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Abstract

We present an analytic technique for estimating the growth for
groups of intermediate growth. We apply our technique to Grigorchuk
groups, which are the only known examples of such groups. Our esti-
mates generalize and improve various bounds by Grigorchuk, Bartholdi
and others.
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1 Introduction

In a pioneer paper [3] R. Grigorchuk discovered a family of groups of inter-
mediate growth, which gave a counterexample to Milnor’s Conjecture (see
[3, 7, 13]). The groups are defined as groups of Lebesgue-measure-preserving
transformations on the unit interval, but can be also defined as groups act-
ing on binary trees, by finite automata, etc. While Grigorchuk was able to
find both lower and upper bounds on growth, there is a wide gap between
them, and more progress is desired.

In this paper we present a unified approach to the problem of estimating
the growth. We introduce an analytic result we call Growth Theorem, which
lies in the heart of our computations. This reduces the problem to combi-
natorics of words which is a natural language in this setting. We proceed
to obtain both upper and lower bounds in several cases. This technique
simplifies and improves the previous bounds obtained by various ad hoc ap-
proaches (see [2, 4, 5]). We believe that our Growth Theorem can be also
applied to other classes of groups.

Let G be an infinite group generated by a finite set S, S = S~!, and
let T be the corresponding Cayley graph. Let B(n) be the set of elements
g € G at a distance < n in graph I'. The growth function of G with respect
to the set of generators S is defined as vg(n) = |B(n)|.



We say that a function f : N — R is dominated by a function g : N — R,
denote by f =< g, if there is a constant C' > 0 such that f(n) < g(C - n)
for all n € N. Two functions f,g : N — R are called equivalent, denoted
by f~g,if f X ¢gand g < f. It is known that for any two finite sets of
generators S1, So of a group G, the corresponding two growth functions are
equivalent (see e.g. [10, 13]). Note also that if |S| = k, then y(n) < k™.

Growth of group G is called exponential if v(n) ~ €. Otherwise the
growth is said to be subezponential. For example, all non—amenable groups’
have an exponential growth, but not vice versa (see [1, 6]). Growth of group
G is called polynomial if y(n) ~ n® for some ¢ > 0. The celebrated result of
Gromov implies that ¢ must be an integer, and G is almost nilpotent. See
[8, 6] for details and references.

If vg(n) = n for all ¢, the growth of G is said to be superpolynomial. If
the growth is subexponential and superpolynomial, it is called intermediate.
This is a very interesting, but hardly understood class of groups.

Let w be an infinite sequence of elements in the set {0, 1,2}. Grigorchuk
group G, is a infinite profinite 2-group whose construction depends on w
(see [4, 7]). Groups G, are generated by 4 involutions, while the structure
and even the growth is different for different w. We postpone definition of
G, till section 3.

Since the original publication, much has been discovered regarding the
Grigorchuk groups. Recent advancements include improved upper and lower
bounds, solution of the word problem, abstract presentation, bond perco-
lation, etc. (see [5, 9, 11, 12]). We refer to review articles [7, 9] for the
references.

In this paper we present a new technique to estimate the growth of the
Grigorchuk groups. First, we present a simple proof of the lower bound

y(n) = V™
for Grigorchuk group G, corresponding to non-flat sequences (see section
4). Using a different approach Grigorchuk showed in [5] that the result holds
in greater generality. While neither our bound nor the idea of the proof is
new, we believe that the technique may be proved useful in the future.

In section 5 we present an upper bound on the growth of Grigorchuk
group G,, such that every interval of w of length k contains each element 0,

'Non-amenable group G can be defined as a group whose Cayley graphs have positive
Cheeger constant h > 0, where
|0X|
nf 20
xec |X]|



1, 2 at least once. We prove that the growth ~(n) in this case satisfies

v(n) < exp(n®),

where a = logy/,, 2 and v + VP71 4 v = 2. In a special case when k = 3
we obtain the recent result of Bartholdi (see [2]). Interestingly, he gives the
exactly same estimate while using a totally different approach. We would
like to remark that one can try to improve our bounds if more information
is known about frequencies of generators py, pc, pg (see Section 5.)

