THE GEOMETRY OF PERMUTATION MODULES

PAUL BALMER AND MARTIN GALLAUER

ABSTRACT. We consider the derived category of permutation modules over a
finite group, in positive characteristic. We stratify this tensor triangulated
category using Brauer quotients. We describe the spectrum of its compact
objects, by reducing the problem to elementary abelian groups and then by
using a twisted form of cohomology to express the spectrum locally in terms
of the graded endomorphism ring of the unit. Together, these results yield a
classification of thick and of localizing ideals.
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FIGURE 1. The geometry for the dihedral group Dsg.
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1. PREAMBLE

Fix a field k of positive characteristic p. Let G be a finite group. We often write
‘tt’ to abbreviate ‘tensor triangulated’ or ‘tensor-triangular’.

Topic. Among k-linear representations of G, permutation modules are perhaps the
easiest to grasp: They are simply the k-linearizations k(X) of G-sets X. They
play an important role throughout equivariant mathematics, in subjects as varied
as derived equivalences [Ric96], Mackey functors [Yos83], or equivariant homotopy
theory [MNN17], to name a few. The authors’ original interest stems from yet
another connection, with Voevodsky’s theory of motives [Voe00] and specifically
Artin motives. For elaboration on this theme, we refer the reader to [BG21].
We consider a ‘small’ tt-category, the homotopy category

(1.1) K(G) = K(G; k) == Ky, ( perm(G; k)?)

of bounded complexes of finitely generated permutation kG-modules, idempotent-
completed. It sits as the compact part of the ‘big’ tt-category

(1.2) T(G) = DPerm(G; k)

obtained, for instance, by closing X(G) under coproducts and triangles in the ho-

motopy category K(Mod(kQG)) of all kG-modules. We call DPerm(G; k) the derived
category of permutation kG-modules. See Recollection 3.2 for details.
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As we shall discuss in this preamble, these tt-categories of permutation mod-
ules are interesting and important for a variety of reasons. To begin with, they
stand at the crossroad of several subjects, as alluded to above. Concretely, the
tt-category T(QG) is equivalent to:

(i)  the derived category of cohomological k-linear Mackey functors over G,

(ii)  the homotopy category of modules over the constant Green functor Hk in
genuine G-spectra,

(iii) the triangulated category of k-linear Artin motives generated by motives of
intermediate fields in any Galois extension with Galois group G.

Consequently, while we adopt here the language of permutation modules, our results
admit translations into each of the contexts (i), (ii) and (iii).

Main goals. We want to understand the tensor-triangular geometry of these per-
mutation tt-categories. Tensor-triangular geometry [BallOb] is a way to bring or-
ganization to sometimes bewildering tt-categories, be it in topology, algebraic ge-
ometry or representation theory. Its fundamental device is the tt-spectrum Spc(K)
of a small tt-category X. Computing Spc(X(G)) will provide a classification of all
thick triangulated ®-ideals in K(G). We also want to show that X(G) strongly
controls the big tt-category T(G), namely the Telescope Conjecture holds for T(G)
and the localizing ®-ideals of T(G) are classified by subsets of Spc(K(G)).

Landscape. Let us place X(G) among some standard G-equivariant tt-categories:
(a) The equivariant stable homotopy category SH(G)® of finite genuine G-spectra.
(b) Kaledin’s category of derived Mackey functors DMack(G; k)°.

(¢) The bounded derived category Dy (kG) of finitely generated kG-modules.

(d) The stable module category stab(kG) = mod(kG)/ proj(kG).

These categories all fit in a natural sequence of tt-functors, from equivariant homo-
topy theory to modular representation theory, with our X(G) at center stage:

(1.3)  SH(G)® —> DMack(G; k)¢ — K(G; k) —» Dy (kG) —» stab(kG).

The initial one, SH(G)¢, is topological in nature and its tt-geometry relies heav-
ily on chromatic theory, & la Devinatz-Hopkins-Smith [DHS88, HS98]. The first
functor SH(G)¢ — DMack(G; k)¢ moves to the k-linear world and thus the chro-
matic refinements disappear from DMack(G; k)¢ onwards. A central feature of
the tt-categories in (1.3) is their variance in the group G. Restriction, induc-
tion and conjugation turn them into so-called Mackey 2-functors. In the language
of [BD22], the three Mackey 2-functors K(G; k), D,(kG) and stab(kG) are more-
over cohomological. (This categorifies the fact that an ordinary Mackey functor is
cohomological if I5 o RE is multiplication by [K:H].) In other words, the second
functor DMack(G; k)¢ — K(G) in (1.3) moves us to the cohomological world. The
subsequent functors in (1.3) are simply localizations. (For X(G)— Dy(kG) this
follows from [BG23a]. For Dy, (kG) — stab(kG) it is a well-known theorem due to
Rickard [Ric89], or Buchweitz [Buc21].)

Classical methods. The four categories surrounding our X(G) in (1.3) have a
fairly well-understood tt-geometry, thanks to a series of powerful and widely used
techniques that we shall now briefly review with application to X(G) in mind.
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The first obvious idea is to try some induction on the order of G. For each of
the tt-categories in (1.3) we can define a so-called

geometric open

inside their tt-spectrum. It is the open complement of all the images of the closed
maps induced by restriction to proper subgroups. This geometric open captures
what is intrinsically new over GG, beyond what is detected by proper subgroups. The
name comes from stable homotopy theory (a), as the localization of SH(G) over the
geometric open recovers the classical geometric G-fized-points functor. In fact, a
miracle occurs here: That localization of SH(G) is simply the non-equivariant SH.
This fact has allowed [BS17] to describe all points of the spectrum of SH(G)¢: All
points come from the non-equivariant chromatic spectrum Spc(SH®) via geometric
H-fixed-points, for all subgroups H < G up to conjugation. The same strategy has
been applied by Patchkoria-Sanders-Wimmer [PSW22] to derived Mackey func-
tors over GG, where the same miracle occurs: The geometric open boils down to
the non-equivariant version, independently of G. One deduces that the spectrum
of DMack(G; k)¢ is the set of conjugacy classes of subgroups of G with a certain
Alexandrov topology (if G is a p-group, K € {H} iff K <g H).

This geometric fixed-points method has been formalized by Barthel-Castellana-
Heard-Naumann-Pol [BCH"23] for arbitrary equivariant tt-categories. However,
the induction process breaks down because the above ‘miracle’ can evaporate in
general: There is no simple description of the geometric open a priori and it can
heavily depend on the group G. For example, for the stable category of an ele-
mentary abelian p-group G = (C,)" the geometric open is dense in the spectrum,
a projective space of dimension r — 1, and thus it grows with G. In that respect,
K(G) unfortunately behaves like stab(kG), and Dy, (kG); the miracle breaks down.
Beyond groups with very small p-Sylow the inductive approach of [BS17] hits a wall
because the geometric fixed-points of X(G) are too complicated.

The second important method goes back to Serre’s 1965 Theorem [Ser65]. In
modern lingo, it says that the geometric open of Dy(kG) is empty unless G is
an elementary abelian p-group. As a consequence, and through further work of
Quillen [Qui71], the tt-geometry of Dy, (kG) and stab(kG) reduces to elementary
abelian subgroups of G. Unfortunately again, Serre’s result does not hold for X(G):
The geometric open is non-empty for every p-group G. Ipso facto, one cannot reduce
the tt-geometry of K(G) to the elementary abelian subgroups of G.

Here is a third classical method. Work of Benson-Carlson-Rickard [BCR97]
determines the tt-geometry of the derived and stable categories by using the coho-
mology H*(G, k), that we can view as the graded endomorphism ring End}, (1.¢)(1)
of the ®-unit object 1 in Dy, (kG). Reformulated in the language of [BallOa], their
result implies that the comparison map, which exists for every tt-category X,

(1.4) compy: Spc(XK) — Spech(EndBC(l)),

is a homeomorphism in the case of X = Dy,(kG). The case of stab(kG) only differs
from the above by removing the closed point, i.e. the ‘irrelevant’ ideal H+(G; k).
Again, these ideas have been pushed and generalized, most famously in a corpus
of work affectionately known as ‘BIK’, after Benson-Iyengar-Krause [BIK11]. So
we could hope that the BIK methods might apply to our tt-category of permuta-
tion modules X(G). Alas, the graded ring End¥ (1) is just the field k and its
spectrum, a meagre singleton, refuses to entertain any idea of geometry.
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The challenge. In summary, the classical methods that worked so well for SH(G)®
and DMack(G; k)° on the one hand, and those that worked for Dy, (kG) and stab(kG)
on the other, all fall short in the case of X(G):

| (v=works, X=fails) || SH(G)¢ & DMack(G; k)°

K(G; k) | Dy(kG) & stab(kG) |

Geom. fixed-pts v X X
Elem. ab. subgps X X v
Comp. map & BIK X X v

This turn of events might seem surprising considering that X(G) ought to be the
most accessible one among the five tt-categories in our list. Indeed, the mere con-
struction of SH(G) and DMack(G; k) is highly involved and the modular represen-
tations that make up Dy, (kG) and stab(kG) are notoriously wild, whereas X(G) is
simply the bounded homotopy category of an additive category with finitely many
isomorphism classes of indecomposables.

As we shall demonstrate in this article, the tt-geometry of X(G) just is very
complex. It combines the complexity of its neighbors in (1.3), DMack(G; k)
and Dy (kG), in a way reminiscent of how SH(G)® combines the complexity of
DMack(G; k)¢ and SH®. More precisely, just as the underlying set

(1.5) Spc(SH(G)¢) = g Spe(SHe)

decomposes, over conjugacy classes of subgroups H < G, into chromatic strata, so
it will be shown that

(1.6) Spe(X(G)) = Ly Spe(Dy (k(G/ H)))

decomposes, over conjugacy classes of p-subgroups H < @, into cohomological
support varieties for the associated Weyl groups G//H. Figure 2 may help the
reader visualize the various phenomena at play. Each of them can be thought of as
contributing a ‘dimension’ to the spectrum.

X(G; k)
SH*

DMack(G; k)¢ Dy (kG)

SH(G)* stab(kQG)

FIGURE 2. Related tt-categories and tt-geometric phenomena:
chromatic (cyan), group-combinatorial (magenta), and Mackey-
cohomological ( ).

So, how do we approach the tt-geometry of K(G) given that the classical methods
fail us? Let us discuss in broad strokes how the ideas behind those methods can
still guide us to the solution, with suitably reinvented tools.
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New methods. While geometric fixed-points definitely remain insufficient, a dif-
ferent type of fixed-points functors, the modular fixed-points, will prove very useful.
They are the correct analogue at the level of X(G) of Brauer quotients, a well-
known tool for the study of permutation modules. Firstly, we will use them to
describe all points of the spectrum of K(G), arriving at (1.6) above. In addition,
they allow us to circumvent the failure of Serre’s theorem for X(G) and instead
of a reduction to elementary abelian subgroups, obtain a reduction to elementary
abelian subquotients of G. Finally, for G elementary abelian, although the compari-
son with cohomology and the BIK method still cannot be used globally on X(G), we
will produce an open cover of Spc(X(G)) over which the comparison map is indeed
a homeomorphism. In other words, BIK will work on small enough pieces of the
category K(G). Their determination will involve a ‘twisted’ version of cohomology
which epimorphically maps to the group cohomology for each Weyl group.

We explain these ideas in more detail and state precise theorems in the in-
troduction to Part I (Section 2), where we discuss modular fixed-points and the
‘stratification’ results about the big tt-category T(G), and in the introduction to
Part IT (Section 10) where we focus on the topology of Spc(X(G)) and produce the
announced local analysis for G elementary abelian.

Illustration. A geometric paper should include pictures and there will be many
of those below. The title page shows what happens for G = Dg, the dihedral group
of order 8, at the prime p = 2. Hopefully, the beauty of Figure 1 will entice the
reader to proceed beyond this preamble.

At the bottom right of Figure 1, we recognize the projective support variety
of Dg consisting of two copies of P} glued together at an F-rational point. It
is the spectrum of the stable module category stab(kDg) and also the spectrum
of Dy(kDg) with its ‘irrelevant’ closed point punctured out. This ‘puncturing’
process produces more geometric pictures, displaying classical projective varieties
associated to graded rings instead of their full homogeneous spectra. At the bottom
left, we recognize the lattice of conjugacy classes of subgroups of Dg, with the
Alexandrov topology, which is the spectrum of DMack(Ds; k)¢ with the closed point
(the trivial subgroup) punctured out for coherence. In the center of this triptych
sits the spectrum of X(Dg) in majesty, with its closed points removed. It has
three irreducible components, each of which is a P} with multiple F,-rational points
doubled. The components meet in some of these doubled points. This spectrum is
presented in detail at the end of the paper, in Example 18.17.

The two maps in Figure 1 are the images under the contravariant functor Spe(—)
of the tt-functors in (1.3), ignoring SH(Dg). The colors are chosen to indicate where
each point goes in a hopefully self-explanatory way. We see that the right-hand pro-
jective support variety Spc(stab(kDsg)) embeds as an open subset of Spc(K(Ds)),
meeting two of the three irreducible components. These two components are de-
tected by the two Klein-four subgroups of Dg. The third component is detected
by the announced modular fixed-points and relies on the elementary abelian Klein-
four Dg/Z(Dsg) that appears as a quotient.

Acknowledgements. We thank Tobias Barthel, Henning Krause and Peter Symonds
for precious conversations and for their stimulating interest. We also thank Ivo
Dell’Ambrogio, Colin Ni and Beren Sanders for comments and suggestions.
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1.7. Terminology. A ‘tensor category’ is an additive category with a symmetric-
monoidal product additive in each variable. We say ‘tt-category’ for ‘tensor tri-
angulated category’ and ‘tt-ideal’ for ‘thick (triangulated) ®-ideal’. We say ‘big’
tt-category for a rigidly-compactly generated tt-category, as in [BF11]. We write
Spe(X) for the tt-spectrum of a tt-category K. For an object z € K, we write
open(z) = { P € Spc(X) |z € P} to denote the open complement of supp(z).

For subgroups H, K < G, we write H <g K to say that H is G-conjugate to a
subgroup of K, that is, H? < K for some g € G. We write ~¢g for G-conjugation.
As always HY = g-'Hg and 9H = gH g~'. We write Sub,(G) for the set of
p-subgroups of G and Sub,(G)/¢ for its G-orbits under G-conjugation. We write
Ng(H,K) for { g€ G|HY < K } and NoH = Ng(H, H) for the normalizer. For
each subgroup H < G, its Weyl group is GJ/H = (NgH)/H.

1.8. Convention. When a notation involves a subgroup H of an ambient group G,
we drop the mention of G if no ambiguity can occur, for instance Resy for Resg.
The mention of the field k is sometimes dropped, for readability.

Part I. Modular fixed-points and stratification

2. INTRODUCTION TO PART I

Having sketched the broad context and the aims of the article, let us turn to the
content of Part I in more detail.

Stratification. In colloquial terms, one of our main results says that the big de-
rived category T(G) of permutation modules given in (1.2) is strongly controlled
by its compact part X(G) described in (1.1):

2.1. Theorem (Theorem 9.11). The derived category of permutation modules T(G)
is stratified by Spc(K(G)) in the sense of Barthel-Heard-Sanders [BHS21].

Let us remind the reader of BHS-stratification. What we establish in Theo-
rem 9.11 is an inclusion-preserving bijection between the localizing ®-ideals of T(G)
and the subsets of the spectrum Spc(XK(G)). This bijection is defined via a canonical
support theory on T(G) that exists once we know that Spc(X(G)) is a noetherian
space (Proposition 9.1). Note that Theorem 2.1 cannot be obtained via ‘BIK-
stratification’ as in Benson-Iyengar-Krause [BIK11], since the endomorphism ring
of the unit End¥)(1) = k is too small. However, we shall see that [BIK11] plays
an important role in our proof, albeit indirectly. An immediate consequence of
stratification is the Telescope Property (Corollary 9.12):

2.2. Corollary. Fuvery smashing ®-ideal of T(G) is generated by its compact part.

The key question is now to understand the spectrum Spc(K(G)). Recall from
[BG23a, Theorem 5.13] that the innocent-looking category X(G) actually captures
much of the wilderness of modular representation theory. It admits as Verdier
quotient the derived category Dy (kG) of all finitely generated kG-modules. By
Benson-Carlson-Rickard [BCR97], the spectrum of Dy, (kG) is the homogeneous
spectrum of the cohomology ring H*(G, k). We deduce in Proposition 3.22 that
Spc(X(G)) contains an open piece Vg

(2.3) Spec(H*(G, k)) = Spe(Dy (kG)) =: Vg < Spc(X(G))
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that we call the cohomological open of G.
In good logic, the closed complement of Vg is

(2.4) Spe(X(G)) Ve = Supp(Kac(G))

the support of the tt-ideal K,.(G) = Ker(X(G) — Dy, (kG)) of acyclic objects. The
problem becomes to understand this closed subset Supp(Xa..(G)). To appreciate
the issue, let us say a word of closed points. Corollary 7.31 gives the complete
list: There is one closed point M(H) of Spc(K(G)) for every conjugacy class of
p-subgroups H < GG. The cohomological open Vi only contains one closed point,
for the trivial subgroup H = 1. All other closed points M(H) for H # 1 are to
be found in the complement Supp(Kac(G)). It will turn out that Spc(X(G)) is
substantially richer than the cohomological open Vi, in a way that involves p-local
information about G. To understand this, we need the right notion of fixed-points.

Modular fixed-points. Let H < G be a subgroup. We abbreviate by
(2.5) G/H :=Wg(H)= Ng(H)/H

the Weyl group of H in G. If H < G is normal then of course GJ/H = G/H.

For every G-set X, its H-fixed-points X is canonically a (G H)-set. We also
have a naive fixed-points functor M +— M on kG-modules but it does not ‘lin-
earize’ fixed-points of G-sets, that is, k(X) differs from k(X#) in general. And it
does not preserve the tensor product. We would prefer a tensor-triangular functor

(2.6) v 7(@) - T(GJH)

such that U (k(X)) = k(X)) for every G-set X.

A related problem was encountered long ago for the G-equivariant stable ho-
motopy category SH(G), see [LMSMS86]: The naive fixed-points functor (a.k.a.
the ‘genuine’ or ‘categorical’ fixed-points functor) is not compatible with taking
suspension spectra, and it does not preserve the smash product. To solve both
issues, topologists invented geometric fixed-points ®7. As we saw in the preamble,
those geometric fixed-points functors already played an important role in tensor-
triangular geometry [BS17, BGH20, PSW22] and it would be reasonable, if not very
original, to try the same strategy for T(G). Unfortunately they do not give us the
wanted U of (2.6), as we explain in Remark 4.11.

In summary, we need a third notion of fixed-points functor ¥, which is neither
the naive one (—) nor the ‘geometric’ one ® imported from topology. It turns
out (see Warning 5.1) that it can only exist in characteristic p when H is a p-
subgroup. The good news is that this is the only restriction (see Section 5):

2.7. Proposition. For every p-subgroup H < G there exists a coproduct-preserving
tensor-triangular functor on the big derived category of permutation modules (1.2)

vh. T(G)—T(GJH)

such that V7 (k(X)) = k(XH) for every G-set X. In particular, this functor pre-
serves compacts and restricts to a tt-functor V2 : K(G) — K(GJH) on (1.1).

We call the WH the modular H-fized-points functors. These functors already
exist at the level of additive categories perm(G; k)* — perm(GJ/H; k)%, where they
agree with the classical Brauer quotient, although our construction is quite different.
See Remark 5.8. These U also recover motivic functors considered by Bachmann
in [Bac16, Corollary 5.48]. Equipped with those ¥# | let us return to Spc(X(G)).
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The spectrum. Each tt-functor U¥ induces a continuous map on spectra
(2.8) P = Spc(TH) . Spe(K(GJH)) — Spc(K(G)).

In particular Spc(X(G)) receives via this map 1 the cohomological open Vi y i of
the Weyl group of H:

(2.9) Vaya = Spc(Dy(k(G/JH))) — Spc(K(GJH)) y, Spe(X(G)).
Using this, we can describe the set underlying Spc(X(G)) in Theorem 7.16:

2.10. Theorem. Every point of Spc(X(Q)) is the image ¥ (p) of a point p € Vg yn
for some p-subgroup H < G, in a unique way up to G-conjugation, i.e. we have
VH (p) = wH (p') if and only if there exists g € G such that HY = H' and p9 = p’.

In this description, the trivial subgroup H = 1 contributes the cohomological
open Vg (since ¥! = Id). Its closed complement Supp(XKac(G)), introduced in (2.4),
is covered by images of the modular fixed-points maps (2.9), for H running through
all non-trivial p-subgroups of G. The main ingredient in proving Theorem 2.10 is
our Conservativity Theorem 6.12 on the associated big categories:

2.11. Theorem. The family of functors {T(G) Yos T(G ) H) — K Inj(k(G ) H))} i1,
indezed by the (conjugacy classes of) p-subgroups H < G, is conservative.

This determines the set Spc(X(G)). The topology of Spc(K(G)) involves new
characters and we postpone its discussion to Part II.

Measuring progress by examples. Before the present work, we only knew the
case of cyclic group C), of order p = 2, where Spc(X(C2)) is a 3-point space (*)

Supp(Kac(C2)) ® L4

(2.12) v

This was the starting point of our study of real Artin-Tate motives [BG22b, Theo-
rem 3.14]. It appears independently in Dugger-Hazel-May [DHM24, Theorem 5.4].

The present paper gives a description of Spc(K(G)) for arbitrary finite groups G.
We gather several examples in Section 8 to illustrate the progress made since (2.12),
and also for later use in [BG23b]. Let us highlight the case of the quaternion
group G = Qs (Example 8.12). By Quillen, we know that the cohomological
open Vg, is the same as for its center Z(Qs) = Ca, that is, the 2-point Sierpinski
space displayed in green on the right-hand side of (2.12), and again below:

Supp(Kac(Qs))="? °

e &2 Ve
Py Qg = VC2

If intuition was solely based on (2.12) one could believe that Spc(K(G)) is just Vg
with some discrete decoration for the acyclics, like the single (brown) point on the
left-hand side of (2.12). The quaternion group offers a stark rebuttal.

L A line indicates specialization: The higher point is in the closure of the lower one.
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Indeed, the spectrum Spc(K(Qs)) is the following space:

W / Vos = Ve,
(2.13) K
Supp(Kac(Qs)) = SN //

Its support of acyclics (in brown) is actually way more complicated than the co-
homological open itself: It has Krull dimension two and contains a copy of the
projective line P}. In fact, the map 1“2 given by modular fixed-points identifies
the closed piece Supp(Ka.c(Qs)) with the whole spectrum for Qg/Cs, which is a
Klein-four. We discuss the latter in Example 8.10 where we also explain the mean-
ing of P!, and the undulated lines in (2.13).

3. RECOLLECTIONS AND KOSZUL OBJECTS

3.1. Recollection. We refer to [BallOb] for elements of tensor-triangular geometry.
Recall simply that the spectrum of an essentially small tt-category X is Spc(X) =
{ PCXK ’ P is a prime tt-ideal } For every object x € X, its support is supp(z) :=
{P € Spc(X) |z ¢ P}. These form a basis of closed subsets for the topology.

3.2. Recollection. (Here k can be a commutative ring.) Recall our reference [BG21]
for details on permutation modules. Linearizing a G-set X, we let k(X) be the
free k-module with basis X and G-action k-linearly extending the G-action on X.
A permutation kG-module is a kG-module isomorphic to one of the form k(X).
These modules form an additive subcategory Perm(G; k) of Mod(kG), with all kG-
linear maps. We write perm(G;k) for the full subcategory of finitely generated
permutation kG-modules and perm(G; k)? for its idempotent-completion.

We tensor kG-modules in the usual way, over k with diagonal G-action. The
linearization functor k(—): G-Sets — Perm(G; k) turns the cartesian product of
G-sets into this tensor product. For every finite X, the module k(X) is self-dual.

We consider the idempotent-completion (—)? of the homotopy category of bounded
complexes in the additive category perm(G; k)

K(G) = K(G; k) := Ky, (perm(G; k))* 2 Ky, (perm(G; k)?).

As perm(G; k) is an essentially small tensor-additive category, X(G) becomes an
essentially small tensor triangulated category. As perm(G;k) is rigid so is K(G),
with degreewise duals. Its tensor-unit 1 = k is the trivial kG-module k = k(G/G).

The ‘big’ derived category of permutation kG-modules [BG21, Definition 3.6] is

DPerm(G; k) = K(Perm(G; k)) [{G-quasi-isos} '],

where a G-quasi-isomorphism f: P — @ is a morphism of complexes such that
the induced morphism on H-fixed points f¥ is a quasi-isomorphism for every sub-
group H < G. Tt is also the localizing subcategory of K(Perm(G;k)) generated
by X(G), and it follows that X(G) = DPerm(G; k)°.

3.3. Ezample. For G trivial, the category K(1;k) = Dper(k) is that of perfect
complexes over k (any ring) and DPerm(1; k) is the derived category of k.
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3.4. Remark. The tt-category X(G) depends functorially on G and k. It is con-
travariant in the group. Namely if a: G — G’ is a homomorphism then restriction
along « yields a tt-functor o*: KX(G') — K(G). When « is the inclusion of a
subgroup G < G’, we recover usual restriction

Res& : K(G') = K(G).
When « is a quotient G — G’ = G/N for N < G, we get inflation, denoted here (%)
mAS/N: K(G/N; k) — K(G).
The covariance of X(G) in k is simply obtained by extension-of-scalars. All these
functors are the ‘compact parts’ of similarly defined functors on DPerm.

Let us say a word of kG-linear morphisms between permutation modules.

3.5. Recollection. Let H, K < G be subgroups. Then Homyq(k(G/H),k(G/K))
admits a k-basis {f,}[y indexed by classes [g] € H\G/K. Namely, choosing a
representative in each class [g] € H\G/K, one defines

(3.6) for KG/H) — K(G/L) 73 k(G/L) —» K(G/K)

where we set L := H N9K, where 1 and € are the usual maps using that L. < H and
L9 < K (thus n maps [e]g to }° /v and € extends k-linearly the projection
G/L9 - G/K), and finally where the middle isomorphism ¢, is

¢ k(G/L) —— k(G/L9)

(3.7)
[z]p ——— [z - g]Ls -

This is a standard computation, using the adjunction Indg — Resg and the Mackey
formula for Res$; (k(G/K)) ~ @(gema,/x k(H/H NIK).

We can now begin our analysis of the spectrum of the tt-category X(G).

3.8. Proposition. Let G < G’ be a subgroup of index invertible in k. Then the
map Spe(ResS ): Spe(K(G)) — Spe(K(GY)) is surjective.

