The Bulletin of Symbolic Logic Volume 3, Number 1, March 1997

ON THE DECISION PROBLEM FOR TWO-VARIABLE FIRST-ORDER LOGIC

ERICH GRÄDEL, PHOKION G. KOLAITIS AND MOSHE Y. VARDI

Abstract. We identify the computational complexity of the satisfiability problem for FO^2, the fragment of first-order logic consisting of all relational first-order sentences with at most two distinct variables. Although this fragment was shown to be decidable a long time ago, the computational complexity of its decision problem has not been pinpointed so far. In 1975 Mortimer proved that FO^2 has the finite-model property, which means that if an FO^2-sentence is satisfiable, then it has a finite model. Moreover, Mortimer showed that every satisfiable FO^2-sentence has a model whose size is at most doubly exponential in the size of the sentence. In this paper, we improve Mortimer’s bound by one exponential and show that every satisfiable FO^2-sentence has a model whose size is at most exponential in the size of the sentence. As a consequence, we establish that the satisfiability problem for FO^2 is NEXPTIME-complete.

§1. Introduction. Once the satisfiability problem for first-order logic was shown to be undecidable [12, 55], logicians embarked on an ambitious project aiming to delineate the boundary between decidable and undecidable fragments of first-order logic. In this project, the main focus was on prefix classes and prefix-vocabulary classes, that is, on collections of first-order sentences in prenex normal form defined by imposing restrictions on the quantifier prefix or by imposing restrictions on both the quantifier prefix and the vocabulary of function and relation symbols. For example, the AEA class consists of all relational (i.e., without function symbols) firstorder sentences with quantifier prefix of the form ∀∃∀. After toiling on this project for almost fifty years, researchers were finally able to identify the dividing line between decidability and undecidability for all prefix-vocabulary classes of first-order formulas [15, 41, 23, 6]. Moreover, an effort was made to pinpoint the computational complexity of the decision problem for the decidable classes [6, 18, 24, 25, 37, 42].

A different way to obtain syntactic fragments of first-order logic is to partition the formulas according to the number of their variables. More precisely, k-variable first-order logic FO^k consists of all relational first-order formulas containing at most k different individual variables, k ≥ 1. These fragments were introduced by Henkin [30], who investigated certain aspects

Received September 12, 1996; accepted October 7, 1996; revised January 23, 1997. During the preparation of this paper Kolaitis and Vardi were supported by NSF grants.

© 1997, Association for Symbolic Logic 1079-8986/97/0301-0003/$2.70 53

54 ERICH GR^¨ADEL, PHOKION G. KOLAITIS AND MOSHE Y. VARDI

of their proof theory. In recent years, both k-variable first-order logics and k-variable infinitary logics gained popularity in the context of finite-model theory, where they have been the focus of extensive study, since the number of variables is considered a logical resource in descriptive complexity theory and since logics with fixpoint constructs can be viewed as effective fragments of k-variable infinitary logics (see [9, 14, 31, 33, 34, 35, 38, 39, 46, 56]). Note that the class AEA mentioned above is contained in FO^3. Since the satisfiability problem for the AEA class is undecidable (see [6, 41]), it follows that FO^3, even without equality, is undecidable. This motivates the study of the decision problem for FO^2, as FO^2 and FO^3 may very well be on opposite sides of the boundary between the decidable and the undecidable.

Modal logic provides another motivation for studying the complexity of the decision problem for FO^2. Modal logic can be described succinctly as the logic of necessity and possibility, of “must be” and “may be”. Note that one should not take “necessity” and “possibility” literally, as their meaning may be adapted to the situation at hand. For example, “necessarily” can mean “according to the laws of physics”, or “according to my beliefs”, or even “after the program terminates”. For this reason, in recent years modal logic has been applied to numerous areas of computer science, including artificial intelligence [7, 44], program verification [48, 47], hardware verification [5, 51], database theory [10, 13, 43], and distributed computing [8, 28]. The attractiveness of modal logic for formal reasoning stems to a large degree from the fact that propositional modal logic is decidable in a very robust way, as has been amply demonstrated (see [11, 17, 29, 40, 49, 54, 58]). The robust decidability of propositional modal logic is actually rather surprising. In spite of the adjective “propositional”, it is well understood that propositional modal logic is essentially a fragment of first-order logic, where the modalities � (“necessarily”) and � (“possibly”) are intrinsically universal and existential quantifiers, respectively [1, 2]. What, then, makes propositional modal logic so robustly decidable? To answer this question, we have to take a close look at propositional modal logic as a first-order logic. A careful examination reveals that propositional modal logic can in fact be viewed as a fragment of FO^2 without equality (see [20, 3]). Thus, a decidability result for FO^2 would explain the decidability of propositional modal logic. Moreover, a result identifying the precise complexity of FO^2 would also provide an upper bound for the computational complexity of propositional modal logic and several of its variants (see [57]).

It should be noted that the presence or absence of equality may cause the boundary between decidability and undecidability to shift. The most striking instance of this phenomenon is the Gödel class, that is, the class of relational first-order sentences with quantifier prefix of the form ∃^∗∀∀∃^∗ (a string consisting of an arbitrary number of existential quantifiers, followed

ON THE DECISION PROBLEM FOR TWO-VARIABLE FIRST-ORDER LOGIC 55

by precisely two universal quantifiers, followed by an arbitrary number of existential quantifiers). Gödel [21], Kalmár [36], and Schütte [52] showed independently that this class is decidable, provided no occurrence of the equality symbol is allowed in the sentences of the class. In a second paper [22], Gödel also established that this class has the finite model property: every satisfiable sentence in this class has a finite model (this property is often referred to as finite controllability). At the end of this paper Gödel claimed, without substantiation, that his proof persists in the presence of equality. This claim, however, was refuted by Goldfarb [23], who established that even the minimal Gödel class, with quantifier prefix of the form ∀∀∃, becomes undecidable once equality is allowed.

