Differential Geometry of Curves and Surfaces by Do Carmo.

Elements of Differential Geometry by Millman and Parker.

(The notation and conventions are different in the two books. In class, we will follow conventions from Do
Carmo and notation from Millman and Parker.)

Background.

(1) Derivative. Given differentiable R™ EN R™ and a point a € R™, the derivative df, is a linear map
R™ — R™. If we fix coordinates z1,...,Z,, and y1,...,yn, that fixes a basis, and can represent df, by
a n X m matrix whose entries are Jy;/0x;. So df : R™ — R™" is the derivative function.

(2) C° means continuous. If df exists and df : R™ — R™" is C*~1, then f is C*. Inductive definition. C*
means k times differentiable and k' derivative is continuous. C'*° is smooth, infinitely differentiable.

(3) Chain rule. Consider R™ NS TR RP, and fix coordinates 1 ..., Tm, Y1 ---,Yn, 21, - - -, Zp, and a starting
dgf(a
point @ € R™. Then a — f(a) — g(f(a)), and we have linear maps R™ Yo g “ RP. Then as

linear maps d(g o f)a = dgyf(a) © dfa. As matrices d(g o f)a = dgf)dfa. In terms of matrix entries,

Oz _ N~ 9z OYj : ; ; ; Bz Oy;
o =i 5> .. - Double index notation, latter is written > Or e

Basic curves in 3D.

(1) Fix interval I C R, open or closed (could be I = R) Curve a: I — R3, different from its image. Think
of particle traveling in space; image is the path traced out.

(2) Velocity o = da/dt: I — R3. We view a(t) as a point in R3, but o/(¢) as a 3D vector, drawn starting
at a(t). This is also the tangent vector to the curve. Speed is length of the vector |o/|.

(3) To avoid sharp corners, we will assume curves are regular, that is o/(t) # 0Vt. The path \/ can be
the image of a C* (smooth) path, but it has a sharp corner, and doesn’t look smooth. If we impose
regularity, then well-defined tangent direction at each point, and so no more sharp corners.

(4) For regular curves, unit tangent T'(¢) = o'(¢)/|a/(t)], unit vector in the tangent direction. Velocity o’
was extrinsic (depends on how a particle travels a given path), but T'(¢) is clearly intrinsic (depends only
on the path and direction on travel).

(5) Reparametrization. Consider two intervals I,.J, and h: I — J a bijection, so that both h and h~! are
C3. Then if a: I — R?® and f: J — R? are related by a = B0 h (equivalently 3 = oo h~1), then one is
a reparametrization of the other. Both of them have the same image, represent the same path in space,
but traveled differently (with different speed, etc).

(6) Reparametrization again, h: I — J, g: J — I, goh = Id;, hog = Idy, both C*. If a, 3 related by
reparametrization, takes regular curves to regular curves. Clearly C* to C*. %Ll = %b(a)%‘av so just
need to show %LL # 0. Chain rule again on ho g =1d;.

(7) Alternate description of reparametrization. h: I — J onto, h € C*, and h’(t) # 0Vt. Injective by Mean
Value Theorem; indeed two cases, b’ > 0 or h’ < 0 (strictly increasing or strictly decreasing). So if
g=h"', why g € C*?

(8) Review Inverse Function theorem f: R™ — R™. If df, (n X n) non-singular, then locally has inverse,
and inverse is also C*. In case n = 1 (like now), has global inverse (as we saw), but for general n, not.
Example: C — C,z + €*, so f: R? — R2 (z,y) +— (e”cosy,e”siny), compute |df| = ¥ # 0, but no
global inverse since not injective.

(9) If two curves «,f3, related by reparametrization Im(«) = Im(f), but possibly traveled with different
speeds. If A’ > 0, then same orientation (direction of travel), otherwise opposite.

(10) What about converse? If two regular curves have same image, they are related by reparametrization,
since regular curves have a unique canonical reparametrization.

Arc length parametrization.

(1) Assume regular curve . Arc length. Consider starting point a(tg). Arc length is distance traveled from
to to t, integral of speed s(t) = ftto |/ (t)|dt. This is intrinsic, depends only on the starting point, and
the direction of travel, independent of parametrization.

(2) Say h = s is the arc-length parametrization, and J = Im(h). Why is h: I — J a reparametrization? If
g is the inverse, define the arc-length parametrization 8(s) = a o g(s).
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n? 48 — dadg _ dojdh _
Y ds T dtds T dt/! dt —
% / |§—‘t¥ = T, the unit tangent. In particular, unit speed. So arc-length parametrization is canonical:

start at the starting point, and travel with unit speed in the given orientation.

(4) Example. Consider the curve a(t) = (rcost,rsint, ht). Assume r,h > 0 constants. Do arc length
reparametrization of helix. Useful variable w = ﬁ

(5) Draw (rcost?,rsint?, ht?). Different image from the helix. Sharp turn, not regular at ¢t = 0.

(6) Draw (rcost®,rsint®, ht®). Same image as the helix, but still not a reparametrization since not regular
at t = 0. The change of variable functions are ¢3 (which is C*°) and ¢'/? (which is not C1).

(7) Although arc length parametrization always possible for unit speed curves, very hard in practice. Con-
sider the parabola y = ?/2, find arc length parametrization starting at (0,0). First find regular
parametrization a(t) = (t,t2/2), then s(t) = fg VI+82dt = L(tvV1+ 2 +In(t+v1+¢2)). (Dot = tané,
then integrate sec® @ by parts.) Then arc length parametrization is a(t(s)), but impossible to write down
the inverse function ¢(s).

(3) What is the velocity (which was extrinsic) under arc-length parametrizatio

Curvature and torsion.

(1) Nevertheless, only consider unit speed curves «(s) from now. Velocity is unit tangent: o/(s) = T'(s).
Acceleration a(s) = T"(s) measures rate of change of T, so change in the direction of travel. So
curvature k(s) = [T'(s)].

(2) If k(s) # 0, then N(s) = T"(s)/k(s), the direction of the rate of change. So T' = kN. Note, N only
defined when curvature is non-zero.

(3) N is perpendicular to T, since for any unit vector v, v’ is perpendicular to v (differentiate v - v).

(4) Do helix example. x = rw? = @, and N points inwards towards the axis. Special case, h = 0, circle
of radius r. Curvature is 1/r, smaller circles have larger curvature.

(5) From now on assume £(s) # 0Vs. Needed to make sense of N. Then we get a right-handed orthonormal
basis T, N, B, where B =T x N; explain.

(6) Orthonormal frame, right-handed (positive) vs left-handed (negative). (4,4, k), (k,7,4), (j, k,¢) are posi-
tive. Cyclic (even) permutations. Form a basis. Any vector can be written uniquely, and the coefficients
are given by dot products.

(7) Let’s keep differentiating. N’ is perpendicular to N, so N’ = aT + bB. Since N, T orthogonal, a = —k.
Let b = —, torsion. (Osculating plane spanned by T, N; the plane spanned by N, B is normal plane,
and the plane spanned by T, B is rectifying plane. 7 is the rate of rotation of B in the normal plane.)

(8) Omne more derivative: B’ = 7N. (B’ perpendicular to B, and its coefficient at N,T is negative of the
coefficients of N',T" at B.)

(9) The data (k,7,T, N, B) called Frenet-Serret apparatus. Very important to remember, only considering
the Frenet-Serret apparatus for unit speed curve. If not-unit speed, then reparametrize (which might be
hard) and then consider this data. Moreover, N, B, 7 only defined if x # 0.