Proof. This is a standard argument. For a subgroup G < G’, the restriction functor
Resg/ has a two-sided adjoint Indg/: K(G) — K(G') such that the composite of
the unit and counit of these adjunctions Id — Ind Res — Id is multiplication by
the index. If the latter is invertible, it follows that Resg/ is a faithful functor. The
result now follows from [Ball8, Theorem 1.3]. O

3.9. Corollary. Let k be a field of characteristic zero and G be a finite group. Then
Spe(X(G)) = * is a singleton.

Proof. Direct from Proposition 3.8 since Spc(X(1;k)) = Spe(Dpert(k)) = . O

3.10. Remark. In view of these reductions, the fun happens with coefficients in a
field k of positive characteristic p dividing the order of G.

Let us now identify what the derived category tells us about Spc(X(G)).

2VWe avoid the traditional InfiG

G/N notation which is not coherent with the restriction notation.
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3.11. Notation. We can define a tt-ideal of K(G) = Ky, (perm(G; k)?) by
Kac(G) == {x € X(G) }x is acyclic as a complex of kG-modules }

It is the kernel of the tt-functor T : K(G) — Dy (kG) := Dy, (mod(kG)) induced by
the inclusion perm(G;k)? — mod(kG) of the additive category of p-permutation
kG-modules inside the abelian category of all finitely generated kG-modules.

3.12. Recollection. The canonical functor induced by Y¢ on the Verdier quotient

(@)
D
KaC(G) — b(kG)
is an equivalence of tt-categories. This is [BG23a, Theorem 5.13]. In other words,
(3.13) Te: K(G)— Dy (kG)

realizes the derived category of finitely generated kG-modules as a localization
of our X(G), away from the Thomason subset Supp(K,.(G)) of (2.4). Following
Neeman-Thomason, the above localization (3.13) is the compact part of a finite lo-
calization of the corresponding ‘big’ tt-categories T(G) — K Inj(kG), the homotopy
category of complexes of injectives. See [BG22a, Remark 4.21]. We return to this
localization of big categories in Recollection 6.7.

We want to better understand the tt-ideal of acyclics K,.(G) and in particular
show that it has closed support.

3.14. Construction. Let H < G be a subgroup. We define a complex of kG-modules
by tensor-induction (recall Convention 1.8)

kos(H) = kosg(H) := ®Ind% (0 — k Lk— 0)

where 0 — k = k — 0 is non-trivial in homological degrees 1 and 0; hence kos(H)
lives in degrees between [G: H| and 0. Since H acts trivially on k, the action of G

on kos(H) is the action of G' by permutation of the factors ®¢/u (0 — & Lk— 0).
This can be described as a Koszul complex. For every 0 < d < [G: H], the
complex kos(H) in degree d is the k-vector space A?(k(G/H)) of dimension ([G;H]).
If we choose a numbering of the elements of G/H = {v1,...,v[q.q} then kos(H)q
has a k-basis {v;, A - Aw;, |1 < i < -+ < iq < [G:H]}. The canonical
diagonal action of G permutes this basis but introduces signs when re-ordering the
v;’s so that indices increase. When p = 2 these signs are irrelevant. When p > 2,
every such ‘sign-permutation’ kG-module is isomorphic to an actual permutation
kG-module (by changing some signs in the basis, see [BG23a, Lemma 3.8]).

3.15. Proposition. Let H < G be a subgroup. Then kosg(H) is an acyclic com-
plex of finitely generated permutation kG-modules which is concentrated in degrees
between [G: H| and 0 and such that it is k in degree 0 and k(G/H) in degree 1.

Proof. See Construction 3.14. Exactness is obvious since the underlying complex of
k-modules is (0 — k — k — 0)®[GH]. The values in degrees 0, 1 are immediate. [

3.16. Example. We have kosg(G) = 0 in KX(G). The complex kosg (1) is an acyclic
complex of permutation modules that was important in [BG23a, § 3]:

kosg(1) = -0 P, Py kG k 0.
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3.17. Lemma. Let H < G be a normal subgroup and H < K < G. Then
kosg(K) = Inﬂg/H(kosG/H(K/H)). In particular, kosg(H) = Inﬂg/H(kosG/H(l)).

Proof. The construction of kosg(K) = ®¢/x(0 — k Lk 0) depends only on
the G-set G/K which is inflated from the G/H-set (G/H)/(K/H). O

In fact, kosg(H) is not only exact. It is split-exact on H. More generally:

3.18. Lemma. For every subgroups H, K < G and every choice of representatives
in K\G/H, we have a non-canonical isomorphism of complezes of kK -modules

Res% (kosg (H)) ~ ® kosg (K NYH).
[gleK\G/H

In particular, if K <q H, we have Res$ (kosg(H)) = 0 in K(K).
Proof. By the Mackey formula for tensor-induction, we have in Chy,(perm(K;k))

Res (kosg(H))~ X ®Indf oy (“Resf o (0 = k = k — 0)).
9] K\G/H

The result follows since Res(0 — & Lk 0)=(0—k Lk 0). If K <¢ H,
the factor kosg (K) appears in the tensor product and kosg (K) =0 in K(K). O

We record a general technical argument that we shall use a couple of times.

3.19. Lemma. Let A be a rigid tensor category and s = (-+-s9 — 81 —> so — 0--+)
a complex concentrated in non-negative degrees. Let x € Chy(A) be a bounded
complex such that s1 @ x = 0 in Ky (A). Then there exists n > 0 such that s§" @ x
belongs to the smallest thick subcategory (s) of K(A) that contains s and is closed
under tensoring with Ky (A) U {s} in K(A). In particular, if s € Ky(A) is itself
bounded, then s§™ ® x belongs to the tt-ideal (s) generated by s in Ky (A).

Proof. Let u := s>1[—1] be the truncation of s such that s = cone(d : u — s¢).
Similarly we have u = cone(u>1[—1] — s1). Note that u>; is concentrated in
positive degrees. Since £ ® s1 = 0 we have u ® = u>1 ® = in K(A) and thus

u"@r (us1)®" @z

for all n > 0. For n large enough there are no non-zero maps of complexes from
(u>1)®" @2 to s§" @z, simply because the former ‘moves’ further and further away
to the left and x is bounded. So d®" ® z: u®" ® ¥ — 53" ® x is zero in K(A).
Let £ be the tt-subcategory of K(A) generated by Ky(A) U {s}; then (s)’ is a
tt-ideal in £, and similarly we write (cone(d®"))’ for the tt-ideal in £ generated by
cone(d®™). By the argument above, we have s§" ® x € (cone(d®™))’ C (s)". O

3.20. Corollary. Let A be a rigid tensor category and I C Ky (A) a tt-ideal. Let
s €7 be a (bounded) complex concentrated in non-negative degrees such that

(1) supp(so) 2 supp(J) in Spc(Kp(A)) (for instance if so = 14), and

(2) supp(s1) Nsupp(Jd) = &, meaning that s; @ x =0 in K, (A) for all z € 7.
Then s generates J as a tt-ideal in Ky (A), that is, supp(J) = supp(s) in Spc(Kp(A)).
Proof. Let x € J. By (2), Lemma 3.19 gives us s§" ® = € (s) for n > 0. Hence

supp(sp) N supp(z) C supp(s). By (1) we have supp(z) C supp(sp). Therefore
supp(z) = supp(sp) Nsupp(z) C supp(s). In short = € (s) for all = € J. O
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We apply this to the object s = kosg(H) of Construction 3.14.
3.21. Proposition. For every subgroup H < G, the object kosg(H) generates the
tt-ideal Ker(Res$) of K(G).

Proof. We apply Corollary 3.20 to J = Ker(Res%) and s = kosg(H). We have s € J
by Lemma 3.18. Conditions (1) and (2) hold since sy = k and s; = k(G/H) by
Proposition 3.15 and Frobenius gives s; ®J = k(G/H)®J = Ind$ Res%(7) = 0. O

We can apply the above discussion to H = 1 and J = Ker(Res¥) = Koo (G).

3.22. Proposition. The tt-functor Y¢: K(G) — Dy (kG) induces an open inclusion
vg: Vg < Spe(X(GQ)) where Vg = Spe(Dy(kG)) =2 Spec?(H* (G, k)). The closed
complement of Ve is the support of kosg(1) = ®Ind§ (0 — k Lk 0).

Proof. The homeomorphism Spc(Dy,(kG)) = Spect(H* (G, k)) follows from the tt-
classification [BCR97]; see [BallOb, Theorem 57]. By Recollection 3.12, the map

vg = Spe(Tg) is a homeomorphism onto its image, and the complement of this
image is supp(Kac(G)) = supp(kos (1)), by Proposition 3.21 applied to H = 1. In
particular, supp(X..(G)) is a closed subset, not just a Thomason. [

3.23. Remark. The notation for the so-called cohomological open Vg has been cho-
sen to evoke the classical projective support variety Va(k) = Proj(H*(G,k)) =
Spc(stmod(kG)), which consists of Vi without its unique closed point, H (G k).

We can also describe the kernel of restriction for classes of subgroups.

3.24. Corollary. For every collection 3 of subgroups of G, we have an equality of
tt-ideals in K(Q)
ﬂ Ker(Res$;) = { ® kosg(H) ).
HeX He¥
Proof. This is direct from Proposition 3.21 and the general fact that (z) N (y) =
(x ® y). (In the case of H = &, the intersection is K(G) and the tensor is 1.) O

4. RESTRICTION, INDUCTION AND GEOMETRIC FIXED-POINTS

In the previous section, we saw how much of Spc(X(G)) comes from Dy, (kG).
We now want to discuss how much is controlled by restriction to subgroups, to see
how far the ‘standard’ strategy of [BS17] gets us.

4.1. Remark. The tt-categories X(G) and Dy, (kG), as well as the Weyl groups G/ H
are functorial in G. To keep track of this, we adopt the following notational system.

Let a: G — G’ be a group homomorphism. We write o*: K(G') — K(G) for
restriction along «, and similarly for a*: Dy, (kG’) — Dy, (kG). When applying the
contravariant Spc(—), we simply denote Spc(a*) by a.: Spe(K(G)) — Spe(K(G))
and similarly for a.: Vg — Vo on the spectrum of derived categories.

As announced, Weyl groups G/H = (NgH)/H of subgroups H < G will play
a role. Since a(NgH) < Ng/(a(H)), every homomorphism «: G — G’ induces a
homomorphism a: GJ/H — G’ Ja(H). Combining with the above, these homomor-
phisms & define functors @* and maps &.. For instance, a.: Vayg — Var ja(m) is
the continuous map induced on Spc(Dy(k(—))) by a: GJH — G’ Ja(H).

Following tradition, we have special names when « is an inclusion, a quotient or
a conjugation. For the latter, we choose the lightest notation possible.
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(a) For conjugation, for a subgroup G < G’ and an element z € G’, the isomorphism
¢ G = G® induces a tt-functor ¢ : K(G*) = K(G) and a homeomorphism

(=) := (cz)s = Spe(ct): Spe(K(G)) —=— Spc(K(G®))
PP

Note that if 2z = g € G belongs to G itself, the functor cj: K(G) — X(G) is
isomorphic to the identity and therefore we get the useful fact that

(4.2) geqG = PI =" for all P € Spe(K(G)).

Similarly we have a conjugation homeomorphism p +— p* on the cohomological
opens Vg = Vge, which is the identity if z € G. When H < G is a further
subgroup then conjugation yields homeomorphisms Vg /g 5 Ve = still denoted
P — P*. Again, if ¢ = g € NgH, so [g]y defines an element in G/ H, the
equivalence (cg).: Dy(GJH) = Dy(G/H) is isomorphic to the identity. Thus

(4.3) g € Ng(H) = pd=p forall p € Vo).
(b) For restriction, take « the inclusion K < G of a subgroup. We write
(4.4) pr = p% = Spe(Res$) : Spe(K(K)) — Spe(K(Q))

and similarly for derived categories. When H < K is a subgroup, we write
pr: Vikyn — Vgyu for the map induced by restriction along K/H — G/ H.
Beware that pg is not necessarily injective, already on Vi — Vi, as ‘fusion’ phe-
nomena can happen: If ¢ € G normalizes K, then Q and QY in Vi have the same
image in Vg by (4.2) but are in general different in V.

(c) For inflation, let N < G be a normal subgroup and let « = proj: G — G/N be
the quotient homomorphism. We write

(4.5) 7N = 2N = Spe(InfiS/N) : Spe(K(G)) = Spe(K(G/N))

and similarly for derived categories. For H < G a subgroup, we write ﬁg/ N Vaym —
Vi Ny y(a N/ for the map induced by proj: G/H — (G/N)/(HN/N). (Note that
this homomorphism is not always surjective, e.g. with G = Dg and N ~ C’QXQ.)

4.6. Recollection. One verifies that the Res$ 4 Ind% adjunction is monadic, see for
instance [Ball6, §4], and that the associated monad Ay ® — is separable, where
Ay = k(G/H) = Ind$ k € perm(G; k). The ring structure on Ag is given by
the usual unit n: k¥ — k(G/H), mapping 1 to Z'yeG/H v, and the multiplica-
tion u: Ay ® Ay — Ap that is characterized by u(y®~) = v and pu(y®~') = 0 for
all v # 4’ in G/H. The ring Ay is separable and commutative. The tt-category
Mod(Apg) = Mody () (An) of Ap-modules in X(G) identifies with I(H), in such a
way that extension-of-scalars to Ay (i.e. along 1) coincides with restriction Resg.
Similarly, extension-of-scalars along the isomorphism cg-1: Ags 5 Ay, being an
equivalence, is the inverse of its adjoint, that is ((c,-1)*)"" = ¢}, hence is the
conjugation tt-functor ¢;: K(HY) = K(H) of Remark 4.1.

4.7. Proposition. The continuous map pr: Spc(K(H)) — Spc(K(G)) of (4.4)
is a closed map and for every y € K(H), we have pg(supp(y)) = supp(Ind% (y))
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in Spc(K(Q)). In particular, Im(pg) = supp(k(G/H)). Moreover, there is a co-
equalizer of topological spaces (independent of the choices of representatives g)
II Spe(X(Hn9H)) = Spe(K(H)) 2% supp(k(G/H))
[9]e H\G/H
where the two left horizontal maps are, on the [g]-component, induced by the re-

striction functor and by conjugation by g followed by restriction, respectively.

Proof. We invoke [Ball6, Theorem 3.19]. In particular, we have a coequalizer
(4.8) Spc(Mod(Ay ® Ax)) = Spe(Mod(Ag)) — supp(Ag)

where the two left horizontal maps are induced by the canonical ring morphisms
Agnand n®Ap: Ay — Ag®Ag. For any choice of representatives [g] € H\G/H
the Mackey isomorphism

@ AnnsH = Ap ® Ay
lgle H\G/H
maps [z]gnem to [2]g & [z - glg. We can then plug this identification in (4.8). The
second homomorphism n ® Ay followed by the projection onto the factor indexed
by [g] becomes the composite Ay i) Aggyr N Apnem. See Recollection 4.6. [

4.9. Corollary. For P, P € Spc(X(H)) we have pg(P) = pu(P’) in Spe(K(Q)) if
and only if there exists g € G and Q € Spc(K(H NIH)) such that

P= PgngH(Q) and P = (PZ{MH(Q))Q
using Remark 4.1 for the notation (—)9: Spc(K(9H)) = Spc(K(H)).

Proof. This is [Ball6, Corollary 3.12], which implies the set-theoretic part of the
coequalizer of Proposition 4.7. (]

We single out a particular case.

4.10. Corollary. If H < Z(G) is central in G (for example, if G is abelian) then
restriction induces a closed immersion pr: Spc(K(H)) <= Spe(K(G)). O

4.11. Remark. In view of Proposition 4.7, the image of the map induced by restric-
tion Im(py) = supp(k(G/H)) coincides with the support of the tt-ideal generated
by Ind%(K(H)). Following the construction of the geometric fixed-points func-
tor ®“: SH®(G) — SH® in topology, we can consider the Verdier quotient
X(G) := e X(G)
(Indg (X(H)) | H £ G)

obtained by modding-out, in tensor-triangular fashion, everything induced from all
proper subgroups H. This tt-category K(G) has a smaller spectrum than K(G),
namely the ‘geometric open’ of the preamble, the complement in Spc(K(G)) of the
closed subset U< Im(ppr) covered by proper subgroups. This method has worked
nicely in [BS17, BGH20, PSW22] because, in those instances, this Verdier quotient
is equivalent to the non-equivariant version of the tt-category under consideration.
However, this fails for X(G), for instance K(Cy) is not equivalent to K(1) = Dy, (k):

SHE(G) N X(G)
maGEH @) Hee o " gy gL
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For small groups, for instance for cyclic p-groups Cyn, the tt-category X(G) is

reasonably complicated and one could still compute Spe(K(G)) through an analysis

of K(G). However, the higher the p-rank, the harder it becomes to control X(G).
One can already see the germ of the problem with G = Cs, see (2.12):

M(C2) M(1)
Spe(X(Cs)) =
P

We have given names to the three primes. The only proper subgroup is H = 1 and
the image of p; = Spc(Res;) is simply the single closed point {M(1)} = supp(kCs).
Chopping off this induced part, leaves us with the open Spc(ffC(Cg)) = {M(Cy), P}.
So geometric fixed points €2 : K(Cy) — K (Cs) detects both of these points. (This
also proves that X(G) # X (1) = Dy, (k) since Dy, (k) would have only one point in its
spectrum.) However there is no need for a tt-functor detecting M(C3) and P again,
since P is already in the cohomological open Vi, detected by Dy, (kC2). In other
words, geometric fixed points see too much, not too little: The target category 3~<(G)
is too complicated in general. And as the group grows, this issue only gets worse,
as the reader can check with Klein-four in Example 8.10.

In conclusion, we need tt-functors better tailored to the task, namely tt-functors
that detect just what is missing from V. In the case of Cy, we expect a tt-functor
to Dy, (k), to catch M(C2), but for larger groups the story gets more complicated
and involves more complex subquotients of G, as we explain in the next section.

5. MODULAR FIXED-POINTS FUNCTORS

Motivated by Remark 4.11, we want to find a replacement for geometric fixed
points in the setting of modular representation theory. In a nutshell, our con-
struction amounts to taking classical Brauer quotients [Bro85, §1] on the level of
permutation modules and then passing to the tt-categories X(G) and T(G). We
follow a somewhat different route than [Bro85] though, more in line with the con-
struction of the geometric fixed-points discussed in Remark 4.11. We hope some
readers will benefit from our exposition.

It is here important that char(k) = p is positive.

5.1. Warning. A tt-functor ¥# : K(G) — K(GJH) such that U (k(X)) = k(XH),
as in (2.6), cannot exist unless H is a p-subgroup. Indeed, if P < G is a p-Sylow
then since [G: P] is invertible in k, the unit 1 = & is a direct summand of k(G/P)
in X(G). A tt-functor ¥# cannot map 1 to zero. Thus ¥ (k(G/P)) = k((G/P)H)
must be non-zero, forcing (G/P) # @. If [g] € G/P is fixed by H then H? < P
and therefore H must be a p-subgroup. (If char(k) = 0 this would force H = 1.)

5.2. Recollection. A collection F of subgroups of G is called a family if it is closed
under conjugation and subgroups. For instance, given H < G, we have the family

Fu={K<G|(G/K)"=0}={K<G|H%cK}.
For N < G a normal subgroup, it is S"N:{KgG‘N;(K}.

In view of Warning 5.1, we must focus attention on p-subgroups. The following
standard lemma would not be true without the characteristic p hypothesis.
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5.3. Lemma. Let N < G be a normal p-subgroup. Let H, K < G be subgroups such
that N < H and N £ K. Then every kG-linear homomorphism that factors as

f:k(G/H) 4 k(G/K) ™ k must be zero.

Proof. By Recollection 3.5 and k-linearity, we can assume that m is the augmen-
tation and that £ = e o ¢y 07 as in (3.6), where g € G is some element, where we
set L = HN9K and where e: k(G/L9) - k(G/K), ¢,: k(G/L) = k(G/LY) and
n: k(G/H)— k(G/L) are the usual maps, using L < H and L9 < K. The compos-
ite m o € o ¢4 is an augmentation map again, hence our map f is the composite

fi K(G/H)"SE(G/L) S k.

So f maps [e]y to 3 cp, 1 =[H/L| in k. Now, the p-group N < H acts on the
set H/L by multiplication on the left. This action has no fixed point, for otherwise
we would have N <y L <g K and thus N < K, a contradiction. Therefore the
N-set H/L has order divisible by p. So |[H/L| =0 in k and f =0 as claimed. O

5.4. Proposition. Let N < G be a normal p-subgroup. Then the permutation
category of the quotient G/N is an additive quotient of the permutation category
of G. More precisely, consider proj(Fy) = add” {k(G/K) ‘ K € Fn }, the closure
of { k(G/K)| N & K } under direct sum and summands in perm(G; k)%, Consider
the additive quotient of perm(G;k)? by this ®-ideal. (*) Then the composite

G/N
Infl

(55)  perm(G/N:k): S perm(G; k) — L2y perm(Cib)

is an equivalence of tensor categories.

Proof. By the Mackey formula and since Fy is a family, proj(Fx) is a tensor ideal,
hence quot is a tensor-functor. Inflation Inﬂg/N: perm(G/N; k)% — perm(G; k)? is
also a tensor-functor. It is moreover fully faithful with essential image the subcat-
egory add’ {k(G/H)|N < H }. So we need to show that the composite

perm(G; k)*

add® erm(G; k)* —
A LR(GH) [N < H ) = permn(Gi k)~ e TN A K]

is an equivalence. Both functors in the composite are full. The composite is faithful
by Lemma 5.3, rigidity, additivity and the Mackey formula. Essential surjectivity is
then easy (idempotent-completion is harmless since the functor is fully-faithful). O

5.6. Construction. Let N < G be a normal p-subgroup. The composite of the
additive quotient functor with the inverse of the equivalence of Proposition 5.4
yields a tensor-functor on the categories of p-permutation modules

perm(G; k)®

5.7 VA Gk RN -
(5.7) perm(G; k) proj(In)

= perm(G/N; k)-.

Applying the above degreewise, we get a tt-functor on homotopy categories Ky (—)

OV = V¢ K(G) — K(G/N).

3Keep the same objects as perm(G; k)% and define Hom groups by modding out all maps that
factor via objects of proj(¥n), as in the ordinary construction of the stable module category.
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5.8. Remark. Following up on Remark 4.11, we have constructed ¥~ by modding-
out in additive fashion this time, everything induced from subgroups not contain-
ing N. We did it on the ‘core’ additive category and only then passed to homotopy
categories. Such a construction would not make sense on bounded derived cate-
gories, as UV has no reason to preserve acyclic complexes.
The classical Brauer quotient seems different at first sight. It is typically defined
at the level of individual kG-modules M by a formula like
(Trg)cz N
(5.9) coker ( @< Me —=2"s M ).
A priori, this definition uses the ambient abelian category of modules and one
then needs to verify that it preserves permutation modules, the tensor structure,
etc. Our approach is a categorification of (5.9): Proposition 5.4 recovers the cate-
gory perm(G/N; k)% as a tensor-additive quotient of perm(G; k)%, at the categorical
level, not at the individual module level. Amusingly, one can verify that it yields
the same answer (Proposition 5.12) — a fact that we shall not use at all.

We relax the condition that the p-subgroup is normal in the standard way.

5.10. Definition. Let H < G be an arbitrary p-subgroup. We define the modular
(or Brauer) H-fized-points functor by the composite

G
Resy u

v K(Q) K(NgH) 220 s aym)

where NgH is the normalizer of H in G and GJH = (NgH)/H its Weyl group.
The second functor comes from Construction 5.6. Note that W is computed
degreewise, applying the functors Resg on and UHNGH at the level of perm(—; k).

5.11. Remark. We prefer the phrase ‘modular fixed-points’ to ‘Brauer fixed-points’,
out of respect for L. E.J. Brouwer and his fixed points. It also fits nicely in the
flow: naive fixed-points, geometric fixed-points, modular fixed-points. Finally, the
phrase ‘Brauer quotient’ would be unfortunate, as W : X(G) — X(G/H) is not a
quotient of categories in any reasonable sense.

Let us verify that our ¥ linearize the H-fixed-points of G-sets, as promised.
5.12. Proposition. Let H < G be a p-subgroup. The following square commutes

up to isomorphism:

Gsets —— 0 perm(Gi k) (@)

| Js# Jo

(G ) H)-sets e, perm(GJ/H; k)" ——— K(GJH).
In particular, for every K < G, we have an isomorphism of k(G | H)-modules
(5.13) U (k(G/K)) = k(G/K)") = k(Na(H, K)/K).
This module is non-zero if and only if H is subconjugate to K in G.

Proof. We only need to prove the commutativity of the left-hand square. As re-
striction to a subgroup commutes with linearization, we can assume that H < G
is normal. Let X be a G-set. Consider its G-subset X (which is truly inflated
from G/H). Inclusion yields a morphism in perm(G; k), natural in X,

(5.14) fx: k(XH) = k(X).
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perm(G;k)®

proj(Fm) *
By additivity, we can assume that X = G/K for K < G. It is a well-known exercise
that (G/K)¥ = Ng(H, K)/K, which in the normal case H < G boils down to G /K
or &, depending on whether H < K or not, i.e. whether K ¢ ¥y or K € Fy. In
both cases, fx becomes an isomorphism (an equality or 0 = k(G/K), respectively)
in the quotient by proj(Fg). Hence the claim.

Let us now discuss the commutativity of the following diagram

We claim that this morphism becomes an isomorphism in the quotient

G-sets L) perm(G; k)" perm(G; k)"
wy
quot erm(G;k b -
(=) perm(G; k)" b pmg(?)) (Det. 5.10) | gH
Inﬁg/HT (Cor'y'
o =~
G/ H-sets LI perm(G/H; k)® perm(G/H; k)*

The module k(X*) in (5.14) can be written more precisely as k(Inﬂg/H(XH)) =

Inﬂg/ T |(XH). So the first part of the proof shows that the left-hand ‘hexagon’ of

e
the diagram commutes, i.e. the two functors G-sets — % are isomorphic.
The result follows by definition of W recalled on the right-hand side. O

Here is how modular fixed points act on restriction.

5.15. Proposition. Let a: G — G’ be a homomorphism and H < G a p-subgroup.
Set H = a(H) < G'. Then the following square commutes up to isomorphism

K(G') —2— K(G)

\I,H/,G’l J/q,H;G

K(G'JH') —2— K(G [ H).
Proof. Exercise. This already holds at the level of perm(—; k). O

5.16. Corollary. Let N < G be a normal p-subgroup. Then the composite functor
TN o Inﬂg/N: K(G/N) = K(G) = X(G/N) is isomorphic to the identity. Conse-
quently, the map Spc(VH) is a split injection retracted by Spc(Inﬂg/H).

