THE GEOMETRY OF NUMBERS ON A QUADRIC SURFACE
W. DUKE

ABSTRACT. Several problems are treated about minimizing the absolute value of a real
ternary quadratic form and of a real ternary cubic form, when restricted to the integer
points on a quadric surface. Among the results are an estimate for the minimum that
holds for all ternary quadratic forms and, for certain decomposable ternary cubics, a
best possible result that supplements a theorem of Davenport.

1. INTRODUCTION

One basic problem in the classical geometry of numbers is to estimate the minimal
absolute value of a real homogeneous polynomial P on R™ when evaluated at non-zero
points of Z". Typically, such an estimate is given in terms of SL(n,R) invariants of
the polynomial. A major refinement is to understand the set of minima of all of those
polynomials in the SL(n, R)-orbit of P. Equivalently, we may fix P and vary the lattice.
After the case when P is an indefinite binary quadratic form, which was made famous by
Markoff, this set of minima may be called the spectrum of P.

In his recent lectures [31], Sarnak explains how these problems are part of a much
more general program that studies the “bass note” spectra of certain linear differential
operators. These operators act on functions or forms that are defined on the quotient of
a non-compact symmetric space by one of a family of discrete groups of motions. The
spectrum records the size of the smallest eigenvalue (the bass note) over the family. The
spectra in the classical geometry of numbers arise from ordinary lattices in Euclidean
space, where P corresponds to a differential operator, for instance a2 + --- + 22 to the
Laplacian.

A different kind of generalization of the classical geometry of numbers occurs when we
replace the lattice Z" by the set of integer points on an affine homogeneous variety and
seek to minimize the absolute value of a polynomial restricted to these integers. This
topic is a natural counterpart to that of counting asymptotically the integer points on the
variety in a large ball [16]. In one of the simplest interesting cases the integer points are
those on the (affine) quadric surface in R? determined by

(1.1) J(z,y, 2) i=y* — 4wz = 1.

Here we replace SL(3,R) by the orthogonal group SO*(J,R). The main goal of this
paper is to prove analogues of some well-known results about the minima of quadratic
and cubic forms and their spectra, when we restrict them to the integer points on this
quadric surface.

In each of the following two sections I will briefly describe the classical results and then
state some new ones. Their proofs rely heavily on work of Hermite, Mahler, Davenport
and Barnes.
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ary and March of 2025, when work on this paper began. Thanks are also due to the referee
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2 W. DUKE

2. TERNARY QUADRATIC FORMS

Recall the problem of minimizing the absolute value of a real ternary quadratic form
Q(z,y, 2) evaluated at non-zero (x,y,2) € Z3. Let the symmetric matrix associated to Q
have determinant D. A result going back to Gauss [I7] asserts that, when D # 0, there
exists a nonzero integral vector (z,y, z) with

1
(2.1) Q(z,y,2)| < (2[D])=.
The constant 25 is best possible in that equality holds for some (x,y, z) when Q(z,y, 2)
is integrally equivalent to a non-zero multiple of

x2+y2+22+a¢y+yz+x2.

The first new problem I consider is that of minimizing |Q(z,y, z)| for any real ternary
quadratic form ) when we require that the integral vector (x,y,z) lie on the quadric
surface . What is sought is a bound that holds for all () and is compatible with the
quadric condition, meaning that it is an invariant of G = SO™(J;R). The bound will be
defined in terms of the roots A; of the characteristic-type polynomial

(2.2) Xo(t) = det(Q —tJ) = 4(t — M) (t — A2)(t — A3),
which are such invariants.

Theorem 1. Let Q(x,y,2) be any real ternary quadratic form. For some (x,y,2) € Z?
with y?> — 4xz = 1 we have

Q. y, 2)] < 5D IA = Ajl 4 A+ Ao+ Asl).
i#j
Equality holds for (z,y,2) = (0,1,0) when @ = kJ for any fixed k. Thus the constant
is best possible for a bound of this type. To compare the inequality of Theorem |1 with
173

(2.1)), note that D = —4X; XAo\3 and the RHS of (2.1)) can be written as 2|\ A\gAs|!/3. Of

course,

1

1
2[00 s[3 < (M) + [Aa] + [As)).

The proof of Theorem [I| makes use of the Hermite’s original method of reduction of
a binary quartic form, which allows us to bound effectively the middle coefficient of a
reduced form. Most other approaches to reduction theory avoid estimating the middle
coefficients.

