BASES OF TOTAL WITT GROUPS AND LAX-SIMILITUDE

PAUL BALMER AND BAPTISTE CALMES

ABSTRACT. We explain how to work with total Witt groups, more specifically,
how to circumvent the classical embarrassment of making choices for line bun-
dles up to isomorphisms and up to squares.
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INTRODUCTION

After completing our computation of the total Witt group W''(Gr(d,n)) of
Grassmannians in [3] and submitting that paper for publication, a somewhat rigid

anonymous reader insisted on the problem that the total Witt group of a scheme Y’

WY = P WHYL)

[L]€Pic(Y)/2

did not formally exist, because the group W* (Y, L) depends on a choice of a rep-
resentative L of [L] € Pic(Y)/2 up to non-unique isomorphism. Although formally
correct, it might have occurred to a less rigid or less anonymous human being that
this problem had nothing to do with Grassmannians per se, neither much to do
with triangular Witt groups, and exists since the foundations of Witt groups of
schemes themselves, starting with Knebusch [5].

For us, two alternatives presented themselves, beyond cowardly withdrawing the
paper. First, we could trace all twists in use in the special case of Grassman-
nians, basically turning a reasonably short and hopefully readable paper about
Witt groups into an obscure mess about line bundles. Or, alternatively, we could
write another paper in which we prove that the choices do not really matter, for
Grassmannians and much more generally, providing a tool for seven generations of
Witt groupists to use happily ever after. For some reason, we went for the second
alternative. The outcome is what the reader holds in her electronic hands.
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Convention. Throughout the paper, X and Y stand for regular noetherian sepa-
rated schemes over Z[3], of finite Krull dimension. (See however Remark 7.4.)

For i € Z and for a line bundle L over Y, the Witt group W(Y, L) is the
triangular Witt group of the derived category D%(VB(Y)) of bounded complexes
of vector bundles over Y with homology supported in a closed subset Z C Y,
with respect to the usual duality derived from Home, (—, L) and shifted ¢ times.
See [1, 2]. Of course, W' (Y, L) stands for W% (Y, L). The line bundle L is often
called the twist of the duality.

These Witt groups are periodic in two elementary ways. First they are 4-periodic
in shift, i.e. there is an extremely natural isomorphism

W (Y, L) = WZH(Y, L)
by [1, Proposition 2.14]. On the other hand, we have a product
W (Y, L1) x W2 (Y, La) = W E2 (Y, L1 @ L)

by [4] that recovers the usual multiplication on the classical Witt group W(Y) =
W(Y, Oy) and that turns any W5 (Y, L) into a W(Y')-module. For any line bundle
M over Y, this product yields the other periodicity isomorphism, called the square-
periodicity isomorphism,

(1) W (Y, L) = WL (Y,M**® L)

and given by multiplication with the Witt class [M = MY @ M®?] € WO(Y, M®?),
where MV denotes the dual of M. Finally, any isomorphism L = L’ induces
isomorphisms W (Y, L) ~» W} (Y, L') in the obvious way.

From these isomorphisms, it is clear that all the Witt groups of a scheme can be
recovered once we know the Witt groups W}(Y, L) for L and i varying in a set of
representatives of Pic(Y')/2 and Z/4 respectively. The direct sum of such groups
is what is usually called “the” total Witt group of the scheme Y (with support
in Z). However, this total group is not canonical since it involves the choice of a
line bundle L for every class in Pic(Y")/2. Furthermore, if we want to turn this total
Witt group into a ring, using the above product, we need to choose isomorphisms
between L; ® Lo and the chosen line bundle representing [L; ® Ls] in Pic(Y)/2,
including the choice of “square roots” (for the periodicity modulo 2), and so on. All
these choices should further satisfy some compatibilities, of the highest sex appeal.
Last not least, it is unclear how to make such choices in a functorial way, when
varying the scheme, under pull-back and under push-forward.

To circumvent such technical obstacles, we propose a way of keeping the intuitive
simplification allowed by the total Witt group, yet avoiding the unpleasant use of a
non-canonical object. Of course, it is unfortunately not true in full generality that
one can completely ignore choices. Here, we provide a large class Sx of schemes Y
over a given base X (Definition 4.1), in which it makes rigorous sense to say that
a collection of Witt classes over Y form what we usually call a “basis of W'*(Y")
over W' '(X)”.

The initial concept is that of alignment A : L1 ~» Lo between line bundles
(Section 1) and the alignment isomorphism

A°  WH(Y, L) 5 W*(Y, L)

induced on Witt groups (Section 2). We show how these interact with the two func-
torialities of Witt theory: pull-back and conditional push-forward. This leads us
to introduce lax pull-backs and lax push-forward (Section 3) which are heuristically
pull-backs and push-forwards in which one only cares about twists in Pic /2. This
mathematical peace of mind is formally provided by Theorem 4.4, where we show
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that a change of line bundle in some Y over Y can be descended to Y, as long as
both Y and Y belong to our category Sx.

In Sections 5 and 6, we generalize the action of “W™*(X)” on “W''(Y)” for
Y € Sx by again allowing alignments to move classes around. In this context, we
discuss the notion of “total basis”.

We then show how the fundamental geometric results, localization long exact
sequence, homotopy invariance and dévissage, behave with respect to the above
flexibility (Section 7) and we explain how to trace a total basis of the total Witt
group in such a localization sequence, without explicitly tracing the line bundles on
the nose but only their classes in Pic /2. See Theorem 7.1.

We have already made use of this formalism in the revised version of [3] and we
hope that other people computing total Witt groups will enjoy the therapy.

1. THE CATEGORY OF QUADRATIC ALIGNMENTS

1.1. Definition. Let L; and Lo be line bundles on a scheme Y. We say that a pair
A = (M, ¢) consisting of a line bundle M on Y and an isomorphism

¢:M®? @ L, = Lo
is a (quadratic) alignment from L; to Ls. Such an alignment exists if and only if
[L1] = [L2] in Pic(Y)/2. We use the following short notation for alignments:
A:Li~ L.
1.2. Definition. We say that two alignments A = (M, ¢) and A’ = (M, ¢') from L,

to Ly are isomorphic, denoted A ~ A’, if there exists an isomorphism 7 : M = M’
such that the following diagram commutes :

M®2®L1*¢>L2

T®2®1l
¢/

M/®2 ®L1 4>L2.

There is only a set of isomorphism classes of alignments from L; to Lo :
Aly(Ll,Lg) = {A . L1 o LQ}/: .

We denote by [A]~ in Al(Ly, Ly) the isomorphism class of an alignment A : L ~
Lo. We define the alignment category, denoted by

ALY,
to be the category of line bundles over Y with Aly (Lq, Lo) as morphism sets from
L, to Ly. The composition of L 4 Lo < L3 is defined as follows. If, say,
A; = (M;, ¢;) with ¢; : MP* @ L; = L4y for i = 1,2, then
Ayo Ay = (Ma® My, ¢3) : Ly~ Ls
where ¢3 is the obvious isomorphism (essentially ¢2 o ¢1)

(My® M)®? @ L1 =5 My®? @ ME? @ Ly = My®? @ Ly =5 Ls.
(23) 1®¢1 b2

Composition is compatible with isomorphisms and is associative up to isomorphism
hence turns A¢(Y) into a category, in which idy, is given by (Oy , O{G})Q QL= L).

