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1 Problem1

Problem (Problem 1(1))

There are 4 problems in this set. Do now just write down solutions. Explain your reasoning carefully!

(1) Find the last 2 digits of 278!

Solution. The last 2 digits of 278! is

27.

This is equivalent to computing 278! (mod 100). Note ¢(100) = ¢ (22) ¢ (5?) = (4 — 2)(25 — 5) = 40. Since
(27,100) = 1, Euler's theorem applies and we obtain

2740 = 27¢0190) = 1 (mod 100).

Therefore,
2781 = 2740.27% .27 =1.1.27 (mod 100) =27 (mod 100),

as required. [ |

Problem (Problem 1(2))

There are 4 problems in this set. Do now just write down solutions. Explain your reasoning carefully!

(2) Find all possible pairs of positive integers m and n so that (m, n) = 6 and [m, n] = 60.

Solution. The only possible pairs are

(m, n) € {(6,60), (12,30), (30, 12), (60, 6)}.

Note that
mn = |mn| = (m, n)[m, n] =660 = 360.

Write m = 6x and n = 6y for some x,y € Z. Now (x,y) = 1, so the above equation becomes
36xy = mn = 360,

or xy = 10. Therefore, (x,y) € {(1, 10),(2,5), (5,2), (10, 1)}, which gives the result. |

Problem (Problem 1(3))

There are 4 problems in this set. Do now just write down solutions. Explain your reasoning carefully!

(3) Find all integer solutions x, y, a, b satisfying

X2+ 9y? =23 (4a° + b?) .

Solution. The only solution is

(x,y,a,b)=(0,0,0,0).




Besides this trivial solution, we show that there are no other nontrivial solutions. Suppose there is another solution
(x,y,a, b)#(0,0,0,0). Rewrite

xX* + (3y)? =23 (4a° + b*) =23 ((2a)> + b?) .

The left hand N := x? + (3y)? is a sum of squares, so the primes p = 3 (mod 4) appearing in the prime factorization
of N have even exponents. By the same argument, the primes p =3 (mod 4) appearing in the prime factorization of
M = (2a)? + b® have even exponents. But 23M has a prime factor p = 3 (mod 4) that has an odd exponent (since
23 =3 (mod 4)), and since N = 23M, N does as well, a contradiction. |

Problem (Problem 1(4))

There are 4 problems in this set. Do now just write down solutions. Explain your reasoning carefully!

(4) Determine whether the following system has a solution:

7X+2Y =7 (mod?9),
7X+2Y =8 (mod 10).

Solution. Let Z = 7X 4+ 2Y. Since (9,10) = 1, the Chinese remainder theorem gives a solution Z = ¢ (mod 90),
where 0 < ¢ < 90. Now (7,2) = 1, so there exists integers a, b € Z such that 7a+2b = 1. Then

7(ac) +2(bc) =c,

so X = ac and Y = bc is a solution. |



2 Problem 2

Problem (Problem 2(1))

Here is a set of 3 simple proof questions.

(1) Let a, m, n € Z. Suppose that (m, a) =1 = (n, a). Prove that (mn, a) = 1.

Proof. Since (m,a) =1 = (n, a), there exists x, y, w, z € Z such that

1 =mx+ ay,

1=nw+ az.

Then
1= (mx+ay)(nw+ az) = mn(xy) + (nwy + mxz + ayz)a

is an integer linear combination of mn and a, so (mn, a) = 1. [ |

Problem (Problem 2(2))

Here is a set of 3 simple proof questions.

et p be an odd prime and a € N with p 1 a. Prove that if x* = a (mod p) has a solution, then a7 =1
(2) L b dd d N with pta. P hat if x? (mod p) h I h .
(mod p).

Proof. Suppose x € Z solves x°> = a (mod p). Since pt a, then p{ x?, which implies p{ x (i.e., (x,p) = 1). Then

=172 = (Xz)(P—l)/2 (mod p)
=xP"1 (mod p)

=1 (mod p)

by Fermat's little theorem. [ ]

Problem (Problem 2(3))

Here is a set of 3 simple proof questions.

(3) Let n € Z with n> 4. Prove that if (n—1)!'4+ 1 =0 (mod n), then n is prime.

Proof. We prove by contrapositive. Suppose n is composite, and say n = ab for some integers 1 < a < b < n.

« If a < b, then a and b both appear individually in the expansion (n—1)!. Thusn=ab | (n—1)!,s0 (n—1)!=n=0
(mod n).

«Ifa=b,ie., a®>=n>4, then a>2and n=a® > 2a. Thus a and 2a both appear individually in the expansion
(n—1)!,s02n?> =2a%>=2a-2a| (n—1)!. Hence (n—1)! =2n?> =0 (mod n).

The proof is complete. |



3 Problem 3

Problem (Problem 3(1))
Determine whether there are solutions for the following congruence equations. If so, find the number of solutions
(in complete residue system). There are 3 subproblems in this set.

(1) 14X =35 (mod 91)

Solution. Since (14,91) = 7| 35, the congruence has a solution. Precisely, it has (14,91) = 7 solutions. |

Problem (Problem 3(2))
Determine whether there are solutions for the following congruence equations. If so, find the number of solutions

(in complete residue system). There are 3 subproblems in this set.

(2) X -~ X =0 (mod 105)

Solution. We have 105 =3-5-7, so we apply Chinese remainder theorem to obtain the system

XB-X=0 (mod3),
XB_-X=0 (mod5),
XB¥—-X=0 (mod7).