In the original problem where we minimize over all non-zero integer vectors, if we
restrict to indefinite @), then the RHS of can be replaced by (§|D\)%, with equality

holding for some (z,y, z) if @ is equivalent to a non-zero multiple of
x2+y2—z2+x2—|—yz.

This was shown by Markoff [26] and a simple proof was given by Davenport [12]. To go
further, for any nonsingular indefinite @) and g € SL(n,R) set

plg) = inf Q((z,y,2)g)l.
(z,y,2)€L?
(,y,2)#0
Note that we can write any indefinite ternary with the same determinant and signature

as @ in the form Q((z,y, 2)g). Define the spectrum to be

o ={ug); g € SL(n,R)}.
The result of Markoff and Davenport implies that

supo = (2|D|)3 € o.
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If we normalize so that |D| = 1, the four largest elements of o are given by (see [15, Thm.
84 p.112] and [34] for seven more):

1 1 1 1
{(®)5 GG ()
After the work of many people, culminating in the proof by Margulis [25] of the Oppenheim
conjecture, it is known that 0 is the only limit point of the spectrum. In the terminology
of [31], the spectrum is rigid. Also, the forms with positive minima come from classes
with rational representatives]
To define the spectrum of minima for a fized () over the quadric surface, set for g €

G = SOT(J,R)
pi(g) = inf |Q((z,y,2)g)] andlet o; = {u;(9); g € G}.

(2,y,2)€Z3

J(z,y,2)=1
It follows from Theorem (1| that sup o; < co. Since the integer points on our quadric are
not a lattice we cannot immediately deduce this from Minkowski’s well-known existence
theorem. It is also not obvious that the supremum of elements in o; is actually attained.
The following result on this is, in this special situation, similar in form to Mahler’s main
theorem on the existence of critical lattices in the classical geometry of numbers [24].

Theorem 2. For a fixed real ternary quadratic form Q) we have that supoy € 0.

For a general () we do not have an estimate beyond that implied by Theorem [1| for
supoy. For some singular () we can say more. If () is singular it is known that it is
decomposable:

Q(z,y,2) = (m1x + bry + c12)(agx + bay + c22),

where in general the coefficients are complex. The set of all such @) where a;,b; are real
and satisfy b2 = ajc; and b5 = agcy is closed under the usual action of G. For such @,
when normalized, we can deduce from a result of Barnes [2] the following.

Theorem 3. Suppose that o, 5 are unequal real numbers with | — B| = 1. For

(2.3) Q(z,y,2) = (z +ay + a?2)(x + By + °2)

we have that sup oy =

=. The spectrum has a limit point at

—18+7810 __
ET =0.136025. ..

arising as the limit of the spectrum above it, which is an explicit sequence of rationals
333 3 1
{597 3005

Theorem (1| implies that supo; < % for these (). For results on singular forms in the
corresponding classical problem see [28].

3. TERNARY CUBIC FORMS

A second set of problems concerns minima of ternary cubic forms over our quadric
surface. First recall the classical case. Suppose that a real ternary cubic form is equivalent
under SL(3,R) to one of the form

K(z,y,2) =n(2® +y° + 2°) + 6mayz.

1Some remarkable results about the structure of this spectrum and related issues have been obtained
recently by Gamburd, Ghosh, Sarnak and Whang [18].



4 W. DUKE

This includes all nonsingular forms when n # 0 as well as decomposable ones, where
either n = 0 or n® + 8m? = 0. Not much is known about the spectrum o of minima

ulg) = inf [K((z,y,2)9)]
x,Y,2)EL
($7y7z)¢0

in the non-singular case other than the fact that it contains its supremum, and by
Minkowski we have that

supo < F?ﬁ%%—)(\m +2|m|).

There are improvements of this estimate by Mordell [27], and by Davenport [9] when
m = 0 but even there the value of the supremum is not known and the spectrum is
mysterious.