We conclude with a improved bound for Grigorchuk p-groups. Without
going through the combinatorial estimates, we apply our Growth Theorem
to inequalities proved by Grigorchuk to obtain sharper upper bounds on
growth.
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2 Growth Theorem

In this section we present analytic estimates on growth of functions restricted
by the recurrence inequalities. We refer to the following result as Growth
Theorem.

Theorem 2.1 Let B : N — N be an increasing integer function with
B(n) — 00 asn — oo and B(n) < €". Let s; <1, ¢; be fized constants and

let mj be fized integers, 1 < j <. Letﬂz(j) N—=N, 1<i<m,;, 1<j<I
be integer functions such that

In addition, let F; : N — Ry, 1 < j <1 be positive functions such that

log(£3(n))

—0 as n— o0 forall €>0.
/rLE

Assume that for allm € N, at least one inequality is satisfied in the following
system:

{B(n) < Fj(n) - H B (ng)(n)> , wherej=1,...,1
i=1

Then B(n) < exp(n®), where

_ log(m;)
a = max .
1<j<l log(m;) — log(s;)

The proof requires the following technical result.

Lemma 2.2 For any 0 < s < 1, ¢ > 0, € > 0 and sequence (t1,...,t,)
of positive numbers such that

c
—Fl<ti <ta < <ty
1—s

and t, < s-tpy1 + ¢ we have

ﬁ(1+i)<ex !
e T P 1—s5¢)"

k=1




Proof of Lemma 2.2 Observe that log(1 + z) < x for all > 0. This

gives us
n

Zlog <1+> ti

Define a sequence (ji, ... ,jn) as follows: j; = ti —c/( —5), 1 <i<n. Then

. c c c ,
jizti—l_sés-ti+1+0—1_szs 75z‘+1—1_8 = 5" Jit1

Therefore j; < sjo < --- < 51 j;. By definition we have j; = t;—c/(1—s) >
land j; > s 1<i<n.
From here for all € > 0 we obtain

1 n 1 n o0
gt?g_7§ BRI it v

=1 =1

We conclude

a 1 1 1 1
g<1+te>—exp<;log(1+t€>> Sexp<;w> <exp<1_86>

This proves the lemma. [J

Proof of Theorem 2.1 Let f(n) = logB(n). Then f(n) satisfies at
least one of the inequalities in the following system

{ <Zf U (n)) +log Fj(n),  j=1,...1

Clearly, sup,, h(n) = cc. R

Define h(n) = max{h(k) : 1 < k < n}. Clearly h(n) is non-decreasing
and h(n ) = h(n) for infinitely many n. Observe that ﬁ(t) = h(t) if and only
if h(t) > h(t— -1). Call an integer ¢ of type (I) if 2(t) > h(t — 1) and of type
(1) if h(t) = h(t — 1). Clearly for any integer m of type (II) there exist an
integer n < m of type (I) such that h( ) = h(m) R

Take a large integer a of type (I). Then f(a) = h(a)a’. Assume that for
a inequality j holds.

Let 0 < v < 1 be such that sup,, f(n)/n" = oco. Let h(n) = L)

o~

a’h(a) = ah(a) = f(a) < Z f (i

—~

N (a)) + log F(a)



=1
<> [ @] R (@) +log Fy(a)
=1
< max(h(r? (@) -3 [7P(@)]" +10g Fy(a).
i=1

Since the max (/f;(ﬂz(j ) (a))) is taken over a finite set, there exist an integer

b of type (I) such that }L\(b) = max (ﬁ(ﬂ'(j) (a))) and

)

Z-j)(a)r + log Fj(a).

s
<
=
2
IN
)
—~~
=
~
:]A

~

Trivially b < s;ja + ¢;. Dividing by a"h(b) we get
m; j v
@ _* (m@)", s Fi(o
CRE=AN 0
Now since 0 < v < 1, ¥ is convex up, by Jensen inequality we have

W@ logFa) (" @\" (2@
R(b)  avh(b) S;( a )Sm’< am

v
Si Cj;
Smj 7]_{_73
mj amj

)

)

Since 0 < v < 1 we have

S; ci \" si\" ci \"’
(v am) =)+ (@)
m]- ams; mj amj
Let us summarize what we have so far: for any integer a of type (I),
there exists j € {1,...,1l} and b < sja + ¢; of type (I) such that

ot ) n ()




Let s = max(s;) < 1, ¢ = max(c;), and L is large enough constant
(see below). Now recursively construct a sequence of integers of type (I)
t1 >ty > - >1t,_1 > L >t, as follows. Take t; > L such that

~

1
> -
h(L) P (1 — sv/?)