Proof. Apply Proposition 5.15 to a: G—+ G/N and H = N, and thus H' = 1. The
second statement is just contravariance of Spc(—). ]

Composition of two ‘nested’ modular fixed-points functors almost gives another
modular fixed-points functor. We only need to beware of Weyl groups.

5.17. Proposition. Let H < G be a p-subgroup and K = K/H a p-subgroup
of GJH, for H< K < NgH. Then there is a canonical inclusion

(G/H)|K = (NeyuK)/K < (NcK)/K = G| K
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and the following square commutes up to isomorphism

%(G) — G yH)

\I,K;Gl l‘ljk;c//H

K(GJK) =5 K((GJH) | K).

Proof. The inclusion comes from Ny, g K — NgK and the rest is an exercise.
Again, everything already holds at the level of perm(—; k). |

5.18. Corollary. Let H < K < G be two p-subgroups with H < G normal. Then
(G/H)J(K/H)=G|K and the following diagram commutes up to isomorphism

%(@) 2% x(q/H)

\ l\PK/H G/H

X(GJK).

Proof. The surjectivity of the canonical inclusion G/H J(K/H) — G //K of Propo-
sition 5.17 holds since H is normal in G. The result follows. (]

5.19. Remark. We have essentially finished the proof of Proposition 2.7. It only
remains to verify that there are variants of the constructions and results of this
section for the big categories of Recollection 3.2. For a normal p-subgroup N < G,
the canonical functor on big additive categories

Perm(G; k)*

(5.20) A ({R(G/H) [N < H ) = =5 em s

is an equivalence of tensor categories, where
Proj(Fy) = Add* { k(G/K)|N £ K }

is the closure of proj(Fx) under coproducts and summands. Since the tensor prod-
uct commutes with coproducts, Proj(Fy) is again a @-ideal in Perm(G; k). Fullness
and essential surjectivity of (5.20) are easy, and faithfulness reduces to the finite
case by compact generation. (A map f: P — @ in Perm(G; k) is zero if and only if
all composites P’ = P ER Q are zero, for P’ finitely generated. Such a composite
necessarily factors through a finitely generated direct summand of @, etc.) As a
consequence, the analogue of Proposition 5.4 also holds for big categories.

Let us write 8§(G) for K(Perm(G;k)) = K(Perm(G;k)), which is a compactly
generated tt-category with compact unit. (Compactly generated is not obvious:
see [BG21, Remark 5.12].) By the above discussion, the modular fixed-points func-
tor with respect to a p-subgroup H < G extends to the big categories 8(—):

G
esy

R H
—< 5 8(NgH) - K (

v = ghe §(@)

. Inﬁﬁ//l;ll
Perm(NgH; k)) N S(GJH).

PrOj (H:H)

Note that ! is a tensor triangulated functor that commutes with coproducts and
that maps X(G) into K(G JH). Tt follows that it restricts to ¥ : DPerm(G; k) —
DPerm(G//H; k). The analogues of Propositions 5.12, 5.15 and 5.17 and Corollar-
ies 5.16 and 5.18 all continue to hold for both §(—) and DPerm(—; k).



22 PAUL BALMER AND MARTIN GALLAUER

This finishes our exposition of modular fixed-points functors ¥ on derived cate-
gories of permutation modules. We now start using them to analyze the tt-geometry.
First, we apply them to the Koszul complexes kosg(K') of Construction 3.14.

5.21. Lemma. Let H, K < G be two subgroups, with H a p-subgroup.

(a) If H £¢ K, then WH (kosg(K)) generates K(GJH) as a tt-ideal.

(b) If H <g K, then W (kosg(K)) is acyclic in K(GJH).

(¢) If H ~g K, then W (kosg(K)) generates Ku.(GJH) as a tt-ideal.

Proof. For (a), we have Ng(H, K) = @ and thus ¥ (k(G/K)) = 0 by Proposi-
tion 5.12. It follows that W (kosg(K)) = (--- — * — 0 — k — 0) by Proposi-
tion 3.15. Thus the ®@-unit ly(qym) = k[0] is a direct summand of ¥ (kosg(K)).

For (b) and (c), by invariance under conjugation, we can assume that H < K.
Let N := NgH be the normalizer of H. We have by Lemma 3.18 that

(5.22) UG (kos(K)) = WV Res§ (kosg(K)) ~  (X) U7 (kosy (NN9K)).
[9]EN\G/K

For the index g = e (or simply g € NgK), we can use H < N N K and compute

UHN (ko (N N K)) = UHN (InfiY? kos 1 (N N K)/H)) by Lemma 3.17
= kosy/a(NNK)/H) by Corollary 5.16.

As this object is acyclic in X(IN/H) so is the tensor in (5.22). Hence (b). Continuing
in the special case (c) with H = K, we have (N N K)/H = 1 and the above
kosy/m(1) generates Koc(N/H) by Proposition 3.21. It suffices to show that all
the other factors in the tensor product (5.22) generate the whole (G H). This
follows from Part (a) applied to the group N; indeed when g € G~ N we have
H gLy NN9H (as H <y NNYH and H < N would imply H = 9H). O

6. CONSERVATIVITY VIA MODULAR FIXED-POINTS

In this section, we explain why the spectrum of X(G) is controlled by modular
fixed-points functors ¥# together with the localizations Y : K(G) — Dy (kG). It
stems from a conservativity result on the ‘big’ category T(G) = DPerm(G;k),
namely Theorem 6.12, for which we need some preparation.

6.1. Lemma. Suppose that G is a p-group. Let H < G be a subgroup and let G =
G/ H be its Weyl group. The modular H-fized-points functor UH: perm(G; k) —
perm(G; k:)h induces a ring homomorphism

(6.2) U Endyg(k(G/H)) — End, & (k(G)).

This homomorphism is surjective with nilpotent kernel: (ker(WH))™ =0 forn > 1.
More precisely, it suffices to take n € N such that Rad(kG)™ = 0.

Proof. The reader can check this with Brauer quotients. We outline the argument.
By (5.13) we have V¥ (k(G/H)) = k(Ng(H, H)/H) = k(G), so the problem is well-
stated. Recollection 3.5 provides k-bases for both vector spaces in (6.2), namely

{fy=cocgontyeme/m  and  {cglzec

using the notation of (3.6) and (3.7). The homomorphism ¥ in (6.2) respects
those bases. Even better, it is a bijection from the part of the first basis indexed
by H\(NgH)/H onto the second basis, and it maps the rest of the first basis to
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zero. Indeed, when g € NgH, we have f, = ¢, and WH(f,) = Ul (c,) = ¢;
for g = [g]lu. On the other hand, when g € G \ NgH then W (f,)) = 0, by
the factorization (3.6) and the fact that WH (k(G/L)) = 0 for L = H N 9H with
g ¢ NgH, using again (5.13). Hence (6.2) is surjective and ker(¥#) has basis { f, =
€0Cg 0N} gle H\G/H, g¢ N H- One easily verifies that such an f, has image contained
in Rad(kG) - k(G/H), using that H N9H is strictly smaller than H. Composing n
such generators fy, o---o f, then maps k(G/H) into Rad(kG)" - k(G/H) which
is eventually zero for n > 1, since G is a p-group. O

We now isolate a purely additive result that we shall of course apply to the case
where ¥ is a modular fixed-points functor.

6.3. Lemma. Let V: A — D be an additive functor between additive categories.
Let B,C C A be full additive subcategories such that:

(1) Every object of A decomposes as B @ C with B € B and C € C.

(2) The functor ¥ vanishes on C, that is, ¥(C) = 0.

(3) The restricted functor |5 : B — D is full with nilpotent kernel. (*)

Let X € Ch(A) be a complex such that U(X) is contractible in Ch(D). Then X is
homotopy equivalent to a complex in Ch(C).

Proof. Decompose every X; = B; ® C; in A, using (1), for all i € Z. We are going
to build a complex on the objects C; in such a way that X, becomes homotopy
equivalent to C, in Ch(A%), where A% is the idempotent-completion of A. As
both X, and C, belong to Ch(A), this proves the result. By (2), the complex

- — U(B;) = ¥(B;—1) — --- is isomorphic to ¥(X), hence it is contractible.
So each ¥(B;) decomposes in Df as D; @ D;_; in such a way that the differential
\I/(Bi) = .D1 D Difl —)\I/(Bifl) = Di,1 D Di,Q is just (8 (1)) Since \I/LfBZ B—D
is full with nilpotent kernel by (3), we can lift idempotents. In other words, we can
decompose each B; in the idempotent-completion B* (hence in .Ah) as

B, ~ B, ® B/

with ¥(B}) ~ D; and ¥(B/) ~ D;_; in a compatible way with the decomposition
in D, This means that when we write the differentials in X in components in A"

(* b; *)

o= X;=BloB/eoC;, "X, =B, B! | &Ci_; —---
the component b;: B — B,_, maps to the isomorphism ¥(B}') ~ D, 1 ~ ¥(B._,)
in DB, Hence b; is already an isomorphism in B* by (3) again. (Note that (3) passes
to BY — DE.) Using elementary operations on X; and X;_; we can replace X by
an isomorphic complex in A% of the form
(0 b; 0)
x 0 %

(64) - > X,y 5> Bl&B'aC;, ~ 23 B | &B' &Ci_y — Xi_g— -
This being a complex forces the ‘previous’ differential X;1; — X; to be of the
form ((:J (:J E:)) and the ‘next’ differential X;_; — X;_o to be of the form <§ : *>

* ok

We can then remove from X a direct summand in Ch(Af) that is a homotopically
trivial complex of the form ---0 — BY = B/_; —0---.

4 There exists n > 1 such that if n composable morphisms f1,..., fn in B all go to zero in D
under W then their composite fp o--- o fi is zero in B.
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The reader might be concerned about how to perform this reduction in all de-
grees at once, since we do not put boundedness conditions on X (thus preventing
the ‘obvious’ induction argument). The solution is simple. Do the above for all
differentials in even indices i = 2j. By elementary operations on X,; and Xo;_
for all j € Z, we can replace X up to isomorphism into a complex whose even
differentials are of the form (6.4). We then remove the contractible complexes
-0 — By = Bj;y — 0---. We obtain in this way a homotopy equivalent
complex in A that we call X, where B}, B € Bf and C; € €

(3 (£3)
(65) cee —> Bé/j+1 (&) C2j+1 _— Béj (&) ng —_ ng—l (&) C2j—1 — .

in which the even differentials go to zero under ¥, by the above construction.
In particular the homotopy trivial complex ¥(X) ~ ¥(X) in D% has the form

BN V(By; 1) Hlozi), W(Bs;) 2 ... hence its odd-degree differentials U(agjt1)
are isomorphisms. It follows that agji1: By, — By, is itself an isomorphism
by (3) again. Using new elementary operations (again in all degrees), we change
the odd-degree differentials of the complex X in (6.5) into diagonal ones and we
remove the contractible summands 0 — Bj;,, — Bj; — 0 as before, to get a
complex consisting only of the C; in each degree i € Z. In summary, we have
shown that X is homotopy equivalent to a complex C' € Ch(€) inside Ch(flh), as
announced. g

6.6. Remark. Of course, it would be silly to discuss conservativity of the functors
{UH} < since among them we find U = Id. The interesting result appears when
each U is used in conjunction with the derived category of G/ H, or, in ‘big’ form,
its homotopy category of injectives. Let us remind the reader.

6.7. Recollection. In [BG22a], we prove that the homotopy category of injective RG-
modules, with coefficients in any regular ring R (e.g. our field k), is a localization
of DPerm(Gj; R). In our case, we have an inclusion Jg: KInj(kG) < DPerm(G; k),
inside K(Perm(G; k)), and this inclusion admits a left adjoint Y¢

DPerm(G; k)

(6.8) Tcl IJG

KInj(kG).

This realizes the finite localization of DPerm(G; k) with respect to the subcate-
gory K,.(G) C K(G) = DPerm(G; k)¢. In particular, Y preserves compact objects
and yields the equivalence Y¢: K(G)/XKac(G) = Dy (kG) =2 KInj(kG)¢ of (3.13),
also denoted Y for this reason. Note that YgoJg = Id as usual with localizations.

Let P < G be a subgroup. Observe that induction IndIGp preserves injectives so
that Jg o Indg = IndIGg oJp. Taking left adjoints, we see that

(6.9) Res% oYq = Tp o Res§ .
6.10. Notation. For each p-subgroup H < G, we are interested in the composite

BH — GG, DPerm(G: k) 55 DPerm(G J H; k) —" K Tnj(k(G J H))
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of the modular H-fixed-points functor followed by localization to the homotopy
category of injectives (6.8). We use the same notation on compacts

Yeoyu

6.11) W =UHC. %G k) LT K(GJH: k) —2 Dy (k(G H)).

We are now ready to prove the first important result of the paper.

6.12. Theorem (Conservativity). Let G be a finite group. The above family of
functors WH: T(G) — KInj(k(G ) H)), indeved by all the (conjugacy classes of)
p-subgroups H < G, collectively detects vanishing of objects of DPerm(G; k).

Proof. Let P < G be a p-Sylow subgroup. For every subgroup H < P, we

have PJ/H < G/H and WHF o Res$ can be computed as Resgzg oWHiG thanks

to Proposition 5.15 and (6.9). On the other hand, Resg is (split) faithful, as
Ind% o Res$ admits the identity as a direct summand. Hence it suffices to prove
the theorem for the group P, i.e. we can assume that G is a p-group.

Let G be a p-group and F be a family of subgroups (Recollection 5.2). We
say that a complex X in Ch(Perm(G;k)) is of type F if every X, is F-free, ie. a
coproduct of k(G/K) for K € F. So every complex is of type Fa = {all H < G}.
Saying that X is of type F1 = @ means X = 0. We want to prove that if X defines
an object in DPerm(G; k) and U#(X) = 0 for all H < G then X is homotopy
equivalent to a complex X’ of type F; = &. We proceed by a form of ‘descending
induction’ on F. Namely, we prove:

Claim: Let X € DPerm(G;k) be a complex of type F for some family F and let
H € F be a mazimal element of F for inclusion. If WH(X) = 0 then X = X' is
homotopy equivalent to a complex X' € Ch(Perm(G;k)) of type F' ; F.

By the above discussion, proving this claim proves the theorem. Explicitly, we
are going to prove this claim for ¥ = F N Fg, that is, F with all conjugates of H
removed. By maximality of H in F, every K € T is either conjugate to H or in F'.
Of course, for H' conjugate to H we have k(G/H') ~ k(G/H) in Perm(G; k).

We apply Lemma 6.3 for A = Add { k(G/K) |K € F}, B = Add(k(G/H)), C=
Add { k(G/K) ’K € 5}, D = Perm(G/ H; k) and the functor ¥ = ¥ naturally.
Let us check the hypotheses of Lemma 6.3. Regrouping the terms k(G/K) into those
for which K is conjugate to H and those not conjugate to H, we get Hypothesis (1).
Hypothesis (2) follows immediately from (5.13) since (G/K)? = @ for every K €
F’. Finally, Hypothesis (3) follows from Lemma 6.1 and additivity. So it remains
to show that WH (X) is contractible. Since X is of type F and H is maximal, we
see that U (X) € Ch(Inj(k(G/H))) and applying Y/ gives the same complex
(up to homotopy). In other words, ¥ (X) = 0 forces U# (X) to be contractible
and we can indeed get the above Claim from Lemma 6.3. O

7. THE SPECTRUM AS A SET

In this section, we obtain the description of all points of Spc(K(G)), as well as
some elements of its topology. We start with a general fact, which is now folklore.

7.1. Proposition. Let F': T — 8 be a coproduct-preserving tt-functor between ‘big’
tt-categories. Suppose that F is conservative. Then F detects ®-nilpotence of mor-
phisms f:x — Y in T, whose source x € T¢ is compact, ie. if F(f) = 0in 8
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then there exists n > 1 such that f* = 0 in T. In particlar, F: T¢ — 8¢ detects
nilpotence of morphisms and therefore Spc(F'): Spc(8¢) — Spe(T€) is surjective.

Proof. Using rigidity of compacts, we can assume that x = 1. Given a morphism
f: 1 —Y we can construct in T the homotopy colimit Y °° := hocolim,, Y®" under
the transition maps f ® id: Y®" — Y®@+)  Tet f: 1 — Y be the resulting
map. Now since F(f) = 0 it follows that F(Y>°) = 0 in 8, as it is a sequential
homotopy colimit of zero maps. By conservativity of F', we get Y*° = 0 in 7. Since
1 is compact, the vanishing of f>°: 1 — hocolim Y®" must already happen at a
finite stage, that is, the map f®": 1 — Y®" is zero for n > 1, as claimed. The
second statement follows from this, together with [Ball8, Theorem 1.4]. g

Combined with our Conservativity Theorem 6.12 we get:

7.2. Corollary. The family of functors U : K(G) — Dy(k(GJH)), indexed by
conjugacy classes of p-subgroups H < G, detects ®@-nilpotence. So the induced map

IT  Spe(Dy(k(G)H))) = Spe(K(G))
HeSub,(G)

is surjective. ([
7.3. Definition. Let H < G be a p-subgroup. We write (under Convention 1.8)

P =M% = Spe(¥M): Spe(K(GJH)) — Spe(X(G))
for the map induced by the modular H-fixed-points functor. We write

O = MG = Spe(UM): Spe(Dy (G H)) — Spe(K(Q))
for the map induced by the tt-functor ¥ = Yaymo U of (6.11). In other words,

¥ is the composite of the inclusion of Proposition 3.22 with the above 9

~ Cleyd:y

" 0 Vg =Spe(Dy(k(G/H))) < Spe(XK(G/H)) 25 Spe(X(G)).

7.4. Definition. Let H < G be a p-subgroup and p € V5 a ‘cohomological” prime
over the Weyl group of H in G. We define a point in Spc(K(G)) by

P(H,p) = Pa(H,p) =" (p) = (¥) " (p).
Corollary 7.2 tells us that every point of Spc(X(G)) is of the form P(H,p) for some
p-subgroup H < G and some cohomological point p € Vi, p. Different subgroups
and different cohomological points can give the same P(H,p). See Theorem 7.16.

7.5. Remark. Although we shall not use it, we can unpack the definitions of P (H, p)
for the nostalgic reader. Let us start with the bijection Vg = Spc(Dp(kG)) =
Spect(H* (G, k)). Let p* C H*(G; k) = End}, (1) (1) be a homogeneous prime ideal
of the cohomology. The corresponding prime p in Dy (kG) can be described as
p={zeDy(kG)|3¢ € H*(G;k) such that ( ¢ p* and (@2 =0 }.
Consequently, the prime P (H,p) of Definition 7.4 is equal to
{z € X(G)|3¢ € H'(GJH; k) \ p* such that ( ® ¥ (z) =0 in Dy (k(G/H)) }.

7.6. Remark. By Proposition 5.15 and functoriality of Spc(—), the primes P (H, p)
are themselves functorial in G. To wit, if a : G — G’ is a group homomorphism
and H is a p-subgroup of G then a(H) is a p-subgroup of G’ and we have

(77) a*(:PG(Hap)) = TG’(Q(H)vé*p)
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in Spe(K(G')), where a.: Spc(K(G)) — Spe(K(G')) and aw: Vayur — Var jam)
are as in Remark 4.1. We single out the usual suspects. Fix H < G a p-subgroup.
(a) For conjugation, let G < G' and x € G'. We get Pg(H,p)* = Pg= (H*, p*) for
every p € Vgypg. In particular, when = belongs to G itself, we get by (4.2)

(7.8) geG@ = Pg(Hp)="Pc(H"p).

(b) For restriction, let K < G be a subgroup containing H and let p € Vi) be a
cohomological point over the Weyl group of H in K. Then we have

in Spc(X(Q)), where the maps pr = (Res%).: Spe(K(K)) — Spc(X(G)) and
pr: Viyu — Vayu are spelled out around (4.4).

(¢) For inflation, let N < G be a normal subgroup. Set G = G/N and H = HN/N.
Then for every p € Vg, we have

(7.10) 7% (Pe(H,p)) = Pa(H,7%p),

in Spc(X(G)), where the maps 7¢ = (Inﬁg)*: Spc(K(G)) — Spe(X(G)) and
R e Ve i are spelled out around (4.5).

Our primes also behave nicely under modular fixed-points maps:

7.11. Proposition. Let H < G be a p-subgroup and let H < K < NgH defining a
‘further’ p-subgroup K/H < GJH. Then for every v € Vicym) )k /m), we have

i (Peyu(K/H,p)) = Pa(K, p(p))

in Spe(K(G)), where p = Spc(@%ﬁ{)//(x/m)i Viaym)yc/my — Vayx- In par-
ticular, if H < G is normal, we have
W9 (P (K/H,p)) = Pa(K,p)
in Spc(K(G)), using that p € Vig/myyx/a)y = Vayk-
Proof. This is immediate from Proposition 5.17 and Corollary 5.18. (I

The relation between Koszul objects and modular fixed-points functors, obtained
in Lemma 5.21, can be reformulated in terms of the primes P (H,p).

7.12. Lemma. Let H < G be a p-subgroup andp € Vgypu. Let K < G be a subgroup
and kosg(K) be the Koszul object of Construction 3.14. Then kosg(K) € Pa(H,p)
if and only if H <g K. (Note that the latter condition does not depend on p.)

Proof. We have seen in Lemma 5.21 (b) that if H <¢ K then U¥ (kosg(K)) = 0
in Dy, (k(G//H)), in which case kosg(K) € (WH)=1(0) C (¥H)~1(p) = Pe(H,p)
for every p. Conversely, we have seen in Lemma 5.21 (a) that if H £ K then
U (kosq(K)) generates Dy, (k(GJ/H)), hence is not contained in any cohomological
point p, in which case kosq(K) ¢ (WH)~1(p) = Pe(H, p). O

7.13. Corollary. If Pg(H,p) C Pe(H',p’) then H <g H. Therefore if Po(H,p) =
Po(H',p') then H and H' are conjugate in G.

Proof. Apply Lemma 7.12 to K = H twice, for H being once H and once H'. O

7.14. Proposition. Let H < G be a p-subgroup. Then the map 1LH: Vaya —
Spc(K(G)) is injective, that is, Pe(H,p) = Pe(H,p’) implies p =p’.



28 PAUL BALMER AND MARTIN GALLAUER

Proof. Let N = NgH. By assumption we have p$(Py(H,p)) = pS(Pn(H,p)).
By Corollary 4.9, there exists g € G and a prime Q € Spc(K(N N9IN)) such that
(7.15) Pn(H.p) = pNron(Q) and  Py(H,p') = (P?\]fvmgN(Q))g‘

By Corollary 7.2 for the group N N9IN, there exists a p-subgroup L < N NIN and
some q € Vinnonyyr such that Q = Pyran(L,q). By (7.7) we know where such a
prime Pnnan (L, q) goes under the maps p = Spc(Res) of (7.15) and, for the second
one, we also know what happens under conjugation by Remark 7.6 (a). Applying
these properties to the above relations (7.15) we get

Pn(H.p)=Pn(L.q") and Pn(Hp') =Py (L q")
for suitable cohomological points q" € Vi and q” € Vo that we do not need
to unpack. By Corollary 7.13 applied to the group N, we must have H ~y L and

H ~py LY. But since H < N, this forces H = L = L9 and therefore g € N¢H = N.
In that case, returning to (7.15), we have N N N9 = N = N9 and therefore

Pn(H,p)=0Q and Py(H,p')=0Q9=0

where the last equality uses g € N and (4.2). Hence P (H,p) = Q = Py(H,p'). As
H is normal in N the map ¢V : Spc(K(N/H)) — Spc(K(NV)) is split injective
by Corollary 5.16, and we conclude that p = p’. ([

We can now summarize our description of the set Spc(K(G)).

7.16. Theorem. FEwvery point in Spc(K(G)) is of the form Po(H,p) as in Defini-
tion 7.4, for some p-subgroup H < G and some point p € Vg g of the cohomological
open of the Weyl group of H in G. Moreover, we have Pg(H,p) = Pa(H',p') if
and only if there exists g € G such that H' = H9 and p’ = p9.

Proof. The first statement follows from Corollary 7.2. For the second statement,
the “if”-direction follows from (7.8). For the “only if”-direction assume Pg(H,p) =
Pa(H',p'). By Corollary 7.13, this forces H ~g H’. Using (7.8), we can replace
H' by HY and assume that Pq(H,p) = Pe(H,p’) for p,p’ € V. We can then
conclude by Proposition 7.14. ([l

Here is an example of support, for the Koszul objects of Construction 3.14.
7.17. Corollary. Let K < G. Then supp(kosg(K)) = { P(H,p) | H £¢ K }.

Proof. Since all primes are of the form P(H,p), it is a simple contraposition on
Lemma 7.12, for P(H,p) € supp(kosg(K)) & kosg(K) ¢ P(H,p) & H £&c K. O

We can use this result to identify the image of ¥ . First, in the normal case:
7.18. Proposition. Let H < G be a normal p-subgroup. Then the continuous map
P = Spe(¥H): Spe(K(G/H)) — Spe(K(G))

is a closed immersion, retracted by Spc(lnﬂg/H). Its image is the closed subset
(7.19) Im(yf) = {ng(L,p) ‘ H < L €Sub,G, pe VgL } =Ngzmsupp(kosg(K))
Furthermore, this image of ¥ is also the support of the object

(7.20) Q) kosa(K)

KeFy

and it is also the support of the tt-ideal Ne, Ker(Res%).
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Proof. By Corollary 5.16, the map 1! has a continuous retraction hence is a closed
immersion as soon as we know that its image is closed. So let us prove (7.19).

By Proposition 7.11 and the fact that all points are of the form P(L,p), the
image of ¥ is the subset {ng(Lm) } H<LL, peVgyr } Here we use H < G.

Corollary 7.17 tells us that every such point P(L,p) belongs to the support
of kosg(K) as long as L €¢ K, which clearly holds if H < L and H € K.
Therefore Im (") C Ngeg,, supp(kosg(K)).

Conversely, let P(L,p) € Nkges, supp(kosg(K)) and let us show that H < L.
If ab absurdo, H € L then L € Fg is one of the indices K that appear in the
intersection Ngeg, supp(kosg(K)). In other words, P(L,p) € supp(kosg(L)). By
Corollary 7.17, this means L L L, which is absurd. Hence the result.

The ‘furthermore part’ follows: The first claim is (7.19) since supp(z)Nsupp(y) =
supp(z ® y) and the second claim follows from Corollary 3.24. (For H = 1, th
result does not tell us much, as ! =id and ®g = 1.) ([l

Let us extend the above discussion to not necessarily normal subgroups H.

7.21. Notation. Let H < G be an arbitrary subgroup. We define an object of X(G)

(7.22) wilg(H) = Ind§_ ( & kosNG(H)(K)>.
{ k<N | HgK }

(Note that we use plain induction here, not tensor-induction as in Construction 3.14.)
If H < G is normal this zulg (H) is simply the object displayed in (7.20).