The presence or absence of equality may also affect the computational complexity of the satisfiability problem for decidable classes. A case in point is the Ackermann class, which consists of all relational first-order sentences with quantifier prefix of the form ∃^∗∀∃^∗. Indeed, the satisfiability problem for the Ackermann class without equality is EXPTIME-complete [41, 18], whereas the same problem for the Ackermann class with equality is NEXPTIME-complete [37]. A more dramatic example is provided by the Rabin class, which consists of all first-order sentences with arbitrary quantifier prefix, one unary function symbol, and an arbitrary number of unary relation symbols (but no function or relation symbols of higher arity). The satisfiability problem for this class without equality is NEXPTIMEcomplete. On the other hand, the same class with equality is decidable, but not elementary recursive, that is, the time complexity of the decision problem exceeds any constant number of iterations of the exponential function (see [6]).

For certain other classes, however, the presence of equality makes no essential difference. Consider, for example, the Bernays-Schönfinkel-Ramsey class, which consists of all relational first-order sentences with quantifier prefix of the form ∃^∗∀^∗. The satisfiability problem for this class without equality was shown to be decidable by Bernays and Schönfinkel [4]; moreover, Ramsey [50] extended this result^1 to the case with equality. Lewis [42] showed that the satisfiability problem for this class without equality is NEXPTIME-complete; it is easy to see that the same holds true for the case with equality.

The first decidability result for FO^2 was obtained by Scott [53], who showed that the decision problem for FO^2 can be reduced to that of the Gödel class. Since, as mentioned above, only the Gödel class without equality is decidable, Scott’s reduction yields the decidability of FO^2 without equality, but does

1In fact, Ramsey proved a much stronger result, namely, that the spectrum of every such sentence is either finite or cofinite. It was for the proof of this result that Ramsey developed his celebrated combinatorial theorems.

56 ERICH GR^¨ADEL, PHOKION G. KOLAITIS AND MOSHE Y. VARDI

not cover the case of FO^2 with equality. The full class FO^2 was considered by Mortimer [45]. He proved that this class is decidable by showing that it has the finite model property. An analysis of his proof shows that he actually established a bounded model property for FO^2: if a FO^2-sentence φ is satisfiable, then it is satisfiable in a model whose size is at most doubly exponential in the length of ϕ. It follows that satisfiability of FO^2 with equality is decidable in nondeterministic doubly exponential time, since to check whether a FO^2-sentence φ with equality is satisfiable we simply guess a finite structure A of size at most doubly exponential in the length of φ and verify that A |= φ.

In this paper we take a closer look at the decision problem for FO^2, with the aim of pinpointing its computational complexity and, thus, contributing a missing part to the complexity-theoretic analysis of the decidable fragments of first-order logic. The main result of this paper is that the satisfiability problem for FO^2 with equality is NEXPTIME-complete. In particular, this new upper bound for the satisfiability problem for FO^2 with equality improves Mortimer’s upper bound by one exponential. To obtain this improvement, we revisit Scott’s reduction and observe that in fact it reduces FO^2 to a proper fragment of the Gödel class. This fragment, which we call the Scott class, consists of all first-order sentences with equality that are conjunctions of sentences with quantifier prefixes of the form ∀∀ and ∀∃. We show that by refraining from converting these sentences to prenex normal form (and viewing them as sentences in the Gödel class) we can realize a significant decrease in complexity. Specifically, we establish an exponential model property for the Scott class: if a sentence φ in this class is satisfiable, then it is satisfiable in a model whose size is at most exponential in the size of φ.

The lower bound for the complexity of the satisfiability problem for FO^2 follows from results of Fürer [19], who, building on earlier work by Lewis [42], established that the satisfiability problem of ∀∀∧∀∃ first-order sentences without equality (that is, sentences that are a conjunction of a single ∀∀ sentence without equality and a single ∀∃ sentence without equality) is NEXPTIME-hard. Thus, equality makes no difference to the complexity of the satisfiability problem for FO^2.

§2. First-order logic with a fixed number of variables. We consider firstorder logic FO with equality over a fixed relational vocabulary. The kvariable first-order logic FO^k consists of all formulas of FO with at most k distinct individual variables. Thus,

FO =

⋃_∞ k=1 FO^k .

The expressive power of the logics FO^k , k ≥ 1, on graphs G = (V, E) is usually illustrated by the fact that for any n ≥ 1 the property “there is a path

ON THE DECISION PROBLEM FOR TWO-VARIABLE FIRST-ORDER LOGIC 57

of length n from x to y” is expressible by a formula p_n(x, y) of FO^3. Indeed, put p_1(x, y) ≡ E(x, y) and assume, by induction on n, that p_{n−1}(x, y) is a formula of FO^3 asserting that “there is a path of length n from x to y”. Then the desired formula p_n(x, y) is

(∃z)[E(x, z) ∧ (∃x)(x = z ∧ p_{n−1}(x, y))].

Note that any formula in prenex normal form that is equivalent to p_n(x, y) requires at least n + 1 variables, while p_n(x, y) uses only the variables x, y, and z (the variables x and z have many occurrences in p_n(x, y)). Next, consider the property “there are at least n distinct elements”, which, in general, can not be expressed by any first-order sentence with fewer than n variables. If, however, we restrict ourselves to linear orders P = (P, <), then for every n ≥ 1 there is a sentence �_n of FO^2 asserting “there are at least n distinct elements”. For example, �_4 is the sentence

(∃x)(∃y)[x < y ∧ (∃x)(y < x ∧ (∃y)(x < y))].

§3. FO^2 and Scott’s reduction. The satisfiability problem for FO^2 was first studied by Scott [53], who showed that it can be reduced to the satisfiability problem for the Gödel class, that is, the class of sentences with quantifier prefix of the form ∀∀∃^∗.

Suppose that ϕ is a sentence in FO^2 with individual variables x and y. Let s be the size of ϕ, that is, the length of a string encoding ϕ over some fixed alphabet. Before describing Scott’s reduction, we want to remove all relation symbols of arity bigger than 2. More precisely, given ϕ as above, we will construct in polynomial time an FO^2-sentence ϕ^′ with the following properties:

(1) ϕ is satisfiable if and only if ϕ^′ is satisfiable. Furthermore, for every finite model of ϕ^′ there is a finite model of ϕ of the same cardinality.

(2) Every relation symbol occurring in ϕ^′ has arity at most 2. (3) ϕ^′ contains O(s/ log s) different relation symbols and is of size O(s).

