CLASS NUMBER RELATIONS FOR SOME SALEM EXTENSIONS
W. DUKE

ABSTRACT. A new class number relation is given between members of a family of sextic
Salem extensions and certain quartic number fields.

1. INTRODUCTION

Among the early class number relations was one found by Dirichlet [4]. In the lan-
guage of number fields it states that for D > 1 square-free the class number of the field
Q(v—=D, VD) equals the product of the class numbers of Q(v/—D) and Q(v/D) or half of
this product. Dirichlet’s result is a consequence of a simple relation between the Dedekind
zeta functions of these fields, the class number formula and the fact that the resulting
quotient of regulators (and numbers of roots of unity) can be explicitly computed. This
last problem becomes more difficult when seeking relations between the class numbers of
number fields of higher degrees. Some basic references on this subject are Hilbert [10],
Herglotz [9], Kuroda [11], Hasse [7], Nehrkorn [14], Brauer [3], and Schertz [15].

My object here is give a family of examples of simple new class number relations based
on certain sextic Salem extensions[] I will show the following. For an integer a > 0 the
polynomial

(1.1) fo(@) =a% —az® —a' + (2a — 1)2® — 2 —ax + 1

is irreducible over Q and has two positive roots € > 1 and €', while the others occur as
complex conjugate pairs on the unit circle, say €, ¢ and €”,¢”. Thus € is a Salem number
and the number field k¢ = Q(¢) is a Salem extension of its subfield k3 = Q(«), where
a = e+ e !, which is a totally real cubic number field. Here f3(a) = 0 where

(1.2) f3(z) = 2° —az® — 4o + 4da — 1

is irreducible over Q. Let O3 be the ring of integers in k3 and suppose that O3 = Z[a]. A
related quartic field is k4 = Q(p), where p is a root of

(1.3) fa(z) = 2 +a2® + 2z + 1.

This field k4 is totally complex and its discriminant equals that of k3. For j = 3,4,6 let
h; be the (wide) class number of k;. The main result of this paper is the following class
number relation. Unlike most other such relations that are known, it does not involve
undetermined regulator indices.

Theorem 1. If O3 = Z[a], then
he = hshy.

As an example, when a = 100, we have that hy = 412, hy = 112 and hg = 46144.
Concerning the condition that O3 = Z[«], this certainly holds if the discriminant of fs,
which is

(1.4) D, = 16a* — 4a® — 128a* + 144a + 229,

1Useful references on Salem numbers and Salem extensions are [5] and [16].
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is square-free. It is conjectured that D, is square-free for more than 75% of integers
a € Z" (see e.g. [13]). In general, for the integers 0 < a < 100 we have that O3 = Z[a]
except when

a € {20,28,32,34,69,81, 82,84, 85}.

The result of the theorem actually holds for all of the many values of a tested (using
PARI/GP) and it is tempting to conjecture that it holds for all a > 0.

Another result of this paper is an independent proof and refinement of a (very) special
case of a theorem of Stark [I7, Theorem 2] on the derivative of an Artin L-function at
s = 0.

Theorem 2. Suppose that O3 = Z[a]. Let x be the non-trivial quadratic character of
ke/ks and L(s, x) be the associated Artin/Hecke L-function. Then
hSL/(07 X) = h6 lOg €,

where a basis for the fundamental units of ke is given by {e — 1,€,¢e + 1}.

Acknowledgement. 1T am very grateful to Chris Smyth for showing me an argument that e
cannot be the square of another Salem number when a # 2 and for allowing me to include
it here.

2. THE NUMBER FIELDS

In this section I will give some needed properties of the number fields k3, kg and k4. In
the process I will apply results from [18], [16], [2], [I2] and especially [§].

Lemma 1. For integral a > 0 the cubic
fa(z) = 2° —az® — 4w +4a — 1
18 irreducible over Q and has discriminant D, from . The polynomial f3 has three
real roots o = a, o/, " that satisfy
a>2 and || <2,|"| < 2.
Suppose that O3 = Z[a]. Then the unit group of ks is generated by —1 and the pair
(2.1) m=a—2, m=a+2

Proof. For a < 4 these results can be checked directly. For a > 4 they follow from [I§],
p.158, Satz 7|, after making a simple change of variables in f3 (see also [19, Thm. 3.9]).
OJ

In particular, the cubic field k3 is totally real. Recall the notation from the above
Theorem [II

Lemma 2. Suppose that O3 = Z[a|. The field ke = Q(€) is an unramified quadratic
extension of ks with € a Salem number and with discriminant dg = D?. The ring of
integers Og in ke is Zle|. The signature of ke is [2,2] and the infinite part of the unit
group has rank 3, while the torsion part is {£1}.

