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Résumé. Nous construisons une suite spectrale dont les termes E1 non
nuls sont les groupes de Witt des corps résiduels d’un schéma régulier
X, organisés en complexes de Gersten-Witt. La suite spectrale con-
verge vers les quatre groupes de Witt globaux de X. Ceci a plusieurs
conséquences immédiates sur la pureté des groupes de Witt de schémas
de basse dimension. Nous obtenons également une preuve facile de la
Conjecture de Gersten en dimension inférieure à 5. Nous calculons aussi
les groupes de Witt des spectres épointés d’anneaux locaux réguliers.

Abstract. A spectral sequence is constructed whose nonzero E1-terms
are the Witt groups of the residue fields of a regular scheme X, arranged
in Gersten-Witt complexes, and whose limit is the four global Witt
groups of X. This has several immediate consequences concerning purity
for Witt groups of low-dimensional schemes. We also obtain an easy
proof of the Gersten Conjecture in dimension smaller than 5. The Witt
groups of punctured spectra of regular local rings are also computed.

Let X be a regular integral separated noetherian scheme of finite Krull
dimension in which 2 is everywhere invertible. (We will maintain these
hypotheses throughout the introduction.) The Witt groups of the residue
fields of X are known to form a cochain complex

WX : 0→W (K)→
⊕

x1∈X(1)

W (k(x1))→ · · · →
⊕

xe∈X(e)

W (k(xe))→ 0 (1)

called a Gersten-Witt complex; here X(p) denotes the set of points of codi-
mension p in X, while K is the field of rational functions on X, and
e = dim(X). This Gersten-Witt complex is only the tip of an iceberg; below
the water level lurks a coniveau spectral sequence, similar to the Gersten
spectral sequence in K-theory, but having a rather special form.

Theorem (Gersten-Witt Spectral Sequence). There exists a spectral
sequence converging to En = Wn(X) such that Epq

1 = 0 unless 0 ≤ p ≤
dim(X), and such that the horizontal line

0→ E0q
1

d1−→ E1q
1

d1−→ E2q
1

d1−→ · · · d1−→ E
dim(X),q
1 → 0 (2)

of the spectral sequence vanishes for q 6≡ 0 (mod 4), while the line is the
Gersten-Witt complex for all q ≡ 0 (mod 4).
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This is a slightly simplified version of our main Theorem 7.2.
The Witt groups Wn(X) identified by the theorem as the limit of the

spectral sequence are the derived Witt groups of Balmer [1] [2] [3]. Briefly,
these groups classify pairs (E , φ) where E is a bounded complex of vector
bundles on X, where E∗[n] is the shift by n of the dual complex, and where
φ : E → E∗[n] is a symmetric isomorphism in the derived category. The
group Wn(X) classifies such (E , φ) up to isometry and modulo the metabolic
classes, i.e. modulo those (E , φ) which admit a totally isotropic ‘sub’-complex
which divides them evenly in two. The groups Wn(X) depend only on n
modulo 4. Moreover, the even derived Witt groups have been identified via

W 4`(X) ∼= W (X), W 4`+2(X) ∼= W−(X), (3)

as the usual Witt groups of symmetric and skew-symmetric vector bun-
dles on X (Balmer [3] Theorem 4.7), while the odd derived Witt groups
W 4`+1(X) and W 4`+3(X) are isomorphic to the Witt groups of formations
described in Fernández-Carmena [9], Pardon [18], and Ranicki [22] [23] (see
Walter [27]).

The periodicity of the Gersten-Witt spectral sequence and the fact that
three out of every four lines vanish allow us to give quick proofs of a number
of results concerning Witt groups of low-dimensional schemes. The following
one is part of Theorem 10.1.

Theorem (Low Dimensions). Suppose that dim(X) ≤ 7. Then the de-
rived Witt groups Wn := Wn(X) and the Witt cohomology groups Hn(W) :=
Hn(WX) fit into the following exact sequence:

0 - H4(W) - W 0 - H0(W) - H5(W) - W 1 - H1(W)

0 � H3(W) � W 3 � H7(W) � H2(W) � W 2 � H6(W)
?

We also establish that the first differential d00
1 : W0

X → W1
X in our

Gersten-Witt complex is the classical residue map, so our H0(WX) is the
unramified Witt group Wnr(X). The next two results (Corollaries 10.2 and
10.3) then follow without any additional work.

Theorem (Weak Purity in Dimension 4). If dim(X) ≤ 4, then the
natural map W (X)→Wnr(X) is surjective.

Theorem (Purity in Dimension 3). If dim(X) ≤ 3, then the natural
map W (X)→Wnr(X) is an isomorphism.

We can also use the spectral sequence to prove the Gersten Conjecture for
Witt groups of any regular local ring of dimension up to 4, even a regular
local ring which does not contain a field! For this we augment the Gersten-
Witt complex of a schemeX by adding the natural homomorphismW (X)→
W (K) at the beginning.

0→W (X)→W (K)→
⊕

x1∈X(1)

W (k(x1))→ · · · →
⊕

xe∈X(e)

W (k(xe))→ 0 (4)

The following result is Corollary 10.4.
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Theorem (Gersten Conjecture in Dimension ≤ 4). Let X = Spec(R)
with R a regular local ring of Krull dimension e ≤ 4 and containing 1

2 . Then
the augmented Gersten-Witt complex (4) is exact.

The above results include and improve most of the known Gersten-Witt
related results in low dimension. Nevertheless, they are all immediate no-
work consequences of the existence and form of the Gersten-Witt spectral
sequence and of the identification of certain components of the d1 cobound-
aries with classical residue maps. Morever, the periodicity and vanishing
in the Gersten-Witt spectral sequence gives the first indication of a reason
behind the way that low-dimension Gersten-Witt results start to get more
complicated beginning in dimension 4. Our construction of the spectral se-
quence also gives a new construction of the Gersten-Witt complex, and it is
high time that at least one construction of that complex gets into print.

All the results of this paper can and will be proven for twisted Witt groups
Wn(X,L). Twisting the duality by a line bundle L changes the global Witt
groups, and it changes the differentials (but not the groups) of the Gersten-
Witt complex. These twists are useful for applications in algebraic geometry
and are indispensable for defining transfer maps for Witt groups of projective
varieties.

Purity was known for Witt groups of affine regular schemes of dimension
up to 3 (Parimala [20], Ojanguren et al. [16]), but the global result (for
any regular integral noetherian separated scheme of dimension ≤ 3 with 2
everywhere invertible) is new, as is weak purity in dimension 4. Ojanguren
and Panin [17] have established purity for Witt groups of regular local rings
of any dimension which contain a field of characteristic 6= 2. As far as
we know, the ‘plain’ Gersten Conjecture up to dimension 4 is totally new.
We have been informed that Barge, Sansuc, and Vogel worked on both the
Gersten-Witt complex and a spectral sequence several years ago although
no paper ever appeared, while Pardon has recently informed us that he has
some new results [19] related to the complex, some of which overlap with
this paper.

The Gersten-Witt complex. For discrete valuation rings and Dedekind
domains, the Gersten-Witt complex reduces to a single map W (K) →⊕
W (k(x)), the classical (second) residue, which has been around for quite

a while (cf. Milnor-Husemoller [14] Chapter IV). More recently, a Gersten-
Witt complex in higher dimension has been constructed for schemes of finite
type over a ground field in unpublished work by Schmid [25], Ettner [8], Rost
[24]. Pardon’s new paper [19] also contains a Gersten-Witt complex for reg-
ular schemes of finite type over a field.

This paper produces the Gersten-Witt complex as the E1 term of the
spectral sequence. One complication, however, is that the identification
of the groups in the Gersten-Witt complex as

⊕
W (k(xp)) is not entirely

canonical but rather requires one to choose a system of isomorphisms be-
tween one-dimensional vector spaces Extp

OX,xp
(k(xp),OX,xp) ∼= k(xp). This

is because in our approach the groups written as W (k(xp)) that appear
in the Gersten-Witt complex or spectral sequence are really Witt groups
of finite-length modules over the local ring OX,xp (Proposition 6.2) for the
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duality functor Extp
OX,xp

(−,OX,xp). Thus the Gersten-Witt complex for X
(with the trivial twist OX) is ‘canonically’

0→
⊕

x0∈X(0)

W̃ (x0)→
⊕

x1∈X(1)

W̃ (x1)→ · · · →
⊕

xe∈X(e)

W̃ (xe)→ 0 (5)

where e = dim(X), where the coboundaries are as in Proposition 8.5, and
where each W̃ (xp) := W (k(xp), ωxp/X) is the Witt group of the residue field
k(xp) twisted by the one-dimensional vector space

ωxp/X = Extp
OX,xp

(k(xp),OX,xp) ∼= Λp(mxp/m
2
xp

)∗. (6)

If there is a global twist L, then the ‘canonical’ local coefficients have a
further twist by L. Every single Witt group of a field in this paper is
‘canonically’ one of these twisted Witt groups, except briefly in the proof
of Proposition 9.2(c). However, we do not wish to burden the reader with
complicated notations, so we will write W (k(x)).

Contents
1. Review of triangular Witt groups.
2. The long exact sequence.
3. The spectral sequence in a categorical context.
4. Functoriality lemmas.
5. Witt groups of abelian categories.
6. Witt groups of finite-length modules.
7. The Gersten-Witt spectral sequence.
8. More on the Gersten-Witt complex.
9. The punctured spectrum of a regular local ring.
10. Purity and Gersten Conjecture in low dimensions.