1.3. Lemma. The category AL(Y') is a groupoid, i.e. for every alignment A : L1 ~
Lo there exists A’ : Ly ~ Ly with Ao A’ ~ idy, and A’ o A ~ idy,, that is,
[A]~ = [A]Z}. In particular, given Ay and Aa with same source (resp. same target)
there always exists an alignment B such that B o A; ~ As (resp. A1 o B ~ As).
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Proof. If A = (M, ¢) take A’ = (M~1,¢') : Ly ~ Ly where ¢ is (M~ 1)®2® ¢!
followed by the canonical isomorphism (M ~1)®2 @ M®2 ® Ly & L. O

1.4. Definition. We can also tensor alignments: (L; 4 L) @ (Lo 4 L}). If, say,
A; = (M, ¢;) with ¢; : MP? @ L; =5 L/ for i = 1,2, then their tensor product

A1 @Ay = (My® My, ¢4) : L1 ® Ly~ L) @ Lj
is given by the obvious isomorphism (¢, is morally essentially ¢1 ® ¢2)

(My@M)®?* R L1 ® Ly — Mi®?@Li @ My®?®@ Ly =5 L, ®L).
(2453) P1@p2

The reader can verify that this tensor product preserves isomorphisms of alignments
and turns AL(Y) into a symmetric monoidal category.

1.5. Lemma. FEwvery line bundle L over Y is invertible in AL(Y') for this ®. In
particular, the map L ® — induces a bijection Aly (L1, Lo) = Aly(L® Ly, L ® L)
and similarly for — ® L.

Proof. Indeed, L~! is also the inverse of L in A/(Y). O
Finally, some functoriality of alignments with respect to the scheme Y :

1.6. Remark. Given a morphism f:Y — Y and an alignment A = (M, ¢) : L; ~»
Ly on Y, there is an obvious alignment f*(A) := (f*M, f*¢) : f*L; ~ f*Ly. The
reader will verify functoriality of this construction: A ~ A’ = f*A ~ f*A’ and
[(Az20 Ay) = f*(A2) 0 f*(A1) and (A1 ® Az) = f*A1 ® f*Az and (gf)*(A) ~
f*(g*(A)). So we get a well-defined ®-functor

[ AY) — ALY)
such that (gf)* ~ f*g*.

If Y and Y are regular and f : Y — Y is proper, with relative canonical bun-
dle wy, and if A= (M, ¢): L1 ~ L, is an alignment on Y, we define an alignment
f{A): wp® f*Li ~ wp® f*Lyon Y by

(2) FA) = (f*M, ')
where f'¢q is the canonical isomorphism
FFMP2Rwref* L (1—;35 wrR MR f* L1 2w f*(M®*® L) 1@—;% WrRf*Ly.

Using the monoidal structure, this can be stated as f'(A) = idy, ®f*(A). In
particular, f'is as functorial as f* was, except that f' is not monoidal.

2. ALIGNMENT ISOMORPHISMS ON WITT GROUPS

2.1. Notation. Let ¢ : L = L’ be an isomorphism of line bundles on a scheme Y.
The isomorphism induced on Witt groups is denoted by

¢ WL(Y,L) 5 WL(Y,L').
The square periodicity isomorphism associated to a line bundle M is denoted by
pery, : WH(Y,L) = WL(Y,M®?> @ L).

2.2. Remark. Here are some easy compatibilities between those isomorphisms,
that we leave to the reader. We use the obvious notation.

(i) glog=9'00.
(ii) peryy,opery, = (23) operyy, o, for (Ma®@M;)®?® L (2—%;;) M2 @MP*@ L.
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(iii) pery; 0 ¢ = (1® ¢) o pery; where 1@ ¢ : M®? @ Ly = M®? @ L.
(iv) pery, = (792 ® 1) o per,,, for every isomorphism 7 : M = M’.
It follows that any composition of per,, and ¢; (in any order) can always be

reduced to one composition of the form ¢ o per,,. This is the true reason for the
notion of alignment introduced in Section 1 and yields naturally :

2.3. Definition. For every alignment A = (M, ¢) : L1 ~ Lo (Definition 1.1), i.e.
¢: M®2® Ly 5 Ly, we define an isomorphism A© := ¢ o pery,

AO : W;(Ya Ll) % W;(Y, L2)
that we call the alignment isomorphism (on Witt groups) associated to the align-

ment A: L ~ Lo.

2.4. Example. To a unit v € Oy (Y)* we can associate two things: An isomor-
phism u- : L = L for any line bundle L and a Witt class (u) in W(Y) = WO(Y, Oy).
It is an easy exercise to verify that multiplication by (u) on Witt groups is the same
as the alignment isomorphism (u-) = 4,°, where A, = (Oy, (u")).

With this example in mind, it seems reasonable to use the following terminology :

2.5. Definition. Let us say that two Witt classes w; € W2, (Y, L) and wy €
WJZ(Y, Ls) are laz-similar if there exists an alignment A : L; ~ Lo such that
A©(wy) = wo. This is an equivalence relation, that we denote by

wy v W2 .

2.6. Remark. We have w «~ 0 if and only w = 0. However, Witt classes up to
lax-similitude do not form a group, as we already know from ordinary similitude.

2.7. Proposition. The assignment A — A respects the structures of Section 1:

(a) Isomorphic alignments A ~ A’ induce the same alignment isomorphism
A© = A'© on Witt groups. Hence (—)© is well-defined on AL(Y).

(b) Given two alignments Ly 4 Lo 2 L3, we have
(A2 o Al)o = AQO 9 Alo

on Witt groups. Hence (—)© is functorial. ‘
(¢) Given two alignments A; : L; ~ Lj and two Witt classes w; € Wy (Y, L),
fori=1,2, we have

(A1 ® A2)° (w1 - w2) = (A1 (wn)) - (427 (w2)).
in W%II#ZZ (Y, L} ® L%). Hence (—)© is (somewhat) monoidal.
Proof. Part (a) follows from Remark 2.2 (i) and (iv). For (b), contemplate

peryr,

Wz (Y, L) W (Y, M{ ® Ly) Wz (Y, L)

lpchz(@Ml lpcrw& lpeer

W (Y, (My @ M)®* @ Ly) o Wz, M3? @ M ® Ly) oo Wz (Y, M3? @ Ly)

This diagram commutes by Remark 2.2 (ii) and (iii). Post-composing the two
outside compositions with ¢ : W5 (Y, Ma®? @ Ly) = W (Y, L) yields the result.
Part (c) is straightforward from the definition of the Witt group product [1]. O
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2.8. Remark. Since AL(Y) is a groupoid (Lemma 1.3), Proposition 2.7 (b) gives
us that any zig-zag of alignment isomorphisms (on a given scheme) can be re-
alized by one single alignment isomorphism. Note however that there might be
non-isomorphic alignments from L; to Lo, hence possibly non-equal alignment iso-
morphisms on Witt groups.