(10) Calculate (x,7,T, N, B) for the helix (rcost,rsint, ht), T = hw? = TQJFL}LQ

(11) If kK = 0 on an interval, then T constant, so linear. If kK = 0 at an isolated point, this story not valid,
and the osculating plane can change drastically, «(t) = (¢, eil/tz,O) or (t,0, efl/t{z).

(12) If kK > 0,7 = 0 on an interval, then B constant, so particle travels in the plane perpendicular to B.

(13) Frenet-Serret equation

T’ 0 « O T
Nl|l=|- 0 —7 N
B’ 0O 7 O B

Proof: Decompose a vector along orthonormal basis by dot products. Treating T', N, B as row vectors.
So the equation is 3 x 3 = (3 x 3)(3 x 3). Also note the matrix is skew-symmetric.
Fundamental theorem of curves.

(1) Picard’s theorem. I C R open interval around 0, ¢ € R®; A: R"™ x I — R", uniformly (in time) bounded
partial derivatives wrt space coordinates. Then unique a: I — R™ with a(a) = ¢ and da/dt = A(a(t),t).
Particle traveling in R™, initial condition specified, and velocity specified depending on its position and
time.

(2) Counterexample 2’ = /3, 2(0) = 0. No solutions for ¢ < 0, two solutions z = #+/(2t/3)3 for t > 0.

(3) Outline of proof; iterations of integrals. ¢, (t) = ¢+ fat A(dn—1(t),t)dt.
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(4) Fundamental theorem of curves. Any regular curve with x > 0 is uniquely determined by s and 7.
More precisely: 0 € I C R (I open interval), & € C1(I) with &(s) > 0Vs, 7 € C°(I), 9 € R3, D, E, F
right-handed orthonormal basis of R®. Then unique C? unit-speed curve a: I — R3 with «(0) = zg,
(T'(0),N(0),B(0)) = (D, E, F), k(s) = R(s), and 7(s) = 7(s).

5) Proof. Picard uniquely specifies the frame T, N, B. The function A: R? x I — R? is given b
y g Y

e 0 E(S) 0 zlzgzg,
A(T17T27T37N17N27N37BlaB27BS7S): _E(S) 0 _?(S) Nl N2 NS
0 7(5) 0 El EQ Eg
So satisfies the Lipshitz condition. For instance
0 0 0
0A
0Ty 0 00

Since %, 7 € C°, bounded (on any closed interval in I, which is enough). Define a(s) = zo + [; T(s)ds.

m

(6) Show T, N, B positive orthonormal. Consider Picard’s theorem again with six variables T - 7, =,y
{T, N, B}. Uniqueness of solution forces orthonormality. Positivity is forced by continuity of [T, N, B]—
triple scalar product.

(7) Immediate that « is unit speed. To show o € C3, need T € C?, so KN € C*!, which we have. (This
is exactly where we needed & to be C'—to ensure the curve is C3, which is needed in order to define
torsion.)

(8) Easy to show T =z for x =T, N, k, B, T in this order.

(9) If 7, K > 0 constant, then circular helix. Proof. Just show it satisfies the equation, with r =
h = =7=. (7 <0 right-handed, 7 > 0 left-handed, 7 = 0 circle.)

Non-unit speed curves.

Kk
K2 -‘,—7'2 I

(1) Regular but not (necessarily) unit speed curve, a(s(t)). Derivatives wrt s are prime, wrt ¢ are dots.
Chain rule, & = 2’$. Let speed v = § = |&|. Running example a(t) = (¢,t2,t3).
2) Rest follows by just differentiating & = vT. (T = &/v.)

(2)
(3) & =T +vT =0T +v?kN, & x & = v3kB. (k= |d x d|/v3, B=dax d/sv®, N=BxT.)
(4) & =0T + vveN + (V26)N — v362T — v¥k7B, [&, &, &] = —(v3k)?7. (1 = —[a, &, &]/(v3K)2.)
(5) Frenet-Serret equations.
T v 0 0 T’ 0 wxv O T
N|=10 v 0[N ]|]=[-k0 0 —mv]||N
B 0 0 w B’ 0 7v O B

Rotation index.

(1) Define T, n for plane C? curves, by setting b = kandn=bxT. Explain n = £N, if the latter is defined,
and explain the sign. (n is obtained by rotating T by 90°.) Define planar curvature kp by 7' = kpn,
which can be negative (turning left vs turning right.) kp measures the rate of change of direction of T.

(2) More precise version of the previous statement. Write T'(s) = (cos(6(s)),sin(6(s))), explain how to make
sense locally. If T'(s) is C, so is 0(s). Then kp(s) = 0'(s).

(3) Homework problem. Find curve with k(s) = H%’ 7(s) =0,20=0, (D,E,F) = (i,4, k). Planar motion
in xy plane. T(s) = (cosf(s),sin(0(s))), and k(s) = kp(s) = €. (Note x(s) never zero, so binormal B
throughout k constant, same as b.)

(4) After fixing 6(0), globally define 6(s) by cutting interval into small pieces where 6(s) doesn’t change by
more than 180° (points up, down, right, or left, only). Alternate definition 6(s) = 6(0) + [ k(s)ds.

(5) Periodic (closed) curve, a(s + L) = «(s)Vs, period is smallest such L (which is length of the curve
a: [0, L] — R% Index of periodic curve ;- fOL kds.

(6) Index is total change of 6 divided by 27 since 6’ = kp. Interesting index examples: circle oriented both
ways, clover leaf.

(7) Simple closed curve, no self-intersection, a(s) # «(t)Vs # t € [0, L). Total index is +1.

(8) Jordan curve theorem (very hard to prove). Complement of simple closed curve has outside (the non-
compact region containing oo) and inside.



(9)
(10)

(11)

(12)

(1)

Simple closed curve is positively oriented if the inside region is on the left.

Index of positively oriented simple closed curve is 1. After translating if necessary, let a(0) be the lowest
point of the curve. That is, if a(s) = (z(s),y(s)), it is minimum of y(s), defined since [0, L] is compact.
The tangent there is horizontal since 3'(s) = 0.

Define (u,v) maps to the angle of the vector a(v) — a(u) on the triangle 0 < u < v < L. Limiting case
when u = v is the tangent line. This angle well-defined up to multiples of 27, but can be well-defined
globally by cutting into small triangles, and fixing a starting value, say (0,0) — 0. Need triangle is
simply connected.

The theta difference along the hypotenuse is 27 times the index, but along but along each of the other
two sides is 7, since a(0) = a(L) was the lowest point, so can never turn more than 7. (That is,
(0,L) = 7 and (L,L) — 27.)

Coordinate patches.

Just like curves were function a: I — R3, surface is a function x: U — R3, where U is an open set in
R2,

What is an open set in R"? For every point p € U, there exists some r > 0, so that B,.(p) C U.
Informally, does not contain any point on the boundary. Open intervals are open sets in R. Complement
of open is called closed. (Lots of sets are neither open nor closed.)

Checking whether some function is C* is local. So makes sense to talk about whether z is C*. We
assume z € C*, and k > 1 (usually k > 3).

We also assume z is injective. That is, for simple surfaces like this (also called coordinate patches), do
not allow self-intersections.

Finally a regularity condition, just like we assumed o’(s) # 0 for curves to have a well-defined unit
tangent T. Let u',u? be the coordinates on R2, and let z; = % (which are 3-dimensional vectors).
We assume x1 X x5 # 0 everywhere. That is, not only are each x; and zo non-zero, they are linearly
independent.

