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ABSTRACT. We generalize the Ahlswede-Daykin inequality (1978) to a Schur positive ADS in-
equality, which also contains the Lam—Postnikov—Pylyavskyy inequality (2007) as a special case.
We then present a number of further generalizations and applications. Notably, we resolve Mi-
halcea’s conjecture on log-supermodularity of stable Grothendieck polynomials.

1. INTRODUCTION

1.1. Foreword. The extensive use of correlation inequalities in combinatorics, probability and
across the sciences lets one forget the remarkable story behind these inequalities. The first in-
stances of such correlation inequalities were introduced in the 1960s, independently by Harris
[Har60] and Kleitman [Kle66], to solve very specific problems in percolation theory and in ex-
tremal combinatorics, respectively.

The original proofs by induction had somewhat obscured the real depth of the Harris—Kleitman
(HK) inequality. What followed was a long series of generalizations, all extending the inequalities
and the inductive arguments in the increasingly clever ways. Of these, the Fortuin—Kasteleyn—
Ginibre (FKG) inequality [FKGT1], the Holley inequality [Hol74], the Daykin inequality [Day77],
and the Ahlswede—Daykin (AD) inequality [ADT8], are probably the best known. Further gener-
alizations include ¢- and multivariate correlation inequalities [Bjo11, Chr09, CP23a, LP07a], the
localization inequalities by Lovasz—Saks [LS06], multiple events versions [AK96, Gla24a, RS93],
and most recently the decision tree versions [Gla24b, Kern20].

Let us emphasize a key feature of AD type generalizations of the HK inequality: the local-to-
global principle. The goal is no longer to establish positive correlations between specific probability
measures, but between measures which satisfy certain natural “local” assumptions. These local
properties hold trivially for the probabilistic and counting applications in the Harris and Kleitman
setting. The “global” conclusions have a similar structure as local assumptions, the proofs become
streamlined, and the results turn out to be much stronger due to flexibility of local assumptions.

In this paper we introduce a local-to-global principle for correlation inequalities involving sym-
metric functions, where the inequalities are stated in terms of Schur positivity. We replace the log-
supermodularity assumption in the AD inequality, with the celebrated Lam—Postnikov—Pylyavskyy
inequality (LPP), where the meet and join operations on subsets are defined as intersection and
union of Young diagrams.

Our main result is the ADS inequality (ADS), a Schur positive generalization of the AD in-
equality, which similarly has a number of important applications, see below. Since ADS inequality
contains the LPP inequality as a trivial special case, our proofs are no longer inductive and in-
volve large refinement into what we call Schur orchestra inequalities (Theorem 5.2). The latter
are then proved by a technical arguments involving Temperley—Lieb immanants, a technique in-
troduced by Rhoades—Skandera [RS05, RS06], and further extended in [LPP07, SS25] (see also
[AKOS25, NP25, NP26, PS26+]).

We now give some probabilistic and algebraic combinatorics background, before proceeding to
state the main results. The interested reader familiar with the subject is encouraged to jump
ahead to §1.5.
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1.2. Harris—Kleitman inequality. We start with Kleitman’s enumerative version of the HK
inequality [Kle66], which is easiest to state. A collection U € 2" of subsets of [n] = {1,...,n}
is called up-closed, if B € U for all B C A, A € Y. Then:

(HK) ul-|vi<unvi|-2-,
for every two up-closed collections U,V C 2", Stated in probabilistic terms, this is equivalent to
(1.1) PAcUnV] > Pl[AcU]-P[AeV],

where the probability is over uniform random subsets of /. For example, for collections of edges
of a complete graph K., the result implies:

(1.2) P[G is triangle-free and planar] > P[G is triangle-free] - P[G is planar],

where the probability is over uniform subgraphs G of K.

In this notation, Harris’s version [Har60], can be viewed as a probabilistic generalization of
Kleitman’s version (HK), where the probability measure on collections is a product measure
on 2", For example, this implies that (1.2) holds for the probability P, in the Erdés—Rényi
G(n,p) random graph model.!

In its basic application, the HK inequality implies that the critical probability

PDe = Sup {p :Pp(x <> 00) = 0}

for the p-percolation on an infinite connected graph G = (V, E), is independent on the vertex
x €V, see e.g. [BR06, Gri99]. Here by P,(z <> 0co) we mean the probability that x lies in the
infinite cluster (connected component). Now, the idea is that for every two vertices z,y € V, we
have:

P,(x<>00) >0 <= Puly<ro0) >0 forall pe(0,1], since

P, (1 ¢ 50) > Pylz ey 50) 2(11) Pyla & 1) - Pyly & o0).

For the case when G = Z2 is a square lattice, Harris used the HK inequality to prove that p. > %
[Har60]. Famously, Kesten [Kes80] established the equality p. = % twenty years later.

1.3. Ahlswede—Daykin inequality. Skipping over many intermediate generalizations, we now
state the AD inequality, also called the four functions theorem, see e.g. [AS16, §6.1]. This result
is central to this paper, both as a technical theorem and as an inspiration.

Fix integers £,w > 1, and let X = X denote the set of integer sequences A = (A1,...,\) €
{0,1,...,w}t. For A\, € X, define the join (V) and meet (A) operations as follows:

)\\/,U = (maX{Aluul}’"'amaX{)‘fvﬂf})a )‘/\M = (min{khﬂl}v"'7min{)‘f7}ué})'

Under these operations, (X,V,A) forms a distributive lattice, cf. Remark 1.3.

Theorem 1.1 (AD inequality [ADT78]). Fix integers {,w > 1, and let X = X pe as above.
Let a,b,c,d : X = R>q be four functions satisfying

(AD-cond) a(A) b(p) < c(AV ) dAAp) for all \,u € X.
Then:
(AD) </\%}:{a()\)> (é{b()\)) < (A;(cm) </\Z€;(d(/\)>.

1o quote Harris’s own characterization of the HK inequality, “its truth seems obvious, but I have not been able
to find a shorter proof [..] nor have I seen the result stated elsewhere” [Har60].
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The assumption (AD-cond) is a four function generalization of log-supermodularity property

(1.3) f@) fly) < flevy) fxAy) forall xyeLl,

where L is a distributive lattice. See, e.g., [Bjoll, SW75] for a discussion of the significance of
this property across combinatorics.

There are numerous combinatorial applications of the AD inequality, ranging from extremal
combinatorics to combinatorial number theory and order theory, see e.g. monographs chapters
[And87, §6], [Bol86, §19], and dedicated surveys [FS00, Win86]. Let us single out the XYZ inequal-
ity for the numbers of linear extensions [She82| (see also [AS16, §6.4] and [West21, Thm. 12.4.41]),
and other related correlation inequalities reviewed in [CP23b, §14.4].

As we mentioned earlier, the FKG inequality is an important special case used throughout
percolation theory, see e.g. [BR06, Gri99, Gri06, Wer(09] and §12.1. Let us emphasize that there
are cases when the FKG is insufficient and the full power of AD inequality is needed, see e.g.
a discussion in [FS00], and notable examples in [FDS88, CP23a]. Finally, note that the HK
inequality (HK) follows from (AD) by taking w = 1, £ = n, ¢ = 1, and setting a, b, d to be
indicator functions of U, V and U NV, respectively.

The following generalization of the w = 1 case of the AD inequality is both curious and
essential to our work. This result was first obtained by Reuter [Reu87]. It was later rediscovered
by Lovasz—Saks [LS04, Cor. 4] as a special case of their family of localization inequalities, and
most recently rediscovered again in [CP23a, Claim 6.3].

Theorem 1.2 (RLS inequality). Let k > 1, and let a,b,c,d : olkl R>o be functions satisfying
(AD-cond). Then:

(RLS) D> al@)bS) < ) e(9)d(S),

SCIk] SClk]

where S := [k]\ S denotes the set complement.

Remark 1.3. By Birkhoff’s representation theorem [Bir37], every finite distributive lattice is isomorphic
to a sublattice of a Boolean lattice B, = X (1) While the AD inequality is typically stated for finite
distributive lattices, we use this equivalent formulation as it is better adapted to the content of this paper.

1.4. Lam—Postnikov—Pylyavskyy inequality. Schur polynomials are symmetric polynomials
which play a central role in algebraic combinatorics, representation theory and other areas. They
are defined as irreducible characters of GL(N, C), and their stable limits (Schur functions) form an
orthonormal basis in the ring of symmetric polynomials with respect to the Hall inner product.
We refer to [Ful97, Mac95, Sag01] and [Sta99, Ch. 7] for standard introductions to the area,
connections to other area and numerous applications.

Let P denote the set of integer partitions A = (A1, A2, ...), and let AV, AAp be the operations
on P given by the union and intersection of the corresponding Young diagrams. Denote by
sy := sa(x) the Schur function indexed by A\ = (A, Ag,...), in variables  := (z1,x9,...). For
symmetric functions f and g, we write f <g g if (g—f) is Schur positive, i.e., a nonnegative linear
combination of Schur functions. Schur positivity is a fundamental property which remains largely
mysterious in many cases, see e.g. [Oko03, Sta00]; see also [Pat19] for a brief introduction.

Theorem 1.4 (LPP inequality [LPPO7, Thm. 5]). For all A\, x € P, we have:
(LPP) SXA Sy Ss Savp Saau

This is a remarkable inequality and an important tool in the area, see e.g. [KT21, §8.2] and
[PPY19, §4.7]. The LPP inequality is a part of the “log-concavity phenomena” championed in
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recent years by June Huh and his coauthors, see [Huh18, Kal23]. Let us single out a closely related
log-concavity property of structure constants, see [HMMS22, Oko03] and §12.4.

We refer to [LP07a] for a bijective proof of the monomial positivity version of (LPP), a weaker
property which still implies the evaluation positivity LHS < RHS, for all x1,x2,... € R;. See
[CP23a], for a multivariate extension of the AD inequality which also implies the monomial posi-
tivity version of (LPP), and the extensive discussion of (LPP) in the context of poset inequalities
(cf. [CP24a, §4.1]). See also Speyer’s recent breakthrough [Spe26], where he resolves a conjecture
from [DP07] by using the AD inequality (AD), thus giving a new proof of (LPP) along the way.

In [LPPO7], Lam—Postnikov—Pylyavskyy proved also the Okounkov, FFLP, and LLT inequal-
ities, conjectured in [Oko97, FFLP05, LLT97], respectively. Of these, the Okounkov inequality
gives log-concavity of LR coefficients and will play an important role later in the paper (see §3.2).
Lam—Postnikov—Pylyavskyy also proved the following important generalization of (LPP) for skew
Schur functions.

Theorem 1.5 (skew LPP inequality, [LPP07, Thm. 5]). For all skew shapes \/p and v/p, we
have:

(skew LPP) SX\/u Sv/p Ss SOWVw)/(uVp) SOAY)/ (i)

Let us emphasize that Schur positivity in (skew LPP) is defined in terms of nonnegative linear
combinations of the ordinary Schur functions, rather than skew Schur functions, and that the
inequality coincides with (LPP) on straight shapes.