Compatibility of A© with morphisms f : Y — Y is the subject of Section 3.
2.9. Remark. It is easy to verify that for every alignment A : L; ~ L the align-
ment isomorphism A© : W5 (Y, L) = W3 (Y, Ly) commutes with the periodicity
isomorphism W* 5 W*™ | the latter being simply induced on the underlying tri-
angulated category by the square of the shift ¥2. This automorphism %2 commutes
with all operations involved in A©. Note that ¥£2 has no hidden sign either.

2.10. Remark. Alignment isomorphisms are compatible with localization long ex-
act sequences. Compatibility of A® with restriction to an open subscheme is a
special case of Corollary 3.2 below. Let us discuss the other two types of homo-
morphisms.

(1) Let Z C Z' be closed subsets of Y. Then extension-of-support e : Wz (Y, L) —
W, (Y, L) obviously commutes with alignment isomorphism A°.
(2) For the connecting homomorphism, let U =Y \ Z and consider A : L ~ L'

over Y and its obvious restriction A‘U : L|U ~r LT - Then the following diagram

Wi(U, Ly,) —2=Wi(v, L)
AUO\L A©
WU, L) == W5 (v, L)

commutes. Indeed, if A = (M, ¢), then A© = ¢oper,, and 0 clearly commutes
with ¢. It is proved in [4] that 0 is W"(Y')-linear, which explains why it
commutes with per;,.

3. LAX PULL-BACK AND LAX PUSH-FORWARD

We assume for simplicity (in the treatment of the push-forward) that all schemes
Y, Y, etc., are smooth over our regular base X.
Given a morphism f:Y — Y and a closed subset Z of Y, we have a pull-back

WY, L) = Wioi (Y, f7L).
On the other hand, when f is proper and has constant relative dimension dim(f)

(the latter is automatic if Y is connected) and has relative canonical bundle wy, we
have a push-forward homomorphism for every closed subset Z C Y

. *+dim(f < * *
o WOV 0@ L) — Wiz (VL)

3.1. Remark. Continuing Remark 2.2, for every morphism of schemes f: Y — Y,
we have naturality :

(V) [rod=[f"¢of"
(vi) f*opery = perj.p o f*.
Finally, if f : Y — Y is proper with relative canonical bundle w ¢, we have:
(vii) ¢o fu = fao(1® f*¢) for the canonical 1® f*¢ : wy® f*Ly = wf @ f*Lo.
(viii) perp; o f« = fi o (123) o pery. ), by the projection formula, where (123) :
([*M)*?Quws® f*Ly = wr® f*(M®2®L) is the canonical isomorphism.
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3.2. Corollary. Recall Remark 1.6 for f* and f' on alignments. For f : Y — Y
and for an alignment A = (M, @) : L1 ~ Ly on'Y, we have on Witt groups
Fro A0 = (f Ao £,
When f is proper, we have on Witt groups
A% fo = f.o (f'A)°.
Proof. This is a compact form of Remark 3.1. (]

3.3. Remark. Given a morphism f : Y — Y, we can compose the pull-back f* with
alignment isomorphisms on Y and on Y. By Corollary 3.2, any such composition
can be brought down to one of the form A® o f* for some alignment A on Y.
Similarly, one can combine the push-forward f, with alignment isomorphisms on Y’
and Y and again the alignment isomorphisms on Y are redundant, i.e. such a
composition always boils down to one of the form f, o A© for some alignment A
on Y. Let us give names to those generalized pull-back and push-forward.

3.4. Definition. Let f : Y — Y be a morphism. Let L and L be line bundles on

Y and Y respectively and let A : f*L ~ L be an alignment on Y (Definition 1.1).

We define the lax pull-back homomorphism from Wy (Y, L) to W (Y, L) by
Pully ; =A% f* : Wi(Y,L) — Wii,(Y, f*L) = W} ,(Y,L).

3.5. Definition. Let f : Y — Y be a proper morphism with relative canonical
bundle wy and relative dimension d = dim(f). Let L and L be line bundles on Y’
and Y respectively, and let A : L ~» wr® f*L be an alignment on Y (note wy here).
We define the laz push-forward homomorphism from W}HI(Y’, L) to Wi (Y. L) by

Push; 5 = fuo A%+ WIT(Y,L) = W (Y, wp @ f*L) — W;(Y, L).

By Proposition 2.7 (a), both Pullj ; and Push; 5 only depend on the isomor-
phism class of A.
3.6. Proposition. For composable y &V i> Y and for alignments A on'Y and
A on'Y such that A and g*A are composable, we have

Pull;1 g OPun[l,f:Pqulo(g*/_l),fg'

If instead ' A and A are composable and if f and g are moreover proper, then

fg9,(g'A)0 A
Proof. Direct by Corollary 3.2, Definitions 3.4 and 3.5 and Proposition 2.7 (b). O

PuShf,A o Pushg7A = Push

4. DESCENDING ALIGNMENTS

Given a morphism f : Y — Y, it might happen that two line bundles L; and Lo
on Y have f*L; and f*L, aligned over Y, in the sense of Definition 1.1, without
necessarily being aligned over Y. This can cause sorrow in the taverns. We propose
a simple solution, which will be convenient in applications.

4.1. Definition. Recall our separated, noetherian regular base scheme X over Z[%]
Let Y be a scheme over X. We denote by 7y : Y — X the structure morphism and
by Picx (V) the cokernel of 7} : Pic(X) — Pic(Y). Consider the full subcategory

Sx

of smooth X-schemes 7y : Y — X (with morphisms over X of course) such that :



8 PAUL BALMER AND BAPTISTE CALMES

(I) The map 7} : Pic(X) — Pic(Y) is injective.
(II) The abelian group Picy (Y) = Pic(Y)/7} ( Pic(X)) has no 2-torsion.
(III) The map 75 : G (X) = G (Y)/Gw(Y)? is surjective.

4.2. Remark. Note that X itselfis in Sx. Projective spaces over X, Grassmannians
and various flag varieties over X are in Sx, as explained in [3]. If X is local (e.g.
the spectrum of a field) and thus has trivial Picard group, then projective varieties
over X with no 2-torsion in their Picard group are in Sx.

Assumptions (I) and (II) allow an easy chase:

4.3. Lemma. Let f:Y — Y be a morphism in Sx. Then:

(a) The homomorphism f* : Pic(Y) — Pic(Y) induces an isomorphism on 2-
torsion subgroups oPic(Y) = oPic(Y).

(b) The sequence 0 — Pic(X)/2 — Pic(Y)/2 — Picx(Y)/2 — 0 is exact.

(c) The homomorphism Pic(Y)/2 — Picx (Y)/2 @ Pic(Y)/2 is injective.

(d) If a line bundle L on Y is such that [L] = [f*L] in Picx(Y)/2 for some
L over Y, then there exists L' over Y with [L'] = [L] in Picx(Y)/2 and
[L] = [f*L'] in Pic(Y)/2 already.