The strategy of the article is not very complicated. It relies on the trian-
gular Witt groups of [1] [2] [3], which we discuss in Sections 1 and 2. In those
papers the Witt groups are presented as invariants of triangulated categories
with duality, and a ‘short exact sequence’ D ↪→ C � C/D of triangulated
categories with duality yields a ‘localization’ long exact sequence of derived
Witt groups. Confronted with a filtration of a triangulated category with
duality, we can assemble the localization exact sequences into a spectral
sequence using an exact couple. This is done in Section 3.

The idea is to apply this construction to the coniveau filtration of the
derived category of X. The categorical generalities give immediately the
existence of some spectral sequence, periodic in q and converging to the
derived Witt groups of X. The problem is to identify the terms Epq

1 with
either the Witt groups of the residue fields of X or with 0. This dévissage is
the technical core of the article and is developed in Sections 4, 5 and 6. The
pieces fall into place in Section 7, where we establish the main Theorem 7.2.
Although this type of local computation is not terribly new or surprising,
its coalescence with the derived-category approach to Witt groups is fertile
and is the real point of this article.

In Section 8 we include more details on the differentials appearing in
our Gersten-Witt complex. For the moment we do not know whether our
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differentials are the same as those of Schmid [25] and Pardon [19], although
we hope to treat this problem in our next paper.

The article ends with several applications of the results of the central
sections. The first is the computation of the Witt groups of the punctured
spectrum of a regular local ring (Theorem 9.1). This was described in the
Introduction of [2] as one of the motivations for the derived-category ap-
proach to Witt groups. It requires dévissage but not the spectral sequence.
In Section 10, the short proofs of global purity for Witt groups in dimension
3, of weak purity in dimension 4 and of the Gersten Conjecture in dimension
≤ 4 illustrate the quiet power of the spectral sequence.

This paper is part of an ongoing project on derived Witt groups whose
next installment [4] should include among other things a Gersten-Witt spec-
tral sequence for Witt groups of coherent sheaves on singular schemes.

We would like to thank Bruno Kahn for telling us we could simplify our
approach by using exact couples. We sincerely thank Stefan Gille for his
careful reading of a preliminary version. The first author is grateful to
the University of Nice for inviting him and offering the nice environment
which led to the present article. He has also been supported by NSERC and
the University of Western Ontario. The second author would like to thank
Manuel Ojanguren and the University of Lausanne for several invitations.

1. Review of triangular Witt groups

We will recall a number of definitions and results from Balmer [1] [2]. We
begin by fixing some basic terminology for categories, and then we move on
to dualities on triangulated category and to triangular Witt groups.

We will say that an additive category contains 1
2 if its Hom groups are

uniquely 2-divisible, or equivalently if the category is Z[12 ]-linear.
We will use the following definition of exact functors between triangu-

lated categories. It is more restrictive than the official definition (which
only assumes that the functor commutes with the translation up to a spec-
ified natural isomorphism), but it suffices for this paper. Let C and D be
triangulated categories, and let δ = ±1. We will say that a covariant func-
tor F : C → D is δ-exact if it is additive, commutes with the translations
TDF = FTC, and if for every exact triangle in C

X
u−→ Y

v−→ Z
w−→ TCX (7)

the triangle

FX
Fu−−→ FY

Fv−−→ FZ
δ·Fw−−−→ TDFX

is exact in D. An exact functor is a functor which is either (+1)-exact
or (−1)-exact. A morphism of exact functors is a morphism of functors
α : F → G such that Tα = αT if F and G are of the same parity, but such
that Tα = −αT if F and G are of the opposite parity.

A contravariant functor G : Cop → D is δ-exact if it is additive, commutes
with the translations TDG = GT−1

C , and if for every exact triangle (7) in C
the following triangle is exact in D

GZ
Gv−−→ GY

Gu−−→ GX
δ·TGGw−−−−−→ TGGZ .
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Definition 1.1. A duality on a triangulated category C is a triple (∗, δ,$)
with δ = ±1, with ∗ : Cop → C a δ-exact functor, and with $ : 1 ∼−→ ∗∗ an
isomorphism of functors such that T$ = $T and such that for all objects X
the maps $X∗ : X∗ → X∗∗∗ and $∗

X : X∗∗∗ → X∗ are inverse isomorphisms.

A duality (∗, δ,$) induces shifted dualities (Dn, δn, $n) for all n ∈ Z by

Dn := Tn ◦ ∗, δn := (−1)nδ, $n := (−1)n(n+1)/2δn$. (8)

(The point of these signs is the recurrence relations δn = −δn−1 and $n =
δn$n−1.) Fixing an n, let B# = Tn(B∗) = Dn(B). A map of the form
u : A → B# has a transpose ut : B → A# given by ut := u# ◦ $n,B.
Morphisms of the form v : A# → B also have transposes. One has utt = u for
all u. A morphism w : A→ A# is symmetric if wt = w. A symmetric object
of C with respect to the shifted duality is a pair (A,w) with w : A ∼−→ A#

a symmetric isomorphism. Two symmetric objects (A,w) and (B, s) are
isometric if there exists an isomorphism r : A ∼−→ B such that w = r#sr.

Proposition 1.2 (Balmer [2] Theorem 2.6). Let (∗, δ,$) be a duality on a
triangulated category C containing 1

2 , and let (#, δn, $n) be the n-th shifted
duality. If u : A → T−1(A#) = (TA)# is a map which is symmetric with
respect to the (n − 1)-st shifted duality, then there exists a commutative
diagram with exact rows

A
u - (TA)#

v - B
w - TA

A

wwwwww
ut

- (TA)#

wwww
w#

- B#

φ
?

vt
- TA

wwwwww (9)

and with φ a symmetric isomorphism with respect to #. Moreover, (B,φ)
is uniquely determined by (A, u) up to isometry.

In the situation of Proposition 1.2 we write Cone(A, u) := (B,φ). A
symmetric object is metabolic if it is isometric to a Cone(A, u). The object
(TA)# is a Lagrangian of (B,φ). Two symmetric objects (E, σ) and (F, τ)
are Witt-equivalent if there exist metabolic symmetric objects (M1, µ1) and
(M2, µ2) such that

(E, σ) ⊥ (M1, µ1) ' (F, τ) ⊥ (M2, µ2). (10)

Definition 1.3. If C is a small triangulated category with a duality (∗, δ,$)
and with 1

2 ∈ C, then the n-th derived Witt group of C is the set of Witt-
equivalence classes of symmetric objects of C with respect to the n-th shifted
duality (Dn, δn, $n). It is written as Wn(C) or Wn(C, ∗, δ,$). The class
of (E, σ) in Wn(C) is written [E, σ]. Addition is induced by the orthogonal
direct sum ⊥, while −[E, σ] = [E,−σ].

The derived Witt groups satisfy Wn(C) = Wn+4(C), while Wn+2(C) =
Wn(C, ∗, δ,−$) is the derived Witt group of skew-symmetric objects of C
for the n-th shifted duality.

A duality on an exact category E is a pair (∗, $) with ∗ : Eop → E a
contravariant exact functor and $ : 1→ ∗∗ an isomorphism of functors such
that $E∗ : E∗ → E∗∗∗ and $∗

E : E∗∗∗ → E∗ are inverse isomorphisms for
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any object E. Transposes and symmetric objects in E are defined as in a
triangulated category. A symmetric object (E, φ) is metabolic if there exists
an exact sequence of the form

0→ L
α−→ E

α∗φ−−→ L∗ → 0.

Then L is a Lagrangian of (E,α). Witt equivalence and Witt groups are now
defined as in (10) and Definition 1.3. The Witt groups of symmetric and of
skew-symmetric objects of E are written W (E) and W−(E), respectively.

A duality (∗, $) on an exact category E induces a triangulated duality
(∗, 1, $) on the derived category Db(E) in a natural way (without fancy
signs). There is the following result.

Theorem 1.4 (Balmer [3] Theorem 4.3). Let E be a small exact category
with duality and with 1

2 ∈ E. Then for any n there exist natural isomor-
phisms W (E) = W 4n(Db(E)) and W−(E) = W 4n+2(Db(E)).

We will show in another paper that W 4n+1(Db(E)) and W 4n+3(Db(E))
are naturally isomorphic to Witt groups of skew-symmetric and symmetric
formations in E, respectively, as defined in Pardon [18] and similar to those
of Ranicki [22] [23].

Theorem 1.4 was proven in [3] for semisaturated exact categories. (These
are the same as Gabriel-Roiter exact categories, cf. Keller [12]). However,
Theorem 1.4 actually holds for all (Quillen) exact categories with duality.
This is because any exact category has a semisaturation Ess satisfying a
universal property that allows one to extend an exact duality from E to Ess.
The derived categories Db(E) and Db(Ess) are equivalent (Neeman [15]
Remark 1.12.3), while the Witt groups W (E) and W (Ess) are isomorphic.
So the general case of Theorem 1.4 reduces to the semisaturated case. We
omit the details. All the exact categories of sheaves and modules which
appear in this paper are semisaturated.