7.23. Corollary. Let H < G be a p-subgroup. Then the continuous map
WHC = Spe(PHC): Spe(K (G H)) = Spe(K(G))
is a closed map, whose image is supp(zulg(H)) where zulg(H) is as in (7.22).

Proof. By definition WH:¢ = QwHiNcH o Res%GH. We know the map induced on
spectra by the second functor W7iNe¢H %Ly Proposition 7.18 and we can describe
what happens under the closed map Spc(Res) by Proposition 4.7. (]

We record the answer to a question stated in the Introduction (Section 2):

7.24. Corollary. The support of the tt-ideal of acyclics Ka.(G) is the union of the
images of the modular H -fized-points maps ¥, for non-trivial p-subgroups H < G.

Proof. The points of Spc(KX(G)) are of the form P(H,p). Such primes belong
to Vo = {P(1,9) ’ q € Vi } if and only if H is trivial. The complement is then
Supp(Kac(G)). Hence Supp(Kac(GF)) € Upr Im(pf). Conversely, for every p-
subgroup H # 1, the object zulg(H) of Corollary 7.23 is acyclic, since the tensor
is non-empty and any kosy, g (K) is acyclic. So Im(¢f) C Supp(Kac(G)). O

Let us now describe all closed points of Spc(K(G)).

7.25. Remark. Recall that in tt-geometry closed points M € Spc(K) are exactly the
minimal primes for inclusion. Also every prime contains a minimal one.

For instance, the tt-category Dy, (kG) is local, with a unique closed point 0 =
Ker(Dy,(kG) — Dy(k)). (In terms of homogeneous primes in Spec?(H*(G, k)) the
zero tt-ideal p = 0 corresponds to the closed point p* = HT (G, k).)
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7.26. Definition. Let H < G be a p-subgroup. (This definition only depends on the
conjugacy class of H in G.) By Proposition 5.15, the following diagram commutes

jc(G) X(H)
(7.27) QH;GJ wHH
X(G/H) W fK (1) = Dy (k

Res

We baptize F = F#:C the diagonal. Its kernel is one of the primes of Definition 7.4
(7.28) M(H) = Mg(H) := Ker(F) = Pg(H,0)
where 0 € Spe(Dy, (E(GJ/H))) is the zero tt-ideal, i.e. the unique closed point of the

cohomological open Vg /g of the Weyl group. (See Remark 7.25.) We can think of
F: X (G) — Dy(k) as a tt-residue field functor at the (closed) point M(H).

7.29. Ezample. For H = 1, we have M(1) = Ker(ReSf : K(G) — Dyp(k) =
Kac(G). In other words, M(1) = Y5'(0) is the image under the open immersion
va: Vo <= Spe(XK(G)) of Proposition 3.22 of the unique closed point 0 € Vi of
Remark 7.25. In general, a closed point of an open is not necessarily closed in the
ambient space. Here M(1) is closed since by definition {M(1)} = Im(p§) where
p$ = Spc(Rest). By Proposition 4.7, we know that Tm(p§) = supp(k(QG)) is closed.

7.30. Example. For H = G a p-group, we can give generators of the closed point
M(G) = (k(G/K) | K #G).

As M(G) = ker(¥€ : X(G) — Dy(k)), inclusion D follows from Proposition 5.12.

For C, let X € M(G) be a complex that vanishes under ¥¢. Splitting the mod-

ules X, in each homological degree n into a trivial (i.e. a k-vector space with trivial

action) and non-trivial permutation modules, Lemma 6.3 shows that X is homotopy
equivalent to a complex in the additive category generated by k(G/K), K # G.

7.31. Corollary. The closed points of Spc(K(G)) are exactly the tt-primes Mg (H)
of (7.28) for the p-subgroups H < G. Furthermore, we have Mg(H) = Mg (H') if
and only if H is conjugate to H' in G.

Proof. Let us first verify that Mg (H) is closed for every H < G. For H = 1,
we checked it in Example 7.29. For H # 1, we have Mg(H) = Pg(H,0) =
UH (Mg (1)). This gives the result since Mgy (1) is closed in Spc(K(GJH)),
by Example 7.29 again, and since ¥ is a closed map by Corollary 7.23.

Now, every point p € Vi /5 admits 0 in its closure in Spe(Dy, (k(G/H))) = Vayn-
(See Remark 7.25.) By continuity of 4 : Vaya — Spe(X(G)), it follows that
Y (0) = Mg (H) belongs to the closure of 9/ (p) = Py (H,p), which proves that
the Mg (H) are the only closed points.

We already saw that P(H,0) = P(H’,0) implies H ~¢ H’, in Theorem 7.16. O

We wrap up this section on the spectrum by discussing the strata defined by
modular fixed-points.

7.32. Proposition. For every p-subgroup H < G, consider the subset
Va(H) = Im(y7) = 'J)H(VG//H)
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of Spc(K(@)). Then Mqg(H) is the unique closed point of Spe(K(G)) that belongs
to Vo (H). We have a set-partition indezed by conjugacy classes of p-subgroups

(7.33) Spe(X(@) =[]  VeH)
HE(Sub,G)/G

where each Vg (H) is open in its closure.

Proof. The partition is immediate from Theorem 7.16. Each subset Vg(H) =
{T(H,p) ‘p € V(;//H} is a subset of the closed set Im(yf). By Corollary 7.24
and Proposition 7.11, the complement of Vg (H) in Im(y) consists of the images
Im(yp%) for every ‘further’ p-group K, i.e. such that H S K < Ng(H) and these are
closed by Corollary 7.23. Thus Vg(H) is an open in the closed subset Im(y). O

7.34. Remark. We can use (7.33) to define a map Spc(XK(G)) — (Sub,G)/G. Corol-

lary 7.13 tells us that this map is continuous for the (Alexandrov) topology on

(Sub,G)/G whose open subsets are the ones stable under subconjugacy.
Moreover, for H < G a p-subgroup, the square

Spe(K(GJH)) T Spe(K(G))

| |

(Suby,(G/H))/(GJH) —— (Sub,G)/G

commutes, where the bottom horizontal arrow is the canonical inclusion that sends
H < K < Ng(H) to K. This follows from Proposition 7.11. Consequently, while
¥ might not be injective in general, we still have ()~ (Vg(H)) = Vayn-

8. EXAMPLES

Although the full treatment of the topology of Spc(X(G)) will require the addi-
tional technology of Part II, we can already present the answer for small groups.
Some of the most interesting phenomena are already visible once we reach p-rank
two in Example 8.10. Let us start with the easy examples.

8.1. Notation. Fix an integer n > 0 and consider the following space W™ consisting
of 2n + 1 points, with specialization relations pointing upward as usual:

mo @ ® m; mp_1 ® ® m,
(8.2) Wn =

p1 @ ® pn

The closed subsets of W™ are simply the specialization-closed subsets, i.e. those that
contain a p; only if they contain m;_; and m;. So the m; are closed points and the
p; are generic points of the n irreducible V-shaped closed subsets {m;_1,p;, m;}.

8.3. Proposition. Let G = Cpn be a cyclic p-group. Then Spc(K(Cpn)) is homeo-
morphic to the space W™ of (8.2).
More precisely, if we denote by 1 = N, < Npp_1 < -+ < Ng = G then+1
subgroups of Cpn (°), then the points p; and m; in Spc(X(G)) are given by
my = (PM)7H0)  and py = (BV) T (Dpent (K(G/N)))
where UV = Ya/noUY: K(G) — K(G/N)— Dy (k(G/N)) is the tt-functor (6.11).

5 The numbering of the N; keeps track of the index, that is, G/N; = Cpi. This choice will

allow simple formulas for inflation and fixed-points, and for procyclic groups in Part III [BG23b].
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Proof. By Proposition 7.32, we have a partition of the spectrum in subsets
Spe(K(G)) = [ Ve@i) =[] Tm(™)
i=0 i=0

and each Vg (NV;) is homeomorphic to Spe(Dy(kG/N;)) = Vgn,. For i > 0, each
Va(N;) is a Sierpinski space {p; ~» m; = M(V;)}, while Vg(Nyg) is a singleton
set {mg := M(G)}. In other words, we know the set Spc(X(G)) has the an-
nounced 2n + 1 points and the unmarked specializations p; ~~» m; below

mo ® ® my m;_1 ® & m; co ® my,_ ® m,
(8.4) ? ? ? ?

p1 @ ® i L

We need to elucidate the topology. Since all m; = M(N;) are closed (Corollary 7.31),
we only need to see where each p; specializes for 1 < ¢ < n. By Corollary 7.13,
the point p; = P(V;,p) can only specialize to a P(N;,q) for N; > N, that is, to
the points m; or p; for j < 4. On the other hand, direct inspection using (5.13)
shows that supp(k(G/N;—1)) = {m;|j >i—1}U{p;|j>i}. This closed subset
contains p; hence its closure. Combining those two observations, we have

{pi} C {mypi |7 <i}n({mi}u{my,p;|ji>i}) ={mi_1,p;,m}.

If any of the {p;} was smaller than {m;_1,p;, m;}, that is, if one of the specialization
relations p; ~» m;_; marked with ‘7’ in (8.4) did not hold, then Spc(K(G)) would be
a disconnected space. This would force the rigid tt-category X(G) to be the product
of two tt-categories, which is clearly absurd, e.g. because Endg (1) = k. [l

With this identification, we can record the maps 1 of Definition 7.3 and the
maps px and 7¢/N of Remark 7.6, that relate different cyclic p-groups.
8.5. Lemma. Let n > 0. We identify Spc(K(Cpn)) with W™ as in Proposition 8.3.
(a) Let 0 < i < nand H = Nj = Cpn-i < Cpn, s0 that Cpn /H = Cpi. The
map Y WH — W™ induced by modular fized points U is the inclusion
P W s W™,
that catches the left-most points: pg — pp and my — my.
(b) Let 0 < j < nand K = Cpi < Cpn. The map pr: W/ — W" induced by
restriction Resy is the inclusion
p: W W
that catches the right-most points: my — My, j and Pg — Peyn—j-
(¢) Let 0 < m < n. Inflation along Cpn — Cpm induces on spectra the map
w: W — W™
that retracts 1 and sends everything else to m,,, that is, for all0 < £ < n

ﬂ(pg){ pe ifl<m and W(mz){ my if£<m

m,, otherwise m,, otherwise.

Proof. Part (a) follows from Proposition 7.11, while parts (b) and (c) follow from
Remark 7.6. O

Let us now move to higher p-rank.
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8.6. Ezample. Let E = (C,)*" be the elementary abelian p-group of rank r. We
know that Vi = Spc(Dy,(kE)) = Spec”(H*(E, k)) is homeomorphic to the space

(8.7) V" := Spec(k[z1,...,z,]),

that is, projective space P}:l with one closed point ‘on top’. For instance, V°
is a single point and V! is a 2-point Sierpinski space. The example of r = 1 (see
Proposition 8.3 for n = 1) is not predictive of what happens in higher rank. Indeed,
by Proposition 7.32, the closed complement Supp(Ka..(E)) is far from discrete in

general. It contains ’;:%11 copies of V"~ and more generally |Gr,(d,r)| copies of
the d-dimensional V¢ for d = 0,...,7 — 1, where |Gr,(d, )| is the number of rank-d

subgroups of (Cp)*". Here is a ‘low-resolution’ picture for Klein-four r = p = 2:
VO _

= =3 =\/2

The dashed lines indicate ‘partial’ specialization relations: Some points in the lower
variety specialize to some points in the higher one; see Corollary 7.13. In rank 3,
the similar ‘low-resolution’ picture of Spc(K(C5?)), still for p = 2, looks as follows:

Each V¢ has Krull dimension d € {0, 1,2,3} and contains one of 16 closed points.

Let us now discuss the example of Klein-four and ‘zoom-in’ on (8.8) to display
every point at its actual height, as well as all specialization relations.

8.10. Ezample. Let G = Cs x Cs be the Klein four-group, in characteristic p = 2.
In Example 16.16, we shall see that the spectrum Spc(K(E)) is exactly as follows:

M(Ny) M(Noo) [(
[ ] . [ ] [ ]

Ny

S Po

(8.11)

In this picture, Ny, N1 and N, are the three cyclic subgroups of G. The colors
match those of (8.8). The green part is the cohomological open Vg ~ V2 as in (8.7),
that is, a P! with a closed point on top; we marked with e the closed point M(1),
the three Fy-rational points 0, 1, co of P! and its generic point Py; the notation P!,
and the dotted line indicate P! \ {0,1,00,Pg}. The brown part is the support of
the acyclics, namely the union of the Vg(H) for non-trivial subgroups H < E as
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in Proposition 7.32; it consists of three Sierpinski subspaces {P(N;) ~» M(NV;)} ~
VN, ~ V! and the singleton {M(E)} ~ Vg, p ~ V.

The specializations involving points of P!, are displayed with undulated lines,
indicating that all points share the same behavior. For instance, the gray undulated
line indicates that all points of P!, specialize to M(E). The proof of this critical
fact will require the new tools of Part II.

8.12. Example. The spectrum of the quaternion group () is very similar to that
of its quotient F := Qs/Z(Qs) = C3 x O3, as we announced in (2.13). The
center Z = Z(Qg) = Cs is the maximal elementary abelian 2-subgroup and
it follows that Res%® induces a homeomorphism Ve, = Vg,. In other words,
Vo, is again a Sierpinski space {P,M(1)}. On the other hand, the center Z
is also the unique minimal non-trivial subgroup. It follows from Corollary 7.2
and Proposition 7.18 that Supp(Kac(Qs)) is the image under the closed immer-
sion ¥Z of Spe(X(Qs/Z)). It only remains to describe the specialization relations
between the cohomological open Vi, and its closed complement Supp(Kac(Qs))-
Since M(1) € Vg, is also a closed point in Spc(K(Qs)), we only need to decide
where the generic point P of Vi, specializes in Spc(X(Qs)). Interestingly, P will
not be generic in the whole of Spc(X(Qs)). As P belongs to Im(pz), it suffices to
determine pz(Mc,(C2)). The preimage of Im(pz) = supp(k(Qs/Z)) under ¥Z is
suppg (V% (k(Qs/Z))) = suppg (k(E)) = {Mg(1)}. It follows that P specializes to
exactly one point: ¥Z (Mg(1)) = Mg, (Z) as depicted in (2.13).

9. STRATIFICATION

It is by now well-understood how to deduce stratification in the presence of a
noetherian spectrum and a conservative theory of supports. We follow the general
method of Barthel-Heard-Sanders [BHS22, BHS21].

9.1. Proposition. The spectrum Spc(K(G)) is a noetherian topological space.

Proof. Recall that a space is noetherian if every open is quasi-compact. It follows
that the continuous image of a noetherian space is noetherian. The claim now
follows from Corollary 7.2. |

We start with the key technical fact. Recall that coproduct-preserving exact
functors between compactly-generated triangulated categories have right adjoints
by Brown-Neeman Representability. We apply this to ¥#.

9.2. Lemma. Let N < G be a normal p-subgroup and \I/f)V: DPerm(G/N; k) —
DPerm(G; k) the right adjoint of modular N-fized points ¥V : DPerm(G;k) —
DPerm(G/N; k). Then \I/f)V(l) is isomorphic to a complex s in perm(G; k), concen-
trated in non-negative degrees

s= (= sp—=- sy s1—25—0-0-)
with sg = k and s1 = ®gegyk(G/H), where ?N:{H<G|N;{H}.

Proof. Following the recipe of Brown-Neeman Representability [Nee96], we give an
explicit description of \Ilf,v (1) as the homotopy colimit in T(G) of a sequence of

objects zg = 1 ELN 1 ELNNN Ty ELN Zpt1 — -+ in K(G). This sequence is built



THE GEOMETRY OF PERMUTATION MODULES 35

together with maps g, : ¥V (z,,) — 1 in X(G/N) making the following commute

TN (fo) TN (fn)

WN(-’”O) =1 \I/N<xn) \I/N(-TnJrl)

9.3) ~ o /

Note that such g, yield homomorphisms, natural in ¢t € DPerm(G; k), as follows

(94) s Homa(t, 2,) s Home,n (TN (1), U (2,)) 22 Home (0N (£), 1)

where we abbreviate Homg for Hompperm (k). We are going to build our sequence
of objects o — x1 — --- and the maps g, so that for each n > 0

(9.5) vyt is an isomorphism for every ¢t € { ' k(G/H) ‘ i<n, H<G}.

It follows that, if we set 2o, = hocolim,, 7, and go. : ¥V (24,) = hocolim,, ¥V (z,,) —
1 the colimit of the g,, then the map

N
ar: Home (t, 7o) s Home n (TN (), UV (200)) =25 Home (0N (1), 1)

is an isomorphism for all t € {X'k(G/H)|i € Z, H < G }. Since the k(G/H)
generate DPerm(G; k), it follows that ay is an isomorphism for all ¢ € DPerm(G; k).
Hence z., = hocolim,, x,, is indeed the image of 1 by the right adjoint \Ilgv.

Let us construct these sequences x,, f, and g,, for n > 0. In fact, every
complex x,, will be concentrated in degrees between zero and n, so that (9.5) is
trivially true for n = 0 (that is, for ¢ < 0), both source and target of a,,; being
zero in that case. Furthermore, x,, 1 will only differ from x,, in degree n + 1, with
fn being the identity in degrees < n. So the verification of (9.5) for n + 1 will boil
down to checking the cases of t = %' k(G/H) for i = n.

As indicated, we set xg = 1 and gy = id. We define x1 by the exact triangle

S1 i)lf—())fﬁl %2(51)

where 81 1= ®pegyk(G/H) and ey : k(G/H) — k is the usual map. Note that
UN(s1) = 0 by (5.13), hence UV (fy): 1 — UV () is an isomorphism. We call g;
its inverse. One verifies that (9.5) holds for n = 1: For t = k(G/H) with H € Ty,
both the source and target of a;; are zero thanks to the definition of s;. For the
case where H > N, there are no non-zero homotopies for maps k(G/H) — 1
thanks to Lemma 5.3.

Let us construct x4 and gp41 for n > 1. For every H < G let t = ¥"(k(G/H))
and choose generators hg 1, ..., hgrpy t t — @, of the k-module Homg (¢, x,,), source
of ap . Define s,41 = <o &7, k(G/H) in perm(G;k), a sum of ry copies
of k(G/H) for every H < G, and define h,,: £"(sp41) — =p, as being hy; on the
i-th summand X" k(G/H). Define 2,41 as the cone of h,, in X(G):

(9.6) S (snp1) 2 2 I 2 — B (s041).

Note that x,+1 only differs from z, in homological degree n + 1 as announced.
Since n > 1, we get Homeg/n (U (25,41),1) = Homg/n (¥ (2,,), 1) and there exists
a unique gny1: ¥V (2,11) — 1 making (9.3) commute. It remains to verify that
Q1. is an isomorphism for ¢ € { " k(G/H) ‘ H < G}. Note that the target of
this map is zero. Applying Homg (X" k(G/H), —) to the exact triangle (9.6) shows
that the source of au, 1 ¢ is also zero, by construction. Hence (9.5) holds for n + 1.
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This realizes the wanted sequence and therefore U/'(1) ~ hocolimy, (z,) has the
following form:

eS8y =S =51 =>k—=>0—=0---
where s1 = ®pegyk(G/H) and s, € perm(G; k) for all n. O

9.7. Remark. The above description of \Ilfjv (1) gives a formula for the right ad-
joint WA': DPerm(G/N; k) — DPerm(G; k) on all objects. Indeed, for every t €
DPerm(G/N; k), we have a canonical isomorphism in DPerm(G; k)

N () = o (0N mAd N (1) © 1) 2 WAV (1) © TN (1)

using that ¥V o Inﬂg/N 2~ Id and the projection formula. In other words, the right

adjoint \Ilf)V is simply inflation tensored with the commutative ring object \Iff)v (1).

9.8. Lemma. Let H < G be a normal p-subgroup and \Illpq: DPerm(G/H; k) —
DPerm(G; k) the right adjoint of modular H-fived points WH: DPerm(G;k) —
DPerm(G/H; k). Then the object zulg(H) displayed in (7.20) belongs to the lo-
calizing tt-ideal of DPerm(G; k) generated by W (1).

Proof. By Proposition 7.18, we know that the tt-ideal generated by zulg(H) is
exactly Nk e, KerRes$%. By Frobenius, the latter is the tt-ideal {zeX(G)|s1®
z =0} where s1 = @geg, k(G/K) is the degree one part of the complex s ~ W1 (1)
of Lemma 9.2. We can now conclude by Lemma 3.19 applied to this complex s and
x = zulg(H) that z must belong to the localizing tensor-ideal of DPerm(G; k)
generated by U (1). (Note that sy = 1 here.) O

Recall from Corollary 7.23 that the map ! has closed image in Spc(X(G)).

9.9. Proposition. Let H < G be a p-subgroup and let \Iff: DPerm(G//H; k) —
DPerm(G; k) be the right adjoint of W : DPerm(G; k) — DPerm(GJH;k). Then
the tt-ideal of K(G) supported on the closed subset Im(yf) is contained in the
localizing tt-ideal of DPerm(G; k) generated by \I/f(l),

Proof. Let N = NgH. By definition, U6 = §HiN o Resg and therefore the right
adjoint is \Ilf?G = Indg o‘l/fw. By Lemma 9.8, we can handle H < N hence we
know (see also Proposition 7.18) that the generator zuly (H) of the tt-ideal sup-
ported on Im(y) belongs to Locg (PN (1)) in DPerm(N; k). Applying Ind§
and using the fact that Resg is surjective up to direct summands (by separabil-
ity), we see that zulg(H) def Ind%(zulN(H)) belongs to Ind]C\;,(Loc(X)(\I/f‘N(l)) -

Locg (Ind§ X (1)) = Locg (PH:%(1)) in DPerm(G; k). O

Let us now turn to stratification. By noetherianity, we can define a support
for possibly non-compact objects in the ‘big’ tt-category under consideration, here
DPerm(G; k), following Balmer-Favi [BF11, § 7). We remind the reader.

9.10. Recollection. Every Thomason subset Y C Spc(X(G)) yields a so-called ‘idem-
potent triangle’ e(Y) = 1 — f(Y) — Xe(Y) in T(G) = DPerm(G; k), meaning that
e(Y)® f(Y) =0, hence e(Y) = e(Y)®? and f(Y) = f(Y)®2. The left idempotent
e(Y) is the generator of Locg (X (G)y), the localizing tt-ideal of T(G) ‘supported’
on Y. The right idempotent f(Y") realizes localization of T7(G) ‘away’ from Y, that
is, the localization on the complement Y.
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By noetherianity, for every point P € Spc(X(G)), the closed subset {P} is
Thomason. Hence {P} N (Yp)¢ = {P}, where Yy := supp(P) = {Q|P L Q} is
always a Thomason subset. The idempotent g(P) in T(G) is then defined as

9(P) = e({P}) @ £(Yo).

It is built to capture the part of DPerm(G; k) that lives both ‘over {P}’ (thanks to
e({P})) and ‘over Y5’ (thanks to f(Y)); in other words, g(?P) lives exactly ‘at P
This idea originates in [HPS97]. It explains why the support is defined as

Supp(t) = { P € Spe(K(G)) [ g(P) @t # 0}
for every (possibly non-compact) object ¢ € DPerm(G; k).

9.11. Theorem. Let G be a finite group and let k be a field. Then the big tt-category
T(G) = DPerm(G; k) is stratified, that is, we have an order-preserving bijection

{ Localizing tt-ideals £L C T(GQ)} «— {Subsets of Spc(K(G))}

given by sending a subcategory L to the union of the supports of its objects; its
inverse sends a subset Y C Spc(K(G)) to Ly = {t € T(G) | Supp(t) CY }.

Proof. By induction on the order of the group, we can assume that the result holds
for every proper subquotient G/ H (with H # 1). By [BHS21, Theorem 3.21],
noetherianity of the spectrum of compacts reduces stratification to proving min-
imality of Locg(g(P)) for every P € Spc(K(G)). This means that Locg(g(P))
admits no non-trivial localizing tt-ideal subcategory. If P belongs to the coho-
mological open Vi = Spc(Dp(kG)) then minimality at P in T = DPerm(G; k) is
equivalent to minimality at P in T(V) = KInj(kG) by [BHS21, Proposition 5.2].
Since K Inj(kG) is stratified by [BIK11], we have the result in that case.

Let now P € Supp(Kac(G)). By Corollary 7.24, we know that P = Pg(H, p) for
some non-trivial p-subgroup 1 # H < G and some cohomological point p € Vg /.
(In the notation of Proposition 7.32, this means P € Vg(H).) Suppose that ¢ €
Locg(g(P)) is non-zero. We need to show that Locg(t) = Locg (g(P)), that is, we
need to show that g(P) € Locg(t).

Recall the tt-functor W : DPerm(G; k) — KInj(kGJH)) from Notation 6.10.
By general properties of BF-idempotents [BF11, Theorem 6.3], we have UK (g(P)) =
g()"1(P)) in KInj(k(GJK)) for every K € Sub,G. Since ¢ is injective by
Proposition 7.14, the fiber (¢%)~1(?) is a singleton (namely p) if K ~ H and is
empty otherwise. It follows that for all K % H we have U (g(?)) = 0 and therefore
UX(t) = 0 as well. Since ¢ is non-zero, the Conservativity Theorem 6.12 forces
the only remaining ¥ (¢) to be non-zero in KInj(k(G/H)). This forces WH (t)
to be non-zero in T(GJ/H) as well, since U7 = Yy u o V2. This object UH(t)
belongs to Locg (¥ (g(P))) = Locg (g9((¥) 71 (P))). Note that vg  (p) is the only
preimage of P = Pg(H,p) under )7 (see Remark 7.34). By induction hypothesis,
this localizing tt-ideal Locg (¥ (g(?))) is minimal. And it contains our non-zero
object W (t). Hence W (g(P)) € Locg (¥H (t)). Applying the right adjoint W it
follows that WHWH (g(P)) € W (Locg (¥ (t))) C Locg(t) where the last inclusion
follows by the projection formula for W7 \I/f . Hence by the projection formula
again we have in T(G) that

\I/f(l) ® g(P) € Locg(t).
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But we proved in Proposition 9.9 that the localizing tt-ideal generated by W4 (1)

contains K(G)im(yry and in particular e({?}) and a fortiori g(P). In short, we have
g(P) = g(P)®? € Locg (P51 (1) ® g(P)) € Locg(t) as needed to be proved. O

9.12. Corollary. The Telescope Conjecture holds for DPerm(G; k). Fvery smashing
tt-ideal 8 C DPerm(G; k) is generated by its compact part: 8§ = Locg (8¢).