Proof. Since my f = my it suffices to prove (a) for f = my : Y — X. Multiplication
by 2 yields an endomorphism of the following short sequence of abelian groups

0 — Pic(X) =% Pic(Y) — Picx (Y) = 0,

which is exact by (I) above. The Snake Lemma and Assumption (II) give (a)
and (b). For (c), it suffices to compare the exact sequences (b) for Y and Y via f*:

0 — Pic(X)/2 — Pic(Y)/2 — Picx (Y)/2 —= 0

H b b

0 — Pic(X)/2 —— Pic(Y)/2 — Picx(Y)/2 —=0

to chase the wanted injectivity (in fact, the right-hand square is cartesian). For (d),
if there exists a line bundle K on X with [L] = [f*L ®@ 73 K] = [f*(L ® 7y K)]
in Pic(Y)/2, take L' := L@} K, which is in the same class as L in Picx(Y)/2. O

Here is the announced descent of alignments along morphisms Y — Y in Sy.

4.4. Theorem. Let f : Y — Y be a morphism in Sx. Let L1 and Lo be line bundles
onY and let A: f*Ly ~ f*Ly be an alignment on Y (Definition 1.1). Suppose
that [L1] = [Le] in Picx (Y)/2. Then there exists an alignment A : Ly~ Ly on'Y
and an isomorphism f*A~ A on'Y (see Definition 1.2 and 1.6).

Proof. Write A = (M, ) so that ¢ is an isomorphism M®? ® f*L; = f*L, on Y.
In particular, in the group Pic(Y)/2, we have [f*L;] = [f*Ls]. Since we also
assume [L1] = [Lg] in Picx(Y)/2, we get by Lemma 4.3 (¢) that [L1] = [Lo] in
Pic(Y)/2. Hence there exists a line bundle M’ over Y such that M'®? @ Ly ~ L,.
Pulling-back to Y, we get (f*M')®? ~ M®2 over Y. Hence [(f*M') ® M~1] €
2 Pic(Y) < 3 Pic(Y) by Lemma 4.3 (a). Hence there exists [M"] € 5 Pic(Y) such
that f*(M’' ® M") ~ M. Defining M := M’ ® M" we now have

ffM~M and also M®2 @ L, ~ L,

since M'®? @ Ly ~ Lo already and M"®? is trivial.
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Now choose two isomorphisms 7o : f*M = M and ¢ : M®? @ L1 = Ls, which
exist by the above construction, and consider the following diagram over Y

7921

(f*M)®2 ®f*L1 —>M®2 ®f*L1

+ w
[F(M®2® L) $>f*[/2-

A priori, this only commutes up to a unit ¢t € G,,(Y), like every diagram of isomor-
phisms of line bundles. By Assumption (III), ¢t = 7% (u) - v* for some u € Gy (X)
and v € G, (Y). Hence we can define ¢ = 73 (u) - ¢ and 7 = v=! - 7, so that ¢
and 7 make Diagram (3) strictly commute (in place of ¢y and 7y respectively, of
course).

Consider the alignment A := (M, ¢) : L1 ~ Ly on Y. The commutativity of (3)

precisely means f*A ~ A (see Remark 1.6). O

4.5. Corollary. Let f : Y — Y be a proper morphism in Sx. Let Ly and Lo be
line bundles on'Y and A: wy® f*Ly ~ wp @ f*La be an alignment on'Y . Suppose
that [L1] = [Ls] in Picx (Y')/2. Then there exists an alignment A : L1 ~ Ly on'Y
and an isomorphism f'A~ A on'Y (Remark 1.6).

Proof. Immediate from Theorem 4.4 since fl=wr® f*: AY) —» ALY) and
since B — wy ® B is a bijection by Lemma 1.5. O

The following two results turn the above descent of line bundle alignments into
descent of alignment isomorphisms on the level of Witt groups.

4.6. Proposition. Let f : Y — Y be a morphism of schemes in Sx. Let Ly and
Ly be line bundles on' Y with [L1] = [Ls] € Picx(Y)/2. Let Ay : f*Ly ~ L and

Ay f*Ly ~ L be two alignments with same target L on'Y. Then there exists an
alignment A : L1 ~ Lo on'Y such that the following diagram commutes

x A°
WZ(Y7L1) _________ >WZ(Y7 L2)
Pm m ;
W3 (Y, L)

Proof. By Lemma 1.3, there exists an alignment A : f*L; ~ f*Ly on Y such that
Ay 0 A ~ A;. By Theorem 4.4, there exists A : L ~» Ly such that f*A ~ A.
So, Ay o f*A ~ A;. By Propositions 3.6 and 2.7 (a), we have Pullg, ; 0AC =
Pullg,of. 4,5 = Pully, ;. O

4.7. Proposition. Let f : Y — Y be a proper morphism in Sx. Let L1 and Lo be
line bundles on'Y such that [L1] = [La] € Picx (Y)/2. Let Ay : L~ w; ® f*L1 and
Ay i L~ wy @ f*Lo be two alignments from the same source L on'Y. Then there
exists an alignment A : L1 ~» Ly on'Y such that the following diagram commutes

W3(Y, L)
A 2 = W73 (Y, Lo).

Proof. By Corollary 4.5 for A= A0 Afl, there exists A : L1 ~» Lo such that
flAo A} ~ A,. By Proposition 3.6, A© oPush; 5, = Pushy 14,4, = Pushy 5,. U
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4.8. Remark. Combined with Corollary 3.2, the last two propositions tell us that,
for a morphism f : Y — Y in Sy, it is not so important to know where a lax
pull-back Pullz ; or a lax push-forward Push; z exactly lands, as long as we keep
track of classes in Picx (?)/2. Different choices can always be “realigned”.

5. RELATIVE ALIGNMENTS AND LAX MODULE STRUCTURE

Now that we have a stable understanding of alignments, we introduce a relative
version of this notion, allowing a line bundle on the base X to intervene.

5.1. Definition. Let my : Y — X be a scheme over X. We say that two line
bundles Ly and Ly over Y are (quadratically) X -aligned if [L1] = [Lo] € Picx (Y) =
coker (7 : Pic(X) — Pic(Y")/2). This amounts to the existence of a line bundle K
over X and an alignment 73, K ® Ly ~ Lo as in Definition 1.1.

By extension, it will be very convenient to say that a Witt class w € W (Y, L;)
is X -aligned with Lo when the line bundle L; is X-aligned with L.

Specifying a line bundle K over X, we say that L, and Lo are K-aligned if
my K ® L is aligned with Ly. Unfolding everything, this means that there exists an
alignment A = (M, ¢) : 73 K&Ly ~ Lo, i.e. an isomorphism ¢ : M®?@mri KQL; —
L. We call A a K-alignment of Ly with Lo and use the condensed notation

A: Ll’}?LQ .