2. The long exact sequence

We now review the localization long exact sequence for Witt groups in
the triangulated version given in Balmer [2]. In particular we will prove
this long exact sequence exists under slightly more general hypotheses than
those given in [2]. We begin by recalling some definitions.

A saturated full triangulated subcategory D of a triangulated category C
is a full additive subcategory which is closed under translations, mapping
cones, direct summands, and isomorphisms. The quotient triangulated cat-
egory C/D of such a subcategory is obtained from C by using a calculus
of fractions to invert the class S of maps in C with cone in D (Verdier [26]
§ III.2). The following result holds for triangulated categories satisfying a
refined version (TR4+) of the octahedral axiom. For a description of this
axiom, see [2] §1 or [5] Remarque 1.1.13.



8 PAUL BALMER AND CHARLES WALTER

Theorem 2.1 (Balmer [2] Theorem 6.2). Let C be a small triangulated
category with duality satisfying (TR4+) and with 1

2 ∈ C. Let D ⊂ C be a
saturated full triangulated subcategory stable under the duality. Then there
is a long exact sequence of derived Witt groups

· · · →Wn(D)→Wn(C)→Wn(C/D) ∂−→Wn+1(D)→ · · · . (11)

The coboundary map ∂ is defined as follows. Any symmetric object in
C/D is isometric to a symmetric object of the form (A, f) with f the image
in C/D of a symmetric morphism f : A → A# in C. Since f is assumed
to be an isomorphism in C/D, the mapping cone of f lies in D. One sets
∂[A, f ] := [Cone(A, f)].

The pair (A, f) could be called a C-lattice of (A, f).
If E is an exact category, then the homotopy category K(E) and all its

subquotients satisfy (TR4+). This includes Db(E) and its subquotients and
therefore all triangulated categories used in this paper.

Proof of Theorem 2.1. This theorem was proven in Balmer [2] Theorem 6.2
under the hypothesis that C/D is weakly cancellative. We show here how
to remove this assumption. Actually, the only place where this condition is
used in [2] is to prove exactness at Wn(C):

Wn(D)→Wn(C)→Wn(C/D).

We can suppose n = 0, replacing the duality by its shifted dualities to get
the result for all n. Most of the proof of [2] extends here, and we will only
present a slight modification of the final portion.

Let S be the collection of those morphisms of C whose cone is in D or
equivalently those morphisms in C which become isomorphisms in C/D.
Then C/D = S−1C.

Let (P,ϕ) be a symmetric object representing an element of the kernel:

[P,ϕ] ∈ ker
(
W (C)→W (C/D)

)
.

By [2] Lemma 6.4, there exists a commutative diagram with exact rows

M∗ ν0 - L
ν1 - P

ν2 - M#

L∗

h∗

?

ν∗0

- M

h

?

ν#
2

- P#

ϕ
?

ν#
1

- L#

h#

?
(12)

where ∗ = T−1 ◦ # and where h : L→M = L⊥ belongs to S.
This (L, ν1) is by definition a sublagrangian of (P,ϕ). By [2] Lemma 4.13

applied to η0 = h, we get the existence of a morphism λ : L→ L∗ such that
(A) ν∗0 λ ν0 = 0, and (B) µ0 := h + ν∗0 λ is very good, which mainly means
that we can construct a symmetric form on its cone which is Witt-equivalent
to (P,ϕ).

We claim that µ0 = h+ ν∗0 λ is in S, which implies that its cone is in D.
To see this, we localize everything in C/D = S−1C, which means that h,

which was in S, becomes an isomorphism. We prove that µ0 also localizes
into an isomorphism. In C/D define x : L → L by x = h−1 ν∗0 λ. Applying
h−1 on the left to the localization of (A), we have x ν0 = 0 so that there
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exists x̄ : P → L with x = x̄ ν1. On the other hand, we have by (12) that
ν1 x = (ϕ−1 ν#

2 h)x = ϕ−1 ν#
2 ν∗0 λ by the very definition of x, and this

implies that ν1 x = 0 since ν#
2 ν∗0 = (Tν0 ν2)# = 0.

Therefore x2 = x̄ ν1 x = 0, and thus the endomorphism 1+x is an isomor-
phism. Finally, (B) gives directly µ0 = h (1+x), and so µ0 is an isomorphism
in C/D, which was the claim.

Now it suffices to apply [2] Theorem 4.20 to the very good morphism µ0

to have a symmetric form ψ on R := cone(µ0) ∈ D making it a symmetric
object Witt-equivalent to (P,ϕ). This implies that

[P,ϕ] = [R,ψ] ∈ Im
(
W (D)→W (C)

)
.

�

3. The spectral sequence in a categorical context

We now show that the long exact sequence of derived Witt groups of
Theorem 2.1 generalizes to a spectral sequence when one has a triangulated
category with duality with a finite filtration by saturated full triangulated
subcategories invariant under the duality.

Theorem 3.1. Let C be a small triangulated category with duality satis-
fying (TR4+) and with 1

2 ∈ C and with a finite filtration by saturated full
triangulated subcategories invariant under the duality

C = D0 ⊃ D1 ⊃ · · · ⊃ De ⊃ De+1 ' 0.

Then there exists a spectral sequence of derived Witt groups converging to
En = Wn(C) with terms

Epq
1 =

{
W p+q(Dp/Dp+1) if 0 ≤ p ≤ e,
0 otherwise.

(13)

Proof. The filtration of C can be extended formally by setting Dp := C for
p < 0, and Dp := De+1 ' 0 for p > e. We now construct a spectral sequence
with Epq

1 := W p+q(Dp/Dp+1) for all p, q which converges to En = Wn(C).
For any p, q, let Apq := W p+q(Dp), and let Epq := W p+q(Dp/Dp+1). By

Theorem 2.1, the derived Witt groups of Dp+1, Dp, and Dp/Dp+1 fit into a
long exact sequence

· · · → Ap+1,q−1 → Apq → Epq ∂−→ Ap+1,q → · · · .

If A :=
⊕

p,q A
pq and E :=

⊕
p,q E

pq, then we deduce an exact sequence

· · · → A
i−→ A

j−→ E
k−→ A

i−→ A→ · · · (14)

with i of bidegree (−1, 1), with j of bidegree (0, 0) and with k of bidegree
(1, 0). Then (14) is an exact couple (cf. Weibel [28] §5.9), and it determines
a spectral sequence which starts with Epq

1 = Epq = W p+q(Dp/Dp+1) and
which abuts to

En := lim−→A−p,n+p = lim−→Wn(D−p) = Wn(C).

The exact couple is bounded below because Apq = 0 for p > e. So the
spectral sequence is convergent. �
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It is clear from the proof of the theorem that the spectral sequence exists
even for an infinite filtration indexed by p ∈ Z, and it converges to Wn(C)
if

⋃
q∈Z Dq = C and Dp ' 0 for p� 0.

Theorem 3.1 can also be proven by applying the construction of Cartan-
Eilenberg [6] Chap. XV §7 to the groups H(p, q) =

⊕
nW

n(Dp/Dq).

4. Functoriality lemmas

In the next two sections we prove some technical (and unsurprising) lem-
mas about Witt groups of triangulated categories which we will need when
we discuss Witt groups of finite-length modules. We begin with some lem-
mas about the functoriality of derived Witt groups. We use the following
definitions.

A duality-preserving functor from (C, D, δ,$) to (C′, D′, δ′, $′) is a pair
(F, η) with F : C → C′ an exact functor and with η : FD → D′F an
isomorphism of exact functors such that T ′η = ±ηT−1 and such that the
left-hand square

F
$ - FDD

D′D′F

$′

?
D′η- D′FD

ηD
?

FD
η - D′F

GD

αD

?
ζ - D′G

D′α
6

(15)

commutes. An isomorphism of duality-preserving functors α : (F, η) →
(G, ζ) is an isomorphism of exact functors α : F → G such that αT = ±T ′α
and such that the right-hand square commutes. The sign in T ′η = ±ηT−1

(resp. in αT = ±T ′α) is + if D and D′ (resp. F and G) are of the same
parity, while it is − if they are of opposite parity.

Part (a) of the next lemma is a generalization of Balmer [1] §1.19.

Lemma 4.1. (a) A duality-preserving functor induces morphisms of derived
Witt groups Wn(C, D, δ,$)→Wn(C′, D′, δ′, $′).

(b) Isomorphic duality-preserving functors induce the same morphisms.
(c) A duality-preserving equivalence induces isomorphisms of the derived

Witt groups.

Proof. (a) Given a map φ : A→ DnB in C, let F̃ (φ) be the composite map

FA
Fφ−−→ FDnB

η−→ D′
nFB.

Since η commutes with Tn up to sign, the left-hand square of (15) com-
mutes for Dn and D′

n as soon as it commutes for D and D′. One easily
checks that this commutativity implies that F̃ (φt) = F̃ (φ)t and that F̃ pre-
serves Lagrangian diagrams of the form of (9). In addition F̃ preserves
isomorphisms because η is an isomorphism. So the map Wn(C)→Wn(C′)
sending [B,φ] 7→ [F (B), F̃ (φ)] is well-defined.