1.5. Main results. Our first main result is a Schur positivity version of the AD inequality. We
call it the Ahlswede—Daykin-Schur (ADS) inequality.

Theorem 1.6 (ADS inequality). Let a,b,c,d : P — Rx>q be functions satisfying
(ADS-cond) a(A) b(u) < c(AVpu) dAAp) for all A\, € P.

Then we have:

(ADS) <§fw SA)(A;W) 5) < <§>C(A) sx)(g)dw 5)

Note that the assumptions (AD-cond) and (ADS-cond) coincide on partitions, but the conclu-
sions are much stronger. We note that the evaluation positivity z1,z2,... > 0 version of (ADS)
follows immediately from (AD). The monomial positivity version of (ADS) would follow from the
result by the first and third author [CP23a, Thm. 6.1]. This is an intermediate notion between
evaluation positivity and Schur positivity (see §2.1).

One way to see the power of the ADS inequality, is to consider the case when functions a, b, ¢, d
are indicators of A, p, AV u, A A i, respectively. The AD inequality becomes trivial in this case,
while the ADS inequality coincides with the LPP inequality. Thus, one can think of (ADS) as an
advanced extension of (LPP).

We now turn to the skew version of the ADS inequality. As with the skew LPP, it coincides
with the ADS inequality on straight shapes:

Theorem 1.7 (skew ADS inequality). Let a,b,c,d: P x P — Rxq be functions satisfying
(skew ADS-cond) a(A, pu) b(v,p) < c(AVur,uVp)dAAv,uAp)  forall \up,v,peP.
Then we have:?
(skew ADS) ( Z A\ p b)\/u>< Z b(A, b)\/u> < ( Z A\ b)\/u>< Z d(A\, p SA/u)
A pueP A\, pueP A\, ueP A UEP

2In the expansion of (skew ADS) in the Schur basis, some coefficients can be infinite. In these cases, the relation
<s means that the infinite coefficient of sx on the LHS, implies infinite coefficient on the RHS.
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When p = p = @, the skew ADS inequality (skew ADS) becomes the (usual) ADS inequality
(ADS). Similarly, when taking indicator functions as above, we obtain the skew LPP inequality
(skew LPP). As we show in §4.2, the skew ADS inequality implies the AD inequality. Curiously,
Theorem 1.6 is proved as a corollary of Theorem 1.7, which in turn uses Theorem 1.2 as lemma,
thus making the whole story even more complicated.

For the proof of Theorem 1.7, we follow the blueprint in [CP23a] for the multivariate AD
inequalities. Namely, we isolate the core mechanism of the AD inequalities by reducing them
to a set of refined orchestra inequalities (Orch). As can be shown using [CP23a, Thm 6.1],
the monomial positivity version of these inequalities follow from (AD-cond). The main step
in our approach is to show that orchestra inequalities extend to Schur orchestra inequalities
(Theorem 5.2), i.e., hold for Schur positivity. This is done by a technical argument involving
Temperley—Lieb immanants, a technique that was used by Lam-Postnikov—Pylyavskyy [LPP07]
to establish Theorems 1.4 and 1.5.

1.6. Stable Grothendieck polynomials. We now present our main application, to the cele-
brated symmetric Grothendieck polynomials. These are nonhomogeneous symmetric polynomials
introduced by Lascoux and Schiitzenberger [LS83, Las90], building on their earlier work on Schu-
bert polynomials. Originally defined as representatives of K-theory classes of structure sheaves of
Schubert varieties, their geometric and algebraic properties and significance are well understood
by now, see e.g. [Buch02, B+08].

The stable Grothendieck polynomials {G,} are obtained in the stable limit of Grothendieck
polynomials.?> They form a basis in the ring of symmetric functions, and were introduced by Fomin
and Kirillov in an algebraic context [FK94, FK96]. We use the term Grothendieck polynomials
when the context is clear.

It is hard to overstate the importance of Grothendieck polynomials in modern algebraic com-
binatorics. We refer to [Buch05] for a brief introduction, to [Kirl6] for an in-depth overview of
algebraic generalizations, and to [BKTY05, TY09a] for combinatorial formulas and algorithms.
We postpone the definitions until §2.5, and proceed to state the main application.

First, we modify Grothendieck polynomials to make them monomial positive:

(1.4) Ca(z) = ()G (~2).
Our main application is the following LPPG inequality, originally conjectured by Mihalcea [Mih24].

Theorem 1.8 (former Mihalcea’s conjecture). For all partitions \, u € P, we have:
(1.5) G Gy <o Gavu Gang -

Taking the lowest degree terms in (1.5) gives (LPP). Let us emphasize that even the evaluation
positivity was open until now. Note also that we only prove the Schur positivity, while the
Grothendieck positivity remains open:

Conjecture 1.9 (Thomas—Yong [TY09b, Conj. 9.2], see also [Mih24]). For all partitions X\, u € P,
we have:

é)\ é/,L <g 64/\Vu é)\/\u .

Here by P <, ) we mean that (@ — P) is a nonnegative sum of positive Grothendieck

polynomials G,. This is a stronger property than Schur positivity since Gy are Schur positive,
so one can think of Theorem 1.8 as an evidence in favor of the conjecture.

3The name is standard in the literature and somewhat misleading as these are symmetric functions, and thus
power series rather than polynomials.
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We show in Section 9, that Theorem 1.8 is a corollary of both Theorems 1.6 and 1.7, with
functions a, b, ¢,d carefully chosen. In fact, we derive Theorem 1.8 from a skew shape generaliza-
tion given in Theorem 9.3. Along the way, we prove log-supermodularity of the numbers g, , of
certain increasing tableaux:

gz\,u ’ gu,p < g)\\/lj,u\/p ' g)\/\V,M/\p7
see §2.5 for the definition and Lemma 9.2 for the proof. This is a result of independent interest,
similar to Bjorner’s log-supermodularity of the numbers f* of standard Young tableaux [Bjol1,
Prop. 6.1], see also a skew version in [CP23a, Cor. 3.3].

1.7. Dual stable Grothendieck polynomials. Recall that Schur functions are self-dual w.r.t.
the Hall inner product (sx,su) = 0x,, while the stable Grothendieck polynomials are not. The
dual stable Grothendieck polynomials {G}} form a basis in the ring of symmetric functions A that is
orthogonal dual to the stable Grothendieck polynomials, and has its own interesting combinatorial
properties.

This family of symmetric functions was defined by Lam-Pylyavskyy in [LP0O7b] from a Hopf
algebraic point of view. We refer to [Gall7, Yell7] for further background and combinatorial
formulas. We postpone the definitions until §2.6. For now, we state a dual version of Theorem 1.8.

Theorem 1.10. For all partitions A, u € P, we have:
G) G, <s Ghy, Gaag-

Again, note that we only prove Schur positivity. The proof is given in Section 10. Along the
way, we prove log-supermodularity of the numbers of certain elegant fillings (Lemma 10.2).

1.8. Shadow Schur functions. Fundamentally, the reason our skew ADS inequality (Theo-
rem 1.7) is applicable to the stable and dual stable Grothendieck polynomials, is because there
are well known combinatorial expansions of these families in the basis of Schur functions. Unfor-
tunately, proofs of both Theorem 1.8 and 1.10 are somewhat technical, obscuring the underlying
philosophy.

To clarify these applications, we introduce a new family of symmetric functions, where the
applications of the skew ADS inequality is straightforward. Fix integers k£ > ¢ > 1 and denote by
P! the set of partitions with at most ¢ parts. Define a shadow Schur function as a sum of Schur
functions of partitions with at most k rows, of which the first £ rows are fixed:

(1.6) Sg\k’e) = Z Su, where Ae€PY YNk, €)= {pePq X\ =p1,., N = e}
€Y (Aik, L)
This family contains the (usual) Schur functions for k = ¢, and is interesting in its own right.
In Section 3, we state and prove both the usual and skew versions of log-supermodularity for
shadow Schur functions, modeled after Theorems 1.8 and 1.10 above. We also present a roadmap
for generalizations in this setting.

1.9. Paper structure. We start with standard definition and notation in algebraic combinatorics
(Section 2), including definitions of both families of Grothendieck polynomials discussed above.
In Section 3 we give applications of the AD and ADS inequalities to shadow Schur functions. This
section can be viewed as an accessible example illustrating the power of our results.

In a brief Section 4 we first relate the AD and ADS inequalities. We then show the subtleties
of the proofs of the ADS inequality and its relatives, by giving a counterexample to the naive
approach to (ADS). This is another preliminary section aiming to help the reader absorb the
results. This discussion motivates the Schur duet inequalities (Corollary 5.3), a special case of
the Schur orchestra inequalities (Theorem 5.2). These are key technical results introduced in
Section 5; we need them in lieu of the induction used in the standard proof of AD inequality.
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In Section 6 we present the algebraic approach to Schur positivity, using the technology of
Temperley—Lieb immanants. These are used in Section 7 to prove the Schur orchestra inequalities.
Then, in Section 8, we prove both the ADS inequality (Theorem 1.6) and the skew ADS inequality
(Theorem 1.6).

In Section 9, we establish log-supermodularity and log-concavity for Grothendieck polynomials
(Theorem 1.8 and Corollary 9.5), using the skew ADS inequality. We also prove the ADG inequal-
ity, a generalization of the ADS inequality to Grothendieck polynomials (Theorem 9.4). This is
followed by a closely related Section 10 where we prove versions of these inequalities for the dual
stable Grothendieck polynomials (Theorem 1.10 and Corollary 10.3).

In Section 11, we outline four different directions in which our results can be generalized,
including an extension of ADS inequality to supersymmetric functions (Theorem 11.8). We also
present two interesting open problems (Conjectures 11.5 and 11.7). We conclude with final remarks
in Section 12.

2. DEFINITIONS AND NOTATION

2.1. Basic notations. We use N = {0,1,2,...} and N>; = {1,2,...} to denote the sets of
nonnegative and positive integers. Let [n] = {1,2,...,n} and Ry = {x > 0}. We use 2% to
denote the set of subsets of X. The indicator function of a subset A is denoted 14.

For an inequality a > b, the difference (a — b) is called the defect. For polynomials f,g €

Rlz1,x2,...], we write f > g if the defect (f —g) > 0 for all z1,z9,... > 0. We write f >, g if
(f —g) € Ry|zy,x9,...]. These properties are called the evaluation and the monomial positivity,
respectively.

2.2. Partitions. Throughout the paper, a partition is an infinite nonincreasing sequence A =
(A1, A2, ...) with bounded support. We use ¢(\) to denote the support size, i.e., the number of
nonzero parts in A\. Let P denote the set of partitions, and let P! denote the set of partitions
with at most £ nonzero parts. These are not to be confused with set partitions X = BiUByU. ..