5.2. Definition. Let A : Ll"I?LQ be a K-alignment in Y. We are going to define
a lax product or product realigned under A

— = WX, K) x WL(Y, L) — W5 (Y, Ly) .
By Definition 2.3, there exists an alignment isomorphism A® : W (Y, v K ®

L) — W3;(Y,Ly). Then for every Witt class X € W!(X,K) on the base and
every Witt class w € W (Y, L1) on Y, we define

e AC (2 ()
)\Aw = A9 (73 (N) - w)

for the image in W4 (Y, L) of the product 7} (\) -w, under the alignment isomor-

phism A°. We call this the laz-structure of W**(X)-module on Wy* (V).

5.3. Remark. Taking A =1 € W(X), we see that A -4 — = A°(—). So the above
homomorphisms A -4 — generalize the alignment isomorphisms.

This action behaves nicely with respect to all possible alignment isomorphisms :

5.4. Lemma. Let A : LG?LQ be a K-alignment so that we have the product -
of Definition 5.2. Let B : Ly ~ L3, C : J ~ K and D : Ly ~ Ly be (plain)
alignments over Y, X and Y respectively. Then E := Bo Ao ((71';‘,0) ® D) 5 a
J-alignment Ly~ Ls on'Y. For every A € W(X,J) and w € WL(Y, L) we have

BO (CO(A) ADO(w)) =X w

in W?'j (Y, L3). In words, the lax product commutes with laz-similitude.
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Proof. A direct computation :

BO(CO() - DO(w)) € BC 0 A (m3:(CO () - DO (w))

! BY 0 A% ((r3C) @ D)° (5 (N) - w)
2-7:<"> (Bvo((W;C)®D))O(w;u)-w) Exw. O

The real question is whether this product A -4 w depends significantly on the
K-alignment A : Ly ~ Lo, for L1 and Lo fixed. A priori, this might be the case.
However, our class of schemes Sx (Definition 4.1) turns out to be well-behaved.

5.5. Lemma. LetY be a scheme in Sx. Let A; : LQ:LZ be K;-alignments over Y
(for the same L1 and Ls), for i = 1,2. Then there exits an alignment C : K1 ~ Ky
on X such that, for every Ay € W*(X, K1) and every w € W (Y, Ly), we have

)\1 . ’U.):>\2 - w
A1 A2

in W4 (Y, L), where Ay = CO(\1) € W*(X, K>).

Proof. In terms of plain alignments over Y, note that A; : 73 K; ® L1 ~ Lo and
Ay my Ko ® L1 ~ Lo have the same target Ly. By Lemma 1.3, there exists an
alignment A" : 73 K1 ® L1 ~ 73 K3 ® Ly such that Ay o A’ ~ A;. Note that
L appears at the two ends of A’. So, by Lemma 1.5, there exists an alignment
A" 13 Ky ~ 73 Ky such that A’ ~ A” ® L;. Finally, by Proposition 4.6 applied to
f = my, there exists an alignment C' : K; ~» K5 such that A” ~ 7TYC The result
follows from Lemma 5.4, applied to our C, and to B :=idy,, D :=idy,, A := As,
checking that F is here As o ((73C) ® L1) ~ Az o (A" @ L) ~ Ag oA~ A, O

Let us a say a word about associativity of the lax-action.

5.6. Lemma. Let Y be an X-scheme and K1 and Ko be line bundles on X. Set
K; .= Ky ® Ky. Consider X-alignments A; : LOMLl and As : Ll’\’>L2 and
As LOMLQ over Y. Then for any choice of two out of Ay, As and As, the third
can be constructed such that the following diagram commutes in AL(Y) :

Ay
T (Ky @ K1) @ Ly ~~r s 15 Ky ® Ly

(4) \\ /

Then, for every w € WL (Y, L), A\ € Wil(X, K1) and Ay € W2(X, K5), we have
AQ A'2 ()\1 A‘l ’LU) = (AQ . )\1) A'3 w
in Wi T2 (Y, Ly).

Proof. The first part follows from Lemmas 1.3 and 1.5. The rest is direct :

Aza, (A4, w) = A0 (7 A - ALO (TP A - w)) by definition
=A00(1® A;)° (71';‘,)\2 STy AL - w) by Proposition 2.7 (¢)
= A3O (7 Ag - T AL W) by (4) and Prop. 2.7
= A0 (75 (A2 - A1) - w) 7* is a ring morphism
= (>\2 : )\1) ‘As W by definition. O

Let us now discuss the lax-linearity of lax pull-back and lax push-forward.
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5.7. Lemma. Let f:Y — Y be a morphism in Sx and Z C'Y be closed. Consider
two laz pull-backs (Definition 3.4) :

Pully ; : W (Y, L) = Wi ,(Y,L) and Pullg;: W(Y,M) = Wi ,(Y, M)

for two alignments A : f*L ~+ L and B : f*M ~» M over Y. Suppose that the line
bundles L and M over Y are X -aligned, i.e. [L] = [M] in Picx(Y)/2.

(a) For every K-alignment C' : L2 M over Y, there exists a K-alignment C :
E’;(’)]\Zf over Y such that for all \ € W*(X, K) and all w € W (Y, L)

Pullg ¢ (/\éw) = /\é (Pullg ;(w)) in W}Z1Z(Y,M) .

(b) For every K-alignment C' : E}?]\Zf over Y, there exists a K-alignment C :
L“I?M over Y such that the very same equation holds (maybe better read
from right to left this time).

Proof. For (a), use Lemma 1.3 to construct C such that Bo f*C ~ C o (id®A),
i.e. solve the following left-hand square:

Ko L L5 pru T K@ f L 205 fr M
il 5 Al !5
1d®A)& ) o &B 1d®A& ) . ¢B
KoL~ gy K@ L ~Ss g

For (b), first solve the above right-hand square to find D and use Theorem 4.4 to
find C: 7y K ® L ~ M such that D ~ f*C. In both cases we have

(5) Bof*C~Co(id®A).

Then compute

Pullz ; (A-cw) =B%o f*oCOry(N) - w) by definition
= B0 (f*C)° o f*(mH(\) - w) by Corollary 3.2
=B%o (f*C)Q(ﬂ;‘—/()\) - f*(w))  f*is a ring homomorphism
=C%0 (id®A)° (75 (A) - f*(w)) by (5) and Proposition 2.7
=CO(r3(N) - (A% o f*(w)) by Proposition 2.7 (c)
=X\ (Pull *,f(w)) . by definition. O

5.8. Lemma. Let f : Y — Y be a proper morphism in Sx, of constant relative
dimension, and Z C 'Y be closed. Consider two laz push-forwards (Definition 3.5) :

Push; 5 : WZ(Y, L) — Wiz (Y,L) and Pushyg: W3(Y, M) — Wi (Y, M)

where x = x+dim f for two alignments A:L~wp®f*Land B: M ~ wp® f*M
overY . Suppose that the line bundles L and M overY are X -aligned, i.e. [L] = [M]
in Picx (Y)/2.

(a) For every K-alignment C : L2 M overY, there exists a K-alignment C' :
E}?M over Y such that for all w € W4(Y,L) and A € W*(X, K) we have

)\é(Pusth(ﬂ))) = Push; ()\CE/) in Wiz (Y, M).