(b) If α : (F, η)→ (G, ζ) is an isomorphism of duality-preserving functors,
and if (B,φ) is a symmetric object in C, then the commutativity of the
right-hand square of (15) implies that (F (B), F̃ (φ)) and (G(B), G̃(φ)) are
isometric in C′. So [F (B), F̃ (φ)] = [G(B), G̃(φ)].
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(c) If F is fully faithful and essentially surjective, and if φ : A→ D′
nA is

a symmetric isomorphism in C′, then there exists a B in C and an isomor-
phism f : F (B)→ A. Consequently (A,φ) is isometric to (F (B), (D′

nf)φf).
But since F is fully faithful, there exists an isomorphism g : B → DnB such
that F̃ (g) = (D′

nf)φf . So the map on derived Witt groups is surjective. A
similar argument shows that the map is injective. �

We leave the proof of the next lemma to the reader.

Lemma 4.2. The spectral sequence for Witt groups of filtered triangulated
categories with duality of Theorem 3.1 is functorial for duality-preserving
functors which are compatible with the filtration.

The statements in the next lemma apply both to exact and to triangu-
lated categories. Despite the obvious-sounding statements, complete proofs
require diagram chases to verify all the technical details.

Lemma 4.3. (a) A contravariant exact functor isomorphic to a duality can
be made into a duality.

(b) An exact functor isomorphic to a duality-preserving functor can be
made duality-preserving.

(c) A category equivalent to a category with duality can be equipped with
a duality so that the equivalence is duality-preserving.

(d) An equivalence quasi-inverse to a duality-preserving equivalence can
be made duality-preserving.

Sketch of proof. Parts (a) and (b) are straightforward and are left to the
reader. Parts (c) and (d) require the use of adjoint equivalences. We sketch
the proof of (d).

(d) Let (F, η) : (C, D, δ,$) → (C′, D′, δ′, $′) be a duality-preserving
equivalence, and let G : C′ → C be a quasi-inverse of F . We need to find an
isomorphism of functors γ : GD′ → DG so that (G, γ) is duality-preserving.

By Mac Lane [13] IV.1, F and G can be completed to an adjunction of
equivalences, i.e. there exist isomorphisms of functors ε : 1C → GF and
ζ : 1C′ → FG such that in each pair of isomorphisms

G
εG-

Gζ
- GFG F

Fε-

ζF
- FGF

the two arrows coincide. Moreover, ε and ζ commute with the translation
up to sign in the triangulated case.

Now let γ−1 be the composite isomorphism

DG
εDG−−−→ GFDG

GηG−−−→ GD′FG
GD′ζ−−−→ GD′.

A long diagram chase (which we omit) shows that if η makes the left-hand
square of (15) commute, then the left-hand square of

FGF - FGD′D′F

FDDGF
?

- FDGD′F
?

G
G$′

- GD′D′

DDG

$G

?
Dγ- DGD′

γD′

?

commutes. Since F is an equivalence, this implies that the right-hand square
also commutes, i.e. (G, γ) is duality-preserving. �



12 PAUL BALMER AND CHARLES WALTER

5. Witt groups of abelian categories

We now discuss derived Witt groups of abelian categories with an exact
duality. With our definitions an exact duality is left and right exact and is
reflexive on all objects, so many functors commonly called ‘duality’ do not
fit the bill. For even Witt groups, there is the following result.

Proposition 5.1 (Quebbemann-Scharlau-Schulte [21]). Let A be a small
abelian category with an exact duality in which all objects are of finite
length, and let A0 ⊂ A be the full subcategory of semisimple objects. Then
the inclusion induces isomorphisms of Witt groups W (A0) = W (A) and
W−(A0) = W−(A).

Proposition 5.1 is a consequence of the symmetric Jordan-Hölder Theo-
rem. It is proven in [21] Corollary 6.9 subject to a condition which is verified
in [21] Theorem 6.10 when all objects of A are of finite length.

The result concerning the odd Witt groups of an abelian category requires
some basic facts about canonical truncations. For any integer n let Db,≤n(A)
and Db,≥n(A) be the full additive subcategories of Db(A) such that

obDb,≤n(A) := {X | H i(X) = 0 for all i > n},

obDb,≥n(A) := {X | H i(X) = 0 for all i < n}.

Then for any complex Y in Db(A) and any n there exists an exact triangle

T−1
(
τ≥n+1Y

)
→ τ≤nY → Y → τ≥n+1Y (16)

with τ≤nY in Db,≤n(A) and with τ≥n+1Y in Db,≥n+1(A). This triangle is
unique up to unique isomorphism (Beilinson-Bernstein-Deligne [5] Proposi-
tion 1.3.3).

Proposition 5.2. Let A be a small abelian category with an exact duality
and with 1

2 ∈ A. Then its odd derived Witt groups are W 2n+1(Db(A)) = 0.

Proof. Let C 7→ C# := T 2n+1(C∗) denote the shifted duality on Db(A),
and suppose that (C, φ) is a complex which is symmetric with respect to
this shifted duality. We will show that the τ≤−n−1C of (16) is a Lagrangian
of (C, φ), so [C, φ] = 0. The details are as follows.

Using the truncation exact triangle (16) and applying the (−1)-exact
duality gives a diagram of solid arrows whose rows are exact triangles:

T−1(τ≥−nC)
f - τ≤−n−1C

g - C
h - τ≥−nC

T−1
[
(τ≤−n−1C)#

]T−1β
?

.......
−T−1f#

- (τ≥−nC)#

∃! α
?

.........
h#

- C#

∼= φ=φt

?
g#

- (τ≤−n−1C)#

∃! β
?

.........
(17)

Since the duality on A is exact, the derived duality acts on the cohomology
objects as H i(X#) ∼=

[
H−2n−1−i(X)

]∗, and so it exchanges Db,≤−n−1(A)
and Db,≥−n(A). As a result, we see that τ≤−n−1C and (τ≥−nC)# are
in the first subcategory, while τ≥−nC and (τ≤−n−1C)# are in the second
subcategory. Since a truncation exact triangle (16) is unique up to unique
isomorphism, there exist unique isomorphisms α and β making the diagram
above commute. Moreover, since φ = φt, the diagram also commutes if we
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replace α, β by βt, αt. Since α and β are unique, this gives β = αt. Taking
into account that αt = α#$2n+1 by definition, that $2n = −$2n+1 by (8),
and that T−1$2n = $2n by Definition 1.1, we get a commutative diagram
with exact rows

T−1(τ≥−nC)
αf - (τ≥−nC)#

gα−1
- C

h - τ≥−nC

T−1(τ≥−nC)

wwww
T−1((αf)#)$2n- (τ≥−nC)#

wwww
h#

- C#

∼= φ=φt

?
$−1

2n+1(gα−1)#
- τ≥−nC

wwwww
The last map on the bottom row is the transpose of gα−1, while the first
map on the bottom row is the transpose of αf with respect to the 2n-th
shifted duality. Therefore our diagram is of the form of diagram (9). So
[C, φ] = [Cone(A, u)] = 0 in W 2n+1(A). �

6. Witt groups of finite-length modules

Let O be a regular local ring, and let Db
fl(VBO) be the derived category of

bounded complexes of free O-modules with finite length homology, equipped
with the ‘usual’ duality defined below. This section will be devoted to
proving the following result:

Theorem 6.1 (Dévissage). Let O be a regular local ring with residue field
k such that char(k) 6= 2. Then Wn(Db

fl(VBO)) ∼= W (k) if n ≡ dimO
(mod 4), and Wn(Db

fl(VBO)) = 0 otherwise.

In the course of proving the theorem, we will also prove the following
known result. Let O-fl-mod be the abelian category of O-modules of finite
length. It has a ‘standard’ duality which we also define below (19).

Proposition 6.2. Let O be a regular local ring with residue field k such
that char(k) 6= 2. Then W (O-fl-mod) ∼= W (k), while W−(O-fl-mod) = 0.

The ‘usual’ duality on VBO is (∗, $) where E∗ = HomO(E,O), and where
$E : E → E∗∗ is the evaluation map. This duality extends to Db

fl(VBO).
The ‘standard’ duality on O-fl-mod is defined as follows. Let e := dimO,

and letM∨ := Exte
O(M,O). Define $̃M : M →M∨∨ using the commutative

diagram between projective resolutions

0 - Pe
- · · · - P2

d- P1
d- P0

- M - 0

0 - P ∗∗
e

$
?

- · · · - P ∗∗
2

$
?

d∗∗
- P ∗∗

1

$
?

d∗∗
- P ∗∗

0

$
?

- M∨∨

$̃
?

- 0

(18)

The ‘standard’ exact duality on O-fl-mod is the duality with sign

(∨, (−1)e(e−1)/2 $̃). (19)

Now let k -mod be the category of finite-dimensional vector spaces over
k, equipped with the duality given by V ′ := Homk(V, k) and the evaluation
maps ev : V → V ′′. Let O-fl-mod0 ⊂ O-fl-mod be the full subcategory of
semisimple objects. The main step in the proof of Proposition 6.2 is the
following lemma.



14 PAUL BALMER AND CHARLES WALTER

Lemma 6.3. There is an equivalence of semisimple abelian categories with
duality between (O-fl-mod0, ∨, (−1)e(e−1)/2 $̃) and (k -mod, ′, ev).

Proof. In order to make the various dualities and equivalences more concrete
and less liable to try to wriggle away when we try to work with them, we
will replace the natural isomorphism of categories k -mod ∼= O-fl-mod0 with
a diagram of equivalences

Skel
κ - R

k -mod

i

?