Geometric meaning. Hold wy constant, change uj, get a straight line in U, produces a curve in the
surface, its tangent vector is x1. Similarly, hold w; constant, change wus, get a different curve, its tangent
vector is us. These curves are called parametric curves. The regularity condition says x1 and xo are
linearly independent (always draw them starting at xz(p)), that is, they span a 2-dimensional plane,
which is called the tangent plane at p (or z(p)). What is the unit normal? (n = ﬁiile )

Example is a graph. Let f: U — R, f € C*. Then graph is a function U — R3, (u',u?)
(u',u?, f(u',u?)). Why is this a simple surface? Check C*, injective, and the regularity condition.
Example of an example, graph of f(u!,u?) = /1 — (u!)2 — (u2)2. What is the domain? Unit disk, but
we want open domain, so open unit disk. The surface is the upper hemisphere.

Another way to visualize the sphere, spherical coordinates. Consider the surface

(0,6) — (cos b cos ¢, sin b cos ¢, sin ).

What are the parametric curves? Latitudes (circles, usually not great) and longitudes (half great circles).
We need injective, so what is a good domai? (0,27) x (—7/2,pi/2). What is the image? (Unit sphere
minus the poles, as well as the prime meridian.) Finally, check regularity: |zg X z4| = cos¢ > 0. What
is unit normal? Can find it geometrically as well since it points outwards.

Next we study reparametrization. Completely analogous to curves. Consider surfaces z: U — R? and
y: V — R3. Reparametrization are C* functions h: U — V,g: V — U, with ho g = Idy,go h = Idy
and z = y o h (equivalently y = z o g).

For curves, it was equivalent to saying h'(s) # 0Vs. What about dh,, for p € U? What is dh,? Linear
map R? — R2, represented by 2 x 2 matrix (%) since we have basis. This matrix is called the Jacobian.
It is non-singular. Has an inverse df,(,) by chain rule, dgy ) o dh, = 1d.

But unlike for curves, this is not enough to check, since inverse function theorem is only local. So to
check reparametrization, need to check h is bijective (with inverse say g), h € C¥, dh, is non-singular
everywhere. No need to check g € C¥, since that is a local statement and follows from inverse function
theorem. (This will actually be automatic if both x and y are regular, by Implicit function theorem.)



(13)
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(16)

(17)

(18)

(1)

Also unlike curves, no canonical parametrization. So to define any invariants of surfaces, first need to
parametrize, then define it in terms of that parametrization, and then check independence of parametriza-
tion.
We have so far: Tangent plane, unit normal. Check independence under reparametrization. Draw picture
of z; = % and y; = % on the same surface. Why is plane spanned by v, y> same as plane spanned
by 1,227 How are they related?
Since y = x o g, chain rule,
dy dx ou’ o’
ovt ouJ Ovt ovt
(in the double index summation notation). In terms of matrices 2 x 3 = (2 x 2)(2 x 3),
Lui Lu;
(v1 w2) = (o2 w2) | 902 Dk
vt 9v?
To check same tangent plane, just need to check same normal vector. So
y1 X yo = det(J) (a1 X 2).
Recall det(J) # 0, so simultaneously checks that the condition of regularity is preserved under transfor-
mation (x; X xo # 0 implies y; X y2 # 0), as well as, unit normal preserved up to sign (depending on
whether det(J) > 0 or < 0), and hence the tangent plane is also preserved.
What is a tangent vector X (usually capital letters)? By definition it is a linear combination of z; and
9. To preserve double index notation, write X = ZZ X'z,
Alternate description, tangent vectors are velocity vectors of curves through that point. That is, fix
p € U, let ¢ = z(p) be its image on the surface, and let a: I — U be a curve through p (with «(0) = p).
Then composite z o a is a curve on the surface through g. We claim, the velocity of this curve is a
tangent vector. Chain rule,
d(xoa)‘ Ox | du1| n Ox | du | du! n du?
——|t=0 = —|t=0 + =5 |p——|t=0 = T1— + T2 ——
dt "0 out At 0T w2 ar 0T T ar T T dt
is a linear combination of x; and xs.
Surfaces.

Definition of C* surface, example is S? C R3. Recall simple surface, but S? cannot be covered by a
single coordinate chart. So need a bunch.

Digression about topology. Need a notion of open sets, example R™. Subset of a topological space is a
topological space. Do examples of open sets in $2. One extreme example is whole S? is open in S2, but
not in R3.

Surface is a subset S C R3, and a collection (could be infinite, indeed usually uncountable) of coordinate
charts z: U — R? (which are all C¥, injective, regular), satisfying the following.

Each z maps to S (that is z(U) C S), and the map z: U — S is a homeomorphism. (This means
x71: 2(U) — U is also continuous.)

For each p € S?, there is some coordinate chart @ with p € z(U). That the coordinate charts cover the
whole surface.

Finally, the different charts are compatible. So if we have two charts z: U — S, y: V — S, we get a
bijection y " toxz: 27 (x(U)Ny(V)) — y~ 1 (x(U)Ny(V)). We require this to be a C* reparametrization,
that is, each of the maps y~' oz and ! oy are C*.

This compatibility allows us to define tangent space 7),5—a two dimensional vector space—at each point
p € S (usually drawn at p). Choose a coordinate chart x that covers p (which exists), define tangent
space for x as the linear span of x; and x5, and then check it is well-defined, that is, independent of
choices. So if y is another coordinate chart also covering p, then the span of y; and ys is the same space.
That is true, since they are reparametrizations of z(U) Ny(V).

Example of surface: S2. We have already seen many parametrizations of S?, like upper hemisphere
(vecall, x(ul,u?) = (u',u?, /1 — (u})2 — (u2)2) or spherical coordinates. Can cover S? with six such
hemispheres, but let’s do something different.




9)

(10)

(11)

(1)

Stereographic projection from the unit sphere minus north pole (0,0,1) to the plane (draw picture);
inverse is a coordinate chart. Equation of straight line from (v!,v2,0) to (0,0,1) is (tv!,tv? 1 —¢), so
when on sphere t = W, so coordinate chart given by

20! 202 1— (vh)? - (112)2)
()2 + (022417 (v1)2 4+ (12)2+17 (v1)2 + (v2)2 +1

which is C'*° since we are not dividing by 0.

y(vl’ U2) = (

So x and y cover S2, so just need to check overlap condition. The domain and range of y~! o z are the
punctured disk and complement of unit disk.
Write down y~! o, (u',u?) — ( T % ), (figure out ~* by drawing the

1—/1—(u1)2—(u?)2” 1—4/1—(ul)2—(u2)?
straight line (¢p,tq,1 +t(q¢ — 1)) from (0,0,1) to the point (p,q,r) on the sphere), from punctured disk
1

and its inverse 271 oy, (v!,v?) ((vl)zfz’ﬂ)gﬂ, (v1)2f€v2)2+1)’ from the complement of the disk. Check
both are C>, so reparametrization, so defined S? as a surface.

First fundamental form.

First recall linear map, V' = R" is n-dimensional vector space (for us, n = 2), f: V — V is linear if
FOu+ pv) = Af(uw) + pf (v)VA, p,u, v. If we choose a basis {z1,...,z,}, then f determined by its value
on x;, so if f(z;) = > ff xj, then f is uniquely determined by matrix ( ff ). Conversely, a matrix A
determines a linear map v — Av.

Bilinear map is something completely different. Map g: V' x V' — R which is linear in each factor,
g(Au + po,w) = Ag(u,w) + pg(v,w) and similarly. If we choose a basis, also determined by a matrix
gij = g(x;, zj). Conversely, matrix B determines a bilinear map (u,v) — u? Bv.