Proof. Observe that

P fy(x+ a7t = fo(n).
Since f3 is irreducible over Q so is fg(z) (c.f. [2, p.864]). That Q(e) is a Salem extension
of k3 follows Lemma [If and [16, Prop. 3 (i)]. A computation shows that the discriminant
of fs is D? and so the fact that kg is unramified over k3 follows, since by assumption the
discriminant of k3 is D,. Therefore the discriminant of kg is D? and Og = Z[e]. The final
statement is easily verified. 0
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Note that
(2.2) € = %(a +Vaz—4), € = %(o/ +Va?—4), e = %(o/’ +Va?—4).

The relative norm from kg to ks is given by 5+ Ny, /i, (8) = 87 where 8 +— 37 is the
Galois conjugation induced by € +— % It can be checked that

(2.3) Nio/rs(€ =1) = =i Nigpes(€+1) =02 Nigyry(€) = 1.
The subgroup U C Of given by
(2.4) U={neO;n>0and Ny, (n) =1}

is cyclic and generated by €y > 1, say. Thus € = €} for some ¢ € Z*. We will show in the
next section that ¢ = 1. The following result is now readily proven, using (2.3) and the
final statement of Lemma [Tl

Lemma 3. Assumptions as above, the unit group Of is generated by —1,e —1,e+ 1 and
€0-

After Lemma [2] we can make use of the fact that these fields k3, kg are among those
treated by E-Ieﬂbronn in [8]. Let k3 be the normal closure of k3. Then Heilbronn shows
that koy = k3(e, €) is normal over Q with Galois group Sj.

Lemma 4. Suppose that O3 = Zla]. We have that
ky= Qe+ € +€").

The field ky is totally complex with discriminant dy = D, and ring of integers O4 = Z[p].
The unit group of ky is generated by —1 and p. We have the identity

p* = €,
where € is the Salem number.
Proof. A calculation shows that g4(v) = 0 where v =€+ ¢ + ¢’ and
gs(z) = 2* — 2a2® + (a* + 2)2* — (2a — D)z + 1.
Another calculation gives that f4(p) = 0 where
(25) =P =20 + (@ 1)y — (a— 1)

and fy is from (1.3). Furthermore, using (2.5)) it holds that v = —p®. Thus ks = Q(7) so
k, coincides with Heilbronn’s quartic field.
The discriminant of f; is D,. Heilbronn shows that

(2.6) C(s)C(s, ke) = C (s, k3)C(s, ka)
and uses this to deduce that for d; the discriminant of k; for j = 3,4, 6 we have
dg = dsd,.

This can also be deduced from [6]. By assumption, d3 = D, and so by Lemma [2| we have
that dy = D, and Oy = Z|p).

After an obvious change of variables, it follows from [12, Prop 19] that k4 is totally
complex and contains no roots of unity other than +1 and that p gives a fundamental
unit for k4, when a > 3. The remaining cases are checked directly. A computation shows
that |p|? satisfies fg(|p|*) = 0. Thus we have

o = €.
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3. PROOF OF THEOREM [1]

The class number formula (at s = 0) states that for a number field £ with unit rank r
that contains w roots of unity, has class number A and regulator R, we have

N _ hR
ll_{%s C(s,k)——?.