∩

β
6

F

∼=
- O-fl-mod0

H0
?

which we will define in a moment. However, we will have Fi = H0κ. So once
we show that i, κ, and H0 are duality-preserving, then the quasi-inverse β
of i is also duality-preserving by Lemma 4.3(d). So F , being isomorphic to
H0κβ, will also be duality-preserving by Lemma 4.3(b).

Let Skel ⊂ k -mod be the full subcategory whose objects are the vector
spaces kn with n ≥ 0 and whose morphisms are matrices. The functor ′ on
Skel fixes the objects and transposes the matrices. The restriction of ev to
Skel is the identity. One checks that the inclusion i is duality-preserving.
Its quasi-inverse β : k -mod → Skel amounts to choosing a basis for every
vector space.

Let R ⊂ Kb(VBO) = Db(VBO) be the full subcategory of complexes

0→ Re → · · · → R2
d−→ R1

d−→ R0 → 0

of finitely generated free O-modules such that Hi(R) = 0 for i 6= 0 and such
that m ·H0(R) = 0 for m ⊂ O the maximal ideal. Then R∨ is the complex

0→ R∗0 → · · · → R∗e−2
d∗−→ R∗e−1

d∗−→ R∗e → 0

while $̃ : R→ R∨∨ is as in (18). The functorH0 is clearly duality-preserving
from (R, ∨, (−1)e(e−1)/2 $̃) to (O-fl-mod0, ∨, (−1)e(e−1)/2 $̃).

Let K be a minimal free resolution of the O-module k. Let κ : Skel→ R
be the functor which sends kn 7→ K⊕n and which sends an arrow α : kn →
km to the homotopy class of maps between the minimal free resolutions
K⊕n → K⊕m which lift α. To check that κ is duality-preserving, we need
an isomorphism of functors η : κ ◦ ′ → ∨ ◦ κ such that the left-hand square
of (15) commutes. Since κ is compatible with the direct sum, it is enough
to give an isomorphism ηk : K → K∨ such that

K
1 - K

K∨∨

(−1)e(e−1)/2 $̃
?

η∨k

- K∨

ηk

?
(20)

commutes, i.e. we want ηk to be an isomorphism which is symmetric for the
duality with sign (−1)e(e−1)/2.
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We now describe K explicitly. Let F be a free O-module of rank e with
basis f1, . . . , fe, and let x1, . . . , xe be a regular sequence generating the max-
imal ideal m ⊂ O. Let K be the complex

0→ O → F → Λ2F → · · · → Λe−1F → ΛeF → 0 (21)

with differential d(m) =
∑e

i=1 xifi ∧m. We will give the chain isomorphism
ηk : K → K∨ with components Kj → K∗

e−j by specifying the corresponding
bilinear maps

ϕj : Kj ×Ke−j =
(
Λe−jF

)
×

(
ΛjF

)
→ O. (22)

We fix an isomorphism ΛeF ∼= O and set ϕj(m,n) = εj(m ∧ n) with εj =
(−1)ej−j(j+1)/2. The induced maps Kj → K∗

e−j are compatible with the
differentials of the chain complexes because for all j and all m ∈ Kj and all
n ∈ Ke−j+1 we have ϕj(m, dn) = ϕj−1(dm, n) or equivalently

εj

(
m ∧

∑
xifi ∧ n

)
= εj−1

(∑
xifi ∧m ∧ n

)
.

So the Kj → K∗
e−j are the components of a chain map ηk : K → K∨.

Moreover, the maps Kj → K∗
e−j are isomorphisms because the exterior

monomials in Kj = Λe−jF and the complementary exterior monomials in
Ke−j = ΛjF form module bases which are ϕj-dual up to sign. So ηk :
K → K∨ is a chain isomorphism. Finally, one checks that ϕe−j(n,m) =
(−1)e(e−1)/2 ϕj(m,n). So ηk : K → K∨ is symmetric for the duality with
sign (−1)e(e−1)/2, i.e. the diagram (20) commutes. This completes the proof
of the lemma. �

Proof of Proposition 6.2. Apply Proposition 5.1 and Lemma 6.3. �

To complete the proof of Theorem 6.1 we require the following lemma.

Lemma 6.4. There is an equivalence of triangulated categories with duality
between (Db

fl(VBO), De, δe, $e) and (Db(O-fl-mod), ∨, 1, (−1)e(e−1)/2 $̃).

Proof. There are natural exact functors

Db
fl(VBO)→ Db

fl(O-mod)← Db(O-fl-mod). (23)

The first functor is an equivalence of triangulated categories because VBO ⊂
O-mod is the full subcategory of projectives, and O-mod is of finite global
projective dimension. The second functor is an equivalence of triangulated
categories by Keller [11] §1.15, Example (b).

Let Tuns be the unsigned translation functor which translates a complex
to the left one place without changing the sign of its differential. Let D′

e :=
T e

uns ◦
∗ be the unsigned shifted duality on Db(VBO). It is 1-exact. We claim

that there are natural equivalences of triangulated categories with duality

(Db(O-fl-mod), ∨, 1, $̃) ' (Db
fl(VBO), D′

e, 1, $), (24)

(Db
fl(VBO), D′

e, 1, $) ' (Db
fl(VBO), De, (−1)e, (−1)e$). (25)

Multiplying by (−1)e(e−1)/2 will then give the lemma because δe = (−1)e

and $e = (−1)e(e+1)/2 by (8).
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The second equivalence (25) is given by the duality-preserving functor
(1Db

fl(VBO), η) where η : D′
e → De is the isomorphism of functors of the form

· · · - P ∗
e−i−1

d∗ - P ∗
e−i

d∗ - P ∗
e−i+1

- · · ·

· · · - P ∗
e−i−1

(−1)e(i+1)

?

(−1)ed∗
- P ∗

e−i

(−1)ei

?

(−1)ed∗
- P ∗

e−i+1

(−1)e(i−1)

?
- · · ·

(26)

The first equivalence (24) will be obtained from a diagram of duality-
preserving equivalences

Db(O-fl-mod) �p

f
- C

q- Db
fl(VBO) (27)

which we will define below. We will show that p and q are duality-preserving
equivalences. The quasi-inverse f of p will then be a duality-preserving
equivalence by Lemma 4.3(d), and qf will be the equivalence of (24).

We now specify the category C. Its objects are bounded double complexes
with commuting squares of the form

· · · - Mi+1
d- Mi

d- Mi−1
d- Mi−2

- · · ·

· · · - Pi+1,0

6
∂h- Pi,0

6
∂h- Pi−1,0

6
∂h- Pi−2,0

6

- · · ·

...

6
...

6
...

6
...

6

· · · - Pi+1,e

∂v
6

∂h- Pi,e

∂v
6

∂h- Pi−1,e

∂v
6

∂h- Pi−2,e

∂v
6

- · · ·

0

6

0

6

0

6

0

6

in which theMi are in O-fl-mod, the Pij are in VBO, and the i-th column is a
free resolution of Mi. We denote such an object by (P →M). Write Tot(P )
for the complex with terms Tot(P )n =

⊕
i+j=n Pij and with differential ∂

such that ∂|Pij
=

(
∂h + (−1)i∂v

)
|Pij

. The group of morphisms from (P →
M) to (P ′ →M ′) is defined to be

HomDb(O-fl-mod)(M,M ′) = HomDb(VBO)(Tot(P ),Tot(P ′)).

The two sides of the equation are the same because of the equivalence (23).
The projection functors given by p(P →M) = M and q(P →M) = Tot(P )
are clearly equivalences.
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The duality ∨ on C sends the double complex (P →M) above to

· · · - M∨
−i−1

d∨- M∨
−i

d∨- M∨
−i+1

d∨- M∨
−i+2

- · · ·

· · · - P ∗
−i−1,e

6
∂∗h- P ∗

−i,e

6
∂∗h- P ∗

−i+1,e

6
∂∗h- P ∗

−i+2,e

6

- · · ·

...
6

...
6

...
6

...
6

· · · - P ∗
−i−1,0

∂∗v
6

∂∗h- P ∗
−i,0

∂∗v
6

∂∗h- P ∗
−i+1,0

∂∗v
6

∂∗h- P ∗
−i+2,0

∂∗v
6

- · · ·

0
6

0
6

0
6

0
6

Then p ((P →M)∨) = M∨ and q ((P →M)∨) = D′
e Tot(P ). The iso-

morphism 1C → ∨∨ is defined by sewing together $̃ : M → M∨∨ and
$ : P → P ∗∗. The equivalences p and q clearly preserve the dualities.
Thus the functors of the diagram (27) are duality-preserving equivalences,
establishing the equivalence (24) and proving the lemma. �

Proof of Theorem 6.1. The duality-preserving equivalence of triangulated
categories of Lemma 6.4 produces natural isomorphisms

Wn+e(Db
fl(VBO)) = Wn(Db(O-fl-mod))

for every n. Since O-fl-mod is abelian, Theorem 1.4 and Proposition 5.2
give

Wn(Db(O-fl-mod)) =


W (O-fl-mod) if n ≡ 0 (mod 4),
W−(O-fl-mod) if n ≡ 2 (mod 4),
0 if n ≡ 1 or 3 (mod 4).