By the process above, find ty such that (x) holds for some j, where in (%)

a = t;, b =tg. Clearly, to2 < s-t; + ¢. Analogously find t3 such that (x)

holds for some j', where a = t9, b = t3, etc. Proceed until we find the first

n such that ¢, < L. By construction, we have t;41 <s-t;+c¢, 1 <i<n—1.
Assume that

ht) o, 1

h(tl‘+1) - tiU/Q .
Multiplying all these inequalities we get

h(t

1) h(ty - 1
= <A <
h(L) [I< ) <o (gm).

which gives a contradiction. Therefore there exists an integer a of type (I)
such that

La) >1 !
h(b) qv/2?
We claim that R
gw_mgw_<q>>l
h(b) avh(b) amg

for sufficiently large a. Indeed, since ﬁ(b) > h(1), we have

E(a) _ log Fj(a) _( ¢j >U>1+ 1 logFj(a) _( ¢ >v
hb)  avh()  \amg) T a2 gop1)  \amy

S14 1 1_10gF/’{-(a)_<cj> 1
av/2 av/gh(l) m; av/2

Now since the expression in parenthesis — 1 as a — oo the Lh.s. is strictly
greater than 1 for a large enough. This proves the claim.

Therefore we have v
1< m; (S])
m;




for some j, 1 < j <. From here v <log,, /,. m; and therefore

1 )
v < max og(mj)
1<5<i log(m;) — log(s;)
Let a = sup{g € [0, 1] | sup,, % — 00}

Now if sup% < M, then take v = a — e. By result above v <
log(m;) log(m;)
log(m;)—log(s;) " log(mj)—log(s;) "

of the theorem follows.

If sup % = oo take v = a. Again, from the discussion above

Taking € — 0 we get a < and the result

1 .
0 < max og(m;)
1<j<p log(m;) — log(s;)

and the theorem follows. O

The following corollary states the result in a special case when the system
contains just one inequality. This is probably the most useful case of all.

Corollary 2.3 Let B : N — N be an increasing integer function such
that B(n) — o0 as n — o0, and B(n) < e™. Also assume that for all n large

enough,
m

B(n) < F(n)- [ [ B(mi(n))
i=1
18 satisfied, where m is a positive integer,

lim sup w < 0;, such that Z@i <1
" i=1
for some 6; > 0, and log(F(n))/n® — 0 as n — oo for all e > 0. Then

m

B(n) < exp(n®) where Z 0:)" = 1.
i=1

Observe that everywhere in the proof of Theorem 2.1 we can always
reverse signs and obtain a lower bound B(n) = exp(n®). The proof is
analogous up up slight changes of limsup to liminf, etc. Rather than state
the whole result, we will symbolically indicate it as follows.

Corollary 2.4 In the setup of Corollary 2.3 one can reverse signs.

We will use this lower bound in the next section.



3 Grigorchuk Group

In this section we will describe a construction of Grigorchuk’s 2-group. For
a complete description and further results see [4].

Let A be an interval. Denote by I an identity transformation on A and
by T a transposition of two halves of A.

Let € be a set of infinite sequences w = (wy,ws,...) of elements of the
set {0,1,2}. For each w € Q define a 3 x co matrix @ by replacing w; with
columns w; where

T T I
o=|7|,1i=(1].,2=|T
I T T

By U¥ = (u¥,u$,...),V¥Y = (v¥,v5,...),W¥ = (wf,wy,...) denote
the rows of @. Think of them as of infinite words in the alphabet {T’, I'}.