Consider an atomic subformula R(v_1, . . . , v_n ) of ϕ, where R is an n-ary relation symbol occurring in ϕ and n > 2. Note that each variable v_i is either x or y. For each such subformula of ϕ, we introduce a new relation symbol R^{(v1,... ,vn )}. If both x and y are among the variables v_1, . . . , v_n , then R^{(v1,... ,vn )} has arity 2; in this case, we replace every occurrence of the atomic formula R(v_1, . . . , v_n ) in ϕ by the atomic formula R^{(v1,... ,vn )}(x, y). If each variable v_i is the variable x (respectively, the variable y), then R^{(v1,... ,vn )} has arity 1; in this case, we replace every occurrence of the atomic formula R(v_1, . . . , v_n ) in ϕ by the atomic formula R^{(v1,... ,vn )}(x) (respectively, by the atomic formula R^{(v1,... ,vn )}(y)). Let ϕ^† be the sentence resulting from these substitutions. Since (when coded by a fixed alphabet) a formula of length s can contain only O(s/ log s) distinct atomic formulas, it follows that ϕ^†

58 ERICH GR^¨ADEL, PHOKION G. KOLAITIS AND MOSHE Y. VARDI

has O(s/ log s) different relation symbols and is of size O(s). To complete the construction of ϕ^′, we must append certain conjuncts to ϕ^† asserting that certain atomic formulas involving the new relation symbols R^{(v1,... ,vn )} are equivalent to each other. For example, if the atomic formulas R(x, y, x) and R(y, x, y) occur in ϕ, then we must append a conjunct asserting that

(∀x)(∀y)(R^{(x,y,x)}(x, y) ↔ R^{(y,x,y)}(y, x)).

Similarly, if the atomic formulas R(x, x, x) and R(x, y, x) occur in ϕ, then we must add a conjunct asserting that

(∀x)(R^{(x,x,x)}(x) ↔ R^{(x,y,x)}(x, x)).

For each atomic subformula R(v_1, . . . , v_n) of ϕ such that both variables x and y are among the variables v_i , we consider the atomic formula R(w_1, . . . , w_n) obtained from R(v_1, . . . , v_n ) by replacing every occurrence of x by y, and every occurrence of y by x. If R(w_1, . . . , w_n) happens to be a subformula of ϕ as well, then we append the FO^2-sentence

(∀x)(∀y)(R^{(v1,... ,vn )}(x, y) ↔ R^{(w1,... ,wn )}(y, x)).

Finally, for every relation symbol R occurring in ϕ, we first consider all atomic subformulas R(v_1, . . . , v_n ) of ϕ in which R occurs and then append an FO^1-sentence asserting that all atomic formulas of the form R^{(v1,... ,vn )}(x, x) (or of the form R^{(v1,... ,vn )}(x)) are equivalent to each other. This sentence is written as a cycle of implications to avoid a quadratic blow-up. For example, if R(x, x, x), R(x, y, x), R(x, x, y) is a list of all atomic formulas of ϕ in which R occurs, then we append the FO^1-sentence

(∀x)((R^{(x,x,x)}(x) → R^{(x,y,x)}(x, x)) ∧

(R^{(x,y,x)}(x, x) → R^{(x,x,y)}(x, x)) ∧ (R^{(x,x,y)}(x, x) → R^{(x,x,x)}(x))).

Let ϕ^′ be the FO^2-sentence obtained by first appending the above sentences as conjuncts to ϕ^† and then converting the resulting sentence to an equivalent one built using ∧, ¬, and ∀ only. It is now easy to verify that ϕ^′ has the the desired properties that were listed earlier. In particular, ϕ^′ is of size O(s).

Next, we describe Scott’s reduction. Let ϕ^′ be a sentence of FO^2. For each subformula � of ϕ^′, we introduce a new relation symbol Q_�; the arity of Q_� is equal to the number of free variables in �, which means that it is 0, 1, or 2. Intuitively, Q_� represents the relation containing all tuples that satisfy �. We now need to “axiomatize” this intuition. Thus, for each subformula �(v), where v is the tuple of free variables in �, we introduce a sentence �_� of the form ∀v(Q_�(v) ↔ �^′_�(v)),

where �^′_� is as follows:

ON THE DECISION PROBLEM FOR TWO-VARIABLE FIRST-ORDER LOGIC 59

(1) If � is an atomic formula, then �^′_� is �. (2) If � is of the form α ∧ �, then �^′_� is Q_α (v) ∧ Q_� (v). (3) If � is of the form ¬α, then �^′_� is ¬Q_α (v). (4) If � is of the form ∀vα, then �^′_� is ∀vQ_α (v).

Note that in the first three clauses �_� has quantifier prefix ∀ or ∀∀, while in the last one �_� is (equivalent to) a conjunction of a sentence of quantifier prefix ∀∀ with a sentence of quantifier prefix ∀∃. Let Θ_ϕ′ be the conjunction of the sentences �_� for all subformulas � of ϕ^′. Finally, let ϕ^∗ be the sentence Q_ϕ′ ∧ Θ_ϕ′ . It is not hard to verify that the following holds.

Proposition 3.1 ([53]). ϕ^′ is satisfiable if and only if ϕ^∗ is satisfiable. Furthermore, for every finite model of ϕ^∗ there a finite model of ϕ^′ of the same cardinality.

Note that if ϕ^′ is of size s, then ϕ^∗ contains O(s) different relation symbols and is of size O(s log(s)). Indeed ϕ^′ may contain up to O(s) subformulae, so we need O(s) relation symbols. The extra log(s) factor in the size of ϕ^∗ is due to the fact that we need a name (an index) of size O(log(s)) for these different relation symbols.

Suppose now that we combine Scott’s reduction with the previous reduction, so that, given a FO^2-sentence ϕ, we apply Scott’s reduction to the FO^2- sentence ϕ^′ produced by the first reduction. Thus, given an FO^2-sentence ϕ, we obtain in polynomial time a sentence ϕ^∗ with the following properties:

(1) ϕ is satisfiable if and only if ϕ^∗ is satisfiable. Furthermore, for every finite model of ϕ^∗ there is a finite model of ϕ of the same cardinality.