Apply Proposition 6.2 to complete the proof. �

7. The Gersten-Witt spectral sequence

In this section we obtain our Gersten-Witt spectral sequence by applying
the abstract construction of Theorem 3.1 to the derived category of bounded
complexes of vector bundles on a regular separated noetherian scheme X.
We also show that the spectral sequence is functorial for inclusions U ⊂ X
with U an open subscheme or with U = Spec(OX,x).

Let X be a regular separated noetherian scheme. Let VBX be the exact
category of locally free sheaves of finite rank on X, and let Db(VBX) be its
bounded derived category. A line bundle L on X induces a duality (DL, $L)
on VBX where DLE := HomOX

(E , L), and where $L is the evaluation map.
This duality extends to a ‘derived’ duality on Db(VBX). If 1

2 ∈ Γ(X,OX),
then the n-th derived Witt group of X with respect to L is

Wn(X,L) := Wn
(
Db(VBX), DL, 1, $L

)
. (28)

If E � is a bounded complex of vector bundles, then set

Supp(E �) :=
⋃

i
SuppH i(E �) = {x ∈ X | E � is not exact at x}.
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For each integer p ≥ 0 let Dp
X ⊂ Db(VBX) be the full triangulated subcate-

gory of complexes with support of codimension ≥ p. If dimX = e, then we
have a filtration by saturated full triangulated subcategories

Db(VBX) = D0
X ⊃ D1

X ⊃ · · · ⊃ De
X ⊃ De+1

X ' 0. (29)

Let X(p) be the set of points of codimension p of X. The following result is
well known.

Proposition 7.1. If X is a regular separated noetherian scheme, then there
are equivalences Dp

X/D
p+1
X '

∐
xp∈X(p) Db

fl(VBOxp
) of triangulated cate-

gories.

Proof. Let Mp
X be the category of coherent OX -modules with support of

codimension ≥ p. It is easy to see that the functor sending a sheaf to its
stalks gives an identification of the quotient abelian category:

Mp
X/M

p+1
X '

∐
xp∈X(p)

Oxp-fl-mod (30)

The argument of Keller [11] §1.15, Lemma and Example (b), applies to a
separated noetherian X and shows that the bounded derived category of
the lefthand side is equivalent to Db(Mp

X)/Db(Mp+1
X ). The same criterion

shows that Db(Mp
X) ' Db

Mp
X

(CohX), and this is equivalent to Dp
X because

X is regular, separated, and noetherian. By Lemma 6.4 the bounded derived
category of the righthand side of (30) is equivalent to Db

fl(VBOxp
). �

Theorem 7.2. Let X be a regular separated noetherian scheme of finite
Krull dimension such that 2 ∈ Γ(X,OX) is invertible, and let L be a line
bundle on X. Let X(i) be the set of points of codimension i in X. Then
there exists a spectral sequence with terms

Epq
1
∼=

{⊕
xp∈X(p) W (k(xp)), if 0 ≤ p ≤ dim(X), and q ≡ 0 (mod 4),

0 otherwise,

which converges to En = Wn(X,L).

Proof. Since Supp(DLE
�) = Supp(E �), the filtration (29) is invariant under

the derived duality. The decomposition of Proposition 7.1 is also invariant
under the derived duality. So applying Theorem 3.1 and Proposition 7.1
gives a spectral sequence converging to En = Wn(X,L) with terms

Epq
1 = W p+q(Dp

X/D
p+1
X , L) =

⊕
xp∈X(p)

W p+q
(
Db

fl(VBOxp
), L

)
if 0 ≤ p ≤ e, while Epq

1 = 0 for other values of p. Now over the spectrum of
a local ring Oxp , the duality induced by L and the ‘usual’ duality induced
by O are (non-canonically) isomorphic. So we may apply Theorem 6.1 to
see that

W p+q
(
Db

fl(VBOxp
), L

) ∼= {
W (k(xp)) if p+ q ≡ p (mod 4),
0 otherwise.

This completes the proof of the theorem. �



A GERSTEN-WITT SPECTRAL SEQUENCE FOR REGULAR SCHEMES 19

Now consider an inclusion i : U ↪→ X with U an open subscheme or with
U = Spec(OX,x) where OX,x is the local ring of a point of X. The restriction
functor i∗ is exact and duality-preserving and compatible with the filtrations

Db(VBX) =D0
X ⊃ D1

X ⊃ · · · ⊃ De
X ⊃De+1

X ' 0

Db(VBU ) =D0
U

i∗ ?

⊃ D1
U

?

⊃ · · · ⊃ De
U

?
⊃De+1

U

?

' 0 .

Applying Lemma 4.2 now gives the following result.

Lemma 7.3. If i : U ↪→ X is as above, then i∗ induces a morphism of
Gersten-Witt spectral sequences whose E1-term is the natural restriction
map of Gersten-Witt complexes

0 -
⊕

x∈X(0)

W (k(x)) -
⊕

y∈X(1)

W (k(y)) - · · · -
⊕

z∈X(e)

W (k(z)) - 0

0 -
⊕

x∈U(0)

W (k(x))
?

-
⊕

y∈U(1)

W (k(y))
?

- · · · -
⊕

z∈U(e)

W (k(z))
?

- 0

Remark. Theorem 7.2 is also true for nonseparatedX which satisfy the other
hypotheses of the theorem. In the proof, one replaces Db(VBX) by the
category Dperf(X) of perfect complexes on X. The spectral sequence is un-
changed except that it converges to the triangular Witt groups of Dperf(X).

If X is noetherian and regular and has 1
2 ∈ Γ(X,OX) but is of infinite

Krull dimension, the Gersten-Witt complex and the spectral sequence exist,
but we do not know whether the spectral sequence converges (see the dis-
cussion at the end of §3). Nagata’s famous example of a noetherian ring of
infinite Krull dimension is regular (see Eisenbud [7] Exercise 9.6).

We hope to treat Gersten-Witt complexes on singular schemes in [4].

8. More on the Gersten-Witt complex

In this section we try to decorticate the coboundaries appearing on the
first page of our spectral sequence and forming our Gersten-Witt complex.
The reader will probably benefit from the comparison with the classical
(second) residue homomorphism presented in Lemma 8.4.

We use the notations introduced at the beginning of Section 7. For sim-
plicity we abbreviate Dp the subcategory of the derived category of X on
those complexes whose homology have support of codimension ≥ p. Then
the backbone of the Gersten-Witt complex is

0→W (D0/D1)→ · · · →W p(Dp/Dp+1)→ · · · →W e(De)→ 0 (31)

obtained from the line q = 0 in the general categorical spectral sequence of
Theorem 3.1. The coboundary dp0

1 : W p(Dp/Dp+1) → W p+1(Dp+1/Dp+2)
is simply the composition

W p(Dp/Dp+1) ∂−→W p+1(Dp+1) −→W p+1(Dp+1/Dp+2)

where the first map ∂ is the connecting homomorphism in the long exact
sequence associated to Dp+1 ↪→ Dp � Dp/Dp+1 as in Theorem 2.1, and
where the second homomorphism is the natural localization.
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On the backbone (31) we graft isomorphisms which identifyW p(Dp/Dp+1)
in local terms. These isomorphisms are those of Theorem 7.2 and they de-
pend on choices of local parameters. Any two choices give isomorphic com-
plexes, because they are both isomorphic to the above fundamental one.
For instance, the exactness of the (augmented) Gersten-Witt complex is
consequently independent of the choices.

* * *

The next part of the section will be spent showing that the differential
d00

1 : W0
X,L → W1

X,L in our spectral sequence has the expected form. We
first recall some definitions.

Let A be a discrete valuation ring with residue field k, fraction field F ,
and uniformizing parameter π, and such that char(k) 6= 2. Any quadratic
space over F is isometric to a diagonal space of the form (Fn+m,diag(a, πb))
where a = (a1, . . . , an) and πb = (πb1, . . . , πbm) with the ai, bj ∈ A∗. The
first and second residue maps W (F )→W (k) are given by

Res1A
(
[Fn+m,diag(a, πb)]

)
:= [kn,diag(a)],

Res2A
(
[Fn+m,diag(a, πb)]

)
:= [km,diag(b)]

(cf. Milnor-Husemoller [14] Chap. IV (1.2)–(1.3)).
As a first step toward twisting Witt groups by line bundles, we study the

twisted duality DπrA := HomA(−, πrA) on free A-modules. Thus let

C := Db(VBA), D := Db
fl(VBA), C/D ' Db(F -mod).

The quotient functor C → C/D can be identified with the localization
functor −⊗A F . If C and D are given the twisted duality (DπrA, 1, $πrA),
then the induced duality on C/D is HomF (−, F ), and the morphism between
the dualities on C and on C/D comes from the inclusion πrA ⊂ F .

Lemma 8.1. If C and D are equipped with the twisted duality DπrA =
HomA(−, πrA), then the long exact sequence (11) of derived Witt groups

· · · →W 0(C)→W 0(C/D)→W 1(D)→ · · · (32)

reduces to the short exact sequence

0→W (A, πrA)
iA,r−−→W (F )

∂A,r−−→W (k)→ 0 (33)

where iA,r is the natural localization map and where ∂A,r = Res2A if r is
even, while ∂A,r = Res1A if r is odd.