When writing partitions, we omit the infinite tail of zeros, and write only the prefix with the
support of the sequence, so e.g. (4,3,1,0,0,...) is written as (4,3,1). For convenience, we use
both the sequence and word notation, so for example (4,3,1) and 431 correspond to the same
partition.

Denote by |A| := A1 +X2+. .. the size of the partition A\. A conjugate partition X' = (Nj, X}, ...)
is defined by A, :=[{j : A; > i}|. As in the introduction, let

AV = (max{Ar, g1}, max{Aa, po}, . ..), AAp = (min{Ay, g1}, min{Ag, p2}, ... ).

Clearly, these operations coincide with union and intersection of the corresponding Young diagram,
as defined in the introduction. Note that under these operations, (P,V,A) forms an infinite
distributive lattice.

Next, we define two operations on all partitions A, u € P:

[458] = (P[22 ]) B3] = (1) 1252

Clearly, when all parts (\; + p;) are even, these two partitions coincide.
Finally, for partitions X, € P, let v € P?* be a partition obtained by sorting the combined
parts of A and p in weakly decreasing order. We define:

sorty (A, p) = (v1,v3,...), sorte (A, ) = (v2,v4,...).

Note also that this sorting operation is conjugate to the averaging operation above.
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2.3. Young diagrams and Young tableaux. We refer to [Mac95] and [Sta99, Ch. 7] for stan-
dard definitions and notation in algebraic combinatorics. A Young diagram corresponding to
partition A = (A1, Ag,...) is the set of squares

{(1,7) eN? 1 1<j <A\, 1<i <UN)}.

By a mild abuse of notation, we use A to also denote the corresponding Young diagram, and refer
to it as the straight shape. Note that the Young diagram of a conjugate partition )’ is obtained by
the x < y reflection. We use @ to denote empty Young diagram corresponding to the 0 sequence.

Let p = (u1, po,...) be a partition such that pu; < A; for all ¢ > 1. The difference of Young
diagrams is denoted by A\/u and called the skew Young diagram of shape \/u, or simply the skew
shape A\/p. We use |[\/u| := |\| — |u| to denote the number of squares in \/pu.

Let A: A\/p — N>1 be a function which increases in rows and strictly increases in columns. We
think of A as a Young tableau with integers written in squares of A\/u. Such A is called a semi-
standard Young tableau. The set of such tableaux is denoted SSYT(A/u). We use SSYT(\/pu, t)
to denote semistandard Young tableaux with entries < ¢.

The weight of a tableau A € SSYT(A/p) is a sequence (m1(A),ma(A),...), where m;(A) :=
|A=1(i)] is the number of i’s in A. Kostka number K , is the number of A € SSYT(A) of weight 4.

2.4. Schur functions. Skew Schur polynomial is a symmetric polynomial associated with the
skew shape A\/u and can be defined as

(2.1) S /u(Z1s--os 2n) = 3 A L)
AeSSYT(A/u,n)

They form a linear basis in the space A, of all symmetric polynomials in n variables. Here we
include only combinatorial definitions, rather than the (more standard) determinantal definition.
Similarly, skew Schur functions are defined as

(2.2) S/\/M(Zl,ZQ,...) = Z z;nl(A) ;nZ(A)
AESSYT(\ )

They are the stable limits of Schur polynomials as n — co. Note that Schur functions s, ,, are
homogenous of degree |\/pul.

Recall that Schur functions sy corresponding to straight shape yu = @ form a linear basis in
the ring of symmetric functions A = l'&nAn, where A, = C[z1,...,2,]°". It is convenient to
extend the definition of functions sy to arbitrary infinite integer sequences A € N*°. We adopt
the convention that sy =0 when A is not a partition.

The Littlewood—Richardson coefficients are the structure constants of multiplication of Schur

functions:

A
Sp S = Cuyw SX -

AEP
Taking the degrees shows that ¢, = 0 unless || = |u| + [v].

2.5. Grothendieck polynomials. An increasing tableau of skew shape A/u is a function A :
A/p — N>1 which is strictly increasing in rows and down columns, and such that every entry in
the i-th row is restricted to {1,2,...,7—1}. Denote by IT(A/u) the set of such tableaux, and let
gux = [IT(A/ u)] be the number of such tableaux (note the order reversal in the index).

Denote by X the unique maximal partition satisfying )\ < XN +i—1 for all ¢ > 1. Denote
R(A) = {,u tACuC )\}. For a partition A € P, the stable Grothendieck polynomial is defined
as

(2.3) Ga(z) == Y (DR gy  su(=).

HER(N)
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These functions form a basis in the ring of symmetric functions A. Note that just like Schur func-
tions, the stable Grothendieck polynomials are formal power series in variables & = (z1,x2,...).

There are several other equivalent definitions of Gy, and the definition presented here is due to
Lenart [Len00, Thm. 2.8]. For an alternative combinatorial formula for G, in terms of set-valued
tableaux, see [Buch02, §3] and [MPS21, Cor. 3.11]. Yet another combinatorial definition in terms
of standardized increasing tableaux is given in [McNO06] in a more general context of factorial
Grothendieck polynomials.

As in (1.4), it will be convenient for us to define the following positive version of stable
Grothendieck polynomials:

(2.4) Gia(z) = (-G (- = Y sk

HER(N)

2.6. Dual stable Grothendieck polynomials. An elegant filling of the skew shape A/u is a

semistandard Young tableau A € SSYT(A/u) subject to the condition that every entry in row i

belongs to the set {1 2,...,i— 1}, for all i« > 1. We use EF(\/u) to denote the set of elegant

fillings, and let gJ , : |EF()\/ w)| denotes the number of elegant fillings of the skew shape A\/pu.
For partition A € P, the dual stable Grothendieck polynomial is defined as

= Z g;,,u SM(:L')
HCA

These functions also form a basis in the ring of symmetric functions A(x).

3. SHADOW SCHUR FUNCTIONS

In this section we introduce a new family of shadow Schur functions which generalize the ordi-
nary Schur functions. We then present extensions of LPP and skew LPP inequalities, which follow
easily from the ADS inequalities. We then state without proof several other related inequalities
for shadow Schur functions.

3.1. Shadow LPP inequality. Fix integers £k > ¢ > 1 and note that Y(\;k,¢) = {A} when
k= ¢, or when k > ¢ and A\; = 0. Recall the definition (1.6) of shadow Schur functions given in
the introduction.

Theorem 3.1 (shadow LPP inequality). For all k> €>1 and X\, € P, we have:

(sLPP) S(M) OGRS S(ki) S(A%)

Note that the original LPP inequality (LPP) is a special case of (sLPP), where k = ¢. We
define skew shadow Schur functions as follows:

k,l
(3.1) SRS > s
veY(X;k L), pEY (3K L)
the sum over all skew shapes whose first ¢ row lengths are specified by A and . The following
theorem extends (sLPP) to the skew setting:
Theorem 3.2 (shadow skew LPP inequality). For all X\, u,v,p € Pt we have:

(k,8) (k,0) (k,0) (k,0)
Sx/u Sujp S5 S0 /(ave) SO /(unp) -
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Proof. Let a,b,c,d: P* x Pk — R be given by

a‘(av /8) = 1{ai:)\i, Bi=p; for all i€[(]}
b(aa ﬁ) = 1{(11-:1/1-, Bi=p; for all ic[f]}
C(Oé, ﬁ) = l{ai:max{)\i,yi}, Bi=max{p;,p;} for all i€[l]}
d(av ﬁ) = 1{ai:min{)\i,1/i}, Bi=min{p;,p;} for all i€[¢]}
It is straightforward to verify that these functions satisfy (skew ADS-cond), and that
k0 k,0)
Sg\/u) = Z a(aw@) Sa/B S(y/p = Z b(Oé”B) Sa/B
a,BePk a,BePk
(k,0) _ (ke _
S()\VV)/(HVP) B Z C(O[,ﬁ) Sa/B > S()\/\V)/ (uhp) — Z d a/ﬁ .
a,BePk a,BePk
The theorem now follows from the skew ADS inequality (Theorem 1.7). O

3.2. Further Schur positive inequalities. The following two inequalities were conjectured
by Okounkov [OkoO1, p. 269] and Fomin-Fulton—Li-Poon [FFLP05, Conj. 2.7]. They were also
proved by Lam—Postnikov—Pylyavskyy [LPP07, Thm. 4].

Theorem 3.3 (Okounkov inequality). For all A\, € P, we have:

(Ok) S\ Sp s S[(Mp)/2] S[(A+u)/2] -

Theorem 3.4 (FFLP inequality). For all \,u € P, we have:
(FFLP) SX Sp <s Ssorty (A\,u) Ssorta(A,p) -

Lam—Postnikov—Pylyavskyy proved further Schur positive inequalities which fall outside the
scope of this paper. They also stated the LPP conjecture, see [DP07, Conj. 1], which was recently
proved by Speyer [Spe26]. Somewhat surprisingly, Speyer observed that his proof implies a general
statement about Schur positivity:

Theorem 3.5 (Speyer [Spe26, Rem. 4.19]). Let f : P* — A such that f(A\+1) = f(\) for all
A€ P and

FOVF() <s FOAV ) FAApR) YA pue P
Then:

FOVF() <s F[252]) F(1222]) YA mePh
In particular, Speyer’s theorem shows that the LPP inequality (LPP) implies both (Ok) and,

after conjugation, the inequality (FFLP). We conclude with a skew version of (Ok) which was
also proved by Lam—Postnikov—Pylyavskyy.

Theorem 3.6 (skew Okounkov inequality [LPP07, Thm 11]). For all A\, u,v, p € P, we have:

S\ Sv/p s S[(+)/21/T(+p) /2] SLO)/2)/ L(u+) /2] -
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3.3. New inequalities for shadow Schur functions. As a consequence of Theorem 3.2, we
obtain the shadow generalization of the skew Okounkov inequality:

Theorem 3.7 (shadow skew Okounkov inequality). For all k > € > 1 and X\, u,v,p € Pt we
have:

S(kvé) S(kz‘e) S(kvz) S(k’z)
M Svfp o 5 ETAG) 2]/ [(etp) /2] T LA+ /2] L(wt+p) /2]

We state Theorem 3.7 without proof, since it closely parallels that of Theorem 3.6 given in
[LPPO7], substituting the shadow skew LPP inequality (Theorem 3.2) for the original version
(Theorem 1.5). Note that this theorem does not follow directly from Speyer’s Theorem 3.5,
because S;kf) fails to satisfy the first condition of Speyer’s theorem. In particular, we obtain the
following straight version as corollary.