Proof. This follows from noetherianity of Spc(X(G)) and stratification by [BHS21,
Theorem 9.11]. O

Part II. Topology of the spectrum and twisted cohomology

10. INTRODUCTION TO PART II

After identifying all the points in the spectrum Spc(K(G)) of the permutation
tt-category (1.1) in Part I, we now want to describe the topology. This knowledge
will give us the classification of thick ®-ideals in K(G).

The colimit theorem. To discuss the tt-geometry of X(G), it is instructive
to keep in mind the bounded derived category of finitely generated kG-modules,
Dy, (kG), which is a localization of our X(G) by [BG23a, Theorem 5.13]. A theorem
of Serre [Ser65], famously expanded by Quillen [Qui71], implies that Spc(Dy(kG))
is the colimit of the Spe(Dy(kE)), for E running through the elementary abelian
p-subgroups of G; see [Ball6, §4]. The indexing category for this colimit is an orbit
category: Its morphisms keep track of conjugations and inclusions of subgroups.
In Part I, we proved that Spc(K(G)) is set-theoretically partitioned into spectra
of derived categories Dy, (k(GJK)) for certain subquotients of G, namely the Weyl
groups GJ/K = (NgK)/K of p-subgroups K < G. It is then natural to expect
a more intricate analogue of Quillen’s result for the tt-category X(G), in which
subgroups are replaced by subquotients. This is precisely what we prove. The orbit
category has to be replaced by a category £,(G) whose objects are elementary
abelian p-sections £ = H/K, for p-subgroups K < H < G. The morphisms
in £,(G) keep track of conjugations, inclusions and quotients. See Construction 11.1.
This allows us to formulate our reduction to elementary abelian groups:

10.1. Theorem (Theorem 11.10). There is a canonical homeomorphism
colim  Spc(XK(E)) = Spc(K(Q)).
colim Spe(K(E)) % Spe(X()

The category &£,(G) has been considered before, e.g. in Bouc-Thévenaz [BT08].
Every morphism in £,(G) is the composite of three special morphisms (Remark 11.3)

(10.2) ESE S E' S B

where E’ is a G-conjugate of E, where E’ < E” is a subgroup of E” and where
E"” = E" /N is a quotient of E"” (sic!). The tt-category X(F) is contravariant
in E € £,(G) and the tt-functors corresponding to (10.2)

(10.3) K(E™) Y % (B B k(B 2 K(E)

yield the modular N -fized-points functor UV introduced in Part I, and the standard
restriction functor and conjugation isomorphism. As we saw, the UV are a type of
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Brauer quotient that make sense on the homotopy category of permutation modules
but do not exist on derived or stable categories. They distinguish our results and
their proofs from the classical theory.

Twisted cohomology. The above discussion reduces the analysis of Spc(X(G))
to the case of elementary abelian p-groups E. As often in modular representation
theory, this case is far from trivial and can be viewed as the heart of the matter.

So let E be an elementary abelian p-group. Our methods will rely on ®-invertible
objects uy in K(E) indexed by the set N(E) = { N < E|[E:N] =p} of maximal
subgroups. These objects are of the form uy = (0 — k(E/N) — k(E/N) — k — 0)
for p odd and uy = (0 = k(E/N) — k — 0) for p = 2. See Definition 12.3. We
use these ®-invertibles ux to construct a multi-graded ring

(10.4) H*(E)= & Homx g (1,1(q)[s]),

S€EZ geNN(E)

where 1(g) is the ®@-invertible @ y e () u%q(N) for every tuple ¢: N(E) — N, that
we refer to as a ‘twist’. Without these twists we would obtain the standard Z-
graded endomorphism ring End*(1) := @scz Hom(1, 1[s]) of 1 which, for Dy (kE),
is the cohomology H*(E, k), but for X(E) is reduced to the field k and therefore
rather uninteresting. We call H**(E) the (permutation) twisted cohomology of E.
Some readers may appreciate the analogy with cohomology twisted by line bundles
in algebraic geometry, or with Tate twists in motivic cohomology.
We can employ this multi-graded ring H**(E) to describe Spc(K(E)):

10.5. Theorem (Corollary 15.6). The space Spc(K(E)) identifies with an open
subspace of the homogeneous spectrum of H**(E) via a canonical ‘comparison map’.

The comparison map in question generalizes the one of [BallOa], which landed
in the homogenous spectrum of End*®(1) without twist. We also describe in Corol-
lary 15.6 the open image of this map by explicit equations in H**(E).

Dirac geometry. If the reader is puzzled by the multi-graded ring H**(E), here is
another approach based on a special open cover {U(H)}n<g of Spc(X(F)) indexed
by the subgroups of E and introduced in Proposition 13.11. Its key property is that
over each open U(H) all the ®-invertible objects uy are trivial: (un) u gy >~ 1[s]
for some shift s € Z depending on H and N. For the trivial subgroup H =1,
the open U(1) is the ‘cohomological open’ of Part I, that corresponds to the image
under Spc(—) of the localization K(E)— Dy(kE). See Proposition 13.14. At the
other end, for H = E, we show in Proposition 13.17 that the open U(FE) is the
‘geometric open’ that corresponds to the localization of X(F) given by the geo-
metric fixed-points functor. Compare Remark 4.11. For E of rank one, these two
opens U(1) and U(FE) are all there is to consider. But as the p-rank of E grows,
there is an exponentially larger collection {U(H)} g of open subsets interpolat-
ing between U(1) and U(E). This cover {U(H)} p<g allows us to use the classical
comparison map of [Ball0a] locally. It yields a homeomorphism between each U(H)
and the homogeneous spectrum of the Z-graded endomorphism ring Endj; (1) in
the localization K(E)|yg). In compact form, this can be rephrased as follows (a
Dirac scheme is to a usual scheme what a Z-graded ring is to a non-graded one):

10.6. Theorem (Corollary 15.4). The space Spc(K(E)), together with the sheaf of
Z-graded rings obtained locally from endomorphisms of the unit, is a Dirac scheme.
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Elementary abelian take-home. Let us ponder the Z-graded endomorphism
ring of the unit End®(1) for a moment longer. As we know, the ring Endj g (1) = k
is too small to provide geometric information. So we have developed two substitutes.
Our first approach is to replace the usual Z-graded ring End*(1) by a richer multi-
graded ring involving twists. This leads us to twisted cohomology H**(E) and
to Theorem 10.5. The second approach is to hope that the endomorphism ring
End*(1), although useless globally, becomes rich enough to control the topology
locally on Spc(XK(E)), without leaving the world of Z-graded rings. This is what
we achieve in Theorem 10.6 thanks to the open cover {U(H)}u<g. As can be
expected, the two proofs are intertwined.

Touching ground. Combining Theorems 10.1 and 10.6 ultimately describes the
topological space Spc(K(G)) for all G, in terms of homogeneous spectra of graded
rings. In Sections 16 to 18 we improve and apply these results as follows.

In Section 16, we explain how to go from the ‘local’ rings Endj; ;) (1) over the
open U(H), for each subgroup H < E, to the ‘global’ topology of Spc(K(E)).

In Theorem 17.13, we give a finite presentation by generators and relations of
the reduced k-algebra (Endj;(g)(1))red generalizing the usual one for cohomology.

In Corollary 18.12, we express Spc(K(G)) for a general finite group G as the
quotient of a disjoint union of Spe(K(E)) for the mazimal elementary abelian p-
sections E of G by maximal relations.

In Proposition 18.14, we prove that the irreducible components of Spc(X(Q))
correspond to the maximal elementary abelian p-sections of G up to conjugation.
It follows that the Krull dimension of Spc(X(G)) is the sectional p-rank of G, the
maximal rank of elementary abelian p-sections. (For comparison, recall that for the
derived category these irreducible components correspond to maximal elementary
abelian p-subgroups, not sections, and the Krull dimension is the usual p-rank.)

And of course, we discuss more examples. Using our techniques, we com-
pute Spce(XK(G)) for some notable groups G, in particular Klein-four (Example 16.16)
and the dihedral group (Example 18.17).

For the reader’s convenience, we tried to keep Part II somewhat self-contained.
Here is a quick summary of the main ingredients we need from Part I.

10.7. Recollection. The canonical localization Y¢: K(G)— Dy (kG) gives us an
open piece Vg = Spc(Dy,(kG)) = Spect(H*(G, k)) of the spectrum, that we call
the ‘cohomological open’. We write vg = Spc(Yq): Vo — Spc(K(G)) for the
inclusion. For every H € Sub,(G) we denote by ¥ : X(G) — K(GJH) the
modular H-fixed-points tt-functor constructed in Section 5. It is characterized
by WH(k(X)) ~ k(XH) on permutation modules and by the same formula de-
greewise on complexes. We write UH = Taym o UH for the composite X(G) —
K(GJH)—Dy(k(G/JH)) all the way down to the derived category of G/ H. For ev-
ery H € Sub,(G), the tt-prime M(H) = Ker(¥*) is a closed point of Spe(K(G)). Tt
is also M(H) = Ker(FH) where FH = Res™/ " oUH : %(G) — K(GJ/H) — Dy (k).
All closed points of Spc(K(G)) are of this form by Corollary 7.31. We write
PP = Spe(VH): Spe(K(GJH)) — Spc(K(G)) for the continuous map induced
H
by U2 and " = Spe(BH): Vg <> Spe(K(GJH)) L Spe(X(G)) for its
restriction to the cohomological open of GJ/H. If we need to specify the ambi-

ent group we write ¢ for | etc. We saw in Section 7 that 1 is a closed
map, and a closed immersion if H < G is normal. Every prime P € Spc(K(G))
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is of the form P = Pg(H,p) := ¢ (p) for a p-subgroup H < G and a point
p € Vg u in the cohomological open of the Weyl group of H, in a unique way up
to G-conjugation; see Theorem 7.16. Hence the pieces Vg (H) = ’(/VJ(Vg//H) yield
a partition Spc(K(G)) = Unesub,(a)/e Ve (H) into relatively open strata Vg (H),
homeomorphic to Vgyg. The crux of the problem is to understand how these
strata Vo (H) ~ Vg p attach together topologically, to build the space Spc(K(G)).

11. THE COLIMIT THEOREM

To reduce the determination of Spc(K(G)) to the elementary abelian case, we
invoke the category E,(G) of elementary abelian p-sections of a finite group G.
Recall that a section of G is a pair (H, K) of subgroups with K normal in H.

11.1. Construction. We denote by &£,(G) the category whose objects are pairs (H, K)
where K < H are p-subgroups of G such that H/K is elementary abelian. Mor-
phisms (H, K) — (H', K') are defined to be elements g € G such that

K' <KI<HILH.

Composition of morphisms is defined by multiplication in G. Note that the rank of
the elementary abelian group H/K increases or stays the same along any morphism
(H,K) — (H',K') in this category.

11.2. Ezamples. Let us highlight three types of morphisms in &,(G).

~

(a) We have an isomorphism g¢: (H,K) — (HY,K9) in &,(G) for every g € G.
Intuitively, we can think of this as the group isomorphism c,: H/K = H9/K9.
(b) For every object (H', K') in £,(G) and every subgroup H < H' containing K’,
we have a well-defined object (H, K’) and the morphism 1: (H,K') — (H', K').
Intuitively, we think of it as the inclusion H/K’ — H'/K' of a subgroup.

(c) For (H,K) in £,(G) and a subgroup L = L/K of H/K, for K < L < H, there
is another morphism in &,(G) associated to 1 € G, namely 1: (H,L) — (H,K).
This one does not correspond to an intuitive group homomorphism H/L --+ H/ K,
as K is smaller than L. Instead, H/L is the quotient of H/K by L < H/K. This
last morphism will be responsible for the modular L-fixed-points functor.

11.3. Remark. Every morphism g: (H, K) — (H', K') in £,(G) is a composition of
three morphisms of the above types (a), (b) and (c) in the following canonical way:

H HYI H' H'
(a) (b) (c)

\Y% — \V4 — \Y% — \Y%

K K9 K9 K’

where the first is given by g € G and the last two are given by 1 € G.

11.4. Construction. To every object (H, K) in £,(G), we associate the tt-category
K(H/K) = Ky (perm(H/K; k)). For every morphism g: (H, K) — (H', K') in £,(G),

we set K = K9/K' and we define a functor of tt-categories:

K(g): K(H' /K'Y 25 (B JK9) B 519 /K9) <25 % (H/K)

using that (H'/K')/K = H'/KY for the modular fixed-points functor ¥X, and
using that H9/K9 is a subgroup of H'/K9 for the restriction.
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It follows from Proposition 5.15 and Corollary 5.18 that K(—) is a contravariant
(pseudo) functor on &,(G) with values in tt-categories:

(11.5) K: E,(G)°P —> tt-Cat .

We can compose this with Spe(—), which incidentally makes the coherence of the
2-isomorphisms accompanying (11.5) irrelevant, and obtain a covariant functor
from &,(G) to topological spaces. Let us compare this diagram of spaces (and its
colimit) with the space Spc(K(G)). For each (H, K) € £,(G), we have a tt-functor

Resg pKE
(11.6) XK(G) —= K(H) — K(H/K)
which yields a natural transformation from the constant functor (H, K) — X(G)
to the functor K: &,(G)°P — tt-Cat of (11.5). The above ¥¥ is UXH  Since H <
N¢K, the tt-functor (11.6) is also Resgé/ff oUKC: K(G) - K(GJK) — K(H/K).
Applying Spc(—) to this observation, we obtain a commutative square:

PIGH

Spe(X(H/K)) ——— Spc(X(H))

(11.7) pH/Kl W lpH
Spe(K(G/ K)) —e Spe(X(G))

whose diagonal we baptize ¢y, k). In summary, we obtain a continuous map

(11.8) ©: (H,%leig:(c) Spce(K(H/K)) — Spc(K(G))

whose component ¢y iy at (H, K) is the diagonal map in (11.7).

11.9. Lemma. (a) FEach of the maps Spc(K(g)): Spe(K(H/K)) — Spce(K(H'/K'"))
in the colimit diagram (11.8) is a closed immersion.

(b) Each of the components g, ky: Spc(K(H/K)) — Spc(K(G)) of (11.8) is
closed and preserves the dimension of points (i.e. the Krull dimension of their clo-
sure).

Proof. These statements follow from two facts, see Recollection 10.7: When N < G
is normal the map ¥V : Spc(K(G/N)) — Spc(K(G)) is a closed immersion. When
H < G is any subgroup, the map pg: Spc(K(H)) — Spc(X(G)) is closed, hence
lifts specializations, and it moreover satisfies ‘Incomparability’ by [Ball6]. (]

We are now ready to prove Theorem 10.1:
11.10. Theorem. For any finite group G, the map p in (11.8) is a homeomorphism.

Proof. Each component ¢y ) is a closed map and thus ¢ is a closed map. For
surjectivity, by Recollection 10.7, we know that Spc(X(G)) is covered by the sub-
sets P& (Vayk), over all p-subgroups K < G. Hence it suffices to know that the
Im(pg) cover Vgyx = Spe(Dp(G/K)) as E < G//K runs through all elementary
p-subgroups. (Such an E must be of the form H/K for an object (H, K) € £,(G).)
This holds by a classical result of Quillen [Qui71]; see [Ball6, Theorem 4.10].

The key point is injectivity. Take P € Spc(K(H/K)) and P’ € Spc(K(H'/K"))
with same image in Spc(K(G)). Write P = Py (L/K,p) for suitable arguments
(K < L < H,p € Vyy) and note that the map induced by 1: (H,L) —
(H,K) in &(G) sends Pg/r(1,p) € Spc(K(H/L)) to P. So we may assume
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L = K. By Remark 7.6, the image of P = P,k (1,p) in Spc(K(G)) is Pa(K, p(p))
where p: Vi — Vgyk is induced by restriction. Similarly, we may assume
P = Puyx(1,p') for p' € Vi and we have Pg(K,p(p)) = Pa(K', p'(p'))
in Spc(X(G)) and need to show that P and P’ are identified in the colimit (11.8).

By Theorem 7.16, the relation Pe (K, p(p)) = Pa(K’, p'(p’)) can only hold be-
cause of G-conjugation, meaning that there exists ¢ € G such that K’ = K9 and
p'(p') = p(p)? in V). Using the map g: (H,K) — (H9,K9) in £,(G) we may
replace H, K,p by H9, K9,p9 and reduce to the case K = K’. In other words,
we have two points P = Py k(1,p) € Spc(K(H/K)) and P = Py k(1,p') €
Spe(X(H'/K)) corresponding to two p-subgroups H, H' < G containing the same
subgroup K as a normal subgroup and two cohomological primes p € Vi i and p’ €
Vh i such that p(p) = p'(p’) in Vg under the maps p and p’ induced by restric-
tion along H/K < GJ/K and H'/K < GJ/K respectively.

If we let G = G/K = (NgK)/K, we have two elementary abelian p-subgroups
H = H/K and H' = H'/K of G, each with a point in their cohomological open, p €
Vi and p’ € Vi, and those two points have the same image in the cohomological
open Vg of the ‘ambient’ group G. By Quillen [Qui71] (or [Ball6, §4]) again, we
know that this coalescence must happen because of an element g € G, that is, a g €
NgK, and a prime q € Vg5 that maps to p and to p’ under the maps Vigqog —
Vg and Vigneg: — Vi, respectively. But our category &,(G) contains all such
conjugation-inclusion morphisms coming from the orbit category of G. Specifically,
we have two morphisms 1: (HN9H',K) — (H,K) and g: (HNYH'|K) — (H', K)
in £,(G), under which the point P(gnem+)/x(1,q) maps to Py k(1,p) = P and
Prr /i (1,p") = P’ respectively. This shows that P = P’ in the domain of (11.8) as
required. ([l

11.11. Remark. By Proposition 9.1, the space Spc(X(G)) is noetherian. Hence the
topology is entirely characterized by the inclusion of primes. Now, suppose that P
is the image under ¢z xy: Spc(K(E)) — Spe(K(G)) of some P’ € Spc(K(E)) for
an elementary abelian subquotient F = H/K corresponding to a section (H, K) €
Ep(G). Then the only way for another prime Q € Spc(X(G)) to belong to the
closure of P is to be itself the image of some point Q' of Spc(K(E)) in the closure
of P’. This follows from Lemma 11.9. In other words, the question of inclusion of
primes can also be reduced to the elementary abelian case.

12. INVERTIBLE OBJECTS AND TWISTED COHOMOLOGY

In this section we introduce a graded ring whose homogeneous spectrum helps
us understand the topology on Spc(K(G)), at least for G elementary abelian. This
graded ring, called the twisted cohomology ring (Definition 12.16), consists of mor-
phisms between 1 and certain invertible objects. It all starts in the cyclic case.

12.1. Ezample. Let C, = (0 | o? = 1) be the cyclic group of prime order p, with a
chosen generator. We write kC), = k[o]/(o? — 1) as k[r]/7P for T = 0 — 1. Then
the coaugmentation and augmentation maps become:

-1
ni k2T ke,  and  e:kC, 225 k.
For p odd, we denote the first terms of the ‘standard’ minimal resolution of k& by

up = (0 = kCp = kCp = k — 0).
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We view this in X(C),) with k in homological degree zero. One can verify directly
that u, is @-invertible, with v ™' = uy = (0 — k 2 kC, 5 kC, — 0). Alterna-
tively, one can use the conservative pair of functors F: X(C,) — Dy, (k) for H €
{C,, 1}, corresponding to the only closed points M(C}) and M(1) of Spc(K(Cp)).
Those functors map u, to the ®-invertibles k and k[2] in Dy, (k), respectively.

For p = 2, we have a similar but shorter ®-invertible object in K(Cs)

u2:(0_>k02i>k_>0)
again with k in degree zero.

12.2. Notation. To avoid constantly distinguishing cases, we abbreviate

o 2 ifp>2
Tl 1 ifp=2.

For any finite group G and any index-p normal subgroup N, we can inflate the
®-invertible u, of Example 12.1 along 7: G — G/N =~ C,, to a ®-invertible in X(G).

12.3. Definition. Let N < G be a normal subgroup of index p. We define
o3 0= k(G/N) D k(G/N) S k—0—--- ifpisodd
(124) uN = e
o= 0= 0 — k(G/N)=k—=0—--- ifp=2
with k in degree zero. We also define two morphisms

an: 1—)UN and bNS 1—)UN[72/]

as follows. The morphism ap is the identity in degree zero, independently of p:

1= —0—k—0—---
ox | I
uy = -+ —=k(G/N)—=k—=0—---

The morphism by is given by n: k — k(G/N) in degree zero, as follows:

1 = k—0 1 = k 0 0
b | L and el K ! !
un[-1] = k(G/N) 2k un[2 = K(G/N) 5 k(GIN) ok

where the target wy is shifted once to the right for p = 2 (as in the left-hand
diagram above) and shifted twice for p > 2 (as in the right-hand diagram).

When p is odd there is furthermore a third morphism ¢y : 1 — uy[—1], that is
defined to be n: k — k(G/N) in degree zero. This ¢y will play a lesser role.

In statements made for all primes p, simply ignore ¢y in the case p = 2 (or think
cy = 0). Here is an example of such a statement, whose meaning should now be
clear: The morphisms an and by, and ¢y (for p odd), are inflated from G/N.

12.5. Remark. Technically, u depends not only on an index-p subgroup N <G but
also on the choice of a generator of G/N, to identify G/N with C,. If one needs
to make this distinction, one can write u, for a chosen epimorphism m: G — C,,.
This does not change the isomorphism type of uy, namely ker(7) = ker(n") implies
Uz = ur. (We expand on this topic in Remark 17.2.)
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12.6. Lemma. Let N <1 G be a normal subgroup of index p and let ¢ > 1. Then
there is a canonical isomorphism in K(Q)

p—1 T €
u? = (-0 = k(G/N) 5 kE(G/N) T— --- HE(G/N) S k—0--)
where the first k(G/N) sits in homological degree 2' - q and k sits in degree 0.
Proof. It is an exercise over the cyclic group C,,. Then inflate along G - G/N. O

12.7. Remark. The morphism by: 1 — uyn[—2'] of Definition 12.3 is a quasi-iso-
morphism and the fraction

(N = (bN[QI])il oan:1— uy 1[2/]

is a well-known morphism (y € Homp, (xc)(1,1[2']) = n? (G, k) in the derived
category Dy, (kG). For G elementary abelian, these (y generate the cohomology
k-algebra H*(G, k), on the nose for p = 2 and modulo nilpotents for p odd.

We sometimes write CR‘, = % for (v in order to distinguish it from the inverse
fraction (y := % that exists wherever ay is inverted. Of course, when both ay

and by are inverted, we have (y = (() 7! = ('

12.8. Remark. The switch of factors (12): uy ® uy = uy ® uy can be computed
directly to be the identity (over Cp, then inflate). Alternatively, it must be multi-
plication by a square-one element of Aut(1) = k*, hence £1. One can then apply
the tensor-functor ¥ : X(G) — Dy, (k), under which ux goes to 1, to rule out —1.

It follows that for p odd, uy[—1] has switch —1, and consequently every mor-
phism 1 — uy[—1] must square to zero. In particular ¢y ® ¢y = 0. This nilpotence
explains why ¢y will play no significant role in the topology.

We can describe the image under modular fixed-points functors of the ®-invertible
objects uy and of the morphisms ay and by. (We leave ¢y as an exercise.)

12.9. Proposition. Let H < G be a normal p-subgroup. Then for every index-p
normal subgroup N <G, we have in K(G/H)

[ u if H<N
\IfH(uzv)—{ 1 ij‘cH?{N

and under this identification

H _Joanu fHSLN " [ by fHSEN
v (GN)_{ o ogmgn VO =100y

Proof. Direct from Definition 12.3 and U (k(X)) = k(X ) for X = G/N. O

For restriction, there is an analogous pattern but with the cases ‘swapped’.

12.10. Proposition. Let H < G be a subgroup. Then for every index-p normal
subgroup N <1 G, we have in X(H)

G o) 12 FHSN
and under this identification
Ie - 0 ifH<N G B 11 ¢ HLN
Resg(an) { axon ifHLN and Resg(bn) { byen if H LN

Proof. Direct from Definition 12.3 and the Mackey formula for Res$ (k(G/N)). O
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We can combine the above two propositions and handle ¥ for non-normal H,
since by definition W& = wHiNcH o Res%GH. Here is an application of this.

12.11. Corollary. Let H < G be a p-subgroup and N <1 G of index p. Recall the
‘residue’ tt-functor F = Res; oW : K(G) — Dy (k) at the closed point M(H).

(a) If H £ N then FH (ay) is an isomorphism.

(b) If H < N then FH (by) is an isomorphism.

Proof. We apply Proposition 12.10 for NoH < G and Proposition 12.9 for H <
NgH. For (a), H £ N forces NoH £ N and H £ N N NgH. Hence ¥ (ay) =
UHNGH Resn p(ay) = WHNeH (qnn.pr) = 11 is an isomorphism. Similarly
for (b), if N¢H < N then W (by) is an isomorphism and if NgH € N it is the
quasi-isomorphism b(ynng ). Thus FH(by) is an isomorphism in Dy, (k). O

Let us now prove that the morphisms ay and by, and ¢y (for p odd), generate
all morphisms from the unit 1 to tensor products of uy’s. This is a critical fact.

12.12. Lemma. Let Ny,..., N, be index-p normal subgroups of G and abbreviate
u; == up, fori=1,...,¢ and similarly a; := an, and b; := by, and ¢; = cn, (see
Definition 12.3). Let q1,...,q € N be non-negative integers and s € Z. Then every
morphism f: 1 — ui" @ @ul¥[s] in K(G) is a k-linear combination of tensor
products of (i.e. a ‘polynomzal’ in) the morphisms a; and b;, and ¢; (for p odd).

Proof. We proceed by induction on £. The case £ = 0 is just Endj (1) = k.
Suppose £ > 1 and the result known for £ — 1. Up to reducing to £ — 1, we can
assume that the Ny,..., Ny are all distinct. Set for readability

vi=ul? ® - ®u2®q‘i s, N := Ny, U= up = uyn and  q:=q
so that f is a morphism of the form
filoovu®l.

We then proceed by induction on ¢ > 0. We assume the result known for ¢ — 1 (the
case ¢ = 0 holds by induction hypothesis on ¢). The proof will now depend on p.
Suppose first that p = 2. Consider the exact triangle in X(G)

u®(j1) = ~~~O*>j—>kG/N S E(G/N) S kE—0--
" | |
(12.13) u®? = ...0=k(G/N) S k(G/N) S D E(G/N) S k—0-
| | | ]
k(G/N)[q] = ---0— k(G/N) 0 0 0—0---

where k is in degree zero. (See Lemma 12.6.) Tensoring the above triangle with v
and applying Homg(1, —) := Homg(g)(1, —) we get an exact sequence
(12.14)

Home (1, v ® u®@=1) % Homg (1,0 @ u®1) — Homg (1,v ® k(G/N)q))

w 1

f  +—— f € Homy(1,Res% (v)[q])

Our morphism f belongs to the middle group. By adjunction, the right-hand term
is Homy (1, Res$ (v)[g]). Now since all Ny,..., N, = N are distinct, we can apply
Proposition 12.10 to compute Res$ (v) and we know by induction hypothesis (on ¢)
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that the image f/ of our f in this group Homy (1, Res§ (v)[g]) is a k-linear combi-
nation of tensor products of an,~n and by,nn for 1 < 4,5 < £ — 1, performed over
the group N. We can perform the ‘same’ k-linear combination of tensor products

of a;’s and b;’s over the group G, thus defining a morphism f” € Homg(1,v[q]).