Define transformations ay,, by, ¢, d, of an interval A = [0,1] \ Q as fol-
lows:

w w
ay - T Cu) U1 ° Vg -
0 1 0 1 3...1
2 4
w w w w
b, : u§ us d, w§ wy ..
0 1 3 1 0 1 3...1
2 4 2 4

Observe that a,, is independent of w, and will be further denoted by
a. Let G, be a group of transformations of the interval A generated by
a, by, Cw,d,. This family of groups was introduced and analyzed by Grig-
orchuk in [4] (see also [9] for further references). We refer to G, as Grig-
orchuk groups.

Observe that the generators of G, satisfy the following relations:

2_32 _ 2 _ 12 _
o =b,=c,=d, =1,

cuby = byey, = dy,,
dwby, = bydy, = cu,
Cowdy = dycy = by,

We call these simple relations. Under mild conditions, the groups G, are
known to be not finitely presented (see [4, 9]).



Denote by I',, a Cayley graph of the group G, with respect to the gen-
erators a, b, ¢,,d,. For every element g € G, by d(g) denote the smallest
distance between ¢ and id in I',. The paths in T',, correspond to words
in the alphabet {a,b,,c,,dy}*. The shortest paths (there could be many
of them between two given elements) correspond to the reduced words in
the alphabet. Recall that the balls in the Cayley graph I',, is defined as
By(n) ={g € Gu|0(g) < n}.

We define almost reduced words to be words obtained after application
of contractions which correspond to simple relations. We call these simple
contractions. It follows from the the simple relations that almost reduced
word w must be of the form x axaxa... or axax*a..., where by x we
denote any element of in {b,, c,,dy}.

Let 0 : 2 — Q) be a right shift operator acting on the infinite sequences
as follows

o: (W, w2, ws,...) = (w2, ws,...)

Denote by Ag and A; the half intervals A N [0,1/2] and AN [1/2,1].
Define H, C G, to be a stabilizer of Ag. Clearly, g : A1 — A; for all
g € H,. Analogously, define A¥ to be an interval A N [i/2F, (i + 1)/2%],
where 0 < i < 2*. Denote by HE a stabilizer of all A¥. Note also that
G, acts on a set of A¥ by permuting them. This defines a representation
of G, as a permutation group Sor. By definition, HE is the kernel of this
representation. Let H¥(n) = H* N B, (n).

Define ¢ : H, — G4 by restricting h € H,, to Ag. Formally, while H,,
acts on Ag rather than A we can rescale the interval to obtain transforma-
tions in Gg,. Similarly define ¢ : H,, = Gy, by restricting to Ay and then
rescaling to the unit interval.

It is easy to see that H,, is a normal subgroup of index 2, which is gen-
erated by 6 elements b, ¢, d,, aby,a, acya, ad,a. We will omit superscript
w in ¢, when it is clear on which H,, the map ¢} acts. The following table
summarizes the images of homomorphisms of ¢y, ¢; on the generators of
subgroup H,.

bo | e | dy | abya | acya | ady,a
TABLE Go | uf | v¥ | WY | bow | Cow bow

¢1 bow | Cow | bow Uy ¥

Define the following maps
d):j,---lk = Giy, © Pif_, 010 Piy s

10



where i1, ...,i; € {0,1}. While these maps are not defined on G, they are
defined on H¥ and P HF = Gk,

4 Lower bounds

Let w € Q. We call w flat if for any k£ > 0 there exits an ¢ such that
wZ:wZ-‘rl :“':wiJrk'

Theorem 4.1. Let G, be a Grigorchuk group, and w is not flat. Then for
the growth v(n) of G, we have

y(n) = eV"

Proof: Denote by b, = byny, ¢ = Conw, dn = dgn, the generators of
G k- Since w is not flat, there exists a k such that for any ¢ there exists
j such that j —¢ < k and w; # w;. Without loss of generality assume that
wi=0andwg=1forl <s<k.

Then (adp)* = I and (aco)*?) = I. This can be shown by restrict-
ing these group elements to subintervals Af and checking that they act as
identities.

Recall the maps ¢o1 : G, — Gou. Let us show that every element
h € Bgy,(n) C Gy, can be lifted to g € B,(2n + 1) C G, such that
®0(g) = h, and ¢1(g) is in the finite subgroup (a, c1).