To treat the analogous problem on the quadric we need to define some invariants and
a covariant for a general ternary cubic form transforming by g € G = SO (J, R). Writeﬂ

K(z,y,2) = ar® + by’ + cz* + 3da*y + 3ey*z + 3f 22w + 3kay® + 3hyz* + 3iza® + 6jayz.
A linear covariant is given by
Li(z,y,2) = (k= i)z + (b= j)y + (e = f)z,

meaning that for g € G we have

Lx((z,y,2)g) = Lr/(z,y,2)  where  K'(z,y,2) = K((z,y,2)g)
(see §7). In addition to the usual invariants for a ternary cubic

S =abcj +cd’e+--- and T = a®b?c® 4+ 4b*d> + - -,

which are given in full in [30, p. 191,192], we have two other invariants

R = 5ac — 8b* — 24bj — 30dh + 48ek + 12¢i + 12fk + 3fi — 185>

and
(3.1) A = —disc K(2*,22,1) = a’c® — 4096a*b°c* + nearly 3700 terms.
For g € G = SOT(J,R) set
(3.2) polg) = inf (K (5,9, 2)9)|
(z,y,2)EZ
J(z,y,2)=1

and let o5 = {ps(9); g € G}. As was true for a general ternary quadratic form, for a
general ternary cubic form over our quadric, the question of the supremum of the spectrum
o being finite and contained in ¢ is non-trivial.

Theorem 4. For a fized real ternary cubic form K with L =0 and A # 0 we have that
supoy < 0o and supoy € 0.

For the classical problem much more is known for decomposable forms, which are
of course singular. In a series of papers ending with [§], Davenport obtained several

results about them. For K(x,y,z) = zyz he showed that the two largest elements of
the spectrum are § and 1 and that g is isolated. Swinnerton-Dyer [33] (see also [6])
extended Davenport’s method and found 15 more isolated elements {\/1+T8’ %, ...} and
has suggested that 0 is the only limit point of the spectrum, i.e that it is rigid. It

remains a very attractive open problem to show this. Davenport also studied the form
K(z,y,2z) = z(y* + 2?) and showed that the largest element of its spectrum is \/% and

that it is not isolated. For references and more on this spectrum see [14].

2 have replaced the expected “g” by “k” to avoid a notational conflict.
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For the corresponding problem over the quadric, we are able to obtain a satisfactory
result for the class of decomposable forms

(3.3) K(z,y,2) = (afr + arqoy + a32)(Biz + Bifoy + B52) (i + 1y + 152),

where o, 8;,7; are real for j = 1,2,3. This class is closed under the action of g € G. An
invariant under this action is

D = (ayf1 — a1f2)(aays — a1y2)(Biya — Ban)-

When ay = 1 = 11 = 1 and aw, 52, 72 are conjugates in a totally real cubic number field,
K is a rational norm form. For this class of decomposable forms we obtain the same value
as Davenport for the largest minimum, even when we only minimize over the quadric.
However, for us the value is not isolated.

Theorem 5. For K in with D # 0 we have
supoy = :|D| € 0.

This value of the spectrum is not isolated.

4. PROOF OF THEOREM [I]

Hermite’s original reduction theory of a general binary form in [19] applied to a binary
quartic form with real coefficients, say

F(z,y) = (a,b,c,d, e) = az* + 4bx’y + 6cx’y? + ddzy® + ey?,

is the main tool needed for the proof of Theorem |1} [| He associated to F' a positive definite
binary quadratic form whose discriminant is minimal in a certain sense and to which he
applied the classical Lagrange reduction. His method naturally leads directly to bounds
for |ael, |bd| and |c|? in terms of the roots of F(z,1) = 0. For the proof of Theorem [I} it
turns out that what is needed is precisely an upper bound for |¢|, and Hermite’s method
is very effective for this. Hermite only worked out details when all zeros of F(x,1) are
real (this is given in [20]), but fortunately the other cases also work out nicely[] After
applying some classical identities relating the zeros of F'(z, 1) to those of xo we can derive
the simple bound of Theorem [I} which is uniform across signatures.

Turning to the proof, write
b 00 -2
%d§> and J:<010).
cef -20 0

Then
(4.1) xo(t) = det(Q — tJ) = 4t° + 4(c — d)t* + (¢* — ded + 4be — af)t + D.
Clearly Theorem [l holds for Q = kJ for any k£ € R. For @ not of this form we next
show that we may assume a > 0. We use a well-known isomorphism
SL(2,R)/{£1} — G = SO™(J,R),
where G is the connected component of the identity of the special orthogonal group of J.
The isomorphism is given by

2 2 2
rs 2 ors  s?
3Here and below I denote by (a1,az,...,a,) the binary form of degree n with binomial coefficients
attached.