We can now multiply f” with b57: 1 — u$?[—q] to obtain a morphism f”b% in

the same group Homg (1, v ® u®?) that contains f. Direct computation shows that
the image of this f”b% in Homy (1, Resy(v)[s]) is also equal to f’. The key point
is that b%q is simply n: k — k(G/N) in degree ¢ and this n is also the unit of the
Resg - Ind% adjunction. In other words, the difference f — f”b%, comes from the
left-hand group Homg(1,v ® u®@~1) in the exact sequence (12.14), reading

f — fllblj]v + f”/aN
for some f" € Homg(1l,v ® u®@= 1), By induction hypothesis (on ¢), f” is a
polynomial in a;’s and b;’s. Since f” also was such a polynomial, so is f.

The proof for p odd follows a similar pattern of induction on ¢, with one compli-
cation. The cone of the canonical map ay: u%(q_l) — uly? is not simply k(G/N)
in a single degree as in (12.13) but rather the complex

C:=(—=0—=2kG/N) = k(G/N)=0—--)

with k(G/N) in two consecutive degrees 2q and 2¢ — 1. So the exact sequence
(12.15) Homg (1,v ® u®@~ D) % Homg (1, v ® u®?) — Homg(1,v ® O)

has a more complicated third term than the one of (12.14). That third term
Homeg (1, v ® C) itself fits in its own exact sequence associated to the exact trian-
gle K(G/N)[2¢ — 1] = k(G/N)[2¢ — 1] = C — k(G/N)[2q]. Each of the terms
Homg(1,v ® k(G/N)[%]) = Hompy (1, Res§ (v)[#]) can be computed as before, by
adjunction. The image of f in Homp (1, Res% (v)[2q]) can again be lifted to a
polynomial f'0% : 1 — v ® u®? so that the image of the difference f — f'b% in
Homg(1,v ® C) comes from some element in Homy (1, Res$ (v)[2¢ — 1]). That
element may be lifted to a polynomial f”b}lv_lcN 11— v ®u®, and we obtain

f — flb?v + f”b?\;lc]\[ + f///aN
for some f"” € Homg(1,v ® u®@~ D) similarly as before. O
We can now assemble all the hom groups of Lemma 12.12 into a big graded ring.

12.16. Definition. We denote the set of all index-p normal subgroups of G by
(12.17) N=N(G):={N<aG|[G:N]=p}.

Let NN = NN(&) = {4: N(G) — N} be the monoid of twists, i.e. tuples of non-
negative integers indexed by this finite set. Consider the (Z x N™)-graded ring

(12.18) H**(G) = H*(G; k) = D @D Homyq) (1, &) ugr™ [s]).
S€EZ gqeNN NeN

Its multiplication is induced by the tensor product in X(G). We call H**(G) the
(permutation) twisted cohomology ring of G. It is convenient to simply write

(12.19) 1(g) = ) (un)®*™)

NeN
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for every twist ¢ € NN(%) and thus abbreviate H*%(G) = Hom (1, 1(g)[s]).

12.20. Remark. The graded ring H**(G) is graded-commutative by using only the
parity of the shift, not the twist; see Remark 12.8. In other words, we have

hi-hy = (—1)81.52 ho - hy when h; € H % (G)

For instance, for p odd, when dealing with the morphisms ay and by, which land
in even shifts of the object uy, we do not have to worry too much about the order.
This explains the ‘unordered’ notation (ny = Z—ﬁ used in Remark 12.7.

The critical Lemma 12.12 gives the main property of this construction:

12.21. Theorem. The twisted cohomology ring H**(G) of Definition 12.16 is a k-
algebra generated by the finitely many elements an and by, and cy (for p odd), of
Definition 12.3, over all N <G of index p. In particular H**(G) is noetherian. O

12.22. Ezample. The reader can verify by hand that H**(C2) = k[an, bx], without
relations, and that H**(C,) = k[an,bn,cn]/{c%) for p odd, where in both cases
N =1is the only N € N(C,). This example is deceptive, for the {an,bn,cnFnen
usually satisfy some relations, as the reader can already check for G = Cs x C5 for
instance. We systematically discuss these relations in Section 17.

We conclude this section with some commentary.

12.23. Remark. The name ‘cohomology’ in Definition 12.16 is used in the loose
sense of a graded endomorphism ring of the unit in a tensor-triangulated category.
However, since we are using the tt-category X(G) and not Dy, (kG), the ring H**(G)
is quite different from H*(G, k) in general. In fact, H**(G) could even be rather
dull. For instance, if G is a non-cyclic simple group then N(G) = @ and H**(G) =
k. We will make serious use of H**(G) in Section 15 to describe Spc(X(G)) for
G elementary abelian. In that case, H*(G, k) is a localization of H**(G). See
Example 14.13.

12.24. Remark. By Proposition 12.9, there is no ‘collision’ in the twists: If there
is an isomorphism 1(g)[s] ~ 1(¢')[s'] in K(G) then we must have ¢ = ¢’ in N
and s = s’ in Z. The latter is clear from F&(uy) = 1 in Dy, (k), independently of N.
We then conclude from F¥(1(q)) ~ 1[2'q(N)] in Dy, (k), for each N € N.

12.25. Remark. We only use positive twists g(IV) in (12.18). The reader can verify
that already for G = C, cyclic, the Z*-graded ring @ 4)cz2 Hom(1, u?[s]) is not
noetherian. See for instance [DHM24] for p = 2. However, negatively twisted
elements tend to be nilpotent. So the Z x ZN-graded version of H**(G) may yield
the same topological information as our Z x N™-graded one. We have not pushed
this investigation of negative twists, as it brought no benefit to our analysis.

13. AN OPEN COVER OF THE SPECTRUM

In this section, we extract some topological information about Spc(X(G)) from
the twisted cohomology ring H**(G) of Definition 12.16 and the maps ay and by
of Definition 12.3, associated to every index-p normal subgroup N in N = N(G).

Recall from Construction 3.14 that we can use tensor-induction to associate to
every subgroup H < G a Koszul object kosg(H) = ®Ind% (0 — k Lk 0). It
generates in K(G) the tt-ideal Ker(Res%), see Proposition 3.21:

(13.1) (kosq(H))5c(c) = Ker (Res% : K(G) — K(H)).
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13.2. Lemma. Let N < G be a normal subgroup of index p. Then we have:

(a) In X(G), the object cone(an) generates the same thick subcategory as k(G/N).
In particular, supp(cone(an)) = supp(k(G/N)).

(b) In X(QG), the object cone(by) generates the same thick tensor-ideal as kosg(N).
In particular, supp(cone(by)) = supp(kosg(N)) = supp(Ker(Res$)).

Proof. For p = 2, we have cone(ay) = k(G/N)[1] so the first case is clear. For p
odd, we have cone(ay)[—1] =~ (0 = k(G/N) 5 k(G/N) — 0) = cone(Tc/n))-
Hence cone(ay) € thick(k(G/N)). Conversely, since 77 = 0, the octahedron axiom
inductively shows that k(G /N) € thick(cone(7 |, ny)). This settles (a).

For (b), the complex s := cone(by)[2] becomes split exact when restricted to N
since it is inflated from an exact complex on G/N. In degree one we have s; =
k(G/N), whereas so = k. Hence Corollary 3.20 tells us that the complex s generates
the tt-ideal Ker(ResS : K(G) — K(N)). We conclude by (13.1). O

13.3. Corollary. Let N <G be of index p. Then cone(an) ® cone(by) = 0.

Proof. By Lemma 13.2 it suffices to show k(G/N) ® kosg(N) = 0. By Frobenius,
this follows from Res$} (kosg(N)) = 0, which holds by (13.1). O

We now relate the spectrum of X(G) to the homogeneous spectrum of H**(G),
in the spirit of [Ball0a]. The comparison map of [BallOa] is denoted by p* but we
prefer a more descriptive notation (and here, the letter p is reserved for Spc(Res)).

13.4. Proposition. There is a continuous ‘comparison’ map
compg: Spe(K(G)) — Spec (H** (@)

mapping a tt-prime P to the ideal generated by those homogeneous f € H**(G)
whose cone does not belong to P. It is characterized by the fact that for all f

(13.5)  compg'(Z(f)) = supp(cone(f)) = {» ’ f is not invertible in K(G)/P }
where Z(f) = {p | fe p} is the closed subset of Spech(H**(Q)) defined by f.

Proof. The fact that the homogeneous ideal comp () is prime comes from [Ball0a,
Theorem 4.5]. Equation (13.5) is essentially a reformulation of the definition. O

13.6. Remark. The usual notation for Z(f) would be V(f), and D(f) for its open
complement. Here, we already use V for Vi and for Vg (H), and the letter D is
certainly overworked in our trade. So we stick to Z(f) and Z(f)°.

13.7. Notation. In view of Proposition 13.4, for any f, the open subset of Spc(K(G))
(13.8) open(f) := open(cone(f)) = { P| f is invertible in K(G)/P }

is the preimage by compg: Spe(K(G)) — Spec?(H**(G)) of the principal open
Z(f)e={p|f ¢p} Itis the open locus of Spc(X(G)) where f is invertible. In
particular, our distinguished elements ay and by (see Definition 12.3) give us the
following open subsets of Spc(X(G)), for every N € N(G):

open(ay) = compg' (Z(an)®), the open where ay is invertible, and
open(by) = compg' (Z(by)®), the open where by is invertible.

Since (cx)? = 0 by Remark 12.8, we do not have much use for open(cy) = @.



50 PAUL BALMER AND MARTIN GALLAUER

13.9. Corollary. With notation as above, we have for every N < G of index p
open(ay) Uopen(by) = Spc(K(Q)).

Proof. We compute open(ay) U open(by) = open(cone(ay)) U open(cone(by)) =
open(cone(ay) ® cone(by)) = open(Og(gy) = Spc(K(G)), using Corollary 13.3. O

13.10. Remark. Every object uy is not only ®-invertible in K(G) but actually lo-
cally trivial over Spc(X(G)), which is a stronger property in general tt-geometry.
Indeed, Corollary 13.9 tells us that around each point of Spc(X(G)), either uy be-
comes isomorphic to 1 via ay, or uy becomes isomorphic to 1[2'] via by. This holds
for one invertible uy. We now construct a fine enough open cover of Spc(K(G))
such that every uy is trivialized on each open.

13.11. Proposition. Let H < G be a p-subgroup. Define an open of Spc(X(G)) by

(13.12) U(H) =Ug(H) := (] open(ay) N [ open(by).
NeN NeN
HLN HLN

Then the closed point M(H) € Spc(K(G)) belongs to this open U(H). Conse-
quently {U(H)} gesun,(q) i an open cover of Spe(X(G)).

Proof. The point M(H) = Ker(F) belongs to U(H) by Corollary 12.11. It follows
by general tt-geometry that {U(H)} g is a cover: Let P € Spc(K(G)); there exists a
closed point in {P}, that is, some M(H) that admits P as a generalization; but then
M(H) € U(H) forces P € U(H) since open subsets are generalization-closed. O

For a p-group, we now discuss U(H) at the two extremes H =1 and H = G.

13.13. Recollection. Let G be a p-group and F' = F'(G) = Nyen(g) N be its Frattini
subgroup. So F'<1G and G/F is the largest elementary abelian quotient of G.

13.14. Proposition. Let G be a p-group with Frattini subgroup F. The closed
complement of the open Ug(1l) is the support of kosg(F), i.e. the closed support
of the tt-ideal Ker(Res%) of K(G). In particular, if G is elementary abelian then
U (1) is equal to the cohomological open Vg = Spc(Dy(kG)) =2 Spect (H* (G, k)).

Proof. By definition, U(1) = Nyexn open(by). By Lemma 13.2, its closed comple-
ment is Uyen supp(kosg(N)). By Corollary 7.17, for every K < G

(13.15) supp(kosc (K)) = { P(H,p) | H %c K }
(taking all possible p € Viz /). It follows that our closed complement of U(1) is

Unexn(a) supp(kosg(N)) (1419) {P(H,p) ’ 3N € N(G) such that H £ N }
(13.15)
= {P(H,p)|H £ Nyex)N } = { P(H,p)[H £ F } " =" supp(kosg(F)).
The statement with Ker(Res%) then follows from (13.1). Finally, if G is elementary

abelian then F = 1 and Ker(Res$) = K,.(G) is the tt-ideal of acyclic complexes.
The complement of its support is Spc(K(G)/Kac(G)) = Spe(Dy(kG)) = V. O

In the above proof, we showed that Uyexn supp(kos(N)) = supp(kos(F')) thanks
to the fact that NyenN = F. So the very same argument gives us:
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13.16. Corollary. Let G be a p-group and let Ny, ..., N, € N(G) be some index-p
subgroups such that N1 N -+ N N, is the Frattini subgroup F. (This can be realized
with r equal to the p-rank of G/F.) Then Ug(1) = Ni_; open(by,) already. Hence

if P € open(by,) for alli=1,...,r then P € open(by) for all N € N(G). O
Let us turn to the open Ug(H) for the p-subgroup at the other end: H = G.

13.17. Proposition. Let G be a p-group. Then the complement of the open Ug(G)
is the union of the images of the spectra Spc(K(H)) under the maps py = Spc(Resy),
over all the proper subgroups H S G.

Proof. By Lemma 13.2, the closed complement of U(G) = Nyexn open(ay) equals
Unen supp(k(G/N)). For every H < G, we have supp(k(G/H)) = Im(pg); see
Proposition 4.7 if necessary. This gives the result because restriction to any proper
subgroup factors via some index-p subgroup, since G is a p-group. (I

13.18. Remark. Let G be a p-group. This open complement U(G) of Un<a Im(pgr)
could be called the ‘geometric open’. Indeed, the localization functor

X(G)
(k(G/H) | H £ G)
corresponding to U(G) is analogous to the way the geometric fixed-points functor
is constructed in topology. For more on this topic, see Remark 4.11.

oY K(G) -

13.19. Remark. For G not a p-group, the open U(G) is not defined (we assume
H € Sub,(G) in Proposition 13.11) and the ‘geometric open’ is void anyway as
we have Im(pp) = Spc(K(G)) for any p-Sylow P S G. The strategy to analyze
non-p-groups is to first descend to the p-Sylow, using that Resp is faithful.

13.20. Remark. We saw in Proposition 13.17 that the complement of U(G) is covered
by the images of the closed maps py = Spc(Resy) for H S G. We could wonder
whether another closed map into Spc(K(G)) covers U(G) itself. The answer is
the closed immersion ! : Spc(K(G/F)) < Spc(X(G)) induced by the modular
fixed-points functor W¥ with respect to the Frattini subgroup F <1 G. This can be
deduced from the results of Section 11 or verified directly, as we now outline. Indeed,
every prime P = Pg(K,p) for K < G and p € Vi comes by Quillen from some
elementary abelian subgroup F = H/K < GJK = (NgK)/K. One verifies that
unless N K = G and H = G, the prime P belongs to the image of pgs for a proper
subgroup G’ of G. Thus if P belongs to U(G), we must have £ = H/K = G/K for
K < G. Such a K must contain the Frattini and the result follows.

14. TWISTED COHOMOLOGY UNDER TT-FUNCTORS

Still for a general finite group G, we gather some properties of the twisted coho-
mology ring H** (@) introduced in Definition 12.16. We describe its behavior under
specific tt-functors, namely restriction, modular fixed-points and localization onto
the open subsets Ug(H). Recall that N=N(G) = {N <G |[G:N] =p}.

14.1. Remark. Twisted cohomology H**(G) is graded over a monoid of the form
Z x N¢. The ring homomorphisms induced by the above tt-functors will be homo-
geneous with respect to a certain homomorphism v on the corresponding grading
monoids, meaning of course that the image of a homogeneous element of degree (s, q)
is homogeneous of degree (s, q). The ‘shift’ part (in Z) is rather straightforward.
The ‘twist’ part (in N¢) will depend on the effect of said tt-functors on the uy.
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Let us start with modular fixed-points, as they are relatively easy.

14.2. Construction. Let H << G be a normal subgroup. By Proposition 12.9, the
tt-functor U : K(G) — K(G/H) maps every uy for N # H to 1, whereas it maps
uy for N > H to un/pg. This defines a homomorphism of grading monoids

(14.3) Y= ygH: Z X NN(G) 7% NN(G/H)

given by v(s,q) = (s,q) where ¢(N/H) = q(N) for every N/H € N(G/H). In
other words, ¢ — ¢ is simply restriction N™(@) — NN(G/H) along the canonical
inclusion N(G/H) — N(G). By Proposition 12.9, for every twist ¢ € NN we
have a canonical isomorphism ¥ (1(q)) = 1(g). Therefore the modular fixed-points
functor ¥ defines a ring homomorphism also denoted

o H*(G) H** (G/H)

(15 10)0) — (1 2 w1 (g)[s) = 1(a) 5]

(14.4)

which is homogeneous with respect to vg= in (14.3).
Restriction is a little more subtle, as some twists pull-back to non-trivial shifts.

14.5. Construction. Let a: G' — G be a group homomorphism. Restriction along o
defines a tt-functor a* = Infigy * o Res$ . : K(G) — K(Im a) — K(G’). Combining
Proposition 12.10 for Res$  with the obvious behavior of the uy under inflation
(by construction), we see that a*(uy) = 1[2'] if N > Ima and o* (un) = uq-1(n)
if N # Ima (which is equivalent to a=1(N) € N(G’)). Hence for every (s,q) €
Z x NN(©) we have a canonical isomorphism o*(1(q)[s]) = 1(¢')[s'] where s’ =
54+2'Y Noima ¢(NV) and ¢': N(G') — N is defined for every N’ € N(G’) as

¢(N') = > q(N).
NeN(G) s.t. a=1(N)=N'

(In particular ¢'(N’) = 0 if N’ 2 ker(a).) These formulas define a homomomor-
phism (s, ¢q) — (s',¢') of abelian monoids that we denote

(14.6) v =gt Zx NNG) 5 7 5 NNED,
The restriction functor a* defines a ring homomorphism

a*: H**(G) H** (&)

1L 1g)ls]) — (2 2 a*(1(g)ls]) = 1()[s")

(14.7)

which is homogeneous with respect to 4+ in (14.6).

14.8. Remark. For instance, a: G— G/H can be the quotient by a normal sub-
group H < G. In that case o* is inflation, which is a section of modular fixed-
points W, Tt follows that the homomorphism ¥# in (14.4) is split surjective.
(This also means that the composed effect on gradings yy# © v+ = id is trivial.)

Without changing the group G, we can also localize the twisted cohomology
ring H**(G) by restricting to an open U(H) of Spc(X(G)), as defined in Proposi-
tion 13.11. Recall the elements ay,by € H**(G) from Definition 12.3.
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14.9. Definition. Let H < G be a p-subgroup. Let Sy C H**(G) be the multiplica-
tive subset of the graded ring H**(G) generated by all ay such that H £ N and
all by such that H < N, for all N € N(G). Recall that the ay and by are central
by Remark 12.20. We define a Z-graded ring

(14.10) O (H) == (H*(G)[S;"])

0-twist
as the twist-zero part of the localization of H**(G) with respect to Spg. Explicitly,
the homogeneous elements of O (H) consist of fractions % where f,g € H**(G)

are such that g: 1 — 1(q)[t] is a product of the chosen ay,by in Sy, meaning
that 1(q)[t] is the ®-product of the corresponding up for an and uy|[—2'] for by,
whereas f: 1 — 1(q)[s] is any morphism in KX(G) with the same N-twist ¢ as the
denominator. Thus O¢(H) is Z-graded by the shift only: The degree of g is the
difference s — t between the shifts of f and g.

14.11. Remark. Tt follows from Lemma 12.12 (and Remark 12.24) that the Z-graded
ring O (H) is generated as a k-algebra by the elements

{V & [H <N UGy &y [H £ N}
where (f; = an/by is of degree +2' and (y = by/ay of degree —2' as in Re-
mark 12.7, and where (only for p odd) the additional elements fjj\t, are £ := cn /by
of degree +1, and &y := cy/an of degree —1. (For p = 2, simply ignore the ¢3:.)
In general, all these elements satisfy some relations; see Theorem 17.13. Beware
that here £y is never the inverse of 5;{,. In fact, both are nilpotent.

In fact, we can perform the central localization of the whole category X(G)
L(H) = Lc(H) = K(G)[Sy']
with respect to the central multiplicative subset Sy of Definition 14.9.

14.12. Construction. The tt-category L£(H) = K(G)[Sy'] has the same objects
as K(G) and morphisms z — y of the form g where g: 1 — u belongs to Sy,
for u a tensor-product of shifts of uy’s according to ¢ (as in Definition 14.9) and
where f: z — u ® y is any morphism in X(G) with ‘same’ twist v as the denom-
inator g. This category K(G)[S}'] is also the Verdier quotient of K(G) by the
tt-ideal ({ cone(g) |g € Si }) and the above fraction 5 corresponds to the Verdier

1
fraction z —2 URY 9% y. See [BallOa, §3] if necessary.

The Z-graded endomorphism ring Endy (1) of the unit in £(H) = K(@)[SH"]
is thus the Z-graded ring (5;{1 H**(G))o-twist = O&(H) of Definition 14.9.

There is a general localization X of a tt-category X over a quasi-compact
open U C Spc(X) with closed complement Z. It is defined as K|y = (X/K 7). If
we apply this to U = U(H), we deduce from (13.12) that U = Nges, open(g)
has closed complement Z = Ugcg,, supp(cone(g)) whose tt-ideal K(G)z is the
above ({ cone(g)|g € Su }). In other words, the idempotent-completion of our
Lc(H) =K(G)[Sy'] is exactly K(G)p(m). As with any localization, we know that
Spc(L(H)) is a subspace of Spe(K(G)), given here by U = Nyes,, open(g) = U(H).

14.13. FExample. For G = E elementary abelian and the subgroup H = 1, the
category Lg(1) = K(E) y(1) in Construction 14.12 is simply the derived category
L (1) =Dy (E), by Proposition 13.14. In that case, O%(1) = H*(E; k) is the actual
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cohomology ring of E. Since H =1 < N for all N, we are inverting all the by and
no ay. Asnoted in Corollary 13.16, we obtain the same ring (the cohomology of E)
as soon as we invert enough by, ,...,by,, namely, as soon as Ny N--- NN, = 1.

We again obtain an induced homomorphism of multi-graded rings.

14.14. Construction. Let H < G be a p-subgroup and consider the above central
localization (=) ym): K(G) = Lg(H). As explained in Remark 13.10, the mor-
phisms ax and by give us explicit isomorphisms (un)ym) = 1 if N 2 H and
(un) vy = 1[2'] if N > H. This yields a homomorphism on the grading

(14.15) v =0y Zx NN 7

defined by (s, q) = s +2' >y~ q(N) and we obtain a ring homomorphism
(14.16) (=) H*(G) — End% , (1)(1) = O5(H)

which is homogeneous with respect to the homomorphism 7y of (14.15).

14.17. Remark. It is easy to verify that the continuous maps induced on homoge-
neous spectra by the ring homomorphisms constructed above are compatible with
the comparison map of Proposition 13.4. In other words, if F': K(G) — K(G') is a
tt-functor and if the induced homomorphism F': H**(G) — H**(G’) is homogenous
with respect to v = yp: Z x NN(G) — 7 x NN(Gl), for instance F = UF or F = o*
as in Constructions 14.2 and 14.5, then the following square commutes:

Spe(X(G) — L 8pe(K(@)
(1418) lcompcl lcompc
Spect (H* (G")) 2, ghech (H** (G7)).

This follows from F(cone(f)) ~ cone(F(f)) in X(G') for any f € H**(G).

14.19. Remark. Similarly, for every H € Sub,(G) the following square commutes
Ua(H) = Spe(La(H)) —— Spe(K(G))

(1420) CompL(H)l J{compG
Spec (O (H)) & Spec(H**(G))

where the left-hand vertical map is the classical comparison map of [Ball0a] for the
tt-category L (H) and the ®-invertible 1[1]. The horizontal inclusions are the ones
corresponding to the localizations with respect to Sy, as in Constructions 14.12
and 14.14. In fact, it is easy to verify that the square (14.20) is cartesian, in
view of Ug(H) = (,es, open(g) = Nyes,, compg' (Z(g)¢) by Construction 14.12
and (13.5).

We can combine the above functors. Here is a useful example.
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14.21. Proposition. Let H < G be a normal subgroup such that G/H is elementary
abelian. Then we have a commutative square

,J)H

Ve = Spe(Dy(k(G/H))) —— Spe(K(G))

(14.22) compo, (1 /H))lz lwmpc
Spect(H*(G/H, k)) “—— Spec(H**(®))

and in particular, its diagonal compg Oqu is injective.
Proof. The functor U7 : K(G) — Dy,(k(G/H)) is the modular fixed-points functor
U K(G) - K(G/H) composed with Y¢,p: K(G/H)— Dy(k(G/H)), which is
the central localization (—)(1) over the cohomological open, by Proposition 13.14;

see Example 14.13. Thus we obtain two commutative squares (14.20) and (14.18):

Spe(Du(K(G/H))) =% Spe(I(G/H)) ——s Spe(K(G))

COmPDb(k(G/H))J/: J/COIHPG'/H Jcompc

Spect(H*(G/H, k)) “ Spect(H**(G/H)) —— Spec™(H**(G))

the left-hand one for the central localization of K(G/H) over the open Ug/p (1) =
Ve m, and the right-hand one for the tt-functor ¥# : K(G) — K(G/H). Note that

the bottom-right map is injective because the ring homomorphism in question,
U H*(G) — H**(G/H) defined in (14.4), is surjective by Remark 14.8. d

15. THE ELEMENTARY ABELIAN CASE

In this central section, we apply the general constructions of Sections 12 to 14 in
the case of G = F elementary abelian. We start with a key fact that is obviously
wrong in general (e.g. for a non-cyclic simple group, the target space is just a point).