Indeed, observe that G, is generated by elements aby, aci, ad, a.
From the TABLE in section 3, we have ¢g(coabya) = aby, ¢o(coacoa) =
acy, ¢polcoadoa) = ady, ¢o(co) = a. Let h € Byy(n). Since ¢p is a
homomorphism there exists g € B, (2n + 1) such that ¢o(g) = h. Observe
that since w; = 0 we have ¢1(g) € (a,c1). On the other hand,

(a,c1) = (a,b|a® = b* = (ab)*?") = D(y.95)

is a dihedral group of order 2 - (4 - 2°) < 2¥+3 By the symmetry, a similar
argument is valid for the lifting of ¢;.

Now take hg,h1 € By, (n). There exist go, g1 € Byw(2n + 1) such that
®0(g0) = ho ¢1(g91) = h1 and ¢1(go) = 20, Po(g1) = 21, where 29, 21 € (a, c1).
Now to each pair (ho, h1) we associate an element g = gog1 € By, (4n + 2).
This ¢ has the following property: ¢o(g) = hoz1, ¢1(g9) = z0h1.

Now if (ho, h1) and (h{, h}) are associated to the same element g. Then
hotho', hihi™t € (a,c1), i.e there are at most |(a,c1)|> < 43 pairs that
could be associated to the same element g in B,,.

11



Thus we obtain an inequality | By, (n)|? < 4¥+3| B, (4n + 2)|.

Now let |B(n)| = infs |Bgsw(n)|. For a fixed n we have |Bgysy,(n)| is an
integer number bounded from above by 4™. Therefore, | B(n)| is well-defined
and there exists s(n) such that |B(n)| = |B.(n)|, where o’ = ¢*(™w. Thus
we obtain

M43 B(dn +2) = 4" By (4n + 2)| 2 [(Bow (n)[* > |B(n)[?

In particular, | B(n)| satisfies | B(n)|? < 43| B(4n+2)| and by Corollary
2.4 we have |B,,(n)| > |B(n)| > 2MV™_ This proves the result. [

5 Upper bounds

Let b;,¢i,d; € G, be as in previous section. Let w be any word represen-
tation of an element g € G,,. Recall that w is almost reduced if w is reduced
with respect to simple contractions.

Denote by p(w) the length of the word w. For a word 7 denote by p,(w)
the number of times 7 appears in word w. We will be working with p,(w),
pv; (W), pe; (W), pa,(w) in the group Gyi,,. To simplify the notation, we will
omit the index ¢ whenever possible.

We will extend the definition of maps ¢g, ¢1 to almost reduced words w
which correspond to elements g € H,,. First, we apply ¢, ¢1 to w by using
the TABLE, and then apply simple contractions (cf. [9]). Similarly, from
an almost reduced word w representing an element g € H, we can obtain
almost reduced word ¢;, ;. (w) corresponding to ¢;, . (g).

Denote by

Prw)y=" Y pi,.i(w).

i1,ein €{0,1}

Similarly, for an element 7 we can define

pr(w) = Z pr(¢i1,---7in (w))-

i1,0in€{0,1}

Observe that in these notation p?(w) = p,(w) As before, we will be working
with pg, oy, P2, Py -

Lemma 5.1 Let w represent an almost reduced word of g € H'' then

o (w) + p2 T (w) < pf(w) + pl(w),

12



P (w) + pp T (w) <

ot (w) + () <

Proof: Let us prove the first inequality. Observe that after application of
maps ¢;,,....i, the number of b’s and c’s stays the same. In order to obtain a
new b, one ¢ should contract with d leaving pj ! (w) + p? ! (w) unchanged.
Similarly, to obtain a new ¢, at least one d should contract with d. This
proves the first inequality. Note also that some simple contraction may
actually reduce p) w((g)) + pP 1 (w).

Proof of the second and third inequality is similar and will be omitted.
O

Lemma 5.2 Let w represent an almost reduced word of g € H?, for
some s > 0.

If ws =0, then p*(w) < 2 pp(w) + 2 pe(w) + 25.

If ws =1, then p*(w) < 2 pp(w) + 2 pg(w) + 25.

If ws = 2, then p*(w) < 2 pg(w) + 2 pe(w) + 25.