Matrix represents bilinear form if both indices subscripts, but a linear map if one index subscript one
index superscript.

Symmetric, positive definite (g(v,v) > 0Vv # 0) bilinear map is called an inner product. Corresponding
matrix is symmetric and positive definite.

Back to surfaces. Given a surface S and point p € S, have defined 2-dimensional tangent space T,S.
One of the first examples of an abstract vector space, does not come with natural basis. (We can choose
a coordinate chart z, and will get a basis x1,x2, but some other coordinate chart will give some other
basis.) Nevertheless has an inner product, first fundamental form, g(u,v) = (u,v) = I(u,v) = u - v.
We defined without parametrizing, so property of surface (independent of parametrization). If we fix a
patch, g represented by matrix (g;;) where g;; = z; - x;.

Example S = R?, parametrize as x(u',u?) = (u',u?), g is the identity matrix. Identical for the cylinder
z(0,z) = (cosf,sin b, z).

The sphere S? with spherical coordinates z(6, ¢) = (cos 6 cos ¢,sin cos ¢,sin¢), 0 < § < 2w, —7/2 <

o <7/2. We get
cos’¢ 0
=(" 1)

We are studying local properties of surfaces. Local means depends only on a neighborhood, like C*,
tangents, normals, curvature, most things in the course so far. Indeed only global thing so far is total
index of simple closed curves. Property means independent of parametrization. Example, tangent space
T,S, normal £n, first fundamental form g. When did we check g is independent of parametrization?
(g was defined without using parametrization.) Of course, if we choose a parametrization, g is given a
matrix (g;;) with g;; = ; - ¢, and if we change parametrization, we will get a different matrix which is
related to this by multiplying with J* and J on two sides.

Local properties are classified into intrinsic or extrinsic. Intrinsic means can access them if you are a two
dimensional creature living on the surface, cannot look up. (In Flatland, the protagonist is a triangle
living in R?). So T,S is intrinsic, since tangent vectors are just directions of travel, and length is how
fast you are traveling. So is g, since u - v = |u||v|cosf, and we can measure lengths and angles. But
normal is extrinsic, since we cannot look up.

Technical definition of intrinsic, anything that depends only on g (since lengths and angles are all that
we can measure); everything else is extrinsic. So how do we prove +n is extrinsic?
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(11) Parametrize cylinder, x(u!,u?) = (cosu’,sinu',u?), compute first fundamental form, same as that of
plane. So locally looks the same (isometric) to the plane. (Globally different, since on the cylinder you
can keep travelling in certain directions and come back.) But for the plane n is constant, but for the
cylinder n changes, so n is extrinsic.

cos’¢p 0

0 1

(Different parametrization might have produced the same first fundamental form.) Indeed, we will see

later that S? is not locally isometric to the plane—that is, if you are a 2-dimensional creature living on

52, just by measuring lengths and angles locally, you should be able to tell. This is how people figured

out that Earth is not flat.

(12) Is S? locally isometric to R?? Different first fundamental form , so can say nothing yet.

Curves on surfaces

(1) Particle travelling on S2, longitude, latitude at time t is given by (a(t),b(t)). What is distance travelled
in time 0 to t? Reasonable real-world problem, we know GPS coordinates. So (a(t),b(t)) gives a curve
a: I — R? to (0, ¢) plane, and x: R? — S? is the spherical coordinates chart, and the curve is o . So

d(xz o) da db

VE T T Mg Ty
da.2 da db db,2
2 _ _
|v] —Q(U,U)—gn(dt) +2gl2dt 7 +922(dt)

= cos? (b0 () + ()

and distance travelled is fot vdt.
(2) An aside. Notice, for us, usually g is given by a diagonal matrix, that is 1 and x5 are perpendicular. This
is because we are choosing parametrizations carefully. This is not true for arbitrary parametrizations.
(3) So that was an example of a curve on a surface. So we have a curve a = (a!,a?): I — U C R?, and a
coordinate patch z: U — S C R?, and by composing we get acurve xoa: I — R3 on the surface S.
(4) We have already seen the tangent vector to the curve xidd—(f, a linear combination of z; and xs, is in
T,S.
(5) As before, from now on, we will impose the curve is unit speed, and write s instead of ¢. That is a messy

condition,
S () () (%)
Yodt dt dt dt go1 922 % ’

The unit tangent then is given by T = % = Exi%.

(6) Next for unit speed curves, we can compute curvature kN = dT'/ds. If n is unit normal to surface, T is
unit normal to curve, then set S =n xT; n,T, S form a positive orthonormal frame. The curvature kN
has no component along 7', so we can write kN = k4S5 + kpn.

(7) So total curvature

dr d?a’ dat do?
kN = % = Z.Z’ILW + ZI”EE
Chain rule again, dz;/ds = Y x;;da? /ds, here x;; is the second derivative, and if x € C? (which we
assume from now on) x;; = ;.
(8) We want to break KN = k,n + k¢S into normal and geodesic curvature.
(9) The vector z; has no normal component, but what about z;;7 Can have both normal and tangential
component, so can write

k
x5 = Liyjn + Z Fijxk,

this is the definition of L;; (second fundamental form, will come back to it later) and Fi—“j (Christoffel
symbols).



(10) Therefore, we get

dat dad
=2 Ly gy

d%a’ e datdad

RS = wiga + ) Lo

d?a®  dat dad

=2 (g + 2T )
k i

(Note triple summation.)
11) So all that remains is to compute L;; and I'*.. For L;;, just dot with n, and we get L;; = x;; - n.
J 1] J J J

(12) Tk is trickier. We can dot with the tangent vectors,

ij
E k

k. so this is like solving a linear equation. So we need to multiply with the

and we are trying to find I'7},
inverse matrix for g.

(13) Since g is positive definite, det(g) > 0, so has inverse,

3 1 _
-1 _ (ijy _ 922 921
g (9) det(g) <—g12 g1 )
(replace each element by its signed minor, take transpose, and divide by determinant).

(14) What is matrix multiplication? If AB = C, and A = (a), B = (b”), C = (¢]), ¢] = Zaikb’”_’. Since
g.g~ ! is the identity matrix, we get Y gixg" = 07, where &7 is the Kronecker delta, that is, (§7) is the
identity matrix.

(15) So now multiply with g~*. How do we do that? (Multiply with ¢™ and sum over m.)

inj ) xmgml = erjgkmgml = Zl—‘?jéllc = F'lij'

(16) Compute for curves on plane, b = k = n, so k,, = 0 and S = N, so sk, = k, the signed curvature for
curves in the plane.

(17) The other extreme case, the helix (rcost,rsint, ht) on the radius-r cylinder. Not unit speed, so
reparametrize (r cos(ws), rsin(ws), hws), for w = 1/4/r2 + h?. Parametrize cylinder

z(ut,u?) = (rcosut, rsinu', u?),

so 1 = (—rsinul,rcosul,0) and z3 = (0,0,1) (these are not unit vectors) and n = (cosul!,sinu!,0)

outward pointing. The curve can be written x o a, where a(s) = (ws, hws) is a straight line. Recall the
unit tangent and curvature. They are

T =d(zoa)/ds = (—rwsin(ws), rw cos(ws), hw)
kN = dT/ds = (—rw? cos(ws), —rw? sin(ws), 0) = —rw?n,
so entire curvature is in the normal direction, that is, &, = —rw? and kg = 0.