15.1. Proposition. Let E be an elementary abelian group. The comparison map
compy: Spc(K(E)) — Spec(H**(E))
of Proposition 13.4 is injective.
Proof. Let H/N < E with [E: N] = p. Suppose first that H £ N. We use the
map 7 = Spc(¥): Vie/a — Spc(K(E)) of Recollection 10.7. Then
() (open(by)) = (")~ (open(cone(by))) by definition, see (13.8)
= open(cone(V (by))) by general tt-geometry

= open(cone(0: 1 — 1)) by Proposition 12.9
=open(1®11]) = @.
Thus Im (4" ) does not meet open(by) when H £ N. Suppose now that H < N. A
similar computation as above shows that (1))~ (open(by)) = Spc(Dy(k(E/H)))
since in that case W (by) is an isomorphism in Dy, (k(E/H)). Therefore Im () C
open(by) when H < N. Combining both observations, we have
(15.2) Im(p) Nopen(by) # @ <= H < N.

Let now P, Q € Spc(XK(E)) be such that comp(P) = compy(Q) in Spec? (H**(E)).
Say P = Pg(H,p) and Q = Pg(K,q) for H,K < E and p € Vg i and q € Vi /k.
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(See Recollection 10.7.) The assumption compg(P) = compy(Q) implies that P €
open(f) if and only if Q € open(f), for every f € H**(E). In particular applying
this to f = by, we see that for every index-p subgroup N < E we have P € open(by)
if and only if Q € open(by). By (15.2), we have for every N € N(F)

H<LN < K<«<N.

Since E' is elementary abelian, this forces H = K. So we have two points p,q €

H com
Vg, m that go to the same image under Vg, g LN Spe(K(E)) =225 Spech (H**(E))
but we know that this map in injective by Proposition 14.21 for G = E. O

In fact, we see that the open U(H) of Spc(X(E)) defined in Proposition 13.11
matches perfectly the open Spec? (0% (H)) of Spec™(H**(E)) in Definition 14.9.

15.3. Theorem. Let E be an elementary abelian p-group. Let H < E be a subgroup.
Then the comparison map of Proposition 13.4 restricts to a homeomorphism

compy: U(H) 5 Spec?(O%(H))

where O%(H) is the Z-graded endomorphism ring of the unit 1 in the localiza-
tion Lg(H) of X(E) over the open U(H).

Proof. Recall the tt-category £(H) = Lp(H) := K(E)[S;'] of Construction 14.12,
where Sy C H**(FE) is the multiplicative subset generated by the homogeneous ele-
ments {aN | HLN } U { bn | H < N} of Definition 14.9. In view of Remark 14.19,
it suffices to show that the map comp gy : Spe(L(H)) — Spect (0% (H)) is a home-
omorphism. We have injectivity by Proposition 15.1. We also know that O%(H) is
noetherian by Theorem 12.21. It follows from [Ball0a] that comp g is surjective.
Hence it is a continuous bijection and we only need to prove that it is a closed map.

We claim that £(H) is generated by its ®-unit 1. Namely, let § = thicks (1)
be the thick subcategory of £L(H) generated by 1 and let us see that § = L(H).
Observe that J is a sub-tt-category of L(H). Let N € N be an index-p subgroup.
We claim that k(E/N) belongs to J. If N 2 H, then ay is inverted in L(H), so
E(E/N) = 0in £L(H) by Lemma 13.2(a). If N > H, then by: 1 — uyn[—2'] is
inverted, so uy € J and we conclude again by Lemma 13.2 (a) since an: 1 — uy is
now a morphism in J. For a general proper subgroup K < E, the module k(E/K)
is a tensor product of k(E/N) for some N € N. (Here we use E elementary
abelian again.) Hence k(F/K) also belongs to J as the latter is a sub-tt-category
of L(H). In short J contains all generators k(E/H) for H < E. Therefore L(H) =
d is indeed generated by its unit. It follows from this and from noetherianity
of Endy (1) = Oy (H) that Homp g (2, y) is a finitely generated O,(H)-module
for every x,y € L(H). We conclude from a general tt-geometric fact, observed by
Lau [Lau23, Proposition 2.7], that the map comp must then be closed. ([

15.4. Corollary. Let E be an elementary abelian p-group. Let O%; be the sheaf of
Z-graded rings on Spc(K(E)) obtained by sheafifying U — End:'K(E)LU(l). Then
(Spc(K(E)), O%,) is a Dirac scheme in the sense of [HP23].

Proof. We identified an affine cover {U(H)} y<g in Theorem 15.3. O

15.5. Remark. This result further justifies the notation for the ring O%(H) in Def-
inition 14.9. Indeed, this O%(H) is also the ring of sections O%(U(H)) of the
Z-graded structure sheaf O3, over the open U(H) of Proposition 13.11.
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15.6. Corollary. Let E be an elementary abelian p-group. Then the comparison
map of Proposition 15.4 is an open immersion. More precisely, it defines a home-
omorphism between Spc(K(F)) and the following open subspace of Spec(H**(E)):

(15.7) {pe Spec (H**(E)) | for all N < E of index p either ay ¢ p or by & p }.

Proof. By Proposition 15.1, the (continuous) comparison map is injective. There-
fore, it being an open immersion can be checked locally on the domain. By Propo-
sition 13.11, the open U(H) form an open cover of Spc(K(FE)). Theorem 15.3 tells
us that each U(H) is homeomorphic to the following open of Spec®(H**(E))

U'(H) = () Z(an)n () Z(bn)*

NZH N>H

(recall that Z(f)° = {p|f &p} is our notation for a principal open). So it suffices
to verify that the union Ug<g U'(H), is the open subspace of the statement (15.7).
Let p € U'(H) for some H < E and let N € N(E); then clearly either N ? H in
which case ay ¢ p, or N > H in which case by ¢ p. Conversely let p belong to
the open (15.7) and define H = Nyrenst. by gpM. We claim that p € U'(H). Let
N eN. If N # H then by € p by construction of H and therefore ay ¢ p. So the
last thing we need to prove is that N > H implies by ¢ p. One should be slightly
careful here, as H was defined as the intersection of the M € N such that bys ¢ p,
and certainly such M’s will contain H, but we need to see why every N > H
satisfies by ¢ p. This last fact follows from Corollary 13.16 applied to E/H. O

15.8. Example. Consider the spectrum of K(C,) for the cyclic group C), of order p.
By Example 12.22, the reduced ring Og, (1)red is k[¢T] with ¢T = a/b in degree 2/
while O (Cp)rea = k[¢7] with (7 = b/a. (The former is also Example 14.13.)
Each of these has homogeneous spectrum the Sierpinski space and we easily deduce
that

(15.9) Spe(X(C)) = e\ oo

confirming the computation of Spc(X(Cpn)) in Proposition 8.3 for n = 1.

We can also view this as an instance of Corollary 15.6. Namely, still by Ex-
ample 12.22, the reduced ring H**(C})req is k[a,b] with a in degree 0 and b in
degree —2'. Its homogeneous spectrum has one more point at the top:

[ ]

7N\
Spec(H**(C,)) = . .

zmy\./%@y
and this superfluous closed point (a, b) lies outside of the open subspace (15.7).

15.10. Remark. Let K < H < E. The functor ¥%: X(E) — K(E/K) passes, by
Proposition 12.9, to the localizations over Ug(H) and Ug,k(H/K), respectively.
On the Z-graded endomorphisms rings, we get a homomorphism VX : O3,(H) —
(’)IE/K(H/K) that on generators ay, by is given by the formulas of Proposition 12.9.
By Remark 14.8 this homomorphism ¥X: 0%, (H) — O%, i (H/K) is surjective.

15.11. Proposition. For every elementary abelian group E, the spectrum Spc(K(E))
admits a unique generic point ng, namely the one of the cohomological open V.
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Proof. We proceed by induction on the p-rank. Let us write ng = Pg(1, v/0) for the
generic point of Vg, corresponding to the ideal v/0 of nilpotent elements in H*(E; k).
Similarly, for every K < E, let us write np(K) = Pr(K,ng,Kk) for the generic point
of the stratum Vg (K) >~ Vg, k. We need to prove that every point ng(K) belongs
to the closure of ng = ng(1) in Spc(K(F)). It suffices to show this for every cyclic
subgroup H < E, by an easy induction argument on the rank, using the fact that
Y Spe(K(E/H)) < Spc(K(E)) is closed. So let H < E be cyclic.

Note that inflation Inﬂg/H: K(E/H) — X(F) passes to the localization of the
former with respect to all by, g for all N € N(E) containing H (which is just the
derived category of E/H) and of the latter with respect to the corresponding by :

(15.12) fly/ " Dy(k(E/H)) — K(E)[{bn |N > H}'].

This being a central localization of a fully-faithful functor with respect to a mul-
tiplicative subset in the source, it remains fully-faithful. One can further localize
both categories with respect to all non-nilpotent f € H*(E/H; k) in the source, to
obtain a fully-faithful

(15.13) Infl/ ™ Dy(k(E/H){ f|f ¢ V0} ]—£

where £ is obtained from X(E) by first inverting all by for N > H as in (15.12)
and then inverting all Inﬂg/H(f) for f € H*(E/H;k) ~ V0.

At the level of spectra, Spc(£) is a subspace of Spc(K(FE)). By construction,
it meets the closed subset Im(¢f1) = Spc(K(E/H)) of Spc(X(E)) only at the
image of the generic point ng(H). Indeed, inverting all by for N > H on Im()*)
corresponds to inverting all by, in K(E/H), hence shows that Spe(£) N Im ()
is in the image under ¢ of the cohomological open Vj sH- Similarly, inverting
all f ¢ /0 removes all non-generic points of Vg si- In particular, the generic point
ne(H) of Vg(H) is now a closed point of the subspace Spc(£L) of Spc(XK(E)).

Using that (15.13) is fully-faithful and that the endomorphism ring of the source
is the cohomology of E/H localized at its generic point (in particular not a product
of two rings), we see that £ is not a product of two tt-categories and therefore
Spc(L) is not disconnected. Also g belongs to Spc(£L) and is distinct from ng(H).
Hence the closed point ng(H) € Spc(L) cannot be isolated. Thus ng(H) belongs
to the closure of some other point in Spc(L).

Let then Q € Spc(K(FE)) be a point in the subspace Spc(£), such that Q # ng(H)
and ng(H) € {Q}, which reads Q C ng(H). We know by Corollary 7.13 that this
can only occur for Q = P(H',p) with H' < H, that is, either H' = H or H' =
since here H was taken cyclic. The case H' = H is excluded, as in the subspace
Spc(L) the only prime of the form P(H,q) that remained was ng(H) itself, and Q
is different from ng(H). Thus H' = 1, which means that Q € Vg = {ng(1)} and
we therefore have ng(H) € {Q} C {nx(1)} as claimed. O

We can now determine the Krull dimension of the spectrum of X(F).

15.14. Proposition. Let E be a elementary abelian p-group. Then the Krull di-
mension of Spc(K(E)) is the p-rank of E.

Proof. By Proposition 13.11, the dimension of Spc(X(F)) is the maximum of the
dimensions of the open subsets U(H), for H < E. Each of these spaces has the
same generic point g (by Proposition 15.11) and a unique closed point M(H) by
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Proposition 13.11 (and the fact that M(K) € U(H) forces K and H to be contained
in the same subgroups N € N(G) by Proposition 12.9, which in turn forces K = H
because E is elementary abelian). Using Theorem 15.3 we translate the problem
into one about the graded ring O%(H). Let ng = po C p1 € -+ C p, = M(H)
be a chain of homogeneous prime ideals in Oy (H). Note that p,_; belongs to
the open Z(f)¢ of Spect(O%(H)) for some f = (3, H < N, or some f = (y,
H £ N. Each of these has non-zero degree so the graded ring O%(H)[f~!] is
periodic. We deduce that dim(Spec®(O%(H))) is the maximum of 1 + dim(R)
where R ranges over the ungraded rings R = O%(H)[f ] (o) for f as above. The
reduced ring R,eq is a finitely generated k-algebra with irreducible spectrum, hence
a domain. Therefore dim(R) = dim(Ryeq) is the transcendence degree of the residue
field at the unique generic point. As observed above, this generic point is the same
for all H < F, namely the generic point of U(1) = Spc(Dy,(kE)). We conclude that
dim(Spc(K(E))) = dim(Spe(Dy(kE))) which is indeed the p-rank of E. O

15.15. Remark. In fact, the proof shows that all closed points M(H) € Spc(K(E))
have the same codimension (height), namely the p-rank of E.

15.16. Remark. Thus for E elementary abelian, the Krull dimension of Spc(X(E)) is
the same as the Krull dimension of the classical cohomological open Spc(Dy, (kE)) =
Spec!(H*(E, k)). In other words, the spectrum of K(E) is not monstrously different
from that of Dy, (kE), at least in terms of dimension, or ‘vertical complexity’. There
is however ‘horizontal complexity’ in Spc(X(E)): each U(H) has its own shape and
form, and there are as many U(H) as there are subgroups H < E. We give a finite
presentation of the corresponding k-algebras O%(H) in Section 17.

16. CLOSURE IN ELEMENTARY ABELIAN CASE

In this section, F is still an elementary abelian p-group. Following up on Re-
mark 11.11, we can now use Theorem 15.3 to analyze inclusion of tt-primes P, Q
in X(F), which amounts to asking when Q belongs to {P} in Spc(K(E)).

16.1. Remark. Using again that every ¥ : Spc(K(E/H)) < Spc(X(E)) is a closed
immersion, induction on the p-rank easily reduces the above type of questions
to the case where the ‘lower’ point P belongs to Ug(l) = Vg. More generally,
given a closed piece Z of the cohomological open Vg, we consider its closure Z
in Spc(X(E)) = Ug<pVe(H) and we want to describe the part Z NVg(H) in each
stratum Vp(H) = Vg /g for H < E.

16.2. Construction. Let H < E be a subgroup of our elementary abelian group E.
Consider the open subsets Ug(H) of Proposition 13.11, the cohomological open
Ug(1) = Vg and their intersection Ug(H)NVg. Consider also the stratum Vg (H) =
JJH(VE/H), that is a closed subset of Ug(H) homeomorphic to Vg g via PH:

Ug(H) Ve

Ve m Up(H)N Vg
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On graded endomorphism rings of the unit (Definition 14.9) this corresponds to

O%(H) H*(E; k)
(16.3) y N %

where @ is the localization of Oy, (H) with respect to (y = % forall N #? H, where
@' is the localization of O% (1) = H*(E, k) with respect to (¥ = X forall N 2 H
and where W is the epimorphism of Remark 15.10 for K = H.

16.4. Lemma. With above notation, let I C H*(E, k) be a homogeneous ideal of
the cohomology of E. Define the homogeneous ideal J = W7 (Q=1((Q'(1)))) in the
cohomology H*(E/H; k) of E/H by ‘carrying around’ the ideal I along (16.3):

Q™ (Q'(D))) I

S

J = v(QTH((Q(1)))) (Q(I))
Let Z be the closed subset of Vi defined by the ideal I. Then the closed subset
of Vg u defined by J is exactly the intersection Z N Vg(H) of the closure Z of Z
in Spc(K(E)) with the subspace Vg g, embedded via oH .

Proof. Once translated by Theorem 15.3, it is a general result about the multi-
graded ring A = H**(E). We have two open subsets, U(H) = Nseg, Z(s)¢ and Vg =
U(1) = Nses, Z(s)¢ for the multiplicative subsets Sy and S; of Definition 14.9.
These open subsets are ‘Dirac-affine’, meaning they correspond to the homogenous
spectra of the Z-graded localizations Sg,l(A)o_twist = Oy(H) and ST LA otwist =
03(1) = H*(E; k), where (—)o.twist refers to ‘zero-twist’, as before. The intersec-
tion of those two affine opens corresponds to inverting both Sy and Si, that is,
inverting {% | N # H} from Oy(H) and {% ’N #? H} from H*(E;k). This
explains the two localizations @) and @’ and why their targets coincide.

The intersection U(H) N Z coincides with the closure in U(H) of U(H) N Z.
The latter is a closed subset of U(H) N Vg defined by the ideal (Q'(I)). The
preimage ideal Q~1((Q’(I))) then defines that closure U(H) N Z in U(H). Finally,
to further intersect this closed subset of U(H) with the closed subset Vg g =
Im(Spec (¥H)), it suffices to project the defining ideal along the corresponding
epimorphism W : O%,(H) - H*(E/H; k). O

Before illustrating this method, we need a technical detour via polynomials.
16.5. Lemma. Let I be a homogeneous ideal of the cohomology H*(E, k) and let
1# H S E be a fized non-trivial subgroup. Suppose that the only homogeneous

prime containing I and all the {n for N > H (Remark 12.7) is the mazimal
ideal HY (E, k). Then there exists in I a homogeneous () polynomial f of the form

F= 11 ¢+ r IT e

M®H m NeN

6 The grading is the usual N-grading in which all the ¢y have the same degree 2’. In particular,
the first term HMzH ¢4, in f has degree 2’ - d - |{ M € N| M % H}\
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for some integer d > 1 and scalars \,, € k and finitely many exponents m € NN
that satisfy the following properties:

(16.6)  m(N) > 1 for at least one N > H and m(N') <d for all N' # H.

Proof. For simplicity, we work in the subring H* C H*(FE, k) generated by the (y.
(For p = 2, this is the whole cohomology anyway and for p odd we only miss
nilpotent elements, which are mostly irrelevant for the problem, as we can always
raise everything in sight to a large p-th power.) Let us denote the maximal ideal
by m = ((x | N € N). It is also convenient to work in the quotient N-graded ring

A* . =H"(E,k)/I
which is generated, as a k-algebra, by the classes (x of all (; modulo I.

The assumption about Z(I + {{y |N > H }) = {m} implies that m has some
power contained in I + ({ {y | N > H }). In other words when N’ 7 H we have

(16.7) (Cv)? € (v | N> H)a-
for d > 1 that we take large enough to work for all the (finitely many) N’ 2 H.

Consider this ideal J = ({y | N > H) of A* more carefully. It is a k-linear
subspace generated by the classes 6,, of the following products in H*

(16.8) O = [T (Ca)™™)
NeN

with m € N such that m(N) > 1 for at least one N > H. We claim that
J is in fact generated over k by the subset of the 6, for the special m € N
satisfying (16.6). Indeed, let J' C J be the k-subspace generated by the 8, for
the special m. Then we can prove that the class 6,, of each product (16.8) belongs
to J’, by using (16.7) and (descending) induction on the number )y~ ,, m(N), for
a fixed total degree )\, m(N). We conclude that J = J'. -

By (16.7), the monomial HMXH(EM)d belongs to J and therefore to J': It is a
k-linear combination of monomials of the form 6,, for m € NN satisfying (16.6).
Returning from A* = H*(E, k)/I to H*(E, k), the difference between HMZH(CJV[)d
and the same k-linear combination of the lifts 6, in H*(E, k) is an element of I,
that we call f and that fulfills the statement. O

16.9. Proposition. Let Z C Vg be a non-empty closed subset of the cohomological
open and let 1 # H S E be a non-trivial subgroup. Suppose that in Vi, the subset Z
intersects the image of the cohomological open of H in the smallest possible way:

ZN0pu(Ve) = {M(1)}.

Consider the closure Z of Z in the whole spectrum Spc(X(E)). Then Z does not
intersect the stratum Vg(H) = " (Vi pr). Hence M(H) does not belong to Z.

Proof. Let I C H*(E, k) be the homogeneous ideal that defines Z. The closed
image py(Vp) is given by the (partly redundant) equations {y = 0 for all N > H.
It follows that the intersection ZNpy (Vi) is defined by the ideal I+ ({ny | N > H ).
So our hypothesis translates exactly in saying that I satisfies the hypothesis of
Lemma 16.5. Hence there exists a homogeneous element of [

=10+ a T 0

MPH m NeN
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for scalars A, € k and finitely many exponents m € NN satisfying (16.6). We can
now use Lemma 16.4 and follow Diagram (16.3) with the ideal I and particularly
with its element f. The element Q'(f) is just f seen in O%(Ug(H)NVE). But it does
not belong to the image of O, (H) under @ because f contains some by with M #
H in denominators in the (ps’s. Still, we can multiply Q'(f) by HMzH(%)d =
[aryu(C 1) ¢ to get a degree-zero homogeneous element

(16.10) F=1+3 2 [T cv'™
m NeN
in the ideal (Q'(f)), where we set the exponent m/(N) := m(N) —d if N 2 H and
m/(N) := m(N) if N > H. Note that by (16.6) the exponent m’(N) is negative
if N 2 H and is non-negative if N > H and strictly positive for at least one N > H.
Both types of exponents of (n are allowed in O%(H), namely, when N ? H, the
element (y = % exists in Oy (H). In other words, the element f € (Q'(f)) satisfies
f=Q0+3g)
where § € O3 (H) belongs to the ideal ((y | N > H) in Oy(H) and must be
of degree zero by homogeneity. Now, for N > H, we have UH(({y) = CN/H
by Proposition 12.9. Tt follows that ¥(g) belongs to the maximal ideal ((y |
N € N(E/H)) C HY(E/H,k) of H*(E/H,k) and still has degree zero. This
forces U (§) = 0 and therefore U (1 + §) = 1 in H*(E/H, k). In the notation

of Lemma 16.4, we have shown that .J contains 1, which implies that Z NVg(H) =
. O

16.11. Corollary. Let Z C Vg be a closed subset of the cohomological open, strictly
larger than the unique closed point M(1) of Vg. Suppose that in Vg, the subset Z
intersects the images of all proper subgroups trivially, i.e. Z N (UHéE pH(VH)) =
{M(1)}. Then the closure Z of Z in the whole spectrum Spc(X(E)) has only one
more point, namely Z = Z U {M(E)}.

Proof. By Proposition 16.9, we see that Z does not meet any stratum Ve (H) for
H # E. Thus the only point of Spc(K(E)) outside of Z itself, hence outside
of Vg, that remains candidate to belong to Z must belong to supp(Xac(F)) ~
UnspVe(H) = Vp(E) = {M(E)}. We know that M(E) = (k(E/H) | H 5 E)
in X(E), by Example 7.30. Take P € Z different from M(1). Since P does not
belong to any Im(pgy) = supp(k(E/H)) by assumption, it must contain k(E/H).
Consequently, M(E) C P, meaning that M(E) € {P} C Z. O
16.12. Corollary. Let E be an elementary abelian group of rank r. Let P be a point
of height r — 1 in the cohomological open Vg, that is, a closed point of the classical
projective support variety Vi (k) := Vg~ {M(1)} = Proj(H*(E, k)) = P}~ ". Suppose
that P does not belong to the image py (Vi) of the support variety of any proper
subgroups H S E. Then the closure of P in Spc(K(E)) is exactly the following

{P} = {M(E), P, M(1)}.
Proof. Apply Corollary 16.11 to Z = {P,M(1)}, the closure of P in Vg. O

16.13. Ezample. We can review the proof of Proposition 16.9 in the special case
of Corollary 16.12, to see how elements like f € O%(1) and f € Oy(H) come
into play. We do it in the special case where P is a k-rational point (e.g. if k is
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algebraically closed). Let 1 # H S E be a non-trivial subgroup (the case r = 1
being trivial). Choose Ny, N1 < E index-p subgroups with H < Ny and H € Nj.
They define coordinates (p, ¢y in P71 (where (; = (y, as in Remark 12.7). There
exists a hyperplane of P!

(1614) MoCo + MG =0, [/\0 : )\1} S Pl(k),

going through the rational point P. Note that \y # 0 as P ¢ Z((o) = pn,(Vn, ), by
assumption. As in Lemma 16.4, the following two localizations agree

(16.15) Op(H)[(Cy) ™ [ H £ N] = O05(W[(CH) ™" | H £ N]

where N < E ranges over the index-p subgroups as usual. We find a lift
Fi=XoCoCy, + M € Op(H)

of the element f = A\glp + A\1¢; € O%(1) of (16.14) suitably multiplied by ¢;* =

Cy, in the localization (16.15). Then we have \I/H(CK,I) = 0 since H € Ni, by

Proposition 12.9, so W (f) = A\; € k* is an isomorphism. We deduce that cone(f)

belongs to M(H) \ P, which shows that P does not specialize to M(H).

16.16. FExample. Let E = C5 x Cy be the Klein-four group. Let us justify the
description of Spe(K(E)) announced in Example 8.10 in some detail:

M(E) M(No) M(N1) M(Neo) M(1)
) % . |
(16.17) ° ° ° T pl e o @
nE(No) ne(N1) nE(Noo) 0 1 oo
.77E

By Recollection 10.7, we have a partition of the spectrum as a set
SpC(fK(E)) = VE(E) L VE(N()) L VE(Nl) L VE(Noo) U Vg,

where we write Ng, N1, N, for the three cyclic subgroups Cs and where Vg = V(1)
is the cohomological open as usual. Let us review those five parts Vg(H) =
Y (Vi) separately, in growing order of complexity, i.e. from left to right in (16.17).

For H = E, the stratum Vg (E) = ¥ (Vg ) = {M(E)} is just a closed point.

For each cyclic subgroup N; < E, the quotient E/N; ~ C5 is cyclic, so Spc(E/N;)
is the space of Example 15.8. Its image under ¢™i is {Mg(E),ng(N;), Mg(N;)},
defining the (brown) point ng(N;) := ¥Yi(ng/n,), as in the proof of Proposi-
tion 15.11. The stratum Vg(1V;) is the image of the cohomological open Vg y;,
only, that is, the Sierpiriski space {ngz(N;), M(N;)}, whose non-closed point ng(N;)
is the generic point of the irreducible {Mg(E), ng(N;), Mg(N;)} in Spc(K(E)).

Finally, for H = 1, the cohomological open Vi = Spc(Dy,(kE)) = Spec® (k[¢o, ¢1])
is a P} with a closed point M(1) on top. We denote by ng the generic point
of Spc(X(FE)) as in Proposition 15.11 and by 0, 1,00 the three Fa-rational points
of P} (in green). The notation P!. refers to all remaining points of P;. The
undulated lines indicate that all points of P!. have the same behavior. Namely,
ng specializes to all points of P!. and every point of P!, specializes to M(1) and
the (red) undulated line towards M(E) indicates that all points of P!. specialize
to M(E), as follows from Corollary 16.12. (Note that the latter was rather involved:
Its proof occupies most of this section, and relies on technical Lemma 16.5.)
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We have described the closure of every point in Spc(K(E)), except for the Fa-
rational points 0, 1, c0. For this, we use the closed immersion py;,: Spc(K(N;)) —
Spc(X(E)) induced by restriction Resy,. The point ¢ is the image of the generic
point 7y, of the V-shaped space Spc(X(V;)) of Example 15.8. Hence its closure
is Im(pn,) = {M(E;),4,M(1)}. So specializations are exactly those of (16.17).

We revisit this picture in more geometric terms in Example 18.2.