But any x € {0, ..., 104} satisfies this system by Fermat's little theorem: for such a x,
x>=x (mod 3), x> =x (mod 5), x"=x (mod7),
which implies

X3 — x (X3)4X—X (mod3)=x—x (mod3)=0 (mod 3),

X3 — x (X5)2X3—X (mod 5) =x>—x (mod5)=0 (mod 5),

xP—x=x"x*~x (mod7)=x"—-x (mod7)=0 (mod7),

so there are 105 solutions. |

Problem (Problem 3(3))
Determine whether there are solutions for the following congruence equations. If so, find the number of solutions
(in complete residue system). There are 3 subproblems in this set.

(3) XP1+...+ X +1=0 (mod p)

Solution. Let f(X) = XP~t+ ...+ X +1. Then (X — 1)f(X) = XP — 1. Thus, any solution to f(X) =0 (mod p)
also satisfy XP —1 =0 (mod p), i.e., XP =1 (mod p). Let x be a solution to f(X) =0 (mod p). Then

xP=1 (mod p).

Fermat's little theorem implies x? = x (mod p), which forces x = 1. Thus, there is only 1 solution. ]




4 Problem 4

Problem (Problem 4(1))

There are 3 problems in this set. In the following let p be an odd prime number.

(1) Prove that
(X+Y)P=XP+YP (mod p).

Proof. Recall that

(’;) =0 (mod p)

for any integer 1 < k < p — 1. The binomial theorem implies

5

p
k=0

(X +Y)P

p—1
=X+ (‘;) XkYPH yyP
k=1

=0 (mod p)

=XP+YP (mod p),

as required.

Problem (Problem 4(2))

There are 3 problems in this set. In the following let p be an odd prime number.

(2) Let k >0 and m € Z such that m= 1 (mod p*). Prove that

mP =1 (mod pkt1).

Proof. By definition, there exists some integer n such that npX = m—1, i.e., m= np* + 1. Then

mP = (np* + 1)p

p
1+  p(np") —i—Z (S) (npk)e
= —
=0 (mod pk+1)

=0 (mod pkt1l)

If
—

(mod Pk+1)v

as required.



Problem (Problem 4(3))
There are 3 problems in this set. In the following let p be an odd prime number.

(p(pp— 1)> _ <PI 1) =—1 (mod p).

(Hint: Expand (X + 1)P*=1 (mod p) in two ways and compare the coefficients of X*.)

(3) Prove that

Proof. We follow the hint. On the one hand,

(X + 1)p(p71) — P(PZ_U <p(p - 1))Xk,

k
k=0

so the coefficient of X* is (p(pgl)). On the other hand, we use Problem 4(1) to write (X + 1)? = X? +1 (mod p).
Then

(X+1)P)P = (XP+1)P1  (mod p)

L/p-1
(pk )X"k (mod p),
0

p

k=
so the residue modulo p of the coefficient of X? is (”Il). Thus

(p(pp— 1)> _ (PI 1) =—-1 (mod p),

as desired.



5 Bonus

Problem (Bonus-1)
Let a € N and p be an odd prime. Prove the converse of Problem 2(2), that is, prove that if a7 =1 (mod p),
then x> = a (mod p) has exactly two solutions.

Proof. Suppose a?P~1/2 =1 (mod p). Consider the set

—1\?2
R= {123 mod p,22amod p, . .., (p2> a mod p} i

Their product is
(p—1)/2 (p—1)/2 (p—1)/2

H k?a = alP~1)/2 H k> (mod p) = H k%> (mod p). (1)
k=1 k=1 k=1

We show that that if a2 = aj°> (mod p) for any 1 < /,j < (p—1)/2, then i = j. If this holds, then (a,p) = 1, so
i2

2= j2 (mod p). In other words, p | (i —)(i+J), sop|(i—j)orp]| (i+). But
2<i+j<p-1,
so we cannot have p | (i +); hence p | (i —J), and since
1-(p-1/2<i—j<(p-1)/2-1
we must have i — j =0, so / = . This implies that the elements of R are all distinct. Moreover,

2=(p-4¢)> (modp), (2)

forall£e{1,2,..., (p—1)/2}, so
S={1%2%....((p-1)/2)?}
is the set of all squares modulo p. The product of all (p — 1)/2 distinct elements in R and S are the same modulo

p, so the elements of R are also squares modulo p; otherwise, the product (1) would not be a square modulo p, a

contradiction. Therefore, R is just a permutation of S, so there exists some j € {1,..., (p—1)/2} such that
?=1%2a (mod p)=a (mod p).

Then (2) implies that p — i is also such a solution, so x =/ and x = p — i solve x> = a (mod p). There are no other
solutions as they are all distinct, so there are exactly 2 solutions. |



Problem (Bonus-2)

Let m and n be non-negative integers with m > n. Write

m=mp" +m_1p" + -+ my,

n=np +n_1p” "+ +no,

(7)=L(5) oo

=

where 0 < m;, n; < p — 1. Prove that

Proof. This result is known as Lucas’s theorem. Here we use the convention that (7) =0 if m < n.
We first make the following claim.

Lemma 1
For every integer i > 1,
(X+1)P =XP +1 (mod p).

Proof of Lemma 1. We proceed by induction. The base case i = 1 follows from Problem 4(1). Now assume that the
proposition holds for some integer i = £, i.e., (X +1)? = X? +1 (mod p). Then

p p
(X + 1)”“1 = ((X + 1)”2) = (Xp[ + 1) (mod p) = X741 (mod p),
which completes the induction step. [ |

Then the binomial theorem gives

I

-~ =
X
+

AR

=

N——

3

i=0 k=0
m r m

= Z _'>X” (mod p)
n=0 j=0 ni

Comparing the coefficients modulo p gives

as required. |
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