Corollary 3.8 (shadow Okounkov inequality). For all k> £>1 and X\, u € P*, we have:

(k:8) q(k,) (k.£) (k)
SNTUSLTT Ss Siadu/2) Sw)2)

Let us also mention that the FFLP inequality also holds for shadow Schur functions:

Theorem 3.9 (shadow FFLP inequality). For all k> ¢ >1 and \, u € P, such that A\ = puy,
we have:

(k,0) (ke (k,0) (k.0)
S)\ S}(L ) s Ssortl()\,/,L) Ssortg()\,,u)'

By the argument as above, this inequality extends (FFLP). We state this result without proof,
since it closely parallels that of a skew version of (FFLP) given in [LPP07, Cor. 12]. Here we
substitute the shadow Okounkov inequality (Corollary 3.8) for the original version (Theorem 3.3).

Remark 3.10. We note that the condition Ay = ¢ in Theorem 3.9, which is absent in (FFLP),
is necessary for this generalization. To see this, let k =3, £ =2, A = (2,2), and p = (1,1). In
this case, sorty (A, p) = sorta(A, p) = (2,1), yet

3,2) (3,2 3,2) (3,2
S5” 80 . sGY 8P

)

3.4. Lower Schur functions. For a partition A € P, define lower Schur functions

SgA = Z Su -

HEP, pCA

It is easy to see that all results in this section continue to hold when shadow Schur functions are
replaced with lower Schur functions. The proofs are nearly identical; we omit the details.

Note that lower Schur functions are perhaps more natural than shadow Schur functions. How-
ever, in contrast with the latter, the former do not contain the ordinary Schur functions as a special
case. On the other hand, the corresponding log-supermodularity, i.e. version of Theorem 3.1 in
this case, does again generalize the LPP inequality by taking the maximal degree terms.
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4. UNDERSTANDING THE ADS INEQUALITY

4.1. The role of Schur functions. It is natural to ask if Theorem 1.6 can be strengthened to
the following formal algebraic statement which omits Schur functions altogether.

Let A=R(fy : A € P) be a commutative ring. Suppose that there exists a partial order “<x”
on A that satisfies the log-supermodularity property

f fM < f)\VH f)\/\,u forall A ue€P,

and is closed under addition and multiplication by nonnegative scalars. It is tempting to conjecture
that these assumptions suffice to imply the inequality

(naive AD) ( > a() fA> ( > by fA> < ( > ey fA> ( > d(N) £y )

AEP AEP AeP AEP

Indeed, for Schur functions, (naive AD) and (LPP) immediately implies (ADS).
However, this naive generalization is false, as demonstrated by the following counterexample.
Let a,b,c,d: P — {0,1} be given by the indicator functions

a = lgg1901, b= 1311313, €= Lyza132), d:= Lygr101)-
It is easy to verify that these functions satisfy (AD-cond). The (naive AD) then states
(%) foo1 f311 +foo1 f31 + foo f311 + foo f31 < f301 for1 + 1321 fo1r + f32 for1 + fao for .

Observe that the LHS contains the terms foo; f3; and fog f317. In contrast, the only term on the
RHS that dominates these under < is f3o; f31. This provides a counterexample to (naive AD).

On the other hand, the inequality (%) does hold for Schur functions f) = s). This is justified
by the following relations:

S221 S311 s 8321 8211, S22 831 s S32 S21, S221 S31 + S22 8311 s S321 S21 + 832 S211 -

Here the first two inequalities are immediate consequences of (LPP). By contrast, the third
inequality is an special case of a new family of Schur inequalities, which we call the Schur duet
inequalities (Corollary 5.3).

4.2. Losing Schur functions. It is natural to ask whether (AD) is a special case of (ADS).
While we are not aware of such implication, we can deduce it from the more general (skew ADS),
as follows.

By Birkhofl’s representation theorem [Bir37], every finite distributive lattice is isomorphic to
a sublattice of a Boolean lattice, cf. Remark 1.3. Therefore, to prove the full AD inequality,
it suffices to establish it for the special case where the underlying lattice is the Boolean lattice
B, =21, For a subset E € 2l let A\ := A\(E) = (\1,...,\s) be a partition given by

N (—i+1 if i€ FE,
e if i¢FE.
Let p:=(—1,£—2,...,1,0). Note that A/u consists of a collection of disjoint boxes. Therefore,
sa/u(1,0,0,...) = 1.

Let a,b,c,d : By = R>g be four functions satisfying the assumptions (AD-cond) in the AD
inequality. Define function a’: P x P — R>¢ by

, a(\,p) if v=AE) forsome E €2 and p=p,
a(v,p) = .
0 otherwise.
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Let functions b’,¢/,d": P x P — R>( be defined analogously. It is straightforward to verify that
these four functions a’,b’, ¢/, d’ satisfy (skew ADS-cond). Also note that,

Z a'(v,p) 8,/,(1,0,0,...) = Z a(E),

v,pEP Ec2ld

with analogous identities holding for b’, ¢’ and d’. By the Schur positivity in (skew ADS), evalu-
ating both sides at (1,0,0,...) gives

(Z @) (Zm) = (5 @) 3 )

Ee2l Ee2ll Ee2l Ee2ld]

This is the desired AD inequality on By.

5. ORCHESTRA INEQUALITIES

In this section we introduce the AD cone and the orchestra inequalities, generalizing the duet
inequalities. This is the main technical tool we need to prove Schur positive inequalities.

5.1. Ahlswede—Daykin cone. Fix a positive integer ¢. Let & and .% be two disjoint copies of
[(] .= {1,2,...,¢}. Formally, we may regard & := [¢{] x {0} and .# := [¢] x {1} to distinguish
them. However, to avoid making the notation overly heavy, we will refer to elements of & simply
by the index ¢ and elements of .% by the index j. Throughout this paper, we use the disjoint union
symbol LI to emphasize that elements are distinguished by their origin, even when they share the
same numerical value.

Consider a function O : 27 — R. For every set partition {B1,...,B;} of & .7, we say
that O satisfies an orchestra inequality, if

(Orch) > (9< | ] Bh> > 0.

HC[t] heH

Here, the sum runs over all 2¢ subsets of [t] = {1,...,t}.* Define Ahlswede-Daykin (AD) cone C*
as the set of functions satisfying orchestra inequalities for all set partitions of & LI .%.

Example 5.1. For ¢ = 2, the set £ LU F has 4 elements, resulting in 15 possible partitions.
The structure of the orchestra inequality depends entirely on the number of blocks in the chosen
partition. There are the four possible cases:

Case 1. One-block partition: {E€ U F}:
There is 1 such partition. The inequality aggregates 2 terms:

O@)+O(EUF)>0.
Case 2. Two-block partitions: {By, Ba}:
There are 7 such partitions. For each, the inequality aggregates 22 terms:

Case 3. Three-block partitions: {B1, B2, Bs}:
There are 6 such partitions. For each, the inequality aggregates 23 terms:

O(2)+ O(B1) + O(Bs2) + O(B3) + O(B1 U B3) + O(B UB3)+ O(B: UB3) + O(&UZF) > 0.

4We use the term “orchestra” because it aggregates the value of the function O over every possible subset of
partition part, akin to how an orchestra’s collective output is defined by the combination of all its individual sections.
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Case 4. Four-block partition: {By, Ba, B3, B4 }:
There is 1 such partition, where every element is its own block. The inequality aggregates 2%
terms:
O(2) + O(By) + O(B2) + O(Bs) + O(Ba)
+ O(B1 UBg) 4+ O(B; UB3)+ O(By UBy) + O(Ba U Bs) + O(Be U By) + O(B3 U By)
+O(B1UBsUB3)+O(B1UByUBy)+O(B1UBsUBy) +0O(Bs UB3s U By) + O(&EUF) > 0.

Intuitively, the definition of this cone captures the essential inequalities derivable from the
constraints (AD-cond) in the Ahlswede-Daykin Theorem 1.1. Note that the cone definition incor-
porates both & and .% to accommodate the skew version of the ADS inequality. If we are only
aiming for the straight version, the cone definition can be restricted only to &.

5.2. Schur orchestra inequality. For convenience, we extend the definition of skew Schur func-
tions sy, to arbitrary vectors A, u € N*. We adopt the convention that s, /u i= 0 if either A or
W is not a partition, or if u € A.

For EC & and F C .7, let

(5.1) E :=&\E, F:=%\F and FEUF:=FEUF.

The following result gives a mechanism to lift the real-valued inequalities in (Orch) to statements
about Schur positivity.

Theorem 5.2 (Schur orchestra inequality). Let o, B,7,6 € N and let O be a function that
satisfies (Orch). For subsets E C & and F C .F, let A(E) = (A1,..., ) and p(F) = (p1, ..., fu)
in N¢, where

(5.2) VD L A
(67 Zf Z¢E7
and
i+0; if jEF,
(53 py o= 0
B; if j¢F.
Then
(S—OI‘Ch) O(EHF) S)\(E)/,u(F) S)\(E)/M(F) 25 0.

EC&,FCF

The sum in (S-Orch) can be viewed as a sum over the finest partition of £#U.% as in Example 5.1,
Case 4. A generalization of (S-Orch) involving other partitions of & U .# is discussed in §7.7.
The present formulation suffices for all subsequent applications in this paper. In particular,
Theorem 5.2 implies the following corollary.

Corollary 5.3 (Schur duet inequality). Let A := (A1, A2, A\3) and p := (u1, 42, 13) be nonnegative
integer vectors of length 3 such that A O u. Then

S(u1 A2 A3) SOpzoia) T S(AnuzAa) S(urdewus) S5 SO,A2hs) S(unpzos) T S A2,us) S(ur,pz,As) -

Proof. We apply Theorem 5.2 as follows. Let ¢ = 3, and a < p, 5 < (0,0,0), v + A — u,
d < (0,0,0). Then, for E C & and F C .7, we have A(E) = (A1, A2, A\3) where

Py A if i€k,
Y N if i ¢ E,
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and p(F) = (0,0,0). Define a function O : 27 — R by

1 ifE={1,2,3}or E=1{1,2},
OFUF) = ¢-1 ifE={23}or E=1{1,3},
0 otherwise.

Note that function O does not depend on F' in this case. It is straightforward to verify that
the function O satisfies the orchestra inequalities (Orch), and that (S-Orch) gives the desired
inequality. O

6. TEMPERLEY—LIEB ALGEBRA AND IMMANANTS

In this section we give a quick review of Temperley—Lieb immanants, which we use to prove
orchestra inequalities in the next section.

6.1. Temperley—Lieb algebra. For a fixed £ € C, define Temperley—Lieb algebra TLg(§) by
the basis t1,...,tx_1, subject to the relations

t? = &ty for i=1,...,k—1,
titit; = t;, if |[i—jl=1,
tit; = titg, if |i—j]>2.

