Boundary Value Problem Example

Igor Yanovsky (Math 151B TA)

Section 11.3, Problem 3(b): Write the discretization of the following boundary value

problem
4 2 2
y' =y + 5y - —loguz,
x x x
1<z <2,
1

in matrix-vector notation Aw = b.

Solution: At the interior points x;, for ¢ = 1,2,..., N, the differential equation to be

approximated is

4 2 2
y' (@) = ——y (2:) + —Zy(@:) — — log ;.
Since
" _ o y(@in) = 2y(a) Fy(mi) B
y'(zi) = 02 - Ey( )(&),
N y(xi—i-l) _y(xi—l) . }ﬁ mi. .
y'(xi) = oh 6 y" (ni),
we can write the numerical approximation to (1) as
Wit — 2w +wi—1 4 (w1 — w1 2 2
h? * x,( 2h > 3 i x? o8 T
Multiplying both sides of (2) by —h? gives
2h 2h? 2h?

—(wiy1 = 2w; +wi—1) — —(wit1 —wi—1) + —5w; = —5 logz;.

Collecting w;_1, w;, and w;41 terms, we obtain

2h 2h2 2h 2h2
—(1 — —)wi_1 + (2 + —2)10@ - (1 + *)wiﬂ = —5 log ;.
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The resulting system of equations can be expressed in the tridiagonal N x N matrix form

Aw =b, where
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In order to see that this system satisfies (3), look at a couple of rows of matrix A, for
example, the second row:

2h 2h2 2h 2h2
(1= e (S (1 Do = e
i) $2 X2 x?

Also, first and last elements of b might be a little daunting. However, if we look at the
first row (for example), we see that

2h? 2h 2h? 2h
(2 + —2>w1 - (1 + *>w2 = —5 loga + (1 - 7)“’0’
Ty X1 ] X1
or
2h 2h2 2h 2h2
—(1 — —)wo + (2 + j)wl - (1 + 7>w2 = Tlogxlv
I xl X1 xl

which satisfies equation (3).

Also, note that the book considers the general second-order boundary value problem:
y'(x) = plx)y'(z) + q(x)y(z) + ().

4 2
For our problem, p(z) = ——, gq(z) = and r(z) = —— logz. Plugging these values
T

R
x
into the formulas in the book, we can verify whether our calculations are correct.