Proof. The same argument as in the proof of Theorem 9.1 shows that (32)
reduces to a short exact sequence of the form of (33). The inclusion map
W (A, πrA)→ W (F ) is clearly the localization map. We need to show that
the map ∂A,r : W 0(C/D) → W 1(D, DπrA, 1, $πrA) of derived Witt groups
is given by ∂A,r = Res1A if r is odd and by ∂A,r = Res2A if r is even.

Give D = Db
fl(VBA) the unsigned shifted duality (D′

1, 1, $πrA) of (25).
The derived Witt group map is really a composition

W 0(C/D)
η−→W (D, D′

1, 1, $πrA)
∼=←−
λ
W 0(Db(k -mod)),
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where η is the composition of the coboundary of the long exact sequence
(11) with the sign-changing equivalence (25)-(26), and where λ is induced
by a functor Db(k -mod)→ D sending[
· · · → 0→ 0→ k → 0→ · · ·

]
7→

[
· · · → 0→ A

πr+1

−−−→ πrA→ 0→ · · ·
]
.

If r = 2s is even, then η sends

[Fn+m,diag(a, πb)] = [Fn+m,diag(π2sa, π2s+1b)]

to the class of the symmetric complex

· · · - 0 - An+m diag(π2sa,π2s+1b)- π2sAn+m - 0 - · · ·

· · · - 0
?

- An+m

1 ∼=
?

diag(π2sa,π2s+1b)- π2sAn+m

∼= 1
?

- 0
?

- · · ·
This symmetric complex is isometric in the derived category to

· · · - 0 - Am π2s+1
- π2sAm - 0 - · · ·

· · · - 0
?

- Am

diag(b) ∼=
?

π2s+1
- π2sAm

∼= diag(b)
?

- 0
?

- · · ·
so its class is λ([km,diag(b)]). Thus the derived Witt group map ∂A,r :
W (F )→W (k) is the same as Res2A if r is even. A similar calculation shows
that ∂A,r = Res1A if r is odd. �

Now letX be a regular integral separated noetherian scheme with function
field K = K(X). A divisor on X is a formal linear combination E =

∑
nx x

with the x ∈ X(1) and the nx ∈ Z and all but finitely many nx = 0 (cf.
Hartshorne [10] II.6). For each x ∈ X(1) the local ring OX,x is a discrete
valuation ring with uniformizing parameter say πx and valuation ordx. Let
∂x,nx : W (K)→W (k(x)) be as in Lemma 8.1, i.e.

∂x,nx =

{
Res2OX,x

if nx is even,
Res1OX,x

if nx is odd.

Definition 8.2. The unramified Witt group of (X,E) is defined as

Wnr(X,E) := ker
(
W (K)

(∂x,nx )−−−−→
⊕

x∈X(1)
W (k(x))

)
. (34)

Associated to a divisor is a sheaf of fractional ideals L = OX(−E) ⊂ K
with fibers Lx = πnx

x OX,x ⊂ K. Since X is regular, this sheaf of fractional
ideals is invertible, i.e. is the sheaf of sections of a line bundle. Two divisors
E and E1 correspond to isomorphic line bundles if and only if they are
linearly equivalent, i.e. if and only if there exists 0 6= g ∈ K such that E1 =
E + div(g) where div(g) :=

∑
x ordx(g)x. Such linearly equivalent divisors

generate a commutative diagram with exact rows and vertical isomorphisms

0 - Wnr(X,E) - W (K)
(∂x,nx ) -

⊕
x∈X(1)

W (k(x))

0 - Wnr(X,E1)

∼=
?

- W (K)

∼= ·g
? (∂x,nx+ordx(g))-

⊕
x∈X(1)

W (k(x))

www
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This allows us to define the unramified Witt group of a divisor class or of
a line bundle Wnr(X,L), although to give an inclusion Wnr(X,L) ⊂ W (K)
we must choose a divisor within the divisor class.

If, as above, L is a line bundle with fibers Lx = πnx
x OX,x, then for each

x the map W (X,L)→W (K) factors through W (OX,x, Lx) = ker(∂x,nx), so
there is a natural map W (X,L)→Wnr(X,L).

Definition 8.3. One says that purity holds for the Witt groups of (X,L) if
the natural map W (X,L)→Wnr(X,L) is an isomorphism, and we will say
that weak purity holds if the map is surjective.

Lemma 8.4. Let X and L be as in Theorem 7.2.
(a) The residue map (∂x,nx) of (34) is the same as the differential d1 :

W0
X,L →W1

X,L of our Gersten-Witt complex.
(b) The natural map W (X,L) → Wnr(X,L) is the same as the map

W (X,L)→ H0(WX,L) which is the spectral sequence edge map E0 → E00
2 .

Proof. (a) For any x ∈ X(1) the Gersten-Witt complex for (OX,x, π
nx
x OX,x)

reduces to 0 → W (K) → W (k(x)) → 0. The differential is the residue
map ∂x,nx by Lemma 8.1. So if we project the Gersten-Witt complex of
X onto that of OX,x using Lemma 7.3, we see that the general component
W (K)→W (k(x)) of the d1-differential for X is also ∂x,nx . This proves (a).
Part (b) is left to the reader. �

* * *
We now describe the components ∂ : W (k(x))→W (k(y)) of the cobound-

ary d1 of the Gersten-Witt complex.
Suppose that y is in X(p). If we apply Lemma 7.3 to Spec(OX,y) ⊂ X, we

see that ∂ factors through
⊕

z∈Spec(OX,y)(p−1) W (k(z)). So ∂ = 0 if y 6∈ {x}.
If y ∈ {x}, then using the same lemma we reduce to X = Spec(O) with O
a regular local ring of dimension e = p whose maximal ideal m corresponds
to y and with a prime ideal p ⊂ O of height e − 1 corresponding to x.
Then A = O/p is a Cohen-Macaulay local domain of Krull dimension 1
with dualizing module ωA = Exte−1

O (A,O) and fraction field k(x). There is
a natural isomorphism $̃ : Exte−1

O (ωA,O) ∼= A.
Now ∂ is really a coboundary W (Op-fl-mod) → W (O-fl-mod). Any

class in W (Op-fl-mod) can be represented by a symmetric isomorphism
g : k(x)⊕r ∼= Exte−1

Op
(k(x),Op)⊕r. Replacing g by an isometric map if neces-

sary, we may assume that it lifts to a symmetric map g : A⊕r → ω⊕r
A . There

is then a commutative diagram with exact rows

0 - A⊕r g - ω⊕r
A

- M - 0

0 - Exte−1
O (ωA,O)⊕r

(−1)(e−1)(e−2)/2$̃ ∼=
?

Exte−1(g,O)- ω⊕r
A

wwww
- Exte

O(M,O)

∼= h
?

- 0

(35)

Comparing this diagram with the definition given for the coboundary of
Theorem 2.1 and with diagram (9) completes the proof of the following
proposition.
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Proposition 8.5. Let ∂ : W (k(x)) → W (k(y)) be a component of the
coboundary d1 of the Gersten-Witt complex (1).

(a) If y 6∈ {x}, then ∂ = 0.
(b) If y ∈ {x}, then for any [k(x)⊕r, g] ∈W (k(x)) the map h defined above

is a symmetric isomorphism, and ∂([k(x)⊕r, g]) = [M,h] in W (O-fl-mod) ∼=
W (k(y)).

9. The punctured spectrum of a regular local ring

We now describe the derived Witt groups of the punctured spectrum of
a regular local ring. We will prove the following theorem, and then give
some sufficient conditions for the splitting of the short exact sequence (36)
appearing in the theorem.

Theorem 9.1. Let O be a regular local ring of dimension e ≥ 1 with max-
imal ideal m and residue field k. Suppose that char(k) 6= 2. Let U =
Spec(O) \ {m} be the punctured spectrum. If e 6≡ 1 (mod 4), then

Wn(U) ∼=


W (O) if n ≡ 0 (mod 4),
W (k) if n ≡ e− 1 (mod 4),
0 otherwise.

If e ≡ 1 (mod 4), then there exists a short exact sequence

0→W (O)→W (U)→W (k)→ 0, (36)

while Wn(U) = 0 for n 6≡ 0 (mod 4).

All the identifications of Theorem 9.1 are isomorphisms or exact sequences
of W (O)-modules because all the constructions used are compatible with
tensoring with (the restriction of) a quadratic vector bundle on Spec(O).

Proof. The triangulated category C := Db(VBO) contains the saturated
full triangulated subcategory D := Db

fl(VBO), and the quotient triangu-
lated category can be identified with Db(VBU ) (see for example Balmer [3]
Remark 4.9). The long exact sequence (11) is then of the form

· · · →Wn(D)→Wn(C)→Wn(U)→Wn+1(D)→ · · · (37)

Now by Theorem 6.1 one has Wn(D) = W (k) if n ≡ e (mod 4), and
Wn(D) = 0 otherwise. By Balmer [3] Theorem 5.6 one hasWm(C) = W (O)
if m ≡ 0 (mod 4), while Wm(C) = 0 otherwise. So the long exact sequence
(37) simplifies, but there are several cases to analyze.

If e ≡ 1 (mod 4), then the long exact sequence (37) degenerates into the
short exact sequences

0→W (O)→W 4`(U)→W (k)→ 0

plus identifications Wn(U) = 0 for n 6≡ 0 (mod 4). If e ≡ 2 or 3 (mod 4),
then (37) degenerates into isomorphisms

W (O)
∼=−→W 4`(U), W 4`+e−1(U)

∼=−→W (k),

plus identifications Wn(U) = 0 for n 6≡ 0, e − 1 (mod 4). This proves the
theorem for e 6≡ 0 (mod 4).
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If e ≡ 0 (mod 4), then one gets the same vanishings as in the immediately
preceding case plus exact sequences

0→W 4`−1(U)→W (k) ∂−→W (O)→W 4`(U)→ 0.