We refer to [DG26] for a friendly historical survey and many helpful references.
The basis elements of TLg(£) can be represented by planar diagrams on the vertex set VLW,

(6.1) Vi={1,2,...,k} and W:={k+1,k+2, ..., 2k},

where we use the symbol U to emphasize that the union is disjoint. Each basis element x cor-
responds to a perfect matching of these 2k points via k non-intersecting strands. From now on
these 2k points form two rows of k£ points in each. The points in the first row are increasing from
1 to k, and points in the second row are decreasing from 2k to (k + 1). Equivalently, this says
that there are no edge pairs {a,b} and {c,d} satisfying the crossing condition a < ¢ < b < d, see
e.g. [TL71]. We denote the set of these basis elements (or equivalently, planar diagrams) by B.
Note that the cardinality of By is given by the Catalan number Cat(k) = k%rl(%f)

An example of generators of TL4(2) is shown in Figure 6.1, and remaining basis elements in B,
are shown in Figure 6.2, giving Cat(4) = 14 elements in total.

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
LN L L
t3 ta t1 1
« e « e « e
8 7 6 5 8 7 6 5 8 7 6 5 8 7 6 5

FIGURE 6.1. Multiplicative generators for TL4(2).

6.2. Temperley—Lieb immanants. Following Littlewood [Lit40] and Stanley [Sta00], the im-
manants are polynomials in matrix entries defined as follows.

Fix k£ > 1 and let S; be symmetric group on k elements. Given a function f : .Sy — C and a
k x k matrix X = (xi;)1<i j<k, the f-immanant of X is the polynomial

(6.2) Iy (X) = 3 F0) 210, - Thy
wWE S
From now on, let & = 2. In this case, there is a natural surjection
(6,3) o : C[Sk} — TLk(Q) with s, —t;—1, 1€ [k — 1],
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1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
X SN A Al X
'S 'S ' ' 'S
8 7 6 5 8 7 6 5 8 7 6 5 8 7 6 5 8 7 6 5
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
IV o N o o

'S C e 3 RIS C e 3 'BIE
8 7 6 5 8 7 6 5 8 7 6 5 8 7 6 5 8 7 6 5

FIGURE 6.2. Remaining basis elements in Bj.

where s; = (i,i+1) is an adjacent transposition. Since (k)xep, forms a basis of TLg(2), for each
K € By, define a function f, : S — R as

(6.4) o(w) = Y fu(w)k.

K € By
Following [RS05, RS06|, the Temperley—Lieb immanant of a matrix X, denoted Imm,(X), is
defined as

(6.5) Imm,(X) = Immy (X) = Z (W) 1w, - Ty, -

wWES

6.3. From diagrams to multisets. Fix £ > 1 and set k := 20. Let .4 = {m; < --- < my}
and A = {n; <--- < ng} be multisets of size k£ with maximum multiplicity 2. For M C .# and
N C A, let M := #\M and N := 4 \N. We extend this notation to unions by M UN :=
M UN. Throughout this paper, we restrict our attention to subsets M and N of size ¢, such that
M,N,M and N are simple, i.c., contain no repeated elements.

Let k € By be a Temperley—Lieb diagram on the vertex set VU W. We identify the multiset
A with V| and A with W, via a bijection ©: .# 1.4 — V1UW. This bijection is defined by

7 ifx:mie///,
66 =
(6.6) Vi) {2k+1—j ifo=njeN.

For any subset VU W C VUW, we define its complement by VU W := (V\V) U W \W). Note
that the map 1 commutes with the complement operation; that is, for any subset M LU N C
MM

$(MUN) = $(MUN).

Example 6.1. Our running example is by the following multisets of size 6:
M = {2,4,7,8,10,11}, A = {1,2,3,3,5,6}.

Now let M C .# and N C A be given by

M = {2,10,11} = {my,ms,mg}, N = {3,5,6} = {n4,ns,n6}.
Notice that

M = {4,7,8} = {ma, mg,ma}, N = {1,2,3} = {ni,ng,n3},
so M, N, M, N are all simple subsets. Then, applying v gives:

Yy(MUN) = {1,5,6} U{13—-6,13-5,13 -4} = {1,5,6,7,8,9},

Y(MUN) = {2,3,4}U{13-3,13-2,13 -1} = {2,3,4,10,11,12}.
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6.4. Compatible diagrams. We say that a diagram x is compatible with (.#, /"), if it satisfies
the following conditions:
(i) All duplicate labels in .#Z are paired: for every index i such that m; = m;41, the vertices
i and (i 4 1) are connected by an edge.
(ii) All duplicate labels in .4 are paired: for every index j such that n; = nj;1, the vertices
(2k +1—j) and (2k — j) are connected by an edge.

Let K C . # 1./ be a subset such that the intersections K N.#Z and K N.4" are both simple
subsets of size £. We say that x is compatible with K, if it is compatible with (.#,./") and satisfies
the following bipartite condition:

(iii) The perfect matching pairs the set 1 (K ) with its complement 1 (K). In other words, every

edge of k connects a vertex in 1 (K) to a vertex not in ¢(K).
Denote by O(K) := © 4 4 (K) the set of diagrams from By, that are compatible with K. Note
that ©(K) = ©(K) by the symmetry.

Example 6.2. Let .#, .4/, M, N be as in Example 6.1, and K = M LU N. Note that ¢(K) =
{1,5,6,7,8,9} and ¥(K) = {2,3,4,10,11,12}. Since ng = ny, the vertices 9 and 10 must be
connected by an edge, as shown in Figure 6.3. Then O(K) consists of the two diagrams shown in
Figure 6.4.

ow
[ B

° [¢)
e e e 0 O O
1 2 3 3 5 6

FIGURE 6.3. Diagrams compatible with (.#,.#") in Example 6.1. The top and
bottom rows are labeled by the elements of .# and .4, respectively. White nodes
indicate elements in ¢ (K).

2 4 7 8 10 11 2 4 7 8 10 11
T‘\"’Jﬁ I
oo/o/"\o\o m
1 2 3 3 5 6 1 2 3 3 5 6

FIGURE 6.4. Two diagrams in O(K), where K is as in Example 6.2. Note that
white nodes are paired with black nodes.

6.5. Rhoades—Skandera approach. We now present a result of Rhoades and Skandera express-
ing products of Schur polynomials in terms of immanants. Let X = (x;;); j>1 be an NxN matrix.
We denote by Xy n = (xmi’n].)lgmgk the k x k submatrix of X indexed by the multisets M
and N. Note that this submatrix may contain repeated rows or columns.

Lemma 6.3 ([RS05, Prop. 4.4]). Let ¢ > 1. Let # and A be multisets of size 20 with mazimum
multiplicity 2. For any subsets M C .# and N C A of size £ such that M, N, M, and N are all
stmple, and any N x N matriz X,

(6.7) det(Xprn) det(Xgzy) = > Immg(X. 0 0).
KEO(MUN)
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In this paper, we apply Lemma 6.3 to the generalized Jacobi—Trudi matriz H, defined as follows.
Let h,(x) := s, () denote the r-th complete homogeneous symmetric function in € = (x1,x2,...).
We adopt the convention that hg = 1 and h, = 0 for r < 0. The matrix H is the N x N matrix
with (4, j)-th entry given by h;_;, for all 4,5 > 1.

Lemma 6.4 ([RS06, Prop. 3.5]). Let £ > 1. Let .# and A be multisets of size 20 with mazimum
multiplicity 2. Then for any k € Byy, we have:
(6.8) Imm,(H », ) =25 0.

In other words, the Temperley—Lieb immanants of generalized Jacobi—Trudi matrices are Schur
positive.

Let us now apply Lemmas 6.3 and 6.4 in conjunction with the Jacobi—Trudi identity, see e.g.
[Sta99, §7.19]. For partitions A = (A1,...,\¢) and p = (ug,..., ) € P, we have:
(JT) det(Hy, p,) = S/
where
(6.9) My = M+Lxa+L0—1,....0+1}, N, = {m+Llus+0—1,... 0 +1}

We note that this identity holds even if p; > A; for some i € [¢], since both sides of the equation
are equal to zero in that case. However, this identity is not directly applicable if A or u are not
valid partitions, i.e., if A\; < A\j+1 or p; < g1 for some i. In such instances, the (combinatorial)
Schur function sy, in the RHS vanishes by the convention adopted in this paper, whereas the
determinant (the LHS) is not necessarily zero.

Finally, we have the following proposition as a direct consequence of (JT) and Lemma 6.3. We
denote by W the multiset union.

Proposition 6.5. For all partitions \, u,v, p € Pt, we have:

(RS06) SX\/uSv/p = Z Imm, (Hy, wn,, My wi,)-
KEO(MAUN,)

Proof. We have:

Sx/uSv)p = det(Hn, nm,) det(Hn, nr,) = Z Imm; (Hy,wn, a0, ),
I{E@(M)\UN/])
where the first equality is due to (JT), and the second equality is due to Lemma 6.3. U

We emphasize that the equation above applies only when A, 4, v, and p are partitions. Other-
wise, the product s/, s, /, vanishes by our adopted convention. We also note that one can replace
the index set ©(My U N,) in (RS06) with ©(M, UN,) due to the symmetry of ©, so the apparent
asymmetry in (RS06) is merely notational.

Example 6.6. Let A = (8,8,1), u=(0,0,0), v =(5,5,3), p=(3,3,2). Then
M, = {2,10,11}, M, = {4,7,8}, N, = {1,2,3}, N, = {3,5,6}.
Note that My U M, = .# and N, UN, = A", where .Z,./ is as in Example 6.1. Also note that
My =M, M, =M, N, = N, and N, = N, where M, N, M, N is as in Example 6.1. Finally, note
that My U N, = K, where K is as in Example 6.2. Then Proposition 6.5 says that
sss1 Ssz3/332 = det (Hyi 23y 1210113 ) det (Hys5.6).44,7.5})
= IHHH,.@1 (H/V,///) =+ IIHIH,.€2 (H(/V,//Z)a

where k1 and ko are shown in the Figure 6.5.
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A3

H3 13 13 I P3 P3 Pl
FIGURE 6.5. Two compatible diagrams in ©(MyUN,) as in Example 6.6. Vertices
are labeled by A}, 7, v, and pf, where A\ = A\; + £+ 1 — i (with pf, v}, and p}
defined analogously). These diagrams are equivalent to those in Figure 6.4 up to
the relabeling of nodes, following the correspondence in Example 6.6.

7. PROOF OF ORCHESTRA INEQUALITIES

In this section, we introduce the definitions and auxiliary lemmas needed for the proof of the
Schur orchestra inequality, and we conclude by proving the inequality itself. The main idea of
the proof is to show that the left-hand side of (S-Orch) can be expressed as a positive linear
combination of TL immanants.

7.1. Admissible subsets. In this subsection we collect various lemmas that will be used in the
proof of Theorem 5.2. We need to set up the following notations. Let £ > 1 and «, 3,v,0 € N¢
be as in the proposition, and are fixed throughout the rest of this section.