(b) For every K-alignment C : I:“I?M over Y, there exists a K-alignment C :
L7z M over' Y such that the very same property holds (read backwards).
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Proof. For (a), use Lemma 1.3 to construct C' such that the following left-hand
square commutes :

W%K@EMNEEN\&M W;K@)EMM

A’:=(12)o(id ®A)\§/ . éB A'é ) éB

wi@TLK® f*L L5 w0 M wi@TLK ® f*L 225w @ f*M
For (b), first solve the above right-hand square to find D and use Corollary 4.5 to
find C : 75 K ® L ~ M such that D ~ f'C. In both cases we have

(6) BoC~f'CoA.
Then compute
Push; 3 (\-c @) = f.oBoCO(n5(N) - w) by definition

= fso (f!C)? o A'O(w%(X)-w) by (6) and Proposition 2.7
=C%o f, o AO(mE(N) - w) by Corollary 3.2
=C%o f, (@(W}*—,(A) : [10(11;))) by Proposition 2.7 (c)
=C° (773*/0\) - [« (A° (w)) by projection formula for f,
= X-¢ (Push; z(w)) . by definition.

The permutation of line bundles (12) in the fourth equation is usually dropped but
actually is the precise way to state the projection formula. O

5.9. Remark. Following up on Remark 2.10, it is easy to verify that the lax module
structure is compatible with the localization long exact sequence.

6. TOTAL BASES OF THE TOTAL WITT GROUP

We want to define what should be a basis of the non-existent total Witt group
of Y with support in Z, over the similarly evanescent total Witt group of X. The
intuitive meaning is simple. We want every Witt class of W*(Y, L) to be a sum of
lax-products of elements of the basis by Witt classes over X (the coefficients) and
we want no linear relation among the Witt classes in the basis, with coefficients
over X.

6.1. Setup. We will repeatedly use the following situation: Let Lq,..., L, be line
bundles over an X-scheme Y, let ji,...,J, be integers and Z C Y a closed subset.
We consider Witt classes ws, ..., w, where each w; € W (Y, L;) lives in its own
Witt group of Y with support in the common closed subset Z C Y. We want to
make sense of linear combinations of wy, . .., w, with coefficients in the Witt groups
of X. With the lax module structure of Section 5, there are many ways to multiply
each w; by a coefficient \; over X. We clarify this first.

6.2. Definition. Let w1, ..., w, be Witt classes over Y as in 6.1 and assume they
are X -aligned in the sense of Definition 5.1, i.e. [L1] = --- = [L,] in Picx (Y)/2.
A set of compatible coefficients for wy , ..., w, consists of two ingredients :
e Witt classes \; € W (X, K1), ... ,\, € Wi"(X,K,) over X, with the
property that ¢; + ji1 =42 + jo = - -+ = iy, + Jin; call this number k € Z.
e A Kj-alignment C; : L7371 (Definition 5.1), for every ¢ = 1,...,n, for a
common line bundle L over Y; that is, a pair C; = (M;, ¢;) where M, is a
line bundle on Y and ¢; : MZ-®2 Ry K; ® Ly — L is an isomorphism.
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When k € Z and the line bundle L over Y are specified in advance, we speak
of (k,L)-compatible coefficients. Naturally, we abbreviate all this by writing that
the “A\1,...,\, are compatible coefficients for wy,...,w,”. We also use the mildly
abusive notation \;w; for \; ¢, w; when there is no risk of confusion, but we
insist that the alignments C; come with the coefficients \;’s in any case, possibly
implicitly. This lax product A; -¢, w; belongs to W*(Y, L). We then define the laz
linear combination of the wq,...,w, with coefficients A1,..., A, as the following

element in W5 (Y, L):

6.3. Definition. Let Z C Y be closed and let Z be a set. A family (w;);ez of

Witt classes w; € sz(i) (Y, L;) is called totally independent over X if for every
finite subset J of Z such that the (w;);cs are X-aligned and every compatible
coefficients (\;)ic7, the relation ), A\jw; = 0 forces all A; to be zero.

6.4. Remark. In the following definitions, we are going to use a subset P of
Picx (Y)/2. The reader might want to assume at first that P is the whole Picx (Y)/2
for this will often be the case. Allowing other P’s will only become relevant when
dealing with the functorial behavior of these notions, and only in “fringe cases”. If
[L] € P, we say that L is X -aligned with P and we also say that every Witt class
w € W,(Y, L) is X -aligned with P. These conditions are empty for P = Picx (V).

6.5. Definition. Let Z C Y be closed and P be a subset of Picx(Y)/2. Let
(w;)iez be a family of Witt classes over Y with support in Z, which are all X-
aligned with P. We say that (w;);ez totally generates the P-part of the Witt groups
of Y with support in Z, over X, if for every line bundle L over Y such that [L] € P,
every integer k and every y € W§(Y, L), there exists a finite subset J of Z such
that (w;);c7 are aligned with L, and (k, L)-compatible coefficients (\;);c7 over X
such that y = Ziej A;w; as in Definition 6.2.

6.6. Definition. Let P C Picx(Y)/2 and Z C Y closed. We say that a family
(w;)iez of Witt classes X-aligned with P forms a total basis of the P-part of the
Witt groups of Y with support in Z, over X, if it is totally independent (Defini-
tion 6.3) and totally generates (Definition 6.5).

6.7. Example. For Z =Y = X the unit 1 € W°(X, Oy) is a total basis over X.

6.8. Remark. Unlike the classical notion, total independence does not strictly
imply uniqueness of coefficients in a linear combination; given totally independent
classes wy, ..., wy,, all X-aligned with some line bundle L, we could have > \; -¢,
w; = Y A} o7 w; without \; = A for all i. Equality only follows from independence
if the alignments C; and C! are the same. However, Lemma 5.5 tells us that if ¥
is in Sx, we can find an alignment A; : K; ~ K| over X for every i such that
i o, wi = N o, w; with X/ = A;9(\)). Then, we must have \; = A/ by total
independence.

Anyway, for X-schemes in our class Sx (Definition 4.1), we have the following
“classical” interpretation of a total basis:

6.9. Proposition. LetY € Sx. Let P C Picx(Y)/2 be a subset, Z CY closed and
let <wi € WJZL (Y, LZ)) be a set of Witt classes on'Y with support in Z, such that
z

ie
each [L;) € P. For each p € P set T, = {i € T|[L;) = p in Picx(Y)/2}. Then the
following properties are equivalent :
(i) The family (w;)icz is a total basis of the P-part of the Witt groups of Y
with support in Z, over X (Definition 6.6).
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(ii) For every line bundle L with [L] € P, every k € Z and for every choice, for
those i € Zi1, of a line bundle K; over X and a K;-alignment C; : Li}’?L,
the following map is an isomorphism

~

0=0((Ci)) : PW7(X,K;)) —  WH(Y,L)
(7) 1€
(xi)ieI[L] DT e, Wi

(iii) For every class p € P and every k € Z, there exists a choice of L € p and
there exists a choice, for each i € Z,, of a line bundle K; over X and a
K;-alignment C; : L77 L for which (7) is an isomorphism.