It is enough to show that ∂ = 0. Now the restriction map W (O)→W (k) is
surjective and, as we said before beginning the proof of the theorem, it is a
map of W (O)-modules. Similarly ∂ is a map of W (O)-modules. So for any
x ∈W (O) we have ∂(x) = x · ∂(1). Now 1 is the class [k, (1)], and it is sent
to the minimal free resolution [K, ηk] of (21). So it will be enough to show
that ∂(1) = [K, ηk] = 0 in W e(O) for even e ≥ 2. The free module (21) can
be written as F = O ⊕G with G free of rank e − 1. The module Λe/2F in
the middle of (21) contains a Lagrangian submodule Λe/2G, so the Koszul
complex contains a Lagrangian subcomplex

0 - 0 - · · · - 0 - Λe/2G - Λe/2+1F - · · · - ΛeF - 0

0 - O
?

- · · · - Λe/2−1F

?
- Λe/2F

?

∩

- Λe/2+1F

wwwww
- · · · - ΛeF

wwwww
- 0

Therefore [K, ηk] = 0, and ∂ = 0, completing the case e ≡ 0 (mod 4). �

There are several situations in which we know that the exact sequence
(36) splits:

Proposition 9.2. Let O, k, and U be as in Theorem 9.1, and suppose
that e = dim(O) ≡ 1 (mod 4). Then the exact sequence (36) splits and
W (U) ∼= W (O) ⊕W (k) if any of the following holds: (a) if O contains a
field and e ≥ 5, (b) if O is complete or henselian, (c) if O is a k-algebra, or
(d) if O = Z(p) with p an odd prime and U = Spec(Q).

Proof. (a) The natural map W → Wnr from the Witt group to the unram-
ified Witt group (described in (34) and Lemma 8.4(b) above) is functorial
for inclusions of open subschemes. So we have a commutative diagram

W (O) - Wnr(O)

W (U)
?

- Wnr(U)
?

.

Since e ≥ 2, the vertical map Wnr(O) → Wnr(U) is an identity, since
both groups are the kernel of W (K) →

⊕
ht(p)=1W (k(p)), where K is

the field of fractions of O. The horizontal map W (O) → Wnr(O) is an
isomorphism by the Ojanguren-Panin purity theorem ([17] Theorem A).
Hence the vertical map W (O) → W (U), which is the same as the in-
clusion map in the exact sequence (36), is retracted by the composition
W (U) → Wnr(U) = Wnr(O) ∼= W (O). Moreover, all the maps are all
compatible with tensoring with a quadratic O-module, so the identification
W (U) ∼= W (O)⊕W (k) is an isomorphism of W (O)-modules.

(b) It is well known that the natural restriction map W (O)→W (k) is an
isomorphism when k is the residue field of a complete or henselian local ring.
The exact sequence (36) is therefore an extension of free W (k)-modules and
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so is split. Thus W (U) ∼= W (k)⊕2, and the identification is an isomorphism
of modules over W (O) = W (k).

(c) The morphism k → O defining the k-algebra induces a morphism
W (k)→W (O) which makes (36) into an extension of W (k)-modules. Since
the quotient module is projective, the extension splits. So there is a W (k)-
linear isomorphism W (U) ∼= W (O)⊕W (k) in this case.

(d) This follows from Milnor-Husemoller [14] Chap. IV (2.1), where W (Q)
is calculated using a split exact sequence. �

10. Purity and Gersten Conjecture in low dimensions

In this section we prove our immediate applications of the Gersten-Witt
spectral sequence, among which the Low Dimensions Theorem 10.1 and the
Purity Corollaries 10.2 and 10.3. The notion of (weak) purity is recalled in
Definition 8.3.

Theorem 10.1 (Low Dimensions). Let X and L be as in Theorem 7.2.
The derived Witt groups Wn := Wn(X,L) and the Witt cohomology groups
Hn(W) := Hn(WX,L) have the following relationships:

(a) If dim(X) ≤ 3, then Wn ∼= Hn(W) for 0 ≤ n ≤ 3.
(b) If dim(X) < n ≤ 3, then Wn = 0.
(c) If dim(X) ≤ 7, then there is an exact sequence

0 - H4(W) - W 0 - H0(W) - H5(W) - W 1 - H1(W)

0 � H3(W) � W 3 � H7(W) � H2(W) � W 2 � H6(W)
?

Proof. (a) The only nonzero terms Epq
1 are those with q ≡ 0 (mod 4) and

with 0 ≤ p ≤ dim(X). So if dim(X) ≤ 3, and if 0 ≤ n ≤ 3, then the only
potentially nonzero term on the diagonal p+ q = n is En0

1 =Wn
X,L, and the

only potentially nonzero differentials going into or out of any En0
r are the

d1 differentials Wn−1
X,L →Wn

X,L →W
n+1
X,L . So the abutment En = Wn(X,L)

is isomorphic to En0
2 = Hn(WX,L).

(b) One has Wn(X,L) ∼= Hn(WX,L) by part (a), while Hn(WX,L) = 0
because the Gersten-Witt complex vanishes in dimensions n > dim(X).

(c) If dim(X) ≤ 7, and if 0 ≤ n ≤ 3, then the only potentially nonzero
terms on the diagonal p+ q = n are En0

1 =Wn
X,L and En+4,−4

1 =Wn+4
X,L , and

the only potentially nonzero differentials are the d1 and d5. So the abutment
En = Wn(X,L) is an extension 0→ En+4,−4

6 → En → En0
6 → 0 where

En+4,−4
6 = coker

(
d5 : Hn−1(WX,L)→ Hn+4(WX,L)

)
,

En,0
6 = ker

(
d5 : Hn(WX,L)→ Hn+5(WX,L)

)
.

This can be put together to form the exact sequence of the theorem. �

Corollary 10.2. Let X and L be as in Theorem 7.2. If dim(X) = 4, then
weak purity holds. More precisely, if dim(X) ≤ 4, the complex⊕

x∈X(3)

W (k(x)) -
⊕

x∈X(4)

W (k(x)) - W (X,L) - W (K) -
⊕

x∈X(1)

W (k(x))

is exact at the three middle groups.
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Corollary 10.3. Let X and L be as in Theorem 7.2. If dim(X) ≤ 3, then
purity holds for the Witt groups of (X,L).

Proof. Those corollaries follow from our identifying of d00
1 :W0

X,L →W1
X,L as

a ‘twisted’ residue map (Lemma 8.4), thus obtainingH0(WX,L) = Wnr(X,L).
Using then Theorem 10.1, the definition of H4(WX,L) and the observation
that H5(WX,L) = 0 when dim(X) ≤ 4 leads immediately to the result. �

Another application of Theorem 10.1 is the following result.

Corollary 10.4. Let X = Spec(R) for R a regular local ring of Krull dimen-
sion e ≤ 4 and containing 1

2 . Then the Gersten Conjecture holds, namely
the augmented Gersten-Witt complex (4) is exact.

Proof. Let us identify as many groups as we can in the exact sequence of
Theorem 10.1. First of all, observe that the dimension hypothesis forces
H5(W) = H6(W) = H7(W) = 0. Recall from Balmer [3], Theorem 5.6,
that W 1(R) = W 2(R) = W 3(R) = 0. We also have H4(W) = 0. This
is obvious if e = dim(R) < 4. If e = 4, observe that we always have
Hdim R(W) = 0. In fact, if O is a discrete valuation ring, the second residue
W (K) → W (k) is obviously surjective. Now, let x1, . . . , xe be a system of
regular parameters of R, then R/(x2, . . . , xe) is a discrete valuation ring and
one deduces immediately Hdim R(W) = 0 from Proposition 8.5.

Now, we deduce from the exact sequence of Theorem 10.1, that H1(W) =
H2(W) = H3(W) = 0 and that H0(W) = W (R). This is the claim. �

Concluding Remarks. The special significance of dimension 4 for the purity
of Witt groups has been observable for some time. For instance, when R is
a regular domain with fraction field K and 1

2 ∈ R, then it has been known
that the map W (R) → W (K) is injective if dim(R) ≤ 3 but is not always
injective if dim(R) = 4. The Gersten-Witt spectral sequence explains this
‘dimension gap’ as a consequence of the vanishing of three out of every four
lines of the spectral sequence, with the effect that the coniveau filtration
of the Witt group W (R) has contributions only from codimensions 0, 4,
8, . . . At a deeper level, dévissage reduces the computation of the spectral
sequence to the derived Witt groups of fields, and three out of four derived
Witt groups of a field vanish, while every fourth one is the usual Witt group
W 4`(k) = W (k).

Thus the special geography of the Gersten-Witt spectral sequence gives a
convincing reason why purity holds until a first gap after dimension 3, and
it brings to light the long exact sequence of Theorem 10.1(c), which works
until a second gap after dimension 7. The spectral sequence also reveals
that ‘weak purity’ holds at the first boundary dimension 4, but we have no
idea how long that phenomenon goes on.
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