Recall that & and . are two disjoint copies of [¢]. We say that £ C & is admissible if both
AME) = (M,...,A) and AN(E) = (N],..., A7) defined in (5.2), are partitions. Similarly, we say
that F C .Z is admissible if both pu(F) = (p1,...,pe) and u(F) = (3, ..., u) defined in (5.3),
are partitions. Finally, we call a union FU F C & U.%# admissible if its components E and F' are
individually admissible. We denote by A the collection of all admissible subsets of & LI ..

It is straightforward to verify that (A,V,A) forms a distributive lattice, where the lattice
operations V and A are given by set union and intersection, respectively. We assume without
loss of generality that there exists at least one admissible set, as otherwise the LHS of (S-Orch)
vanishes and the proposition holds vacuously.

Lemma 7.1. The empty set & and the total set & LU.F are both admissible. In other words, the
vectors N(&) = a+7v, N(@) = a, u(F) =+ 0, u(2) = B are all partitions.

Proof. Let E'U F be an admissible set, which exists by assumption. By the definition of admissi-
bility, the complement F LI F' is also admissible. Observe that

(EUF)V(EUF)=(EUE)U(FUF)=8U%,
(EUF)A(EUF)=(ENE)U(FNF)=g2.
Since the family of admissible sets is a lattice (and thus closed under join and meet), it follows
that & U.# and @ are admissible. O

We now characterize admissibility in terms of an equivalence relation on elements of & U .%#.

Definition 7.2 (Admissibility equivalence relation). We first define an equivalence relation ~g
on the set &, by setting i ~¢ ¢ + 1., for every i € {1,...,¢ — 1} satisfying
Q < Qg1 Tt Vit

and then taking the reflexive and transitive closure of this condition. Note that this condition
identifies indices ¢ and ¢ + 1 that must share the same membership status in F to prevent the
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partition condition from failing in either A\(E) or A(E). Similarly, we define an equivalence relation
~ g on the set .Z by setting j ~4 j+ 1 for any j € {1,...,¢ — 1} satisfying

Bj < Bj41 + dj41,
and taking the reflexive and transitive closure. Finally, we extend these to a single equivalence
relation ~ on & LI.% by taking the disjoint union of ~g and ~ .

Lemma 7.3. A subset EUF C & U .Z is admissible if and only if it is a union of equivalence
classes of ~.

Proof. The forward implication (=) is immediate. We focus on the reverse implication (<). Let
E C & be a union of equivalence classes of ~g. We will show that A(E) is a partition, i.e.,
Ai > Aiy1 forall i € {1,...,¢—1}. Clearly, the argument for A(F) is identical by the symmetry.
First, suppose that i ~¢ 7+ 1. By the definition of E as a union of equivalence classes, it follows
that either {i,i 4+ 1} C E or {i,i+ 1} N E = @. We have:
o If {i,i+1} C E, then
Ai =05+ 2 01 F Yipl = Ai
where the inequality holds because A(&) = a + v is a partition (by Lemma 7.1).
o If {i,i+1}NE =@, then
Ai = @i 2 i1 = Ay,
where the inequality holds because A\(@) = « is a partition (by Lemma 7.1).

Next, suppose that ¢ «4# ¢ + 1. By the definition of the relation ~g, the failure of the relation
implies the strict inequality condition does not hold, so we must have:

Q; 2 Qi1 + Vit

Consequently, A; > A;+1 regardless of whether ¢ or ¢ + 1 are in E, as the minimum possible value
of \;, which is oy, is at least the maximum possible value of A;y1, which is a1 + Viy1-

This confirms that F is admissible. By an analogous argument, if ¥ C % is a union of
equivalence classes of ~ #, then u; > p;11 for all j, ensuring that F' is admissible. This completes
the proof of the lemma. O

7.2. From vectors to TL diagrams. We now relate the vectors a, 3,7,6 to TL diagrams and
multisets discussed in Section 6. Let k := 2/, and let .# and .4/ be the multisets of size k given
by
(7.1) M = My UMy, and A := NglU Ngyy,
where M) and N, are as defined in (6.9). We reiterate that .# and .4~ are treated as disjoint
sets. Recall the set of vertices VU)W from (6.1) and the map ¢ from (6.6).
Definition 7.4. Let p1,...,p9r and p1, ..., Dpar be vertices in V LU W defined as follows:

pi = Y(au—iy1 +Ye—iv1 +1),  Di = (i1 +1) for i € [4],
Pevj = (B +L—7+1), Pirj = V(B +d;+L—j+1) for jel[l.
To resolve potential ambiguities given by ay_; 11 +Yr—ir1+i = ap_y11 +14" for some i,4" € [¢], we

impose the tie-breaking condition py < p;. Similarly, when §; +0—j+ 1=y +dy+0—j +1
for some j, j' € [{], we impose the tie-breaking condition P17 < pey; -

(7.2)

By construction, these vertices satisfy the following inequalities:

pr < p2 < -+ < py, DI < P2 < -+ < Py, and Pp; < p; forall i€ (2.
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Example 7.5. Let £ = 3, and let
a = (5,5,1), B = (0,0,0), ~ = (3,3,2), J§ = (3,3,2).
It then follows by direction calculation that
a3+ 1=2<a3+7n+1l=4<a+2=7T<a1+3=8<a+7n+2=10<a1+m+3=11
P=1<p=2<py=3<p3=4<p2=5<p3=6.

Similarly, we have:
Bs+1=1<PB242=2<pB1+3=3<P3+03+1=3<Pa+0+2=5<pB1+0d6+3=6
Pe =12 > p5 =11 > py =10 > pg =9 > p5s =8 > ps =T.

These uniquely determine pi,...,ps and p1,...,pg for this example.

7.3. From admissible sets to vertex coloring. We introduce map ¥ to transition from a
choice of admissible sets to a corresponding coloring of 2k vertices of the diagram. We start with
the following:

Definition 7.6. Let ¥ be the function that maps an admissible set FLF C &U.% to the subset
{u,ug,...,uge} of VUW given by

(7.3) u; = {pz %fﬁ—z:—i—leE and  wpy; = {pfﬂ %fj:EF
pi ifl—i+1¢FE P fj¢F
for all i,5 € [¢].
It is straightforward to check that the admissibility assumption on F LI F' implies that
U < ug < -0 < Ugyp,
and that

U(EUZF) = {p1,p2,---,p2u}, V() = {p1,DP2,---,D20}-

We write P := {p1,...,p2%} , and P := {p1,...,p2¢}. We extend the complement notation to
any selected vertex u; € {p;,pi} (i € [2¢]) by

_ pi ifu; =pi,
U = . _
pi ifu; =Di.
It is straightforward to verify that the image of the complement set is simply the set of com-
plementary vertices:

V(EUF) =V (EUF) = {ur<ug <--- <ug}.
Example 7.7. Let £ = 3 and let «, 3,7, be as in Example 7.5. Take E = {1,2} and F = @.
It then follows from the definition that
\II(E U F) = {pilap%pi%pi‘lvpif)apiﬁ} = {ulv . 'au6} = {175367 77 8> 9},
‘II(E U F) = {p1,piz,pi3,p4,p5,p6} = {717 cee a%} = {27 3747 107 117 12}7

which agree with the sets ¢»(M U N) and ¢(M U N) in Example 6.1, respectively.
Note that the map W is defined so that its image ®(EUF) = {uq, ..., uze} corresponds to white
nodes and ®(E' U F) = {uy,...,uz} to black nodes, as shown in Figure 7.1.

The next lemma justifies the definitions of p;’s and W :

Lemma 7.8. For any admissible set E U F C & U %, we have
\I/(E L F) = w(M/\(E) (] NM(F))



22 SWEE HONG CHAN, HONG CHEN, IGOR PAK, AND DANIEL SOSKIN

ul U1 Uz us u2 usz
@) ® [ ] [ ] o o
® ® [ ] @) o o
Ue us Uy ue us Ug

FIGURE 7.1. White nodes indicate elements in ¥(E' U F') = {uy,...,us} = {1,5,6,7,8,9}.

Proof. For any i € [{], we have
P €V(EUF) <<= [(—i+l1€eFE <= oauip1+Yit1+i€ Mg
= Y(iv1 +Ye—ip1 +1) € (M) U Nyp))
= pi € Y(Mym) UNur))

where the first equivalence is by (7.3), the second equivalence is by (5.2) and (6.9), the third
equivalence is because 1 is a bijection, and the fourth equivalence is by (7.2). By an analogous
argument, we have for all j € [¢],

pr; €EU(EUF) < jEF <= Bj+8+L—j+1€Nyp
— Bi+l—j+1€N,p
—= YBj+Ll—j+1) €p(Myp UNyr))
= prrj € V(M U Nyr)),

which completes the proof. O

7.4. Compatible TL diagrams and admissible sets. We now extend the definition of com-
patible diagrams to admissible sets.

For an admissible set F LI F C & U .%, we say that a Temperley—Lieb diagram « € By is
compatible with E U F, if x is compatible with My g) U N,py. We denote by ©(E U F)) the set
of diagrams compatible with £ U F. Formally, let

(7.4) @(E UJ F) = @%{,JV(M)\(E) U N#(F)),

where © 4 4 is defined as in §6.2.

Lemma 7.9. Let k € By be a Temperley—Lieb diagram compatible with (A, .A), and let EUF C
EUF be an admissible set. Then k is compatible with EUF if and only if every edge of k connects
a vertez in V(EUF) to a vertex in ¥(E U F).

Proof. The lemma is an immediate consequence of Lemma 7.8 and the definition of compatibility
given in §6.2. O

Lemma 7.10. Fvery Temperley—Lieb diagram compatible with an admissible set EU F s also
compatible with & U.Z, i.e.

O(EUF) C O(&UZF).

The proof of this lemma is adapted from the argument in [LPP07, Thm. 11].
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Proof. Let k € By be any diagram compatible with E U F', and let {a, b} be any edge of k, with
vertices a < b in the set VUW = [4f]. Let U := {u; < -+ < ug} = Y(EUF). It follows
from Lemma 7.9 that we can without loss of generality assume that a = u; and b := w; for some
i,7 € [2¢]. Since no edges of k can cross the edge {a,b}, the elements of U N [a + 1,b — 1] are
matched with the elements of U N [a + 1,b — 1]. Let

t = |UNfa+1,b—1]] = [UNnfa+1,b—1]|.

By Lemma 7.9, it suffices to show that one of a,b lies in P = {p1,...,par} and the other lies
in P = {p1,...,p2¢}. Suppose to the contrary that this is not the case. There are now two
possibilities: First suppose that both a, b lie in P. This implies that

a=p; and b=p;.
By using the inequalities p; < p; and p; < p;, this implies
(7.5) U =a < a =1y and uj =b < b= 1.