16.18. Remark. It is possible to extend Corollary 16.12 to a general finite group G
by means of the Colimit Theorem 11.10. Let Z C Spc(K(G)) be a one-dimensional
irreducible closed subset. Write its generic point as P = P(K,p) for (unique)
K € Sub,(G) /g and p € Vgyk. By Quillen applied to G = GJ/K, there exists a
minimal elementary abelian subgroup E < G such that p € Im(pg: Ve — Vg),
also unique up to G-conjugation. This F < G = (NgK)/K is given by E = H/K
for H < NgK containing K. Then P = ¢y k)(Q) where Q € Spc(X(E)) is given
by Q = Pg(1,q) for some q € V. By Lemma 11.9, the map ¢(g,x): Spc(K(E)) —
Spc(K(Q)) is closed and preserves the dimension of points. It follows that Q is also
the generic point of a one-dimensional irreducible in Spc(X(E)). By minimality
of E, the point Q € Vg does not belong to Vg for any proper subgroup H' <
E. By Corollary 16.12, we have {Q} = {Mg(E),Q, Mg(1)} in Spc(X(E)). The
map g, i) sends this subset to {Mqg(H),P,Mg(K)}. In summary, every one-
dimensional irreducible subset of Spc(K(G)) is of the form Z = {M(H), P, M(K)},
where H and K are uniquely determined by the generic point P via the above
method.

17. PRESENTATION OF TWISTED COHOMOLOGY

We remain in the case of an elementary abelian group E. In this section we
want to better understand the local Z-graded rings O3 (H) that played such an
important role in Section 15. Thankfully they are reasonable k-algebras.

17.1. Terminology. Recall that we write C, = (o | 0P = 1) for the cyclic group
of order p with a chosen generator . For brevity we call an F,-linear surjection
w: E—C)p a coordinate. For two coordinates m, 7’ we write 7 ~ #’ if ker(w) =
ker(7"). Finally, for a subgroup H, we often abbreviate H | 7 to mean H < ker(m).
Recall from Definition 12.3 and Remark 12.5 that each coordinate 7 yields an
invertible object u, = m*u, in K(E). It comes with maps ar, by, cr: k — ur[*].

17.2. Remark. If m ~ 7’ then there exists a unique \ € F such that A

Hence, if p = 2 then necessarily # = 7’ and u; = u,,. On the other hand,
if p > 2 is odd then we still have u, = u, as already mentioned. Explicitly,
consider the automorphism A: C, — C, that sends o to ¢*. The isomorphism
Ur = Tup 5 TNy, = (7))*u, = u, will be the pullback 7*A along 7 of
an isomorphism of complexes A: u, —» A*u,. This isomorphism A can be given
explicitly by the identity in degree 0 and by the kC)-linear maps kC, — A*kC,, in
degree 1 (resp. 2) determined by 1+ 1 (resp. 1+ 1+ 0 +---0*~1). One checks
directly that A oa, = a, and Aob, = X-b,. By applying 7* we obtain

(17.3) (m*A) o ar = axy and (m*A) o by = A bar.
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17.4. Lemma. Given coordinates 7 ¢ wo set w3 = 7T1_17T2_1. Write w;, a; and b;
for ug,, ax, and by, in K(E). Then we have the relation

a1babs + byasbs + bibsaz =0
as a map from 1 to (u; ®@ ug ® ug)[—2' - 2] in K(E). (See Notation 12.2 for 2'.)

Proof. Let N; = ker(m;) for i = 1,2, 3, which are all distinct. Let N = Ny N NN N3
be the common kernel, which is of index p? in E. By inflation along E — E/N,
it suffices to prove the lemma for £ = C, x Cp and m and m the two projec-
tions on the factors. We abbreviate u for the complex of permutation kE-modules
u = u @ uz ® uz. Consider the permutation module M := kC, ® kC, ® kC), =
k(E/N1) @ k(E/N2) ® k(E/N3) which appears as a summand in various degrees of
the complex u. One element in M is of particular interest:
p—1
m = Z ol @o? o,
i1,42=0

It is easy to check that m is E-invariant, thus defines a kFE-linear map m: k — M,
that can be used to define the required homotopies. This depends on p. If p = 2,
the homotopy is given by 7 when viewed from 1 to the only M-entry of u[—2] in
degree one. If p > 2, the homotopy is given by (1,71, 7M) as a map from 1 to the
three M-entries of u[—4] in degree one. Verifications are left to the reader. O

17.5. Construction. We construct a commutative k-algebra O%(H) by generators
and relations. Its generators are indexed by coordinates m: E— C, (Terminol-
ogy 17.1)
{¢F|mst H<ker(n) } U {(;|mst. HLker(r) }.

These generators come equipped with a degree in Z: If H | w the generator (I is
set to have degree 2/, whereas if H { w the generator (. is set to have degree —2'.
We impose the following four families of homogeneous relations. First for every
coordinate m and every A € F) (for p odd), we have a rescaling relation

(a) ¢h =X ifH|r and ¢, =A"'¢ if Htn

and whenever w3 = ﬂflwgl and 71 o4 Ty, writing Qi = Ci_, we impose one of the
following relations, inspired by Lemma 17.4:

(b) ¢+ ¢+ ¢ =0,if H|m and H | 72 (and therefore H | 3)

(¢) ¢ +¢ +¢ ¢ ¢ =0,if Hfm and H {my but H | 73

(d) (7¢ +¢6 ¢ +¢3¢ =0if Hym foralli=1,2,3.

Since these relations are homogeneous, the ring O%(H) is a Z-graded ring.

17.6. Remark. We could also define a multi-graded commutative k-algebra H**(FE)
generated by all a,, b, subject to the relations in (17.3) and Lemma 17.4. This
algebra H**(E) would be Z x NN-graded with a, in degree (0, Lier(xy) and by in
degree (=2, Iyer(x)). Then O (H) is simply the ‘zero-twist’ part of the localization
of H**(E) with respect to the ar, b, that become invertible in U (H), that is, those a,
such that H {7 and those b, such that H | 7, as in Definition 14.9.

17.7. Remark. By (17.3) and Lemma 17.4, there exists a canonical homomorphism

(17.8) Oy(H) = Op(H)

br
ar "

mapping ¢ to 3= and (1 to
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17.9. Ezample. Let H = 1. Recall from Example 14.13 that O%(1) is the cohomol-
ogy ring. Then the homomorphism (17.8) is the standard one O% (1) — H*(E; k),
that maps (; to the usual generator (, = 7*((c,). Note that here H =1 | 7
for all 7, so there is no (. For E elementary abelian, it is well-known that this
homomorphism 0% (1) — H*(E; k) is an isomorphism modulo nilpotents. See for
instance [Car96].

For two subgroups H, K < E, the open subsets Ug(H) and Ug(K) can intersect
in Spc(X(F)). Similarly, we can discuss what happens with the rings Oy (H).

17.10. Proposition. Let H K < E be two subgroups. Define S = S(H,K) C
O%(H) to be the multiplicative subset generated by the finite set
{¢H| for m with H |7 and K47} U{ (| for m with Hiw and K | 7 }

and similarly, swapping H and K, let T = S(K,H) C O%(K) be the multiplicative
subset generated by { (T |H {7 and K |7} U{ (7 |H |7 and K { }. Then we
have a canonical isomorphism of (periodic) Z-graded rings

STI0L(H) = T7 O%(K)

and in particular of their degree-zero parts. Thus the open of Spec (0% (H)) defined
by S is canonically homeomorphic to the open of Spec™(O%(K)) defined by T.

Proof. The left-hand side S™1O%(H) is the (‘zero-twist’ part of the) localization
of the multi-graded ring H**(E) of Remark 17.6 with respect to

{ar|Htm}U{bs |H |7} U{az|H|m Ktr}U{bs|Ht7m K|7}
={a-|Hfmor Ktm}U{bs|H|mor K|m}
which is symmetric in H and K. This completes the proof. (I

17.11. Remark. The above isomorphism is compatible with the homomorphism (17.8),
namely the obvious diagram commutes when we perform the corresponding local-
izations on O3 (H) and O (K).

17.12. Proposition. Let K < H < E. There is a canonical split epimorphism
WK O} (H) = O (H/K) whose kernel is (¢ | K {m). It is compatible with
the homomorphism WX of Remark 15.10, in that the following diagram commutes

(17.8)

Op(H) Op(H)

L\I,K \IIK

O H/K) 2 03, (H/K).

Proof. Set H := H/K < E := E/K. Similarly, for every coordinate 7: E — C,,
such that K | m, let us write 7: E/K — C), for the induced coordinate. The mor-
phism ‘UX will come from a morphism “¥X: H**(E) — H**(E/K), with respect
to the homomorphism of gradings (14.3). As these algebras are constructed by
generators and relations (Remark 17.6), we need to give the image of generators.
In view of Proposition 12.9 we define “¥¥: H**(E) — H**(E/K) on generators by

ar fK|m bz K|
Ar — br —
1 K¢t 0 ifKf¢tm.
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It is easy to see that the relations in H**(E) are preserved; thus the map “¥¥ is well-
defined. Let w: E— E/K and for every ©: E — C, consider the coordinate 7 =
7ow: E— Cp. Then H | 7 if and only if H | 7. It follows that the morphism passes
to the localizations ‘W : Op(H) > Ok (H/K) as announced. The statement
about its kernel is easy and commutativity of the square follows from the fact
(Remark 15.10) that WX treats the a, and b, according to the same formulas.
The section of ‘U¥ is inspired by inflation. Namely, az — ar and bz — by

defines a map of graded k-algebras H**(E) — H**(E) that is already a section
to “UK and passes to the localizations. [

17.13. Theorem. The canonical homomorphism (17.8) induces an isomorphism
Q.E(H)red :> O.E(H)red
of reduced Z-graded k-algebras.

Proof. Tt follows from Remark 14.11 that the map is surjective. We will now show
that the closed immersion Spec® (0%, (H)) < Spec™(O%(H)) is surjective—this will
complete the proof, by the usual commutative algebra argument, which can be
found in [HP23, Lemma 2.22] for the graded case. By Theorem 15.3, this is equiv-
alent to showing the surjectivity of the composite with compp;, that we baptize 3
(17.14) BH Ugr(H) ﬁ Spect (0% (H)) & Spect (0% (H)).

We proceed by induction on the order of the subgroup H. If H = 1 the result
follows from Example 17.9. So suppose that H # 1 and pick a homogeneous
prime p € Spec?(O%(H)). We distinguish two cases.

If for every coordinate m: E — C), such that H t m we have (; € p then p
belongs to V/({ ¢; | H {7 }), which we identify with the image of Spech(Q};/H(l))
by Proposition 17.12 applied to K = H. Namely, we have a commutative square

wH

Ur(H) Ug/u(1)
ﬁHl lﬁl
Spech (‘@)
Spec’ (0% (H)) Spec (0%, (1))

and since the right-hand vertical arrow is surjective by the case already discussed,
we conclude that p belongs to the image of A in (17.14) as well.

Otherwise, there exists a coordinate 7y such that H { m; and (, ¢ p. Let
K := H Nker(m) and let S = S(H, K) be defined as in Proposition 17.10:

S ={¢; |for m with H{mand K | 7 }.

We claim that p belongs to the open of Spec?(O%(H)) defined by S. Indeed, let
¢y, €S, that is for mo with H { 7 and K | w2, and let us show that ¢ ¢ p.
If my ~ my this is clear from (;, ¢ p and the relation (a) in OF(H). If 5 £ m,
let h € H~\ K (so that h generates the cyclic group H/K = C,). As mi(h) # 1
and ma(h) # 1 we may replace 7; by an equivalent coordinate 7; := 73 such that
71(h) = ma(h)~" and therefore H | 73 := 7 ‘w5 !. Then relation (c) exhibits Cx,
as a multiple of (. As the former does not belong to p (by the previous case),
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neither does (. At this point we may apply Proposition 17.10 for our subgroups H
and K. By Remark 17.11, we have a commutative triangle:

Ug(H)NUg(K)

Spec™ (O3 (H)[S™1]) - » Spec (O (K)[T1)

We just proved that p belongs to the open subset in the bottom left corner. As K
is a proper subgroup of H, we know that 8% is surjective by induction hypothesis
and we conclude that p belongs to the image of 8 as well. O

17.15. Remark. In Theorem 17.13 we have proved something slightly more precise,
namely that the map

(17.16) O3(H) = On(H) /(&)

(where 7 ranges over all coordinates) is surjective with nilpotent kernel. We expect
that Oy (H) is already reduced, which would imply that (17.16) is in fact an isomor-
phism of graded rings. In particular, for p = 2 we expect that O%(H) = O%(H).

18. APPLICATIONS AND EXAMPLES

In this final section, we push our techniques further and compute more examples.

18.1. Remark. For E elementary abelian, Corollary 15.4 and Theorem 17.13 al-
low us to think of the geometry of Spc(X(E)), beyond its mere topology, by
viewing Spc(X(FE)) as a Dirac scheme. Consider further the ‘periodic’ locus of
Spc(X(E)), which is the open complement of the closed points { M(H)|H < E };
see Recollection 10.7. This is analogous to considering the projective support va-
riety Proj(H*(E, k)) = P}~ by removing the ‘irrelevant ideal’ M(1) = HT(E, k)
from Spec(H*(E, k)). To avoid confusion with the phrase ‘closed points’, we now
refer to the M(H) as very closed points, allowing us to speak of closed points of P’,;fl
in the usual sense (as we did in Corollary 16.12). Removing those finitely many ‘ir-
relevant’ points allows us to draw more geometric pictures by depicting the (usual)
closed points of the periodic locus, as in classical algebraic geometry.

In fact, for any finite group G, we can speak of the periodic locus of Spc(K(Q))
to mean the open Spc’(X(G)) := Spc(K(G)) ~ { M(H) | H € Sub,(G) } obtained
by removing the ‘irrelevant’ very closed points. However, we do not endow these
spectra with a scheme-theoretic structure beyond the elementary abelian case, since
we do not have Corollary 15.4 in general. We postpone a systematic treatment of
the periodic locus to later work. For now we focus on examples.

18.2. Ezample. Let us revisit Klein-four, with the notation of Example 16.16. From
the picture in (16.17) we see that the union of the open subsets Ug(1) and Ug(E)
only misses (three) very closed points hence covers the periodic locus. We have
k[N, CAr - CR]
(Ch + SR, + L)
E[Cny» vy SN ]
(CNo Sy S S T S S

Op(1) = (= H'(E; k),

(18.3)

Op(E) =
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and their homogeneous spectra are both a projective line with a unique closed point
added. (For O%(F), the coordinate transformation for i = 0,1, (y, 51_ =y, t+
(.., identifies the ring with ki, f{,(&w]/(fgff + (C;,OO)Q), which corresponds
to the image of a degree-two Veronese embedding of P! in P2.) Removing the very
closed points (Remark 18.1), it is a straightforward exercise to check that the two
lines are glued along the open complement of the F-rational points, according to the
rule (¢4, )™ = Cy,- In other words, we obtain the following picture of Spc'(X(E)):

FIGURE 3. A B! with three doubled points.

To translate between this picture and the one in (16.17), think of the blue part

as PL., the three green points as the F-rational points i = 0,1, 00 in Ug(1) = Vg
and the brown points as the ng(N;) in Ug(E).
18.4. Exzample. In view of later applications let us consider the action induced on
spectra by the involution on E = C5 x C5 that interchanges the two Cs-factors.
Let us say that the two factors correspond to the subgroups Ny and N;. On the
generators ij\t,l of O%(1) and O%(F) in (18.3), the effect of the involution is

N MR, Gl G
The subrings of invariants in O% (1) and O%(E) are, respectively,

klet, el ¢ kle7,e5,
Bl o ppgicr) aa Bl a e

(el + CNDO> (eq CNOO +e5)

+ _ &+ + + _ + £ .
where e” = (y, +(y, and e5 = (i, (y, are the first and second symmetric polyno-
mials in C]j\t,o and CJj\Eh' Thus e has degree +i. The homogeneous spectra of these
rings (with unique very closed point removed) are again two projective lines (7) and
they are glued together along the complement of two points. In other words, the
quotient of Spc’(K(E)) by the involution is a B! with two doubled points:

FIGURE 4. A B! with two doubled points.

Alternatively, the topological space underlying this quotient may be obtained
more directly at the level of Figure 3. Indeed, this involution fixes the two colored
points corresponding to oo, fixes no other points, and swaps the points correspond-
ing to 0 with the points corresponding to 1, respecting the color. So, again, the
quotient can be pictured as a F}Cl with only two doubled points as in Figure 4.

7 More precisely, as already in Example 18.2, we are dealing with weighted projective spaces
which happen to be isomorphic to projective lines.
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Let us return to general finite groups. We want to optimize the Colimit Theo-
rem 11.10 by revisiting the category of elementary abelian p-sections &,(G).

18.5. Remark. In Construction 11.1, we gave a ‘raw’ version of the morphisms
in the indexing category &,(G), which could be fine-tuned without changing the
colimit (11.8). As with any colimit, we can quotient-out the indexing category
E(G) — gp(G) by identifying any two morphisms that induce the same map by the
functor under consideration, here Spe(K(—)). We then still have
(18.6) colim  Spc(K(H/K)) = Spc(X(Q)).
(H,K)€&p(G)

The same holds for any intermediate quotient &,(G) — &,(G) — £,(G). For instance
if Z(G) denotes the center of G, we can consider the category &,(G) obtained
from &,(G) by modding out the obvious right action of the group Z(G)-H' on each
hom set homg, (q)((H, K), (H', K")).

Let us illustrate how such reductions can be used in practice.

18.7. Ezample. Let G = Cpn be the cyclic group of order p”. As with any abelian
group, using Z(G) = G, the reduced category &,(G) discussed in Remark 18.5 just
becomes a poset. Here, if we denote by 1 = H, < H,,_1 < --- < Hy < Hy = G the
tower of subgroups of G then the poset gp(G) looks as follows:

(Ho, H1) (Hp—1, Hy)

(HO;HO) (HlaHl) (Hn—laHn—l) (HnaHn)
From Theorem 11.10 we deduce that Spc(X(G)) is the colimit of the diagram

V Vv Vv
*/‘ ’\*/‘ NS ’\*

with * = Spc(K(1)) and V = Spc(K(Cp)) the V-shaped space in (15.9). In the
above diagram, the arrow to the right (resp. left) captures the left-most (resp.
right-most) point of V. We conclude that the spectrum of X(C)p») is equal to

mo ® ® my my,_1 ® ® m,

(18.8)

p1 @ ® p,

This example reproves Proposition 8.3. It will provide the starting point for our
upcoming work on the tt-geometry of Artin motives over finite fields.

18.9. Remark. The category of elementary abelian p-sections £,(G) is a finite EI-
category, meaning that all endomorphisms are invertible. The same is true of its
reduced versions &,(G) and &,(G) in Remark 18.5. Theorem 11.10 then implies
formally that Spc(K(G)) is the quotient of the spectra for the maximal elementary
abelian p-sections by the maximal relations. Let us spell this out.

18.10. Construction. Let I be a finite El-category. The (isomorphism classes of)
objects in I inherit a poset structure with « < y if Hom;(x, y) # (. Maximal objects
Max(I) C I are by definition the maximal ones in this poset. Now, let x1, 25 be two
objects in I, possibly equal. The category Rel(xy,x2) of spans z1 <+ y — x2 (or
‘relations’) between x1 and x9, with obvious morphisms (on the y part, compatible
with the spans), is also a finite EI-category and we may consider its maximal objects.
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18.11. Notation. We denote by Max‘;l_i}gc(G) the set of maximal objects in &,(G).
A word of warning: In general, there can be more maximal elementary abelian

p-sections than just the elementary abelian p-sections of maximal rank.

18.12. Corollary. Let G be a finite group. The components ¢y iy of (11.7) induce
a homeomorphism between the following coequalizer in topological spaces

(18.13)  coeq IT spex@) ———=  [I spe(x(E)
IR N, Spc(K(g2)) EeMaxgiab (G)

maximal relations
and Spc(XK(Q)), for ‘mazimal relations’ in E,(G) or any variant of Remark 18.5.
Proof. Applying Theorem 11.10 we obtain

Spc(X(G)) ~ coeq ( H Spe(X(L))

B 91 L92 Es

Spe(XK(g1))
—_

3 Spe(X(E))
Spc(K(92)) Ee&,(G)

where F ranges over all elementary abelian p-sections and (g1, g2) over all relations.

There is a canonical map from the coequalizer in the statement to this one and it

is straightforward to produce an inverse, as with any finite El-category. (]

We can apply Corollary 18.12 to find the irreducible components of Spc(X(G)).

18.14. Proposition. The set of irreducible components of Spc(X(G)) is in bijec-
tion with the set MaX;I_ZEC(G) of mazimal elementary abelian p-sections of G up to
conjugation, via the following bijection with generic points:

Max2P (G) /¢ +— Spe(K(G))°

p-sec
(H, K) — o5 (#/K)-
In particular, dim(Spc(K(G))) =p-rankge.(G) is the sectional p-rank of G.

Proof. We use coequalizer (18.13). Recall from Proposition 15.11 that Spc(X(E))
for an elementary abelian p-group E is always irreducible. We get immediately
that the map Max®P (G) /G — Spe(K(G))° is a surjection. Assume now that

p-sec
elab

vr(nE) = ¢r/(ne) for E,E" € Max} 3 (G) and let us show that E and E’ are
conjugate p-sections. By Corollary 18.12, there exists a finite sequence of maximal
relations responsible for the identity ¢ (ng) = ¢r/(ng/) and we will treat one re-
lation at a time. More precisely, assuming that the generic point in Spe(K(Ep)) is
in the image of (the map on spectra induced by) some relation E; &L 2y B,
with By, By € Max{%.(G), we will show below that both g; are conjugation iso-
morphisms (type (a) in Examples 11.2). In particular, Ey, E2 are conjugate. And
as conjugation identifies the unique generic points in the spectra for £y and E5 one
can apply induction on the number of relations to conclude.

As the map induced by g¢; is a closed immersion (Lemma 11.9) it must be a
homeomorphism once its image contains the generic point. From this, we deduce
that gy itself must be an isomorphism. (Indeed, the map induced by restriction
to a proper subgroup of Fj is not surjective, already on the cohomological open.
And similarly, the map induced by modular fixed-points with respect to a non-
trivial subgroup of E7 does not even meet the cohomological open.) Hence L ~ E
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is maximal too and therefore gs is also an isomorphism. The only isomorphisms
in £,(G) are conjugations (Remark 11.3) and we conclude.
The second statement follows from this together with Proposition 15.14. (]

18.15. Remark. For G not elementary abelian, we already saw with G = Qg in
Example 8.12 that Spc(K(G)) can have larger Krull dimension than Spc(Dy (kG)).
And indeed, Qg has sectional p-rank two and p-rank one.

18.16. Remark. For every maximal (H, K) € Max® (@), since ¢(m,K) is a closed

p-sec
map, it yields a surjection ¢ g, x): Spe(K(E)) = {ou x (Ma/x)} from the spectrum
of the elementary abelian F = H/K onto the corresponding irreducible component
of Spe(K(G)). We illustrate this with G = Dg in Example 18.17 below, where said
surjection coincides with the folding of Example 18.4.

18.17. Ezample. Let us compute Spc(K(Dg)) for G = Dg = (1,5 |1t =52 =1,rs =
sr~1) the dihedral group of order 8. We label its subgroups as follows (%):

K =(r?s) Cy = (r) K' = (r?,r3s)

|

Since Ly and L; (resp. L{ and L)) are G-conjugate, by the element r, we have
exactly eight very closed points M(H) for H € Sub,(G),e. We shall focus on the
open complement of these very closed points, i.e. the periodic locus Spc’(X(Dsg))
of Remark 18.1, which is of Krull dimension one. Since all maps in the coequalizer
diagram (18.13) preserve the dimension of points (Lemma 11.9) we may first remove
these very closed points and then compute the coequalizer.

Let us describe MaXZl_ZEC(Dg) and the maximal relations. In addition to the
maximal elementary abelian subgroups K and K’ there is one maximal elementary
abelian subquotient Dg/C53. So we have three maximal sections: Male_zgc(DS) =
{(K,1), (K’ 1), (Dsg, Cs)}. We compute the relations in the category & (Dg) which
is obtained from &;(Dg) by quotienting each hom-set hom((H, M), (H', M")) by
the action of H', as in Remark 18.5. One then easily finds by inspection five non-
degenerate (?) maximal relations up to isomorphism, pictured as follows:

(Dg, Cy)
/ \
(18.18) (K,Cy) (K',Cs)
Skt ey S

8 The two Klein-four subgroups are called K and K’. The names Lo and L for the cyclic
subgroups of K (resp. L{ and L} in K’) are chosen to evoke Ng and N in Example 16.16. The
third cyclic subgroup, Noo, corresponds to C2 = Z(Dg) and is common to K and K'.

9 that is, not of the form My (which would not affect the coequalizer (18.13) anyway)
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Here, the loops labeled r represent the relations (K1) &L (K,1) & (K,1), and
similarly for K’. All unlabeled arrows are given by 1 € Dsg, as in Examples 11.2 (b)-
(c). We explain below the brown/green color-coding in the other three relations.

Hence the space Spc’ (K (Dg)) is a quotient of three copies of the space Spc’ (K (E))
for E the Klein-four group, equal to P}, with three doubled points as in Figure 3.

Let us discuss the relations. We start with the self-relation corresponding to the
loop 7 on (K,1). As the conjugation by r on K simply swaps the subgroups Lg
and L, we deduce from Example 18.4 that the quotient of Spc’(X(K)) by this
relation is a F}€1 with two doubled points, as in Figure 4. The same is true for K'.

At this stage we have identified the three irreducible components (see Figure 5)
and the three remaining relations will tell us how to glue these components.

Lo~1L, Li~L}

Cs

FiGURE 5. Three Pk1 with several points doubled.

The three sides of the ‘triangle’ (18.18) display maximal relations that identify
a single point of one irreducible component with a single point of another. Indeed,
each of the middle sections K/Cs, K'/C5 and C3/1 is a Cy, whose periodic locus is
a single point ¢, (Example 15.8). Each edge in (18.18) identifies the image of that
single point n¢, in the two corresponding irreducible components in Figure 5. The
color in (18.18) records the color of that image: A brown point or a green point in
the P} with doubled points. Let us do all three. First, the relation between the two
Klein-fours, K and K’, at the bottom of (18.18), identifies the two green points
corresponding to Cy, as we are used to with projective support varieties. Then, the
last two relations in (18.18), on the sides, identify a brown point in the K- or K'-
component with the green point in the Dg/Cy-component corresponding to K/Cs
and K'/Cs, respectively. This is a direct verification, for instance using that

(¥) " (Im(pr*)) = (¥2) 7! (suppp, (K(Ds/K))) = suppp, ¢, (V2 (k(Ds/K))) =
SUppp, /¢, (K(Ds/K)) = Tm(py5*) in Spe(K(Ds/Cy)).

Thus we obtain Spc’(X(Dsg)) from these three identifications on the space of
Figure 5. The result is the space that appeared in Figure 1:
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FIGURE 6. Three F}€1 with several points doubled and some identified.
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