Thus by the identity (2.6) and the fact that the only roots of unity in any of our fields
are £1, we have

heRg = hsRshy Ry
Lemma 5. For R; the regulator of k; for j = 3,4,6 and { from below we have
Rg = (R3R,.
Proof. By Lemma |3| we have that /Rg is the absolute value of
loge log(e—1) log(e+1) loge log(e—1) log(e+1)
det ( —loge logle 1—1| logel+1|) = det ( 0 log|2—e—e"1| log|2+e+el|) ,
2log|e’| 2log|e’'—1] 2log|e'+1| 0 2logle—1|  2logle’+1|
after using that |¢/| = 1 and adding the first row to the second. Recall that
a=¢c+el

By using Lemmal[I] the definitions (2.1 and that from (2.2) |¢' — 1|> =2 — o/ = |n;| and
|€ +1)> = 2+ o' = |n,|, where i} and n), are corresponding Galois conjugates of n; and

12, we get
log € log(e—1) log(e+1)
(Rg = |det | 0 loglm| logln| || = (loge)Rs.
0 log[ni| log|np]
Now the result follows since by Lemma [3| we have ¢ = |p|*2, where p is a fundamental
unit for ky. m

After Lemma [5| and the line above it, what is left is to show that £ = 1, that is ¢y = €.
Since the Galois group of kgy/Q is Sy, it follows from Lemma [5{ and a result of Brauer
[3, Satz 4, Bemerkungen 2, p.174] that the only primes that can divide ¢ must divide
#S, = 24, hence are 2 and 3. This can also be deduced from [I, Thm. 1.2], which gives
another proof of Brauer’s result. We may of course assume that a # 2.

It can be seen (recall (2.4)) that € is a Salem number. Hence it is enough to show that
for integers b, ¢, d and

g(z) = 25 + b2’ + ca’ + da® + ca® + br + 1

both kinds of factorizations

(3.1) fo(2?) = g(a)g(—=)
and, for w = e%,
(3:2) fo(2®) = g(x)g(wr)g(w’z),

are impossible. Here fg is given in (|1.1)).
To show that (3.1]) cannot occur, I follow Smyth’s communication and equate coefficients
in it to get

(3.3) b +2c=—a, 2+c—-2bd=-1, 2-20"+2%—d*=—1+2a
and eliminate b and d to obtain

(3.4) (c+1)* —4(a +2¢)(3 — 4a + 2¢* — 4c) = 0.
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It can be checked using the genus-degree formula

g= (d—1)2(d—2) _s

that (3.4]) determines a curve of genus g = 0. Here the degree d = 4 and the (projective)
curve has a singularity at (1,0,0) with delta invariant § = 3. Thus the curve can be
parametrized by rational functions. Probably the simplest parameterization is given by

(t3+8t2—8)t

e =l

Thus from (3.3) we also have (with same choice of +)

d=4+- and b= +--L

21 202—-1)

Seeking a solution t # 0 such that a,b,c,d € Z, we see from the formula for d that ¢
must be rational, and then from the formula for ¢ that ¢ is rational. From the d-formula
we get t2 = (d+1)/d, which is a rational square for integral d only for d = F1 and ¢ = 0.
Note that d and d £ 1 are relatively prime. Hence a, b, c and d cannot all be integers when

a # 2.
To show that (3.2)) cannot occur, we again equate coefficients:

b —3bc+3d = —a
3+30%(=1+4c)—3c® +¢* —3bed + 3d* = —1
6b(—1 4+ c)c — 3b*d + d(6 — 3¢® + d*) = —1 + 2a.
By eliminating a and d from these equations we must have
R(b, c) := 81b*c® — 567b*c* + 1296b*c® — 648b*c* — 1296b"c + 1296b* + 27b%c* — 81b%c?
+ 108b% — 18b%c” — 18b%c® + 4320%c° — 144b%c* — 3168b*c® + 4320b°c* + 2304b%c
— 4608b* — 27bc* + 324bc* — 432bc + ¢ + 9¢® — 168¢° — 144¢° + 1296¢*
+ 768¢* — 4608¢* 4 4123 = 0.
Reducing modulo 3 gives ¢ +1 = 0 (mod 3) so we must have for some integer n that
c¢=3n—1. But R(b,3n — 1) = 27 (mod 81), which is a contradiction.

We have shown that neither 2 nor 3 can divide ¢ and thus, after Brauer, that ¢ = 1.
This finishes the proof of Theorem [I] U

4. PROOF OF THEOREM

Since
C(S ; kﬁ)
L 87 - b
(5:2) = Hs k)
the class number formula gives

heRg
L0 = )

(0,x) 7By

Theorem ] follows from Lemma Bl and the formula
g—z =/{R, =loge

of Lemma [}, together with the fact shown above that ¢ = 1. O
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