(18) Geodesic curvature measures curvature inside the surface, and normal curvature measures how the
surface is curved in R3. So curves in R? had no normal curvature, and this curve in the cylinder does.
If a unit speed curve has x, = 0, it is called a geodesic, which corresponds to a straight line inside the
surface. So this shows that the helix is a geodesic in the cylinder. So if you are a 2-dimensional creature
living on the cylinder, these helices seem like straight lines to you.

(19) What are geodesics on S?? (Great circles.) What about other lines of latitude (smaller circles)? Consider
a latitude in the northern hemisphere. Are you turning left or right? Consider an extreme case, a small
latitude around the north pole.

(20) Let us compute r, and ,, for this latitude on S?. Spherical coordinates again z(6, ¢) = (cos 6 cos ¢, sin 6 cos ¢, sin ¢).
We will do the calculation entirely in local coordinates. Consider the latitude at ¢o. Recall g =



cos’¢ 0
( 0 1). Recall

x1 = (—sinf cos ¢, cos b cos ¢, 0)
x9 = (— cos fsin ¢, — sin O sin @, cos ¢)
and n is outward pointing (just geometrically), so

n = (cos  cos ¢, sin O cos ¢, sin @).

(21) If we write the curve as z o (¢, ¢g), then square of speed is gi11 = cos® ¢g, so not unit speed. So let
a(s) = (s/cos ¢o, o), then x o « is unit speed latitude. Note da'/ds = 1/ cos ¢g and da?/ds = 0, and
all higher derivative are zero.

(22) Unit tangent is 3 a;da/ ds = 21/ cos ¢p.

(23) Normal curvature is r, = Y L;;(da’/ds)(da? /ds) = Ly; cos® ¢g. Calculate

211 = (—cosf cos ¢, — sin 0 cos ¢, 0),

so L1 = 211 - n = —cos? ¢, 50 k, = —1 (independent of ).
(24) Geodesic curvature is

KgS = Z:z:k (da®/ds* + erj(dai/ds)(daj/ds)) =

1/cos?’¢ 0
0 1
oS ¢ sin ¢g. So KkyS = tan goxa. Note x2 is a unit vector, so S = x» (geometrically), so kg = tan ¢o.

(25) Recall k, = > L;j(da’/ds)(da? /ds) and keS = > xp(d?a®/ds® + foj (da'/ds)(da? /ds)). Why are
they independent of parametrization (depend only on curve and surface)? Note, T and kN depend only
on the curve (which is unit speed), and n (up to a sign) depends only on the surface (independent of
parametrization), so S = n x T is also independent (up to the same sign), and so x, = kN - n and
kg = kNN - S are independent as well (up to the same sign).

(26) Geodesic curvature is internal curvature, and normal curvature measures how the surface is curved in
R3. Second is extrinsic. Recall the helix in cylinder had r,, = +r/(r*+h?) (and x, = 0), but every curve
in the plane has s, = 0, but plane and cylinder are locally isometric (same first fundamental form).

(27) More importantly, geodesic curvature is instrintic, that is, depends only on g. (If you are creature on
the surface, you can measure it.) Clearly z; and derivatives of o' are intrinsic (can create a coordinate
chart instrinsically), so only I‘fj remain.

(28) It is defined as the coefficient ;; = L;jn+) I‘fjxk, so by dotting with x; and multiplying by the inverse

m(mlrh +aol'h).

ko_ Ik -1 _ 1 _ 2 2 _ _
Note I'j; = > ;- m1g™, and g=" = ),so 'y =211 - x1/cos® g = 0, I'f; = @11 - 22 =

matrix Ffj =Ty - mlg”“ (raising an index). So need to show z;; - ; are instrinsic.
(29) Even though x;; is not a tangent vector in general, can compute this by the following trick. Consider
9ij = %; - T4, ga = %; - 1 and g = x; - z;, and differentiate

Ggij/aul =X T; + T4 X (’)gil/ﬁuj =X T+ T4 X 8gjl/8ui =X T+ T4 0 T,

(using commutativity of dot product, as well as of second derivatives). So
1 . )
Il = 5(3911/5?1’ + 9gji/Ou’ — Dgi; /o)

is intrinsic (it is not a property of surfaces though, that is, it depends on the parametrization).
Geodesics.

(1) So can talk about straight lines on the surface, geodesics, as an intrinsic concept. Unit speed curve with
kg = 0. That is, if you are creature on the surface, you know if you are travelling in a straight line. (For
instance, travelling along a latitude in the northern hemisphere is not straight.)

(2) Fundamental theorem of geodesics. Locally around each point and in each direction, there is a unique
geodesic. Only a local statement, global existence not guaranteed (consider punctured plane); issue is
non-compactness.

(3) Solet pe S and T € T,S unit vector. Since local, choose a coordinate chart z: U — S. Then want to
show there exists unique a: I — U with z o «(0) = p, d(z 0 ) /ds|s—0 = T and z o a a geodesic.
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(4)

(12)

To be a geodesic need to unit speed and have x4 = 0. The second condition states
0=reS=> ax(d?a¥/ds® + ) TF(da'/ds)(de? /ds) = 0
and since x1, x5 are linearly independent, we get two equations
da’ do?
d*at/d T}, — =0
Jds® + ) Tl(x o af ) Ir s
dat do?
2 272 2 _
d“a®/ds +ZFij(xoa(s)) s 0
This looks like second order ODE, but can convert to first order ODE with four variables w! =
dat/ds,w? = da?/ds,w® = a,w* = a?. That is, we are solving for the following system (which is
equivalent to the given system):

dw' /ds = — Z F}j(w3,w4)wiwj
1<i,j<2

dw?/ds = — Z F?j(wg,w‘l)wiwj
1<i,5<2

dw? /ds = w'
dw*/ds = w?

By Picard’s theorem, there is a unique solution (locally). We have to fix the initial conditions. The
initial conditions of w®, w?* state the curve starts at p, and the initial condition for w', w? state the curve
has initial tangent vector T'.

So why is the above curve geodesic, that is, why is it unit speed? At s = 0, it was unit speed, but why
does it stay unit speed?

Recall the derivation of velocity and acceleration

. a: o) Z iUz da’
da da d?a dot do®
_7_nZLU ds ds Zxk( ds? +ZF£€J ds ds)

does not require x o & to be unit speed. So our curve z o a has acceleration a in the direction of n, so is
perpendicular to v, therefore d(v - v)/ds = 0, that is, the speed of the curve remains unchanged. Since
it was unit speed at s = 0, it stays unit speed.
If there exists a shortest curve between two points p,q € S, then it is geodesic. (There need not exist a
shortest curve, even when there are geodesics connecting the two points; consider non-antipodal p, ¢ € 52,
and puncture it at a point on the short geodesic joining p to q.)
Proof is by variation of parameters locally. If a length minimizing curve has x4 # 0, then we can get a
shorter curve by pushing the curve towards the direction it is turning in. Consider a point with x4 # 0,
choose local coordinates, and construct a non-zero perturbation (which is zero outside a neighborhood)
of the curve in the direction of x,4S.
First step, choose a bump function. The function f(t) = et fort > 0 and ft)y=0fort <0is C.
The function f(t — a)f(b—t) is a C°° non-negative function with support (a, b).
x o« is the given unit speed curve (length minimizing), and say k4(so) # 0. Then it is non-zero on
an € neighborhood around sy and let A be a bump function supported on that neighborhood. Let
AkgS =Y zpvF, and consider the curve

ai(s) = (al(s) + tvl(s), a?(s) + tv*(s)).
Note 9(x 0 ay)/0t]1—0 = > wxv* = A, S.
We have one curve for each t. These curves zoay(s) are not unit speed, but still as regular as the original

curve (t = 0).
_ /, \/d(mdosat) . d(mdosat)ds

The length of the curve is given by
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and since ¢t = 0 is a minimum for L(¢), dL/dt|;—o = 0. But it equals

d d
/ 8815\/ (xdo o) (xdo o) li=ods (can change order since C?)
I S S
1 d*(roay) d(zoay) 5
= / 2 . lt=ods (can change order since C*)
[d(zoay) d(zoay) dsdt ds
i ds “ - ds ‘
d? d
= /1 (:lcgjltat> : (J:dosozt) lt=o0ds (at t = 0, the curve is unit speed)

d dxoa;) d(zoa« d(zoay) d*(zoa .
= /1 %( ( P ) & s t))\tzo 4 a I (d52 t) lt=0ds (just product rule)
_ d(m; o) d(wooy) o001 — /()\,igg) (kg + Kpn)ds (integrate wrt s)
t ds T
=0—/I)\f£§ds<0 (A=0o0n 9I).