(2) Every relation symbol occurring in ϕ^∗ has arity at most 2. (3) If s is the size of ϕ, then ϕ^∗ contains O(s) different relation symbols and has size O(s log(s)).

(4) ϕ^∗ is a conjunction of sentences with quantifier prefixes of the form ∀∀ or ∀∃.

Scott observed that if the sentence ϕ^∗ is brought into prenex normal form, it has a quantifier prefix of the form ∀∀∃^∗. In view of this, he concluded that the satisfiability problem for FO^2 is decidable, since it is reducible to that of the Gödel class. At that time it had not been detected yet that, contrary to Gödel’s claim, his decidability proof does not persist in the presence of equality. Thus, Scott’s proof covers only FO^2 without equality. As mentioned in the introduction, Mortimer [45] established that FO^2 with equality has the finite model property, which implies that the satisfiability problem for FO^2 with equality is decidable. Actually, Mortimer’s proof shows that every satisfiable FO^2 sentence with equality has a finite model whose size is doubly exponential in the size of the sentence. This yields, in

60 ERICH GR^¨ADEL, PHOKION G. KOLAITIS AND MOSHE Y. VARDI

turn, a nondeterministic doubly exponential algorithm for the satisfiability problem for FO^2 with equality.

In what follows, we re-examine Scott’s reduction and demonstrate that it is useful even for FO^2 with equality. The key idea is to refrain from converting ϕ^∗ to prenex formal form.

§4. The Scott class. Let ϕ be a sentence of FO^2 with equality. We noted above that the sentence ϕ^∗ in Proposition 3.1 can actually be written as a conjunction of sentences with quantifier prefix ∀∀ or ∀∃. We call the class of such first-order sentences the Scott class. Since a conjunction of ∀∀ sentences is equivalent to a single ∀∀ sentence, we may assume that every sentence � in the Scott class is of the form

(∀x)(∀y)α(x, y) ∧ m⋀ i=1 (∀x)(∃y)�_i (x, y),

where α(x, y) and �_i (x, y), 1 ≤ i ≤ m, are quantifier-free formulas. Moreover, we may assume that for every i ≤ m it is the case that �_i (x, y) |= x ≠ y, since for every formula �(x, y) and every structure A with at least two elements

A |= (∀x)(∃y)�(x, y) ←→ (∀x)(∃y)(x ≠ y ∧ (�(x, x) ∨ �(x, y))).

The main result of this paper is that the satisfiability problem for the Scott class is solvable in nondeterministic exponential time. This result is obtained by establishing an exponential model property for the Scott class, that is, every satisfiable sentence in the Scott class has a finite model whose cardinality is at most exponential in the size of the sentence. Although this bound improves the bound in Mortimer [45] by one exponential, it turns out that the proof is actually simpler than Mortimer’s. Our construction requires a delicate handling of the types that are realized by elements and pairs of elements in models of sentences in the Scott class. We start with the relevant definitions.

Definition 4.1. Let � be a relational vocabulary.

• If x = (x_1, . . . , x_k ) is a sequence of variables, then an k-type t(x) in the variables x over � is a maximal consistent set of atomic and negated atomic formulas (including equalities) over the vocabulary � in the variables x_1, . . . , x_k . We often view a type as a quantifier-free formula over � that is the conjunction of its elements.

• Let t(x_1, . . . , x_k ) be a k-type and let ϕ(x_1, . . . , x_k ) be a quantifier-free formula in the variables x_1, . . . , x_k . We say that t satisfies ϕ if ϕ is true under the truth assignment that assigns true to an atomic formula precisely when it is a member of t.

ON THE DECISION PROBLEM FOR TWO-VARIABLE FIRST-ORDER LOGIC 61

• Let A be a structure over the vocabulary � and let a = (a_1, . . . , a_k ) be a sequence of elements from the universe A of A. The type t_a of a on A is the unique k-type t(z_1, . . . , z_k ) that the sequence a satisfies in A, under the assignment z_i → a_i , 1 ≤ i ≤ k. We say that a sequence a realizes a type t on a structure A if t_a = t. ⊣

Suppose that we are attempting to construct a model of a sentence � in the Scott class over a vocabulary �. As every relation symbol in � has arity at most 2, to describe a �-structure A suffices to first define its universe A and then specify the 1-types and 2-types realized by elements and pairs of elements from A. Since � may contain equalities, it is conceivable that � asserts that certain 1-types are realized by at most one element. For example, � may assert (among other things) that (∃y)P(y)∧(∀x)(∀y)(P(x)∧P(y) → x = y), which implies that in every model of � if t(z) is a 1-type containing the atomic formula P(z), then t(z) is realized by at most one element. Such elements are special and for this reason we reserve a special name for them.

Definition 4.2. Let A be a structure and a an element of the universe A of A . We say that a is a king in A if a is the only element of A that realizes the 1-type t_a of a on A. ⊣

In general, the potential presence of kings creates obstructions in constructing models of a sentence, as conflicts may arise when one attempts to assign a 2-type to a pair of elements such that one of the elements in the pair is a king. For example, consider the sentence

(∀x)(∃y)(t(y) ∧ E(x, y)) ∧ (∀x)(∃y)(t(y) ∧ ¬E(x, y)).

One can construct a model of this sentence by choosing for every element a two different elements b_1 and b_2 of type t(y), and stipulating that E(a, b_1) and ¬E(a, b_2) hold. This construction, however, can not be carried out if the sentence contains additional conjuncts implying that the type t(y) is realized by at most one element. It should also be pointed out that in certain cases the presence of kings can be exploited to establish that the class under consideration does not have the finite model property and, furthermore, that the satisfiability problem for it is undecidable. Indeed, Goldfarb’s [23] proof of the undecidability of the Gödel class with equality involves an essential use of kings. We now show that in the case of the Scott class the complications caused by the kings can be overcome, provided the kings are treated with “proper care and respect”.

Theorem 4.3. Let � be a sentence in the Scott class. If � is satisfiable, then it has a finite model with at most 3s2^r elements, where s is the size of � and r is the number of relation symbols occurring in �.