Proof: Let us prove the first inequality. From the representation of the
almost reduced word w we have p(w) < 2p,(w) + 1 for every almost reduced
word w. Since p®(w) is a sum of the length of 2° almost reduced word we
have p®(w) < 2p5(w) 4+ 2°. Now for ws = 0, every a is an image of some
bs_1 or cs_1. Hence p(w) < pi ' (w) + pi~'(w). Now, by Lemma 5.1,
pi(w) < pp(w) + pp(w). Hence p*(w) < 2 pp(w) + 2 pe(w) + 2°. This proves
the first inequality.

The proof of two remaining inequalities in analogous and will be omitted.
O

Lemma 5.3 Let w represent an almost reduced word of g € H™. Then

ps+t(w) < ps(w)+25+t+28.

Proof: Without loss of generality assume wsyy = 0. Similarly, as in
Lemma 5.2, we have

ps—i-t(w) < QPZ—H(ZU) + 25+t < 2pi+t71(w) + 2pz+t71(w) + 23+t
< 2 pj(w) + 2 pf(w) + 25+ '

13



Using the representation of almost reduced word w, we have 2 py(w) +
2 pc(w) < p(w) + 1. As p*(w) is a sum of the length of 2° almost reduced
words, we get 2 p;(w) + 2 pi(w) < p*(w) + 2°. This proves the result. [

Denote by Q" the set of all w € € such that for all ¢ > 0 a subsequence
(Wit1, Wit2, - - ., witr) contains all the elements 0, 1, 2.

Notice that if w is a reduced word of g, then d(g) = p(w). For each
element g € G, fix a lexicographically first reduced word w = w(g) of g.

Proposition 5.4 Let w = (wi,w2,...) € Q, s > 1. Then for any
g € HE™ we have

2pa(w(g)) if ws=0
D 0 Bi,icri(9)) < Bg) + 257 + 277 41— § 2pc(w(g) if ws =1
2pp(w(g)) if ws=2

where the sum is over all iy,...,is4¢ € {0,1}.

Proof: Let ws = 1. By definition of p*(w) we have

Yo (fiin(9) < P (w(9))

i1,..8544€{0,1}

By Lemma 5.3 we have
P (w(g)) < p(w(g)) +2° +2°7

Lemma 5.2 gives us

p*(w(g)) < 2(pp(w(g)) + pa(w(g))) +2°

From the representation of reduced words we have

(x)  2pp(w(g)) +2pa(w(g)) + 2 pe(w(g)) <d(g) +1

Here we use the condition that w(g) is reduced.

Combining these three inequalities we obtain the middle case. The other
two cases are similar. [J

Definition 5.5 For any € > 0 and any element 7 € {b, ¢, d} define a set
. 1
Fi={g € Gul2pntuio) + = colo)}.

14



Lemma 5.6 Let e + ¢ + ¢’ = 1. Then

G, =F UFS UFS.

Proof: Assume that exists g € G, \ Ff U Fe U Fj“. Then

1 1 1
2pp(w(g))+3 < €-0(g), 2pc(w(g))+3 < €-0(g), 2pa(w(g))+3 < "-A(g).
Adding these inequalities we get

2 pp(w(g)) + 2 pe(w(g)) + 2 pa(w(g)) +1 < A(g)

However from a representation of reduced word w(g) we have opposite in-
equality. This gives a contradiction. [

Proposition 5.7 Let e +¢ + ¢’ =1, k > 1. Then at least one of the
following inequalities holds:

)

|B(n)| <3C - ‘F,f N HE(n + O)

|B,(n)| <3C -

Fe mHﬁ(nJrC)(,

Bu(n)| <3C|F{" 0 B (n +C)

where C = (2F)!