“In his thesis Julia [22] extended Hermite’s work and gave geometric interpretations of reduced forms.
He computed what I call cases ii) and iii) of Lemma but his computation of iii) is only partial and that
of ii) needs to be corrected. He obtained (4.5) with a3 and a4y interchanged, which results in a different
bound.
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Note that J = gJg'. The image of SL(2,Z)/{£1} is the subgroup I' = SO*(J,Z) of G.
For g € G we have x,0,t = X¢ and for v € I the form Q' = yQ~" represents the same
numbers as does (). It is now easy to check that unless ) = kJ we can find v € I" so that
the (1,1) entry of @' is nonzero. Thus £’ works for us.

Next we will relate the problem of minimizing () on the quadric to that of minimizing
the middle coefficient of a representative in an associated class of binary quartic forms.
We know that (z,y, z) = (mr, ms+nr,ns) runs over all integral solutions of J(z,y,z) = 1
as m,n,r,s run over integers with ms — nr = 1. Therefore

(4.3) inf |Q(z,y,2)| = inf |(0,1,0)7Q+'(0, 1,0)")]
J(z,y,z)=1 ~vel
(z,y,2)€Z3
Associated to @) is the quartic polynomial
F(z) = (2%,22,1)Q(2%, 22, 1) = az* + 4bx® + (2¢ + 4d)x* + 4ex + f.
A computation shows that if

(rz + s)*F(2n) = g 2t 4 4b12® + 6c10° + 4dy + ey

rr+s

for (') € SL(2,R) then for h = 9g(mry from 1}
(0,1,0)RQR'(0,1,0)" = ¢; + 5(d — ).

Thus by (@3)

(1.4 it Q1,2 < Jeal + 2l — .
J(z,y,2)=1
(w,y,2)€Z3

Here we use that h runs over I as (7' ?) runs over SL(2,7Z).

As already mentioned, we now apply Hermite’s method of continual reduction from
[19] to the binary quartic form F(x,y) associated to F(z). The binary quadratic form
associated to F' depends on the nature of the zeros of F'(x) and will be given in (4.7)).

Lemma 1. Let
F(z,y) = (a,b,c,d,e) = ax* + 4bxy + 6cay® + 4dxy® + ey?
fora,b,c,d,e € R with a > 0. Define o to be the zeros of
F(z,1)=a(r — a1)(x — az)(x — a3)(z — ay).
i) Assume that either each «; is real with oq > g > a3 >y or
ii) that none of the o are real and that as = &y, oy = @z with Ima; > 0,Imasz < 0.
Then F is equivalent under SL(2,7Z) to a form Fi(x) = (a1, by, c1,dy, er) with
(4.5) 1] < alon — ag)(ae — o).
i11) When only o, s are real and oy = a3 then F is equivalent to (ay, by, c1,dy, e1) with
(4.6) le1] < ga(l(ar — az)(as — as)| +2|(a1 — a3) (a2 — ag)]).
Proof. For real variables ¢;, u; define the positive definite binary quadratic form
(4.7)
ijzl t3(z + a;y)?, in case i)
Pr*+2Q zy+Ry® = { 2ui(x + ary) (v + ary) + 2ud(w + asy) (v + asy), in case ii)
2(x + ary)? + t3(x + any)? + 2ui(z + azy)(x + asy), in case iii).
In case i) the idea is to minimize

T = (IQ(PR - Ql2)2/(t1t2t3t4)2
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with respect to real ¢;. After computing PR — Q" in terms of the ¢;, this is basically a
calculus problem. The result found by Hermite is that the minimal T is

(4.8) 16a2(c; — a3)? (g — ay)?.

After an SL(2 Z) transformation the resulting binary quadratic form can be made to
satisfy PR < 3(PR— Q). From this one concludes (see [19, p.174] for the method) that

laye|, |bydy ], |Cl‘2 < ﬁT'

Using (4.8)), (4.5)) follows.

Similarly, in case ii) we must minimize
(4.9) T =a*(PR—Q"%)*/(ujuy)”

with respect to uy, uy (it is enough to minimize v/7'). If we write a; = u-+iv and ag = s—+it
then

PR — Q”? = 4(v*u] + (u* +v* — 2us + % + t*)utus + t*u3)
and the minimization of 7" leads to (4.5) when v > 0 and ¢ < 0. Case iii) is similar where
titou? is used in place of u2u3 in (4.9) and now

PR—Q” = (a1 — an)?tit5 +2(s* + 1% — 250 + a3)tu] +2(s* + % — 250z + o) toui + 4t%u]

Note that the bounds in (4.5)) and (4.6)) are invariants of F' under SL(2,Z). O

We apply this lemma to F' with
F(z) = F(x,1) = (2,22, 1)Q(2?, 22, 1)" = ax® + 4ba® + (2¢ + 4d)2* + dex + f.