62 ERICH GR^¨ADEL, PHOKION G. KOLAITIS AND MOSHE Y. VARDI

Proof. As stated earlier, we may assume that the sentence � is of the form

(∀x)(∀y)α(x, y) ∧ m⋀ i=1 (∀x)(∃y)�_i (x, y),

where α(x, y) and �_i (x, y), 1 ≤ i ≤ m, are quantifier-free formulas and for every i ≤ m it is the case that �_i (x, y) |= x ≠ y. Let A be a model of �, let K be the set of all kings in A, and let P = {t_a : a ∈ A} be the set of all 1-types realized in A. We will show that � has a finite model of size at most

(m + 1)|K| + 3m(|P| − |K|),

where |K| and |P| stand for the cardinalities of the sets K and P.

Since A |=

⋀_m i=1(∀x)(∃y)�_i (x, y), there exist Skolem functions g_i : A → A, 1 ≤ i ≤ m, such that for every a ∈ A we have that A |=

⋀_m i=1 �_i (a, g_i (a)). Let C = K ∪

(_m ⋃ i=1 {g_i (k) : k ∈ K} )

be the royal court, that is the set consisting of the kings and the values of the Skolem functions on the kings. Note that C may be empty, since after all A may be a “republic” in which kings do not exist. In any case, |C | ≤ |K| + m|K| = (m + 1)|K|. Let Q be the set of all 1-types realized by the kings on A, let n = |P| − |Q| = |P| − |K| be the cardinality of the set P − Q, and let t_1, . . . , t_n be an enumeration of all members of P − Q. For every i ≤ m and every j ≤ n, let d_{ij} , e_{ij} , and f_{ij} be distinct new objects that are not members of the universe of A. We will construct a finite model B of � with universe the set B = C ∪ D ∪ E ∪ F , where

D = {d_{ij} : 1 ≤ i ≤ m, 1 ≤ j ≤ n}, E = {e_{ij} : 1 ≤ i ≤ m, 1 ≤ j ≤ n}, F = {f_{ij} : 1 ≤ i ≤ m, 1 ≤ j ≤ n}.

The high-level description of the construction is as follows:

• The structure B will have exactly the same kings as A, since for all we know � may logically imply that certain 1-types are realized by exactly one element.

• To guarantee that B |= (∀x)(∀y)α(x, y), we will make sure that every pair of elements of B is assigned a 2-type realized by some pair of elements in A.

• We also have to guarantee that every element of B has Skolem witnesses for the formulas �_i (x, y), 1 ≤ i ≤ m, that is, for every element b of B and every i ≤ m there is an element b_i of B such that B |= �_i (b, b_i ). This turns out to be the most subtle part of the construction. The kings will have members of C as their Skolem witnesses, whereas members of C −K will have members

ON THE DECISION PROBLEM FOR TWO-VARIABLE FIRST-ORDER LOGIC 63

of C or members of D as Skolem witnesses. For the remaining members of B, Skolem witnesses will be provided in a circular manner: members of D will have kings or members of E as Skolem witnesses; members of E will have kings or members of F as Skolem witnesses; finally, members of F will have kings or members of D as Skolem witnesses. Moreover, we will make sure that for every b in B if b_i and b_j are two of its Skolem witnesses and neither b_i nor b_j is a member of C , then b_i ≠ b_j . In turn, this will make it possible to assign 2-types to pairs of elements of B without creating any conflicts.

It is now time to spell out the formal details of the construction of B. For this, we must describe the assignment of 1-types and 2-types on B.

• Every member of C is equipped with its 1-type in A, and every pair of distinct elements of C is equipped with its 2-type in A. Consequently, the substructure B|C of B generated by C coincides with the substructure A|C of A generated by C .

• For every i ≤ m and every j ≤ n, each of the elements d_{ij} , e_{ij} , f_{ij} is equipped with t_j as its 1-type. Note that these two steps of the construction ensure that A and B have exactly the same kings.

• The assignment of 2-types on pairs of elements of B will follow the assignment of Skolem witnesses to every member b of B.

(1) If b is a king, then its Skolem witnesses are already provided by members of the royal court C . Indeed, in this case we have that A|C |= ⋀_m

i=1(∃y)�_i (b, y) and, consequently, B |=

⋀_m i=1(∃y)�_i (b, y).

(2) Let b be a member of C − K. For every i ≤ m, consider the value g_i (b) of the Skolem function g_i on b; thus, A |= �_i (b, g_i (b)). If g_i (b) ∈ C , then B |= �_i (b, g_i (b)) and so g_i (b) can serve as a Skolem witness of b for the formula �_i (x, y). If g_i (b) ∉ C , then its type t_{gi (b)} is a member of P − Q and, consequently, t_{gi (b)} = t_j for some j ≤ n. In this case, we assign the element d_{ij} as the Skolem witness of b for the formula �_i (x, y). Moreover, we equip the pair (b, d_{ij} ) with the 2-type t_{(b,gi (b))} of the pair (b, g_i (b)) on A. Note that no conflicts arise in assigning 2-types, as none of the elements of D is used twice as a Skolem witness of b, and the 2-type assigned is consistent with the 1-type of d_{ij} .

(3) Let b be a member of D, which means that there is an i ≤ m and a j ≤ n such that b = d_{ij} . Moreover, b realizes the 1-type t_j on B. Let a be an element of A such that the 1-type t_a of a on A is equal to t_j . For every i ≤ m, let g_i (a) be the value of the Skolem function g_i on a; thus, A |= �_i (a, g_i (a)). We now distinguish two cases. If g_i (a) is a king, then we assign g_i (a) as the Skolem witness of b for the formula �_i (x, y). Moreover, we equip the pair (b, g_i (b)) with the 2-type t_{(a,gi (a))} of the pair (a, g_i (a)) on A. Note that this is consistent with the assignment of 1-types on B and that no conflicts arise,

64 ERICH GR^¨ADEL, PHOKION G. KOLAITIS AND MOSHE Y. VARDI

since so far the pair (b, g_i (a)) has not been assigned a 2-type on B. If g_i (a) is not a king, then its type on A is a member of P − Q and, therefore, it is equal to some type t_l , l ≤ n. In this case, we assign the element e_{il} as the Skolem witness of b for the formula �_i (x, y). Moreover, we equip the pair (b, e_{ij} ) with the 2-type t_{(a,gi (a))} of the pair (a, g_i (a)) on A. Note again that this assignment is consistent with the assignments of 1-types on B and that no conflicts arise in assigning 2-types, as none of the elements of E is used twice as a Skolem witness of b.

