq ´ gpx0q
ˇ

ˇ`
ˇ

ˇgpx0q
ˇ

ˇ

ˇ

ˇ f pxq ´ f px0q
ˇ

ˇ

ă
1
2

εpε` |f px0q|q

ε` |f px0q|
`

1
2

ε|gpx0q|

ε` |gpx0q|
ď ε{2` ε{2 “ ε

Proof for f {g: similar, see the notes . . .
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Thanks to algebraic rules we get:

Corollary

All polynomials are continuous on R. A rational function Rpxq :“ Ppxq{Qpxq
where P and Q are polynomials is continuous on DompRq :“ tx P R : Qpxq ‰ 0u.
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Another way to produce continuous maps:

Lemma (Composition rule)

Suppose f : X Ñ Y and g : Y Ñ Z and x0 P X obey:

x0 P Dompf q ^ f is continuous at x0

AND
f px0q P Dompgq ^ g is continuous at f px0q

Then g ˝ f is continuous at x0
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For each η ą 0 find ε ą 0 so that

g
`

BYpf px0q, εq
˘

Ď BZ
`

g ˝ f px0q, η
˘

Next find δ ą 0 so that

f
`

BXpx0, δq
˘

Ď BY
`

f px0q, ε
˘

Then
g ˝ f

`

BXpx0, δq
˘

Ď BZ
`

g ˝ f px0q, η
˘

proving continuity of g ˝ f at x0
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Theorem (AC)

Let f : X Ñ Y be a function with Dompf q “ X. Then for all x P X:

f is continuous at x ô

´

@txnunPN P XN : xn Ñ x ñ f pxnq Ñ f pxq
¯

Proof ofñ: If ε ą 0 and δ ą 0 are s.t. f
`

BXpx, δq
˘

Ď BY
`

f pxq, ε
˘

then

ρpxn, xq ă δ ñ ρY
`

f pxnq, f pxq
˘

ă ε

Proof ofð: If f NOT continuous at x, then Dε ą 0 s.t.

@δ ą 0 : f
`

BXpx, δq
˘

r BY
`

f pxq, ε
˘

‰ H

Pick (using the AC) xn P BXpx, 1
n`1q s.t. f pxnq R BY

`

f pxq, ε
˘

. Then

xn Ñ x yet f pxnq Û f pxq
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Corollary (AC)

A function (between two metric spaces) is continuous if and only if it turns
convergent sequences into convergent sequences.
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Theorem
Let f : X Ñ Y be a function with Dompf q “ X. Then the following are equivalent:

(1) f is continuous
(2) @O Ď Y : O open ñ f´1pOq open
(3) @C Ď Y : C closed ñ f´1pCq closed

Proof of p1q ñ p2q: Note that

f
`

BXpx, δq
˘

Ď BY
`

f pxq, ε
˘

ô BXpx, δq Ď f´1`BYp f pxq, εq
˘

So given O Ď Y open, for all x P f´1pOqwe have BXpx, δq Ď f´1pOq for δ small
Proof of p2q ñ p1q: Apply (2) to O :“ BYpf pxq, εq to get f´1pBYpf pxq, εqq open.
Since x P f´1pBYpf pxq, εqq, there exists δ ą 0 such that

BXpx, δq Ď f´1pBYpf pxq, εqq

which means f
`

BXpx, δq
˘

Ď BY
`

f pxq, ε
˘

Proof of p2q ô p3q: Apply the identity f´1pY r Oq “ X r f´1pOq
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Definition (Continuity in topological spaces)

Let pX, T q and pY,Sq be topological spaces. A map f : X Ñ Y
with Dompf q “ X is continuous if

@O P S : f´1pOq P T

Note: t f´1pOq : O P T u the coarsest topology making f continuous
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Definition
A function f : X Ñ Y with Dompf q “ X is said to be

open, or an open map, if

@O Ď X : O open (in X) ñ f pOq open (in Y)

closed, or a closed map, if

@C Ď X : C closed (in X) ñ f pCq closed (in Y)

Constant functions are closed but generally not open
For bijective f we have

f open ô f closed

For bijective f we have
f open ô f´1 continuous



Imaging compact sets 17

Theorem (Continuous image of a compact set is compact)

Let f : X Ñ Y obey Dompf q “ X. Then

X compact ^ f continuous ñ f pXq compact

Proof: Let tOαuαPI be open cover of f pXq. Then f continuous with Dompf q “ X
implies

t f´1pOαquαPI is an open cover of X

Next
X compactñ DF Ď I : finite ^

ď

αPF

f´1pOαq “ X

But then f pXq Ď
Ť

αPF Oα so f pXq is compact