We have that yq(t — %i) is the resolvent cubic of F', where xo was defined in 1| It
is classical that x has all of its roots real if F' has either all roots real or none of them
real. Otherwise, x¢ has exactly one real root. Furthermore, the differences between roots
of xq satisty

4()\3 — )\2) :CL(OéQ — Oég)(Oél — 064)
4(A3 — A1) =a(ag — ag)(ay — ay)
4(A2 — /\1) :a(a1 — Oég)(Oég — 064).

For these statements see [B, p.124]. In case i) or ii) of Lemmall]it follows that A3 > Ay > Ay
and so

1] < Ha(on — as)(az — aa)| = 3As = M| = 3 ) |\ —

7]
In case iii) we have the same bound for |¢;|. Since by
M+ +N=d—c
we conclude from that for Q) # kJ we have
inf |Q(z,y,2)| < (D[N — NI+ M+ A+ ). O

J(x,y,2)=1
(@,y,2)€Z? #J
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5. PROOF OF THEOREM [2]

The ideas behind the (rest of the) proof of Theorem [2| are from Mahler’s paper [24],
where they are expressed in the language of lattices and star bodies. For g € G we have

p(g) = inf |Q((0,1,0)79)];
yE

where again ' = SO"(J,Z). Clearly u;(vg) = pus(g) for v € I'. Tt is easy to show that
for T € R the subset of I'\G given by

Sr={9 € \G;us(9) 2T}

is closed. Thus p is upper semi-continuous on I'\G and since p; is bounded by Theorem
[, to prove Theorem [2] we need only show that St is compact for any 7" > 0. For this it is
enough to show sequential compactness. The following simple reduction lemma is needed.

Lemma 2. There is an absolute constant C' > 0 such that each g € T\G has a represen-

tative g with
II sl <c,

1<5<3
where (g); is the " row of g and || - || is the Fuclidean norm.
Proof. For g from (4.2)) we have
H 1(9); 117 = (m* + 4m®n® +n*) (r* + 4r%s* + s*) (m*r® + m*s® + 2mnrs + n’r® 4+ n*s”)

1<5<3
< Ci(m? +n2)(r* + s%)°.
Now choose (7' %) € SL(2,Z)\SL(2,R) to be reduced in the usual sense:
(m? +n?)(r* + s?) < Cs.
U

The proof of sequential compactness proceeds as in the proof of Theorem 2 in [24].
The key idea is that a lower bound for each ||(g),|| together with the upper bound for
[Ti<j<sl(9);ll in Lemma [2f gives an upper bound for each ||(g);|. Then in a sequence
{gr} in St we can extract a subsequence that converges to a point g € Sy. Here we use
that gx € St implies that for some constant ¢y > 0 we have ||(g);|| > ¢r for each j. O

6. PROOF OF THEOREM [3

Theorem [3is a nearly immediate consequence of a result of Barnes on the minimum of
the absolute value of the product of two related values of an indefinite binary quadratic
form. His result and its proof have a lot in common with those of Markoff on the minimum
of the absolute value of such a quadratic form.

For the homogeneous version of Q(z,vy, z) from (2.3), namely

Q(z,y,2) = (afz + cnaoy + 032) (Brx + 1oy + B3 2),
the associated binary quadratic form
q(z,y) = (mx + azy)(Brz + B2y)
is indefinite and has discriminant (a8, — B1a2)?. We have the identity
q(m,n)q(r,s) = Q(mr,ms + nr,ns).

Letting m,n,r, s run over integers with ms — nr = 1, the result now follows from [2]
Theorem 1]. O
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7. PROOF OF THEOREM [4]

The arguments in the proof of Theorem [4] are similar to those for Theorems [I] and [2] so
I will be brief. Again the main are devices used are Hermite’s upper bound for the middle
coefficient of a reduced binary form, this time a binary sextic, and Mahler’s compactness
argument. Recall that

(7.1) K(z,y,2) = ax® + by + 2>+ 3da’y +3ey’ 2+ 3 f 2%+ 3kwy® +3hy 2> + 3iza* +-6j2y2
and
The fact that Lg is a covariant follows from (4.2)) after verifying the identity

m2 2mn n?