(4) We repeat twice the previous step, first with the pair (E, F ) in place of the pair (D, E), and then with the pair (F, D) in place of the pair (E, F ).

(5) Upon completion of the above steps, every element of B has been assigned Skolem witnesses for the formulas �_i (x, y), i ≤ m. It is conceivable, however, that not every pair of elements of B has been assigned a 2-type. If (b, b^′) is such a pair, simply choose a pair (a, a^′) of elements of A such that the 1-type of a (respectively, of a^′) on A coincides with the 1-type of b (respectively, of b^′) on B and equip the pair (b, b^′) with the 2-type t_{(a,a}′_) of the pair (a, a^′) on A. The construction of B is now complete.

Note that every 1-type and every 2-type realized in B is also realized in A. Since A |= (∀x)(∀y)α(x, y), it follows that B |= (∀x)(∀y)α(x, y). Moreover, B |=

⋀_m i=1(∀x)(∃y)�_i (x, y), since the construction guarantees that every member of B has Skolem witnesses for the formulas �_i (x, y), i ≤ m. Consequently, B is a model of �. Moreover, as promised earlier, the universe B of B has cardinality |B| = |C | + 3m(|P| − |K|) ≤ (m + 1)|K| + 3m(|P| − |K|), and m ≤ s. Note that |K| ≤ |P| ≤ 2^r , where r is the number of relation symbols that occur in � and s is the size of �. Thus, |B| ≤ 3s2^r .⊣

It is perhaps worth pointing out that if, instead of using 3m copies of every 1-type in P − Q, we had attempted to build a model of � using 2m copies of every 1-type in P − Q, then the construction would have met with serious obstacles. Indeed, suppose we take C ∪ D ∪ E as the universe of B and attempt to use members of E as Skolem witnesses for members of D, and vice versa use members of D as Skolem witnesses for members of E. Then conflicts may arise in assigning 2-types, as we may have an element d of D and an element e of E such that d and e serve as Skolem witnesses of each other, but different 2-types are required each time to satisfy some of the formulas �_i (x, y), i ≤ m.

§5. The decision problem for FO^2.

Theorem 5.1. FO^2 has the exponential model property: there is a constant c such that every satisfiable FO^2-sentence ϕ has a model of cardinality at most 2^{cs} , where s is the size of ϕ.

ON THE DECISION PROBLEM FOR TWO-VARIABLE FIRST-ORDER LOGIC 65

Proof. Given an FO^2-sentence ϕ, we can reduce it in polynomial time to a sentence ϕ^∗ in the Scott class such that ϕ is satisfiable if and only if ϕ^∗ is satisfiable. Moreover, for every finite model of ϕ^∗ there is a finite model of ϕ of the same cardinality. As shown earlier, if ϕ is of size s, then ϕ^∗ is of size O(s log s) and has at most s different relation symbols. By Theorem 4.3, if ϕ^∗ has a model, then it has a model of cardinality O(s log s 2^s ) = 2^{O(s)}. ⊣

Definition 5.2. For any function t from positive integers to positive integers, NTIME(t(s)) is the class of all decision problems that can be solved by a non-deterministic Turing machine in time t(s), where s is the size of the input. We denote by NEXPTIME the union, taken over all polynomials p, of the classes NTIME(2^{p(s)}).

A decision problem A is NEXPTIME-complete if it is in NEXPTIME and, moreover, every problem in NEXPTIME can be reduced to A in polynomial time. ⊣

In what follows, the quantity s always denotes the size of the given input sentence.

Theorem 5.3. The satisfiability problem for the Scott class is in NTIME (2^{O(s/ log s)}). Further, the satisfiability problem for FO^2 is in NTIME(2^{O(s)}).

Proof. Let ϕ be a sentence of length s in the Scott class (with equality) with r distinct relation symbols. Since these relation symbols have distinct names, coded over a fixed alphabet, it follows that r = O(s/ log s). By Theorem 4.3, to check whether ϕ is satisfiable, it suffices to guess a structure A of cardinality at most O(s2^r ) = 2^{cs/ log s} (for some fixed constant c), and to verify that A |= ϕ. Given that the relation symbols in ϕ are at most binary, a structure of this cardinality can be represented by a string of length 2^{O(s/ log s)}. Finally it is obvious that the verification that A |= ϕ can be done in time 2^{O(s/ log s)}. This proves the claim for the Scott class.

The complexity bound for FO^2 follows immediately from the reduction to the Scott class, as explained in Section 3. ⊣

A matching lower bound for the satisfiability problem of the Scott class (even without equality) follows from a result of Fürer [19], who, building on earlier work by Lewis [42], established that the satisfiability problem for ∀∀∧∀∃ sentences has a lower complexity bound of the form NTIME(2^{ds/ log s} ) for some positive constant d . To prove this, Fürer described a log-space reduction that maps any instance x of a decision problem A in NTIME(2^n) to an ∀∀ ∧ ∀∃-sentence ϕ of size O(n log n) (where n is the size of x) such that ϕ is satisfiable if and only if x ∈ A. In fact, ϕ is without equality and contains only monadic relation symbols.

This lower bound of course also applies to FO^2 and, together with Theorem 5.3 implies the following completeness result.

66 ERICH GR^¨ADEL, PHOKION G. KOLAITIS AND MOSHE Y. VARDI

Corollary 5.4. The satisfiability problem for FO^2 with or without equality is NEXPTIME-complete.

Note, however, that there is a small gap between upper and lower complexity bounds for FO^2, which comes from the increase of the formula length from s to O(s log s) in the reduction of FO^2 to the Scott class. It is not clear whether this can be avoided, since FO^2-sentences of length s may very well have Θ(s) nested quantifiers. Thus, while we do know that the satisfiability problem for FO^2 is in NTIME(2^{O(s)}), we do not know whether it is hard for NTIME(2^{O(s)}), since this class is closed under linear reductions, but not under polynomial reductions.^2

We conclude by discussing the decision problem for certain extensions of FO^2. The exponential model property of Theorem 5.1 and the complexity bound of Theorem 5.3 survive (with the same proof) if constant symbols are allowed in the underlying vocabulary. In this case, the 1-types and 2- types also reflect the relationship of the elements with the constants. The constants themselves are of course kings. Taking this into account the proof of Theorem 4.3 goes through without problems. Nevertheless, these results do not extend to vocabularies containing function symbols of positive arity. Indeed, it is known that already the satisfiability problems of FO^1 with equality and only two unary function symbols, or of FO^2 without equality and just one unary function symbol, are undecidable (see [6]).