Parallel translation.

(1) Another aspect of geodesics is parallel translation. If y(t) is a curve in R?, and we have a vector at some
point on v, we can translate it along «. That is, keep the vector remains parallel as you walk along ~.

(2) So how to define it in arbitrary surfaces? Let v(¢) be a (not necessarily unit-speed) curve on S, and X (t)
be a vector field along +, that is, at each point y(t), we have a tangent vector X (t) € T,)S. Then X is
parallel along ~, if dX/dt has no tangential component, that is, if it is only in the normal direction. So
parallel translation can change X (t), but the change is zero in the tangential direction.

(3) Parallel translation doesn’t change lengths, d)fh'fX = 2‘% -X =0, and angles, d)ét'y = ‘% Y+ X- ‘% =0.

(4) Examples. If v(s) is geodesic, then unit tangent is parallel translation. Not true if v is not geodesic,
like a circle in R2. Also, if the vector has constant length and constant angle with the tangent, then is
parallel along ~v(s). (Again only if «y is a geodesic.)

(5) Parallel translate a vector in a closed loop in R?, and you come backto the starting vector. Not true if
the surface is curved. Consider geodesic triangle in S? joining points P, @ on the equator and the north
pole, and parallel translate south-pointing vector. Angle changes by 6, where 8 actually happens to be
the area of the triangle.

Second fundamental form.

(1) Define directional derivative, p € S,T € T,S,f: S — R, then differentiate f in the direction of T.
Choose a path z o « through p (say x o a(0) = p), and X f = d(f o x o @) /dt|;=p. Unfortunate notation
X f, does not mean multiplication.

(2) If X = 3" X'z;, then v = 3. 2;da’ /dt|s—o, so da’/dt|;—g = X*. Also by chain rule, X f|, = 3 4 x7,
so directional derivative does not depend on «. (This definition depends on the coordinate chart z, the
first definition depends on the curve a, they are the same, so X f independent of either.)

(3) The second definition also shows X f is linear in X, that is (AX)f = AMXf) and (X +Y)f=Xf+Yf.

(4) Extends for a vector valued function f = (f1, fa2, f3), since it is just three scalar valued functions:
Xf=(Xf1,Xf2, Xf3).

(5) Unit normal n is a nice vector valued function on the surface. Only well-defined up to a sign, but on each
coordinate chart can define it to be (z1 x x2)/|x1 X 22|, so well-defined on each chart. So can consider
directional derivative of n. Define the Weingarten map L: T),S — T,,S, L(X) = —Xn, (minus sign just
for convenience), measures how the normal changes as we move in the X direction.

(6) Linear since directional derivative is linear. Maps to the tangent space since Xn is perpendicular to n
(same proof: differentiate n-n =1 in the X direction).

(7) This is a property of surface since independent of coordinate charts. (Only the sign of n depends on
coordinate charts; so L well-defined up to a sign.)

(8) As linear map, once we fix a coordinate chart z (and hence basis @1, 29), can write L(z;) = 3. L7z}, so

the 2 x 2 matrix (L?) determines L.
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9)

(10)

(11)

(18)

(19)

Not a coincidence that we are using the same letter to denote L;; = x;; - n. Those L;; can be used to
define the second fundamental form (not as fundamental as the first one), a symmetric bilinear form (not
definite) T,M x T,M — R. By bilinearity, only need to define it on basis vectors, set II(x;,z;) = L;;.
An aside, once we fix a basis, 2 x 2 matrices can be used to define bilinear forms like g;; or L;; (both
subscripts), or linear maps like Lf (one subscript, one superscript).

The Lf and L;; are related by raising and lowering indices, always using the first fundamental form
g. We saw this once for Christoffel symbols. L;; = Y L¥gy;, so just matrix multiplication (since
II(X,Y) = X" (L)Y = (X,LY) = X*(gi;)(L})Y, we have (L?) to the right of (g;) below),

(Ln L12) _ (911 912) (L% L%)

Ly Las)  \ga1 922) \LT L3

and after multiplying by the inverse matrix g=' = (¢"), L7 = 3. Lig". In summation notation,
S Lijgi™ =Y LFgrjg'™ = Y LFom = L™, (The L;; and g;; matrices are symmetric, not necessarily
the Lg matrix.)

We gave so far: Bilinear form, T,,S x T,S — R, first fundamental form g, g(X,Y) = (X,Y) =X -Y (so
surface property). After choosing coordinate chart x, g(z;, z;) = x; - ; = g;; (both subscripts), and if
X =3, X"%;,Y =), Y, then g(X,Y) = X'Vg,;.

Linear map, 1,5 — T,,S, Weingarten map L, L(X) = —Xn (so surface property, up to a sign). After
choosing coordinate chart z, L(xz;) = _gTZ = Y L)z; (one subscript one superscript), and if X =

S, Xia;, then L(X) = 3 X' Lx;.

Bilinear form, 7,8 x T,S — R, second fundamental form II. After choosing coordinate chart x,
L(z;,z;) = L;j = x;; - n (both subscripts), and if X = Y, X'z, Y = > Y'z;, then II(X,Y) =
> X'YJL;;. Why is this also a surface property (independent of charts)?

Recall there is a relation between the three. L;; = Y L¥gy; (matrix multiplication). So II(z;, ;) =
(L(z;),z;) (another way to write matrix multiplication), and by bilinearity II(X,Y) = (LX,Y) =
(X, LY) (similarly). So II is determined by g and L, both are surface properties, so is II.

Geometric meaning. ¢ is first fundamental form, measuring lengths and angles; L is Weingarten map,
measuring how the normal is changing in different directions; IT is trickier. If X = Y X'z, is unit length
((X,X) =1), and z o @ any curve with tangent vector X (so unit speed at p, could be the geodesic in
the direction of X, get da'/dt|, = X?), then II(X,X) =5 L;; XX’ is the normal curvature.

Compute for radius-r cylinder z(ul,u?) = (rcosul,rsinul, u?). Get

(Y () ()

Indeed (Lij) = (L)(gi;), so no need to compute all three. Usually L;; easiest to compute.

It is isometric to R2, there is a different coordinate system which gives the same first fundamental form
as R? (just scale u' by r). What is L and II for the plane (L = 0, so is II(X,Y) = (LX,Y)), but both
non-zero for cylinder. So L and II extrinsic (a 2-dimensional creature on a cylinder locally thinks it
looks like R2, so cannot compute either L or IT).