Proof: As G, /HP is isomorphic to a subgroup of a group of permutations
of A¥ i =0,...,2F — 1, we have |G,/HE| < (2¥)! Fix a Schreier system
of representatives of the right cosets of H* in G,. Then every element
g € G, can be written as g = [ h where [ is a Schreier representative and
h e HE. As 9(1) < (2%)! and 9(g) < n. Thus 9(h) < n+ (2%)! In particular,
|By(n)| < (2M)!HT (n+ (2%)!)]. Let C = (2%)! Now Lemma 5.6 immediately
implies the result. [

Theorem 5.8 Let 3+ ~v+ 0 = 1. Assume that each of elements
0,1,2 appears in the sequence (wi,...,wy;). Then there exist polynomials

p1(n),pa(n),ps(n) and functions 7r§1),71'§2),7r§3) : N — N which satisfy the

15



following conditions

il
S allm) < (1-Bn+3-27+2,
=1
2r—1
S aPm) < (1-yn+3-2771 42,
=1
2
domn) < (1-d)n+8,
=1

such that at least one of the following inequalities holds

)

|Bw(n)| < pl(n) 12:[ ’Barw (771(1)(”))
i=1
2r—1

Bum)] < po(m) [T [Borres (zP )
1=1

)

B < ) [T B (7))
=1

Proof: Without loss of generality we can assume that w; = 0, ws =
1, and wy = 2, where 1 < s <t < r. Then if g € FgﬂHL’; then by
Proposition 5.4 we have

9(¢o(g)) + 9(¢1(g)) < 9(g) — 2 pa(w(g)) + 7

Since 2 pg(w(g)) +1 > 5 0(g), we get

I(¢o(g)) +d(1(g)) < (1-6)d(g) +8

Observe that every g € H/, is uniquely defined by its restriction to subin-
tervals Ag 1. We claim that

2
RN HOIESS T 1Bow(in)l
’i1+i2=\_(175) TLJ+8 h=1
Indeed, the sum counts how many pairs (¢o(g), $1(g)) can possibly be images
of g, where g € F9 N HY,. Denote m3 = (1 —d)n] + 8.

16



Therefore,

2 —
(B8 A HE ()] < (m?’* )

5 1 max H | Bow (in)|

11+ig= m3

where the binomial coefficient gives the number of summands in the sum.

Denote by TrS’)(n) : N — N integer functions which satisfy 7T§3) (n) +

7T§3) (n) = mg3 and such that

Bw(wf”)(n))\.\Bw(w;?’)(n) ‘: max H\Bw in)|

i1+i2=m3

We conclude
2
[FS N HE(n)] < <m32+_21_ 1) hH |Bow (m )
=1

where 7r§3) (n) + 7r§3) (n) = ma.

Similarly we can prove

m +2T 1
rrnmzl < (" )H [Bres, (P ),

where 7r§2) (n)+-- -+7rg),1 (n) =mg = |(1—7)n|+3-2""1+2. Analogously

s (" I1 [ (<470
h=1

where 7T§1)(7”L) +- 4 Wép(n) =my; = |[(1 —8)n]+3-2"+2. Now apply

Proposition 5.7 to obtain the result. [

In order to apply Theorem 2.1 we need to remove the dependence on w
in Theorem 5.8. We use the following result.

Theorem 5.9 Let w € Q". Then for the growth v(n) of G, we have

7(n) < exp(n®),

where
In2

- In2—1lny,’

17



and v, satisfies the equation

2+ =2

Proof: Observe that ofw € Q7. Let |B(n)| = max;>q | By, (n)|. Recall
that for all n there exist [ = [(n) such that

[B(n)| = [Bgi,(n)]-

Since Theorem 5.8 holds for all o*w € Q7 it also holds for B(n) (cf. section
4).

Fix 847+ 6 = 1. By Theorem 2.1, B, (n) < |B(n)| < C -2 where
s = s(B,7,9) is given by

log 2 (r—1)log2 rlog 2
§ = max
log2 —log(1 —4)" (r —1)log2 —log(1 — ) rlog2 — log(1 — f3)

This holds for every 5+ v+ 0 = 1. Take

a= min s(8,v,0
gnin (B,7,9)

A direct computation shows that the minimum is achieved when

o log 2 B (r—1)log2 B rlog2
~log2—1log(1—0) (r—1)log2—log(l—=) 7rlog2—log(l— )

In this case (1 —6)" =1—Band (1—6)""'=1-+. Since B+ +0 = 1,
we get v, = 1 — § is a positive real root of the equation

2 =2

We conclude
B log 2
~ log2 —logu,

This finishes the proof. [J

In a special case r = 3 we obtain a bound which was earlier and inde-
pendently obtained by Bartholdi (see [2]).