It should also be pointed out that the class ∀∀∀ ∧ ∀∃ does not have the finite model property. Indeed, one can easily construct an infinity axiom (that is, a satisfiable formula without a finite model) in this class by expressing, for instance, that a binary relation R is a linear order without a maximal element. Moreover, the satisfiability problem for the class ∀∀∀ ∧ ∀∃ is undecidable (see [41]). Thus, the Scott class is situated very close to the boundary of decidability/undecidability, as well as to that of finite model property/infinity axioms.

Finally, we note that the decidability result for FO^2 (but not the finite model property) can be extended to FO^2 with counting quantifiers [27]. On the other hand, for certain other natural extensions of FO^2 decidability fails [26].

REFERENCES

[1] J. F. A. K. van Benthem, Modal correspondence theory, Ph.D. thesis, University of Amsterdam, 1976.

[2] , Modal logic and classical logic, Bibliopolis, Naples, 1985.

2It should be noted that NTIME(2^{O(s)}) is known to be strictly contained in NEXPTIME [32].

ON THE DECISION PROBLEM FOR TWO-VARIABLE FIRST-ORDER LOGIC 67

[3] , Temporal logic, Report x-91-05, Institute for Logic, Language, and Computation, University of Amsterdam, 1991.

[4] P. Bernays and M. Schönfinkel, Zum Entscheidungsproblem der mathematischen Logik, Mathematische Annalen, vol. 99 (1928), pp. 342–372.

[5] G. V. Bochmann, Hardware specification with temporal logic: an example, IEEE Transactions on Computers, vol. C-31 (1982), pp. 223–231.

[6] E. Börger, E. Grädel, and Y. Gurevich, The classical decision problem, Springer- Verlag, 1997.

[7] R. Brafman, J.-C. Latombe, Y. Moses, and Y. Shoham, Knowledge as a tool in motion planning under uncertainty, Theoretical aspects of reasoning about knowledge: Proceedings fifth conference (R. Fagin, editor), Morgan Kaufmann, San Francisco, California, 1994, pp. 208–224.

[8] M. Burrows, M. Abadi, and R. Needham, Authetication: a practical study in belief and action, Proceedings of the 2nd conference on theoretical aspects of reasoning about knowledge, 1988, pp. 325–342.

[9] J. Cai, M. Fürer, and N. Immerman, An optimal lower bound on the number of variables for graph identification, Combinatorica, vol. 12 (1992), pp. 389–410.

[10] J. M. V. Castilho, M. A. Casanova, and A. L. Furtado, A temporal framework for database specification, Proceedings of the 8th international conference on very large data bases, 1982, pp. 280–291.

[11] B. F. Chellas, Modal logic, Cambridge University Press, Cambridge, U.K., 1980. [12] A. Church, A note on the Entscheidungsproblem, Journal of Symbolic Logic, vol. 1 (1936), pp. 101–102.

[13] E. M. Clarke, E. A. Emerson, and A. P. Sistla, Automatic verification of finite-state concurrent systems using temporal logic specifications, ACM Transactions on Programming Languages and Systems, vol. 8 (1986), no. 2, pp. 244–263, an early version appeared in Proceedings of the 10th ACM symposium on principles of programming languages, 1983.

[14] A. Dawar, S. Lindell, and S. Weinstein, Infinitary logic and inductive definability over finite structures, Information and Computation, vol. 119 (1995), pp. 160–175.

[15] B. Dreben and W. D. Goldfarb, The decision problem: Solvable classes of quantificational formulas, Addison-Wesley, 1979.

[16] S. Feferman, J. Dawson jr., S. Kleene, G. Moore, R. Solovay, , and J. van Heijenoort (editors), K. Gödel, collected works, volume I: Publications 1929–1936, Oxford University Press, 1986.

[17] M. J. Fischer and R. E. Ladner, Propositional dynamic logic of regular programs, Journal of Computer and System Sciences, vol. 18 (1979), no. 2, pp. 194–211.

[18] M. Fürer, Alternation and the Ackermann case of the decision problem, L’Enseignment Mathematique, vol. 27 (1981), pp. 137–162.

[19] , The computational complexity of the unconstrained limited domino problem (with implications for logical decision problems), Logical machines: Decision problems and complexity, Lecture Notes in Computer Science, vol. 171, Springer-Verlag, 1981, pp. 312– 319.

[20] D. Gabbay, Expressive functional completeness in tense logic, Aspects of philosophical logic (U. Mönnich, editor), Reidel, 1971, pp. 91–117.

[21] K. Gödel, Ein Spezialfall des Entscheidungsproblems der theoretischen Logik, Ergebnisse der Mathematik Kolloq., vol. 2 (1932), pp. 27–28, reprinted and translated in [16, pp. 230–233].

[22] , Zum Entscheidungsproblem des logischen Funktionenkalküls, Monatshefte für Mathematik Phys., vol. 40 (1933), pp. 433–443, reprinted and translated in [16, pp. 306–326].

[23] W. Goldfarb, The unsolvability of the Gödel class with identity, Journal of Symbolic

68 ERICH GR^¨ADEL, PHOKION G. KOLAITIS AND MOSHE Y. VARDI

Logic, vol. 49 (1984), pp. 1237–1252.

[24] E. Grädel, Complexity of formula classes in first order logic with functions, Fundamentals of computation theory (FCT ‘89), Lecture Notes in Computer Science, vol. 380, Springer-Verlag, 1989, pp. 224–233.

[25] , Satisfiability of formulae with one ∀ is decidable in exponential time, Archive of Mathematical Logic, vol. 29 (1990), pp. 265–276.