Note that 6 as in (7) is always a homomorphism of W(X)-modules by Lemma 5.6.

Proof. (i) = (i1): Injectivity is straightforward from total independence (Defi-
nition 6.3). For surjectivity, let y € W§(Y, L) and use total generation (Defini-
tion 6.5) to write y as ;. 7 A\i -c, w; for some finite subset J C Z, some coeffi-
cients \; € WF™Ji(X, J;) and some J;-alignments D; : LiyL, for i € J. A priori,
J; might differ from K; and D; might differ from C;. But iemma 5.5 tells us that
each \; ‘p, w; = x; ¢, w; for a suitable x; € W*(X, K;) lax-similar to A; . Hence
Y= icyTi-c, w; €im(0). So, 0 is surjective.

(#7) = (4i1) : Do choose L € p and X-alignments C; : Lig L for i € I,

(791) = () : Total generation is immediate from surjectivity of # and Lemma 5.5.
For total independence, let (w;);ey be X-aligned (as in 6.1) and let (\;)ics be
(L', k)-compatible coefficients for some L', such that } .., Ai-p, w; = 0 for suitable
alignments D;. Note that [L'] € P. Choose L, K; and C; as in (iii) for p = [L/].
Choose also A : L' ~» L. Then AO(Ziej Ai *D; wl) = 0 as well. By Lemmas 5.4
and 5.5 again, each A°()\; ‘D, W;) = & ¢, w; for some x; lax-similar to A\;. We then
get 0((x;)icy) = 0 which forces all z; = 0 by injectivity of . But then \; = 0 as
well since alignment isomorphisms are... isomorphisms. O

6.10. Lemma. Let P and P’ be subsets of Picx (Y')/2 and let (w;);ez (resp. (w;)iez)
be a totally generating family of the P-part (resp. the P’'-part) of the Witt groups
of Y with support in Z, over X. Then the union family (w;);czuz is a totally
generating family of the P U P’ -part of the Witt groups of Y over X. If P and P’
are disjoint and if the families (w;)iez and (w;);ez are both totally independent,
then their union is totally independent.

Proof. Clear. O

6.11. Remark. Given ¢ = j modulo 4, there is a canonical isomorphism WS W,
given by (£2) T, which involves no choice and no sign. Moreover, this isomorphism
commutes with every pull-back, push-forward, alignment isomorphism and products

(still no sign because % is even). In other words, a Witt class w € W' corresponds

to a unique Witt class of W7.

If one has an X-scheme Y and a family of Witt classes on Y, one can wonder
whether the notions of total independence and total generation (Definitions 6.3
and 6.5) would be different if one identified every Witt class w € W' with its image
in W7, for j = ¢ modulo 4. The answer is no, as long as one does the same on X.

Indeed, ?(A -4 w) = (3%(X)) -4 w. Hence every occurrence of ¥ on Y can be
“absorbed” in the coefficients.

The following analogy might help the puzzled reader. If R = @;cz R’ is a Z-
graded ring and M = ®;czM* is a graded R-module (or R-algebra), and if there
exists s € R* invertible and central (nothing special about 4, of course), then one
can consider the Z/4-graded ring R = @[i]ez/4Ri with 0 < ¢ < 3 and the graded
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R-module M = @[i]GZ/4Mi with 0 <4 < 3, where a product taking values outside
of the range 0 < ¢ < 3 is brought back in that range by using the unique power of
s which does the job. The point is that a collection M C U;czM? of homogeneous
elements in M form an R-basis of M if and only if the very same collection forms
an R-basis of M (once brought back in the range 0 < i < 3). In particular M has
the same dimension over R as M had over R. The only possible confusion would
come from the perverse contemplation of M as an R-module.

Let us now examine how these notions behave under pull-backs or push-forwards.
The assumption about injectivity of f‘*;j below is the very reason we allow the

flexibility of those subsets P C Picx(Y'), see Remark 6.17.

6.12. Proposition. Let f : Y — Y be a morphism of schemes in Sx. Let P
be a subset of Picx(Y)/2 and Z C Y closed. Suppose that the pull-back map
f*lp : P — Picx(Y)/2 is injective, as a map of sets. Suppose also that the pull-
back f* : WE(Y,L) — W];éfl(z) (Y, f*L) is an isomorphism for all L with [L] € P
and oll k € Z. ,

Let (w;)iez be a set of Witt classes w; € W5 (Y, L;) over Y with support in Z,
with all [L;] € P. Choose for every i an alignment A; : f*L; ~» L; over Y, hence
a lax pull-back Pullg, ¢ : W2 (Y, L;) — W?_l(z)(Y, L;). Let w; := Pully, ((w;).

Then (w;)icz is a total basis of the P-part of the Witt group of Y with support
in Z, over X, if and only if (w;):cz is a total basis of the f*P-part of the Witt
group of Y with support in f~'Z, over X.

Proof. We simply use Proposition 6.9, and its notation, both for Y and for Y, in the
following commutative diagram (for line bundles and alignments to be specified) :

P W (X, K;) — = WE(Y, L)
1€Z1( H :\LPuHB'f

P WEIH (X, Ky) — = Wfa,(V, D)
1€

(8)

Let k € Z. Given a line bundle L on Y, we can set L = f*L and B = id.
Conversely, given L on Y with [L] € f*(P) C Picx(Y)/2, Lemma 4.3 (d) provides
an L over Y with [L] € P such that f*[L] = [L] in Pic(Y)/2 already. The latter
allows us to choose B : f*L ~» L a (plain) alignment over Y, hence to use the lax
pull-back Pullp ¢ as on the right-hand side of (8).

Of course, every w; is X-aligned with f*P. Furthermore, our assumption about
the Picard-group f* being injective on P implies that w; is X-aligned with L if
and only if w; is X-aligned with L (use part (c) of 4.3), thus f* : Z;;) = Zip) is a
bijection and the left hand side of (8) also makes sense.

Now choose for every i € I a Kj-alignment C;: Li?{’;L, so that we can create
0 : (i) = Y ez Ti o, wi in (8) as we did in (7). By Lemma 5.7 (a), there exists
K;-alignments C; : f*Ll-?{’:E over Y such that

Pullz - w;) =a - Pullg ;
u B’f(xCi w;) xéi u Aiyf(wl)
for all z € W*(X, K;) and all i € Zj7). So we can define 6 by (z;) — > @; -, w;, to

make (8) commutative. Consequently, # and @ are simultaneously isomorphisms.
By Proposition 6.9, (w;);ez and (w;);cz are simultaneously bases. O

6.13. Corollary. Hypotheses of Proposition 6.12 hold when f:Y — Y is an affine
bundle. So, in that case, a family is a total basis over X of the P-part of the Witt
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groups of Y with support in Z, if and only if, it is pulled-back to a total basis over X
of the f*(P)-part of the Witt groups of Y with support in f~1Z. O

6.14. Corollary. ForY € Sx, the notions of total independence, total generation,
and total basis are stable under alignment isomorphisms (Definition 2.3). For in-
stance, if (w;);cz is a total basis of the P-part of the Witt group of Y with support
in Z, over X, the family (A;°(w;))ier is still such a basis for any family of align-
ment isomorphisms (A;©)iez (e.g. multiplications by a unit of Y, see Evample 2./).