LK((I,y,Z) (mr‘ ms+nr n8> ) = LK/(I,y,Z),

r2 2rs  s2

where

K'(z,y,2) = K((x,y,z) <%~ matnr ZS) >

r2  2rs  s2
The claim that supo; < oo where o is defined below (3.2)) when L(x,y,2) = 0is a
consequence of the following more general result.

Lemma 3. For K from with A from nonzero, there exists a constant C
depending only on A such that
inf |K($,y,z)—%L(a:,y,z)| <C.

(z,y,2)€Z3
J(x,y,2)=1

Proof. A computation verifies the following identity for m,n,r, s € Z with ms — nr = 1:
K (mn, ms+nr,rs)—32L(mn, ms+nr,rs) = 5 (coefficient of z*y* in Fx(mz + ny,rz + sy)),

where
Fi = (a,d, 3k + 31, 20+ ), 5e + 1 . h,¢) = K (2, 22y, %)
Now we may apply Hermite’s upper bound for the coefficient of 2%y in the binary sextic

F(z,y) when it is reduced. Here we make use of the assumption that A = disc Fx # 0
(c.f. [, §5]). O

The proof that sup o, € o proceeds in the same way as that of Theorem [2

8. PROOF OF THEOREM [0l

The main tools used in the proof of Theorem [5| are two theorems of Davenport. The
first is recorded as Lemma (4] below. This result, whose proof is intricate, gives a sharp
upper bound for the minimum among various products of special values of a reduced
binary cubic form with a positive discriminant. It does not appear to have been applied
before now. Also, as Davenport shows in [I1], the corresponding result for a binary cubic
with a negative discriminant is not true.

The second result of Davenport, given as Lemmal[5] shows that the minimum of a binary
cubic with a positive discriminant is not isolated.

Recall the notation from around . Associate to K the binary cubic form defined
(up to sign) by

(8.1) fr(z,y) = £(arx + ay) (Brx + Bay) (1T + 72y)-

The discriminant of fx is well-defined and given by D?. We have for any m,n,r,s the
identity

(8.2) | K (mr,ms + nr,ns)| = | fx(m,n) frx(r,s)|.
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For integers mq,ny, 71, 81 with min; — ris; = £1 let
(8.3) f(z,y) = fr(miz 4+ riy, mx + s1y).
A calculation shows
fm,n) f(r,s) = fr(ma,n2) [k (r2, s2) where (%7753) = (7%) (% 5).

Now using this and (8.2)) we have

(8.4) inf |K(r.y.2) =  inf _[f(nm)f(r,s)].
(z,y,2)€Z> (m,n,r,s)€Z*
y?—dzz=1 mn—rs==+1

We may choose f(z,y) = +(ax® + bz’y + cay?® + dy?) to be reduced in the sense of
Hermite. Explicitly, this means that the covariant binary quadratic form Az?+ Bxy+Cy?,
where

A=b*—3ac, B=bc—9ad, C =c*—3bd,
satisfies

0<B<A<C.

The binary quadratic is positive definite with B* — 4AC' = —3A(f) < 0 (see [20] and
[T0).

The following result is contained in Theorem 2 of [10], which after (8.4) finishes the
proof of the first statement of Theorem

Lemma 4 (Davenport). Let f(xz,y) be a reduced binary cubic form with discriminant D?.
Then

min{|£(1, 0)£(0. )], £(1,0)£(1, )], 1£(1,0)£(1, = 1), |0, 1) (1, D], |0, 1) £(1, ~1)]} < 2L

The last statement of Theoremis an immediate consequence of (8.4)) and the following
result, which is Theorem A of [7]. Here, given f, we define K using (3.3)).

Lemma 5 (Davenport). Let € > 0. Then there exists a binary cubic form f(x,y) with
positive discriminant D? such that none of the roots of f(x,1) = 0 is equivalent to any
root of x® + 2% — 2z — 1 = 0, and with the property that

o) > (7)2
for all integers (z,y) # (0,0).
O

Remarks. i) If instead of restricting to the the quadric surface y? — 4rz = 1 we restrict
to the cone y? = 4zz, then minimizing a ternary form reduces directly to minimizing a
binary form of twice its degree over nonzero integral pairs. Some striking new results
about the spectra of higher degree binary forms have recently been found [23] (see also
[310).

ii) The papers [32],[13],[3],[1] study the minima of the absolute values of certain real
bilinear forms, when they are restricted to the integral points of the affine hypersurface
zy —zw = 1.
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