[26] E. Grädel, M. Otto, and E. Rosen, Two-variable logic with counting is decidable, unpublished manuscript, 1996.

[27] , Undecidability results for two-variable logics, unpublished manuscript, 1996. [28] J. Y. Halpern and Y. Moses, Knowledge and common knowledge in a distributed environment, Journal of the ACM, vol. 37 (1990), no. 3, pp. 549–587, a preliminary version appeared in Proceedings of the 3rd ACM symposium on principles of distributed computing, 1984.

[29] , A guide to completeness and complexity for modal logics of knowledge and belief, Artificial Intelligence, vol. 54 (1992), pp. 319–379.

[30] L. Henkin, Logical systems containing only a finite number of symbols, Report, Department of Mathematics, University of Montreal, 1967.

[31] W. Hodges, Model theory, Cambridge University Press, 1993.

[32] J. E. Hopcroft and J. D. Ullman, Introduction to automata theory, languages and computation, Addison-Wesley, New York, 1979.

[33] N. Immerman, Upper and lower bounds for first-order expressibility, Journal of Computer and System Sciences, vol. 25 (1982), pp. 76–98.

[34] , Dspace[n^k ] = var[k+1], Proceedings of the 6th IEEE symposium on structure in complexity theory, 1991, pp. 334–340.

[35] N. Immerman and D. Kozen, Definability with bounded number of bound variables, Information and Computation, vol. 83 (1989), pp. 121–139.

[36] L. Kalmár, Über die Erfüllbarkeit derjenigen Zählhausdrücke, welche in der Normalform zwei benachbarte Allzeichen enthalten, Mathematische Annalen, vol. 108 (1933), pp. 466–484.

[37] Ph. G. Kolaitis and M. Y. Vardi, 0-1 laws and decision problems for fragments of second-order logic, Information and Computation, vol. 87 (1990), pp. 302–338.

[38] , Infinitary logic and 0-1 laws, Information and Computation, vol. 98 (1992), pp. 258–294.

[39] , On the expressive power of Datalog: tools and a case study, Journal of Computer and System Sciences, vol. 51 (1995), no. 1, pp. 110–134.

[40] R. E. Ladner, The computational complexity of provability in systems of modal propositional logic, SIAM Journal on Computing, vol. 6 (1977), no. 3, pp. 467–480.

[41] H. R. Lewis, Unsolvable classes of quantificational formulas, Addison-Wesley, 1979. [42] , Complexity results for classes of quantificational formulas, Journal of Computer and System Sciences, vol. 21 (1980), pp. 317–353.

[43] W. Lipski, On the logic of incomplete information, Proceedings of the 6th international symposium on mathematical foundations of computer science, Lecture Notes in Computer Science, vol. 53, Springer-Verlag, Berlin/New York, 1977, pp. 374–381.

[44] J. McCarthy and P. J. Hayes, Some philosophical problems from the standpoint of artificial intelligence, Machine intelligence 4 (D. Michie, editor), Edinburgh University Press, Edinburgh, 1969, pp. 463–502.

[45] M. Mortimer, On language with two variables, Zeit. für Math. Logik und Grund. der Math., vol. 21 (1975), pp. 135–140.

[46] M. Otto, Bounded variable logics and counting—a study in finite models, Habilitationsschrift RWTH, Aachen, 1995, a revised version will appear in Lecture Notes in Logics,

ON THE DECISION PROBLEM FOR TWO-VARIABLE FIRST-ORDER LOGIC 69

Springer-Verlag, 1995.

[47] A. Pnueli, The temporal logic of programs, Proceedings of the 18th IEEE symposium on foundations of computer science, 1977, pp. 46–57.

[48] V. R. Pratt, Semantical considerations on Floyd-Hoare logic, Proceedings of the 17th IEEE symposium on foundations of computer science, 1976, pp. 109–121.

[49] , A near optimal method for reasoning about action, Journal of Computer and System Sciences, vol. 20 (1980), pp. 231–254.

[50] F. P. Ramsey, On a problem in formal logic, Proceedings of the London Mathematical Society, vol. 30 (1928), pp. 264–268.

[51] J. H. Reif and A. P. Sistla, A multiprocessor network logic with temporal and spatial modalities, Proceedings of the 12th international colloqium on automata, languages, and programming, Lecture Notes in Computer Science, vol. 104, Springer-Verlag, Berlin/New York, 1983.

[52] K. Schütte, Untersuchungen zum Entscheidungsproblem der mathematischen Logik, Mathematische Annalen, vol. 109 (1934), pp. 572–603.

[53] D. Scott, A decision method for validity of sentences in two variables, Journal of Symbolic Logic, vol. 27 (1962), p. 377.

[54] A. P. Sistla and E. M. Clarke, The complexity of propositional linear temporal logics, Journal of the ACM, vol. 32 (1985), no. 3, pp. 733–749.

[55] A. M. Turing, On computable numbers, with an application to the Entscheidungsproblem, Proceedings of the London Mathematical Society, vol. 42 (1937), pp. 230–265, correction in vol. 43, pp. 544–546.

[56] M. Y. Vardi, On the complexity of bounded-variable queries, Proceedings of the 14th ACM symposium on principles of database systems, 1995, pp. 266–276.

[57] , What makes modal logic so robustly decidable?, Descriptive complexity and finite models, American Mathematical Society, 1997.

[58] M. Y. Vardi and P. Wolper, Automata-theoretic techniques for modal logic of programs, Journal of Computer and System Sciences, vol. 32 (1986), pp. 183–221.

LEHRGEBIET MATHEMATISCHE GRUNDLAGEN DER INFORMATIK RWTH AACHEN, D-52056 AACHEN, GERMANY

E-mail: graedel@informatik.rwth-aachen.de

URL: http://www.informatik.rwth-aachen.de/WWW-math/index.html

COMPUTER SCIENCE DEPARTMENT UNIVERSITY OF CALIFORNIA SANTA CRUZ, CA 95064, USA

E-mail: kolaitis@cse.ucsc.edu

DEPARTMENT OF COMPUTER SCIENCE RICE UNIVERSITY

HOUSTON, TX 77005-1892, USA

E-mail: vardi@cs.rice.edu

URL: http://www.cs.rice.edu/∼vardi