We now estimate t in two ways. First note that
UNn[a+1,b-1] < t—1,
because the interval [a + 1,b— 1] does not contain b = uj, but the interval [a + 1,5 — 1] does, as
a consequence of (7.5). On the other hand, we also have
Unfa+1,0—1]| = {wis1,uit2,...,uj—1} = j—i—1.

Hence we have
(7.6) t—1 > j—i—1.
Now note that

Un[a+1,6-1]| > ¢,
as a consequence of (7.5). On the other hand, we also have

Un[a+1,b6-1]| = {1, Uz, 4-1} = j—i—1.

Hence we have
(7.7) t < j—i—1,

which contradicts (7.6), as desired. The case that both a, b lie in P is analogous. This completes
the proof. O

7.5. Compatibility equivalence relation. Let k € By be a Temperley—Lieb diagram com-
patible with & LI .#. We define an equivalence relation ~, on the set & L .%# via the following
construction.

Definition 7.11 (Compatibility equivalence relation). Let G, be the graph obtained by adding
the 2¢ edges {p;,pi} for all 1 <i <2/, to the diagram k. Since the original edges of x also form
a perfect matching between P and P (by Lemma 7.9), the graph G, is the union of two perfect
matchings. Consequently, GG, decomposes into a collection of disjoint even cycles.

The equivalence relation ~ is defined by whether the vertices in P corresponding to specific
indices belong to the same connected component (cycle) in G,. Explicitly:

o for i,i' € &, let i ~ ¢ if and only if pyy1_; and pyy1_y belong to the same component,

o for j,j' € F,let j ~, j' if and only if psy; and py; belong to the same component.

o for mixed elements i € & and j € %, i ~, j if and only if psyi1—; and p,y; belong to the
same component.
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Example 7.12. Let ¢ = 3, let «, 5,7, be as in Example 7.5, and let E, F' be as in Example 7.7.
Consider the diagram x € ©(F L F') in the LHS of Figure 7.2. In this example, the relation ~
has three equivalence classes, namely

{(1,0),(2,00},  {(3,0),(1,1),(3, )}  and  {(2,1)},

where recall our convention that & = [¢] x {0} and .F = [¢] x {1}.

Se—oF

FIGURE 7.2. (a) A diagram k that is compatible with E U F', where E, F' is as
in Example 7.12. White nodes indicate elements in W(E U F'). (b) the graph Gy,
where the additional edges are colored in green.

Lemma 7.13. Let x € By be a Temperley—Lieb diagram compatible with & 11.%, and let ELUF C
& U F be an admissible set. Then k is compatible with E U F if and only if the set E U F is a
union of equivalence classes of ~.

Proof. Let U = {u1 < -+ < ug} := Y(EUF). We first prove the (<) direction. Since & is
compatible with & L%, it follows from Lemma 7.9 that every edge of xk connects p; to p; for some
i,j € [2¢]. It then follows from the definition of G, that p; and p; belongs to the same connected
component of G,. On the other hand, since E' U F' is a union of equivalence classes of ~,, it
follows that either both p; and p; lie in U, or both p; and p; lie in U.

In the first case, it follows from (7.3) that p; lies in U, while p; lies in U. In the second case,
it follows from (7.3) that p; lies in U, while p; lies in U. Since the edge was chosen arbitrarily, it
follows that every edge of x connects a vertex in U to a vertex in U. By Lemma 7.9, this implies
that k is compatible with E U F.

We now prove the (=) direction: We proceed by proving the contrapositive. Suppose that
FE U F is not a union of equivalence classes of ~,. This implies that there exists an equivalence
class of ~, containing two elements with different membership statuses in £ U F'. It then follows
that there exist 4,j € [2¢] such that p; and p; belong to the same connected component of G,
yet p; € U while p; € U.

Since G, is a bipartite graph with parts P and P, it follows that p; and pj must be connected
by a path of even length in G, where every vertex at an even position along the path belongs
to P. It follows that along this path, there exists a pair of vertices at distance 2 such that one
belongs to PNU and the other to PNU. By substituting the original endpoints with this pair, we
may assume without loss of generality that p; and p; are at distance 2 in G. This implies that
either {p;,p;} or {Pi,p;} is an edge in k. By symmetry, we assume the former. On the other hand,
since p; € U and p; € U, it follows from (7.3) that p; and p; both belong to U. Consequently, by
Lemma 7.9, we have « is not compatible with £ F', which gives us the desired contrapositive. [
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7.6. Proof of Theorem 5.2. Let £ > 1, «,(3,7,9 and O be as in the theorem. Let .# and
A be the multisets defined in (7.1). We fix these parameters throughout this proof. Recall the
definition of admissible sets and compatible diagrams from §7.1. It follows from Proposition 6.5
that

Y. OEUF) ssmyur) s@mm = D > O(BUF)Immi(Hy0).
ECE&, FCF Ee}lji%nlssg;lej kE€O(EUF)

Let ¢(EU F, k) be the indicator function that E'U F' is an admissible set and that  is compatible
with £ U F. It then follows from Lemma 7.10 that the sum above is equal to

> > C(EUF,k)O(EUF) Imm.(H ).

EUF CEUF keO(SUTF)

By exchanging the order of summation, the sum above is equal to

> Imm(Hy ) > d(EUFkK)O(EUF).
KEO(ELTF) EUF C&UF

Recall that Imm,(H 4 _,) is Schur positive by Lemma 6.4. Thus, it suffices to show that, for all
Kk € O(& U .F), we have
Y «EUFKRO(EUF) > 0.
EUF C 8UF

Let ~ and ~ be the equivalence relations defined in Definition 7.2 and 7.11, respectively. Let
{Bi,...,B;} be the set partition of & LI.# into equivalence classes under the relation generated
by ~ and ~,. It follows from Lemmas 7.3 and 7.13, that ¢(EUF,x) =1 if and only if ELUF is a
union of parts of the partition {By,...,B;}. Hence, by the orchestra inequality (Orch), we have:

Y ¢«EUFKOEUF) = Y (’)<|_| Bh> > 0.
EUF C 6UF HCJt] heH

This proves the proposition. O

7.7. Generalization of the Schur orchestra inequality. Here we present a generalization of
Theorem 5.2. Recall the definitions of &, .%, and the Ahlswede-Daykin cone.

Theorem 7.14. Let O be a function in the Ahlswede-Daykin cone. Let o, 3,v,5 € Nt be non-
negative integer vectors of length €. Then, for every partition {By,..., B} of & U.F

Y O(Br) $x84né)/u(Bun) S)Fd) u@arm) > 0
HC[t]
where X(-) and p(-) are defined as in (5.2) and (5.3), respectively, and By := | |,cp Bh-
In particular, Theorem 5.2 corresponds to the special case of Theorem 7.14 for the set partition

{{1},{2},...,{¢}}. The proof of the theorem proceeds analogously to that of Theorem 5.2, albeit
with heavier notation. Since we do not need this generalization, we omit the details (cf. §11.1).

8. PROOF OF THE ADS INEQUALITY

In this section, we establish the skew ADS inequality (Theorem 1.7), which we use to derive
the ADS inequality (Theorem 1.6).
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8.1. Proof of Theorem 1.7. Expanding the product in (skew ADS) and grouping the sum-
mands, we have:

(35 st )3 ao) ~ (3 strmons)

AueEP

> (A ) SA/M>

A\ peEP

= > (chwd(v,p) — a(Xw) b1, p)) $x/u 8/

AU, pEP
= 2 Z (C()‘Hu) d(l/, p) - a()‘aﬂ) b(l/, p)) S\/u Sv/p -
(e,8,7,6) (A p,v,p)
where the outer sum is over all «, 5,7,d € N> with finite support, and the inner sum is over all
(AN p, v, p) €U(e, By7,6), where
U, 3,7,8) == {\pv,peP : AV =a+y, Av=a,pVp=L5+0nAp=[}.
Now, define ®4(, 5,7,9) := Ps(e, 5,7, 0;a,b,c,d) to be the inner sum

(81) (I)S(Oé,,@,’)/, 6) = Z (C(Amu) d(l/’ P) - a()‘nu) b(l/, p)) SX\/u Sv/p -

A, v, pEU(a,B,7,0)
To prove Theorem 1.7, it suffices to show that each ®4(«, ,7,6) is Schur positive, which we state
as Theorem 8.1 below. This completes the proof. O

Theorem 8.1 (LSS inequality). Let £ > 1, o, 3,v,6 € N’, let a,b,c,d: P x P — R>q be four
functions satisfying (skew ADS-cond), and let ®s(c, 3,7,0) be defined by (8.1). Then we have:

(LSS) ¢S(a7ﬂ7776) 25 0.

Note that Theorem 8.1 is a Schur positive generalization of the Lovdsz—Saks inequality [LS06,
Thm. 8], of which the RLS inequality (Theorem 1.2) is an easy corollary. Although somewhat
technical to state, the LSS inequality (LSS) is the most powerful inequality we have in this paper.

8.2. Proof of Theorem 8.1. The following argument combines the RLS inequality (Theo-
rem 1.2) and the Schur orchestra inequalities (Theorem 5.2), to obtain the result.

Let ¢, a, 3,7, d be as in Theorem 8.1, and set k := 2¢. Let & and .# be two disjoint copies of [{].
Note that 2°7 forms a finite distributive lattice with set union as the join and set intersection
as the meet. Recall the definitions of A(E) and u(F) for E C & and F C .Z given in (5.2) and
(5.3). Recall the definition of admissible subsets from §7.1.

We define the function O : 2657 — R by

(8.2) O(EUF) = c¢(ANE),u(F)) -d (ME), u(F)) — a(AE),u(F)) - b (ME), u(F))

if £ F is admissible, and let O(F U F') := 0 otherwise. We now verify that this function O
satisfies the orchestra inequalities (Orch).

Let {Bi,...,B;} be a set partition of & LI.#. We define the functions a’,b’, ¢/, d’: oltl — R>o
as follows. For any subset H C [t], let

Ep = U(Bhﬂé') and Fpy = U(Bhﬂf).
heH heH

We define a’: 21 — R by

o/ (H) = {SWEHMFH)) it A(En), u(Fur) € P,

otherwise.

The functions b’, ¢/ and d’ are defined analogously.
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We now check that a/,b’,¢’,d’ satisfies (AD-cond), i.e., for all G, H € 21, we have:
(8.3) a(G)Y'(H) < (GVv H)d(GAH).

Note that (8.3) holds trivially if any of the vectors A(Eq), u(Fg),\(Exg) or pu(Fmg) is not a
partition, as the LHS equals zero. Therefore, we assume that all four are partitions.

This implies that the vectors A(Egvm), w(Favr), MEgam) and p(Faap) are also partitions.
Indeed, observe that

MEavr) = MEq)VA(Er) and  p(Fove) = p(Fa) vV u(Fg).