Proof. Apply Proposition 6.12 to f = idy. O

6.15. Proposition. Let f be a proper morphism of schemes in Sx with constant
relative dimension d. Let P be a subset of Picx(Y)/2 and Z C Y. Let f'P :=
[wy] - f*P C Picx (Y)/2. Suppose the function fip: P — Picx (Y)/2 injective.

Suppose also that for any line bundle L such that [L] € P, the push-forward map
fa W§+d(l7,wf ® f*L) — W}“Z(Y, L) is an isomorphism for all k € Z.

Then a family (0;)iez of Witt classes on Y with support in Z, X -aligned with f'P,
is a total basis of the f'P-part of the Witt group of Y with support in Z if and only
if the image family (Pushf,Ai (wi))iez under any family of lax push-forwards cor-
responding to alignments (A;)icr is a total basis of the P-part of the Witt group
of Y with support in f(Z).

Proof. The proof is similar to that of Proposition 6.12, mutatis mutandis. One
compares two 6§ homomorphisms that are “arranged” via Lemma 5.8 this time. [

In particular, the dévissage isomorphism for Witt groups yields the following.

6.16. Corollary. Let v : Z — Y be a closed immersion of constant codimension,
with Z and'Y in Sx. Let P be a subset of Picx(Y')/2 such that the map of sets
Up + P — Picx(Z)/2 is injective. Let V'P = [w,] - t*P C Picx(Z)/2. Let (w;)ier
be elements of the P-part of the total Witt groups of Y with support in Z, and for
each i € T, let v; be a Witt class in the ' P-part of the Witt groups of Z over X
such that w; = 1. (v;) (this is always possible by dévissage). The family (v;);ez is a
total basis of the o' P-part of the Witt groups of Z, over X, if and only if the family
(w;)iez is a total basis of the P-part of the Witt groups of Y with support in Z,
over X.

6.17. Remark. The injectivity condition on f* : P — Picx(Y)/2 is not really
harmful because one can always split Picx(Y)/2 in smaller P-chunks to ensure
that the condition holds for each of them, and then use Lemma 6.10 to obtain a
total basis for the whole P = Picx(Y)/2. This happens in “fringe” cases, in the
cellular decomposition of the Grassmannians, for instance, see [3].

7. TOTAL BASES IN THE LOCALIZATION LONG EXACT SEQUENCE

Let U be the open complement of a closed subset Z C Y, and let v : U — Y
be the corresponding open embedding. Assume both Y and U are in Sx. Let
e: W;(Y,L) - W*(Y,L) be the extension of support map. Recall that in this
situation, there is a long exact sequence of localization

s WE(Y L) =5 WY, L) 5 WU, 0 L) -5 Wi (Y, L) — -

7.1. Theorem. Let P be a subset of Picx(Y)/2. Assume that the restriction vp :
P — Picx (U)/2 is injective and let Py = v*(P) C Picx(U)/2.

LetZ, J and K be sets and let (w});cz and (w;);cy be elements in Witt groups
of Y, let (v;)iez and (v},)kex be elements in Witt groups of Y with support in Z
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and let (ug)rex and (u))jes be elements in Witt groups of U, whose line bundles
are restricted from Y. (Recall laz-similitude «~ from Definition 2.5.) Suppose the
following conditions hold (see Figure 1) :

(a) for every i € I, we have e(v;) e~ w)
(b) for every j € J, we have v*(w;) e~
(c) for every k € K, we have O(ug) e~ vj,.

Then, the following properties are satisfied :
(1) for every i € I, we have v*(w}) = 0;
(2) for every j € J, we have O(u}) = 0;
(3) for every k € K, we have e(v},) = 0.
(4) If, furthermore, out of the three following statements:
(1) the (vi)iez and (v},)kex form a total basis of the P-part of the Witt
groups of 'Y with support in Z, over X,
(i1) the (w))iez and (w;);cg form a total basis of the P-part of the Witt
groups of Y, over X,
(ii1) the (ug)rex and (u})jes form a total basis of the Py-part of the
Witt groups of U, over X,
two are true, then the remaining one is also true.

N J N\ J N\ J
P-part P-part Py-part
of Wz(Y) of W(Y') of W(U)

F1GURE 1. Families mapping to each other up to lax-similitude in
Theorem 7.1. No arrow means mapped to zero.

Proof. Parts (1)—(3) follow immediately from Remark 2.10. The proof of (4) goes
through as for classical modules over a ring. Choose a class p € P over Y, which
by hypothesis is the same thing as choosing its image f*(p) € f*P, i.e. a class
in f*P over U. Up to replacing the u’, v; and w; up to lax-similitude, which
does not change their total-basis qualities by Corollary 6.14, we can assume that
relations (a)—(c) are equalities. Now, choosing X-alignments as in Proposition 6.9
for those uy, u}, vi, vy, w; and w; which are X-aligned with L, one can define
three homomorphisms 6 as in that proposition. One can construct a split exact
sequence at the level of Witt groups of X, and compare it with the localization
long exact sequence for Y and L via the various €. This is a morphism of long
exact sequences by the compatibilities of the lax product structure with extension
of support, restriction to an open and connecting homomorphism, see Remark 5.9.

The Five Lemma then gives the result. We leave the details to the reader. O

7.2. Remark. The same theorem holds with support, i.e. replacing W(Y) by
Wz (Y), and consequently Wz (Y) by Wznaz/(Y) and W(U) by Wziqy (U).
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7.3. Remark. The benefit of this theorem, together with the one on dévissage, is
that we can build a total basis on Y out of smaller ones on Y with support in Z
and on U. As in Remark 6.17 and for the same reasons, the injectivity assumption
on P — Picx(U)/2 is not really restrictive in actual computations.

7.4. Remark. All this “total” formalism still holds in the non-necessarily regular
case with the following modifications. All schemes should be noetherian and sepa-
rated. The category Sx should be replaced by the category of X-schemes Y that
have a dualizing complex (not necessarily injectively bounded), with the conditions
on Picard groups left unchanged: the important point is that two dualizing com-
plexes always differ by tensoring by a line bundle (and a shift). The Witt groups
considered for such schemes Y should be the coherent Witt groups, and the for-
malism will mimic how they behave as a (total) module over the locally free Witt
groups of X. In particular, the X-alignment of definition 5.1 should be replaced by
an isomorphism ¢ : M®? @ 73 N @ K’ = K where M and N are line bundles, as
before, but K and K’ are dualizing complexes. Pull-backs of coherent Witt groups
should only be considered along flat morphisms preserving dualizing complexes (e.g.
open embeddings in the localization sequence). Morphisms involving pull-backs of
locally free Witt groups can be considered without restriction (e.g. pull-backs from
the base X).
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