An aside: why are we studying all these objects? We want to study surface properties (which is covered
by lots of coordinate patches), so we need to define invariants that do not depend on the coordinate
charts. Those are very hard to come by, so far, we only got g, L, Il (and even then II is defined in
terms of g and L). Additionally we also want intrinsic properties, so that 2-dimensional creatures on
the surface can access them. So our current state of knowledge is

‘ property not property
intrinsic g (and T,,5) I‘fj
extrinsic | n, L, IT (up to signs)

(Nothing in the bottom-right square, because that got has nothing to do with surfaces.) Also, k, is
instrinsic, k, is extrinsic, but those are properties of curves on surfaces, not properties of just surfaces.
In particular, we haven’t got too many instrinsic surface properties; haven’t got a single one that can
tell us that the sphere is not locally isometric to the plane. By the end of the course, we will get that.

Principal curvatures.
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Separate question. Fix p € S, X € T,,S with (X, X) = 1 (unit length, direction at p). Consider curves
through p with velocity X at p, for example geodesics. Their geodesic curvatures could be zero, but
their normal curvatures are dictated: II(X,X). So what normal curvatures do we get? What is the
maximum and minimum normal curvatures?

Do it for the cylinder. Normal curvature in u?-direction is 0, and in u!-direction is 1/r. In other
directions, we can take the curve to be the geodesic helix (r cosws, rsinws, hws) which has curvature
777+ S0 maximum curvature is 1/7 and minimum is 0.

What to do in general? We are trying to find the maximum and minimum of the normal curvature
kn = II(X, X) as X varies, subject to the condition (X, X) = 1. So we do Lagrange multipliers.

We have p € S, and we are trying to understand how much the surface is locally curved at p. One thing
we can try is look at all directions at p, that is, X € T},(S) with g(X,X) = 1 (there is an S'-worth of
directions), and compute normal curvatures in those directions. Doesn’t matter what curve you choose
(could be the geodesic), the normal curvature &, is forced to be IT(X, X). So we can try to understand
what are the possible k,, as X varies (as a measure of how curved the surface is). In particular, we ask,
what are the maximum and minimum x,,?

Choose coordinate chart z, and write X = > X'x;. Then X%s are the variables (everything else
constant). Optimizing II(X, X) = > L;; X* X7 subject to g(X,X) =3 ¢;; X' X/ = 1. Let

FIXLX2,0) = (X, X) = Mg(X, X) — 1) = 3 Ly XX — A3 gy XX — 1),
Of /OX = 0 is just the constraint g(X, X) = 1. But we also get

of
o0X
Let Y = > Y'x; be any other vector. Multiply with Y and add to get

= 22 Linj — 2)\ginj.

Z LiY'X7 —20g;;YV'X? = II(Y, X) — MY, X) = (Y, LX — \X) = 0.

That is, if the direction X maximizes or minimizes k,, then (Y, LX — AX) = 0 for all Y. Since g is
positive definite, this implies LX — AX = 0 (take Y = LX — AX), so X is an eigenvector and X is an
eigenvalue. Moreover, for this X, x, = II(X, X) = (LX, X) = A\

Linear algebra: linear maps f: V' — V need not have all (or for that matter, any) eigenvalues real, and
even if it does, the eigenvectors need not span V. But L is self-adjoint, that is, with respect to the
inner product, (LX,Y) = (X,LY), and for self-adjoint linear maps, all eigenvalues are real, and the
eigenvectors span V. (Spectral theorem.) So did Lagrange multipliers and spectral theorem in same
lecture—the course really is a combination of multivariable calculus and linear algebra.

Can do geometrically. What are the normal curvatures as X varies? So we have a function &, : S* — R.
Two cases.

The function is constant A\. Example? R? and S2. So every direction X is a maximum, so LX = X, so
every vector is an eigenvector with same eigenvalue A\, which is the normal curvature in any direction.
Non-constant. Then the function has a maximum and minimum (S compact with no boundary), say
K1 > Ko. So these are eigenvalues of L, with eigenvectors Y, Z (alternate proof of spectral theorem in
this case). Moreover, since L has at most two eigenvalues, these are all, so x,, has only one maximum
and one minimum. So maximum k, in +Y direction, and minimum k,, in £Z direction (draw picture
with £Y, 47 in S!, and explain how curvature increases/decreases around S*!).

Principal curvatures k1, ko (maximum and minimum normal curvatures) and principal directions Y, Z.
They are orthogonal: k1g(Y,Z) = g(LY,Z) = g(Y,LZ) = kag(Y, Z), so g(Y,Z) = 0.

Example: cylinder. k1 = 1/r, ko = 0, and principal directions x; and z2 (indeed orthogonal).

L is a surface property (independent of coordinate charts, up to sign), so are its eigenvalues k1, k3. More
useful are the trace k1 + k2 and determinant k1K, which all are automatically surface properties as well.
Moreover, even the sign of determinant is well-defined.

Mean (average) curvature H = (k1 + K2)/2 = trace/2 and Gaussian curvature K = r1kg = det. (H is
also average over the circle, if anyone asks.) These therefore, are also independent of coordinate charts.
But if L = (L) in terms of some coordinate chart, then trace is L 4+ L3 and determinant is L1 L2 — L3L3.
Are they intrinsic or extrinsic? Again consider the cylinder vs the plane, which are locally isometric
(locally indistinguishable by a 2-dimensional creature living on the surface). But L is different (non-zero
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vs zero), so are K1,k (0,1/r vs 0,0), so is H (1/2r vs 0), so these are all extrinsic. However, the
Gaussian curvature.

(15) And that is Gauss’ Theorema Egregium: K is somehow instrinsic, and measures how much the surface is
curved. Even though it is defined in terms of L which is extrinsic, it is a surface property (independent
of charts) that can be computed purely in terms of the first fundamental form g, and so can be computed
by creatures living on the surface.

Theorema Egregium.

(1) Gaussian curvature K is intrinsic.
(2) Fix coordinate chart x, and consider the double derivative, written in terms of the basis n, z1, z.

Notice, both sides are symmetric in 4, j, that is, unchanged if we switch ¢ and j.
(3) Differentiate wrt u*,

OL;; on 3Fli-
Tijk = Em kj Lljw + Z 8u’j X + ZFéjxlk
OL;; art,
~ouk T LigLiay) + Z ouk
OLi; Tt
- ( ,j + D TyLw)n =Y Ll + Y=o+ Y TyTiam
art,
+Zrl Lig)n+ Y (= LiLk + 550+ THT,

4) Now, even though the left side is symmetric wrt 4, j, k (z € C?), the right side is not symmetric in j, k
g J g J
(it is still symmetric in 4,5). So we get the same thing if we switch j, k.

8L” T4 L)+ Y @ L”Lk+ +Z Tl

8sz +ZF1kng n+le(_LikL§- 1k +ZPm

(5) Equating the normal componen‘cs7 we get one equation (Cadazz1—Ma1nard1). But more interesting, equat-
ing the tangential components, we get

arl oy, m
Bt~ Ll = 0 ST - S ST, = R,

(6) Define R: TS x TpS x Tp,8 — TpS, trilinear map, R(z;,zx,2;) = ZRéjkxl, Riemannian curvature
tensor. From the left hand side, we get R(z;, zx, x;) = I (x;, 1) L(x;) — I (x;, 21) L(zk), so R(Y, Z, X) =
II(X,Z)L(Y) — II(X,Y)L(Z) is a surface property (independent of coordinate charts), and from right
hand side, we get R is intrinsic.