Corollary 5.10 (Bartholdi) Take r = 3 and w = (012012012...) we

have y(n) < exp(n®), with o = bgﬁ%, where v3 is a solution of x3 +
24z =2.
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6 Generalization to p-groups

In this section we will give an estimate on the growth of Grigorchuk p-
group. These groups are defined similarly to Grigorchuk 2-groups defined
in section 3. In this case the group G, is again generated by ay,, by, ¢y, and
w € Q, where € is a space of all infinite sequences from the set {0,...,p}.
Now the transposition T is substituted by a p-permutation cycle of p equal
subintervals. For a complete definition of these group we refer to [5].

Fix an integer m > p. Consider a sequence w such that every symbol
{0,...,p} occurs at least once in any subsequence (wWp,Wn+1, - - - Wntm)- 1t
was proved by Grigorchuk in [5] (see Formula 12) that

\B(n)‘ < (™) Z ’Bomw(ilﬂ ‘BU"M(@” s |Bamw(ipm)| )
where the summation on the right hand side runs over the multi-indices
(41,42, ...,1pm) such that i1,ia,...,ipm >0 and
i1 4+d2 4+ Fipm < %+(pm)!+pm
Applying similar arguments as in the proof of Theorem 5.1, 5.2 we obtain
|Bu(n)] < 2™,

where
log(p™)

~ log(p™) — log(3/4)

This implies the following result.

Theorem 6.1. Let w € Q be as above, and let G, be the corresponding
Grigorchuk p-group. Then growth v of G, satisfies
v(n) < exp(n®)

where o = a(m, p) is as above.

The result of Grigorchuk gives a bound v < exp(n?), where

, 3., (@) +p"
1 f1 -4 —
B <1+ inf log < 1 + N +€
for any € > 0. A straightforward calculation shows that 5 > « for all €, p
and m > p. The gap between bounds is particularly wide for relatively small
values of p. For example, when p = 3, m = 4 we have a = .9385574519. On

the other hand, Grigorchuk’s result gives 5 ~ .9989950236.

19



References

1]

2]

[11]

[12]

[13]

G. M. Adel’son—Velskii, Yu. A. Shreider, The Banach mean on groups,
Uspehi Mat. Nauk (N.S.) 12 (1957), no. 6, 131-136

L. Bartholdi, The growth of Grigorchuk’s torsion group, Internat. Math.
Res. Notices 20 (1998), 1049-1054

R. I. Grigorchuk, On the Milnor problem of group growth, Soviet Math.
Dokl. 28 (1983), no. 1, 23-26

R. I. Grigorchuk, Degrees of growth of finitely generated groups and the
theory of invariant means, Math. USSR-Izv. 25 (1985), no. 2, 259-300

R. I. Grigorchuk, Degrees of growth of p-groups and torsion-free groups,
Math. USSR-Sb. 54 (1986), no. 1, 185-205

R. Grigorchuk, P. de la Harpe, On problems related to growth, entropy,
and spectrum in group theory, J. Dynam. Control Systems 3 (1997), no.
1, 51-89

R. I. Grigorchuk, P. F. Kurchanov, Some questions of group theory
related to geometry, in Algebra. VII. Combinatorial group theory. Ap-
plications to geometry, Encyclopaedia of Mathematical Sciences, vol.
58, Springer, Berlin, 1993

M. Gromov, Groups of polynomial growth and expanding maps, Inst.
Hautes Etudes Sci. Publ. Math. No. 53 (1981), 53-73

P. dela Harpe, Topics on Geometric Group Theory, book in preparation
(1998)

G. R. Krause, T. H. Lenagan, Growth of algebras and Gelfand-Kirillov
dimension, Research Notes in Mathematics, 116, Pitman, Boston, 1985

I. G. Lysenok, A set of defining relations for the Grigorchuk group,
Math. Notes 38 (1985), 784-792

R. Muchnik, I. Pak, Percolation on Grigorchuk groups, Comm. Algebra,
to appear (2000)

V. A. Ufnarovskij, Combinatorial and asymptotic methods in algebra,
in Algebra, VI, 1-196, Encyclopaedia Math. Sci., 57, Springer, Berlin,
1995

20