(7) Gauss didn’t really consider R, that was his student Riemann. Gauss considered the Gaussian curvature
K, but that follows from the more general Riemannian curvature tensor. Lower an index and write
Rijim =Y Rijkglm, which is also intrinsic. (This represents a quadrilinear map 7,5 X T, S xT,S xT,,S —
R.) This is given by

z]km Z lekglm Z szLéglm - Z szLéqglm = Liijm - Liijm
In particular, for ¢ = k = 1 and j = m = 2, Rig12 = det(L;;), which is therefore, intrinsic. Hence
K = det(L) = Ri212/det(g) is also intrinsic. (We already know K is a surface property since it is the
determinant of the Weingarten map.)

(8) These concepts generalize to higher dimensions as well. We always have a Riemannian curvature tensor,
which is a fundamental measure of how the manifold is curved. Somewhat less information is contained
in Gaussian curvature, which is called sectional curvature.

(9) Geometric meaning of Riemannian curvarture tensor R(z;, 2k, ;) (usually written R(z;,x)x;, since
xj,x play a different role than xj). Consider u/ and u* parametric curves, with tangent vectors z;
and z, (draw), and consider a parallelogram of side lengths ¢ and s (u/,u* parametric curves ensure
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Lie bracket of the 2 vector fields is 0, otherwise need another term). Now parallely translate x; (or
any other vector) along the parallelogram; you are off by an error € when you come back, and consider
the infinitesimal error lim; ;.0 €/ts, that is the Riemannian curvature tensor R(z;,zj)x;. This is an
intrinsic description, and is a measurement how much the surface is curved.

Area
(1) One unfinished end. Given a coordinate patch, the area form is dA = |r; x zg|duldu?®. (This was
done in multivariable calculus: If we move du units in the u direction, and dv units in the v direction,
du,dv small, then cover a parallelogram z;du, zodv, whose area is dA = |z X x3|dudv.) Also note,
|z1 X 29| = +/det(g).
(2) Change of coordinates preserve area. We have already seen |y; X y2| = |J||x1 X x2| where J is the 2 x 2

Jacobian. Recall how area form in the plane changes by Jacobian under change of coordinates.

(3) Example: upper hemisphere. Easiest with spherical coordinates (r cos 6 cos ¢, r sin 0 cos ¢, r sin ¢), with
0<f<2mand0<¢<m/2.

(4) Re-do as a graph (u,v,v1 —u? —v2) with u? + v? < 1. For the integral, need to change to polar
coordinates u = rcosf,v = rsinf, so the calculation is similar. (Using Jacobian |0(u,v)/d(r,0)| = r,
the area form in the plane is dudv = rdrdf.)

Review.
(1) Saddle and paraboloid z = ax?/2 + by?/2. Draw a = 2,b = —2 and a = 2,b = 1/2.
(2) Parametrize z(u,v) = (u,v,au?/2 + bv?/2), with u as first variable, v as second.
(3) 21 = (1,0,au),zo = (0,1,bv), 21 X z3 = (—au, —bv,1),n = W(—am —bv, 1).

1+ad%u?  abuw T 0
(9i7) = ( abuv 1 —|—b2v2> (Lij) = < ’ 261)2 o b
Va2u2+b2v2+1

Notice x; and x5 are not orthogonal, that is, the u, v parametric curves are not orthogonal. What are
the parametric curves? Draw.

(4) Also, det g = |21 x 22|* = a®*u? + b*v? + 1, and det(L;;) =
Gaussian curvature K = det(L;;)/ det g =

WM’ so we can immediately calculate
m. Notice K > 0 for paraboloid and K < 0 for

saddle. Explain geometrically (principal curvatures in same or opposite directions).
(5) Moreover, this gives,

14520 abuv 1 1 a(1+b%v?) _ abuv
( ij) _ 2ultb2u2 1 T aZul4b202 41 Ll L2 - ( U)(L ) N (aZu2+b2v2+1)3/2 (aZu® +bZv2 1 1)3/2
g o — abuv 1+a’u? L2 L2 =Y vl a’buv b(1+a2u2)
a?u?+b2v2+1 a?u?+b2v2+1 1 2 T (aZu2+b202+1)3/2 (a2u2+b2p2+1)3/2
Notice (Lz ) is not a symmetric matrix.
(6) This gives the Weingarten map
a(1l + b*v?) a’buv
L(xy) = —0n/0u = Lz, + Lize = 5 L1 — x
(1) / 151 152 (a®u + 0202 + 1)327" 7 (a2u2 + b202 + 1)3/2 2
ab*uv b(1 + a®u?)

L(wg) = —0n/0v = Lyxy + Laxg = +

(a®u? + b%0? + 1)3/2‘%1 (a2u? + b2v2 + 1)3/2 2

In theory, one can compute this directly by differentiating n = \/ﬁ(—au, —bv, 1) wrt u, v, but
then, we have to write it in terms of the basis vectors x1, s, so this is much faster.
(7) This is getting complicated, so now let’s just concentrate at the origin: u = v = 0. There, we get

i a 0
(Li) - (0 b)
+b and Gaussian

so the eigenvalues (principal curvatures) ki, k2 are a,b, and mean curvature H = %12
curvature K = ab. Moreover, the eigenvectors are (1,0) = x1 and (0,1) = z2, so the maximum/minimum
normal curvatures are in 1, o direction, given by the parametric curves (which are parabolas, draw).
(8) Moreover, the parametric curves at origin are geodesics (by symmetry), but hard to parametrize them
by arc length, and hard to find other geodesics. Actually for the saddle, can find two more: (straight
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(10)

lines x = +4/b/ay). Straight lines have normal curvature zero, so the Gaussian curvature (product of
maximum and minimum) should be non-positive.

Let’s compute directly that k, in the x1, x5 direction at the origin are a,b. Let us compute normal
curvature of the parabola z = az?/2,y = 0.

First compute total curvature xN. Parametrize (not unit speed) a(t) = (¢,0, at?/2). Recall,

a =T
& =0T +vT = 0T + v*T" =T + v’k N
axa=v’kB so can compute k, B, but wait

(& x d) x & =v'kN

kN = (
= ((1,0,at) x (0,0,a)) x (1,0,at)/(1+ at*)?
(0,—a,0) x (1,0,at)/(1 + a*t*)* = a(—at,0,1)/(1 + a*t*)?.

Normal (at u = t,v = 1) is (—at,0,1)/v/1+ a2t2. So k, = kN -n = a/(1 + a*t?)3/2. Also, the entire
curvature is in normal direction, that is, k,n = kKN, so kgS = kKN — k,n = 0, as we checked earlier.
Moreover, normal curvature at origin is a, which we also checked earlier (one of the principal curvatures).
Similarly, we can also do the other parabola.

An alterante way to compute k.

do da?
n — Li j
w Z T ds ds
do® do?

1
=—— N [.——
(ds/dt)2Z Tdt dt

1

= L (a'=u=ta®>=v=0)

1+a2e2 M
a/(1+ a*t?)*/?

So this is much quicker, particularly for parametric curves. No such easy chain rule for geodesic curvature
Kg. So to compute it, use K4S = KN — K,n.

Now let us do integration. Assume a,b > 0 (paraboloid), and let S be the surface below the plane z = 1,
that is, au?/2 + bv?/2 < 1 is the open set U in the parametric plane that parametrizes S. What is the
total area of S?

The area form is dA = |z1 X z3|dudv = y/det(g)dudv. So total area is

/ v a2u? 4 b2v? + ldudv.
U

What is the total Gaussian curvature? (This is an important quantity, appears in Gauss-Bonnet theorem
in 120B.) So integrate K wrt dA (don’t forget the |z x x2| term),

ab
/[J(a2u2+bzv2+1)3/2dUdU'