Since P is closed under join and meet operations V and A, the resulting vectors are partitions.
Analogous arguments apply to the other vectors. Thus in this case, (8.3) reduces to checking that

a(MEg), u(Fg)) - b (MEn), (Fp))
< ¢ (MEe) VA(En), u(Fe) V u(Fr)) - d (MEe) ANEr), i(Fe) A (Frr)),

which follows from the assumption (skew ADS-cond). This completes the verification of (8.3).
We can now apply the RLS inequality (Theorem 1.2) to a/,b’,c’,d’. to obtain:

(8.4) > d(H)d'(H) - /(H)V/(H) > 0.
HCJt)
When Ep U Fy is admissible, the corresponding term in the sum above are equal to
c'(H)d'(H) — a'(H)b/(H)
= ¢ (\(Br), u(Fi) d (MEn).1(Fi)) — & (AE). u(Frr)) b (M Enr). (Fir)

=(8.2) O(EHI_lFH) = O( |_| Bh).
heH

Similarly, when FEp LI Fyy is not admissible, we have:
d(H)d'(H) - &(H)VH) = 0 = 0(| | Bn).
heH
Plugging these terms into summation (8.4), gives:
S o) o0
HC[f]  heH

In other words, this shows that O satisfies the orchestra inequalities (Orch).
It then follows from the Schur orchestra inequality (Theorem 5.2), that

Y. OBUF) sxmyur) i@ >s O
EC&,FC.F
Plugging (8.2) into the equation above, we obtain:

S [ OB, uE)) - d(AE), 1(F)) — a(AE),u(F)) b (X

EC& FCF

E), u(F))] x

X SX(E)/u(F) S\(E)/u(F) =s -
Finally, note that the LHS is equal to
2N d (e, B,7,8) where N := |{ie[f]:~=0}+ [{iel]: &=0},

after the substitution A(E) < A\, u(F) < u, A(E) < v, and u(F) < p. The completes the proof
of Theorem 8.1. O



28 SWEE HONG CHAN, HONG CHEN, IGOR PAK, AND DANIEL SOSKIN

8.3. Proof Theorem 1.6. We extend the domain of the functions a,b,c,d : P — R>g to

a’,b/,c’,d’ P xP— RZO by
o — 2 itu=()
’ 0 otherwise.

The functions b’,c/,d’ are defined analogously. It then follows that

daWsy = D a (A i) s,

AP MUEP

with analogous identities for b,c,d and b’,c/,d’. It is straightforward to verify that a’,b’,c’,d’
satisfy (skew ADS-cond). The theorem now follows from (skew ADS). O
9. GROTHENDIECK POLYNOMIALS

In this section we prove Theorem 1.8 via its skew generalization. We then generalize the
Okounkov inequality (Ok) to this setting (Corollary 9.5). The proof uses log-supermodularity
property for the numbers of increasing tableaux (Lemma 9.2), a result of independent interest.

9.1. Two log-supermodularity lemmas. For partitions A, € P, let f, , be the indicator
function for the condition A C p C A. Recall that A = (A1, Ag,...) is given by

(9.1) Xi = min{\;+j—1:j¢€li}.

Lemma 9.1. For all A\, u,v,p € P, we have:

(92) f)\,,u ’ fl/,p < f)\\/u,,u\/p : fA/\l/,,u/\p .

Proof. The inequality holds trivially if the LHS is zero, so we may assume it is equal to 1. By
definition, this means that

(9.3) ACpuCA and vCpCo.
Note that, (9.3) implies the following inclusions:
AVv C uVop,
ANV C pAp,
pVp CAVD C AV,
wAp C MAD = A

Here the last equality follows from the fact that, for all ¢ > 1, we have
(X AV); = min {X“ 1’/}} =(9.1) min { Elélﬁ]l{)\] +7 -1}, ?Iél[g}l{l@ +75— 1}}
= ?éi[g{min{Aj’Vj} +i -1} =1 (AAv),.
This completes the proof of the lemma. O
Recall the definition of constants gy , = [IT(1/A)| the number of increasing tableaux, see §2.5.

Lemma 9.2. For all A\, p,v,p € P satisfying A C p and v C p,
(94) g)\,u : gu,p < g)\\/y,,u\/p : g)\/\y,,u/\p :

The proof of Lemma 9.2 given below is an application of the AD inequality (AD). It is based
on the approach in [CP23a, §8].
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Proof of Lemma 9.2. Let £ and w be the length and width of the partition u V p, respectively.
Let £ be the set of functions T': [¢] x [w] — N>; U {—00, 00} satisfying
T(i+1,7) >T(i,j)+1 whenever (i,5) and (i +1,7) € [¢] x [w],
T(i,j+1)>T(i,j)+1 whenever (i,j) and (i,7 + 1) € [£] x [w],
T(i,5) €{1,2,...,i—1}U{—o0,00} for all (¢,5) € [{] x [w].
Note that here we adopt the convention that co4+1 = 0o and —co+1 = —oco. It is straightforward

to check that £ is a distributive lattice, where V is given by entrywise maximum and A is given

by entrywise minimum.
Let a,b,c,d : £ — {0,1} be the function given by

=—o0 if (4,4) € A,
a(T) := 1yra )y, where T(i,5)q € N>y if (4,7) € p/A,
=00 if (i,7) ¢ p
= oo if (i,) € 1,
B(T) = 1¢( ), where T(ij){ €Nt if (i,7) € p/v,
=oc0 if(i,5) ¢ v
— —oo if (i,§) € A A,
c(T) := 1ypyy, where T(i,5) § € N>y if (i,5) € (A p)/(AAvY),
=oo i (i,j) Ennp
— —oo if (i,§) €AV,
d(T) := 1yp,4)y, where T(i,5) q € N>y if (i,5) € (kV p)/(AVr).

=oo i (i,j)EnVp

Note that the support of a consists of functions T' that correspond to tableaux of skew shape
/A, obtained by ignoring the entries equal to +00. Analogous observations apply to b, c,d. This
implies that

Z a‘(T) = 8apu> Z b(T) = 8Bups Z C(T) = EXAvunp Z d<T) = vuvp -
TeL TeL TeL TeL

It is also straightforward to verify that a, b, c,d satisfy (AD-cond). The conclusion of the lemma
now follows from the classical AD inequality (Theorem 1.1). O

9.2. Proof of Theorem 1.8. It will be convenient for us to define a skew version of Grothendieck
polynomials. For ¢ > 1 and \, u € P¢, we define

~(0)
Gyp = Z 8o Sp/p>
pEPLACHCA

where the sum runs over all partitions p of length at most £.> We now prove the following skew
version of Theorem 1.8.

Theorem 9.3. For all partitions \, u,v, p € P, we have:
=) =) ~(0) ~(0)
G Gu/p <s Gy /(uve) G /(un) -

Theorem 1.8 follows from Theorem 9.3, by substituting v < u; u, p < @, and letting £ — oo.

5This differs from the standard notion of the skew stable Grothendieck polynomial, see e.g. [Buch02].
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Proof of Theorem 9.3. Let a,b,c,d: P x P — N be the functions given by

a(a, B) = fxa 8ra api=0) 1{s=p} »
b(a, B) == f,0 80 Liag.=0y Lip=p}
(@, B) = Bwa Bavia Hapi=0} Ls=uve} »
d(a, B) == fava Bxava Lap =0y L{s=pnp}-

It follows from Lemma 9.1 and Lemma 9.2, that four functions a,b,c,d satisfy the assumptions
(skew ADS-cond). It also follows from the definition of a,b,c,d, that

~(0) ~(0)
Z a(a,ﬁ) Sa/8 = G)\ua Z b(a76) Sa/ = Gy,pa
a,B€P a,BEP
~(0) ~(0)
Z C(Oé, B) Sa/f = G)\VV,MVp ) Z a(av B) Sa/8 = G)\/\V JWAp
a,BEP a,BEP
The result now follows from Theorem 1.7. O

9.3. Ahlswede—Daykin—Grothendieck inequality. We now give an alternative proof of The-
orem 1.8, via a different generalization of the ADS inequality. The proof structures are very
similar and both proofs use the same ingredients.

Theorem 9.4 (ADG inequality). Let a,b,c,d : P — Rxq be functions satisfying (AD-cond).
Then we have:

(ADG) a(\) Ga(x) b(\) Ga(z) ) <s ¢(\) Gy(z) d(\) Gy(z) ).
(oW &@)(Zrr ) < (I e Gia) (I 00 6o
Proof. Definition (1.4) implies that

S a) Ga@) = 3 fulV) sa(@)

AeP AEP

where

fad) == Y a(w g, and Q) = {ueP:pnCACh}.
reEQ(N)

Define fy, fe, fa : P — R>p in a similar way. Then (ADG) can be rewritten as an instance of the
ADS inequality:

(Z aa@)(Z a0s@) < (T r0ne) (X a0ne)).
AP AEP AP AEP
Therefore, it suffices to show that functions f,, fp, fe, fa satisfy the assumptions (AD-cond):
(9.5) faN) fo(v) < fe(AV V) falAv) forall \veP.

Indeed, in the notation above the inequality (9.5) can be rewritten as
( Z gu A ) < Z b gmu ) < < Z C(,U,) gu,)\\/y > < Z d(ﬂ) gu,)\/\u > :
HEQ(N) neQ(v HEQ(AVY) HEQ(AAY)

The above inequality follows from AD inequality where the (AD-cond) is given as the product of
inequalities (9.2), (9.4) and (AD-cond). This completes the proof. O
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9.4. Log-concavity. The following result is an immediate corollary of Theorem 9.3 and Speyer’s

~ (£
Theorem 3.5, by setting f: A — GE\) and taking the limit £ — oco. It is the analogue of Okounkov
inequality (Corollary 3.8) for stable Grothendieck polynomials.

Corollary 9.5 (Grothendieck log-concavity). For all partitions \, u € P, we have:
Gy G <5 Grovpy21 Gl 2) -

The corollary can be generalized to a skew version, which further generalizes the skew Okounkov
inequality (Theorem 3.6), in a similar way as Theorem 3.7.

Theorem 9.6. For all A\, u,v,p € P, we have:

G/ Gusp s Groven) 21/ T(ue)/21 GLOw) 121/ (k) /2] -

This proof closely follows that of Theorem 3.7, and will also be omitted. As we mentioned
earlier, these are not the “right” skew stable Grothendieck polynomials. Finding a generalization
of Corollary 9.5 to the latter remains an open problem, see §12.6.

10. DUAL STABLE GROTHENDIECK POLYNOMIALS

In this section we prove the dual Grothendieck LPP inequality (Theorem 1.10). We then
generalize the Okounkov inequality (Ok) to this setting (Corollary 10.3). The proof uses log-
supermodularity property for the numbers of elegant fillings (Lemma 10.2), a result of independent
interest.

10.1. Two log-supermodularity lemmas. For partitions \,u € P, let f/k\,u be the indicator
function for the condition u C A.

Lemma 10.1. For all A\, u, v, p € P, we have:
B, < 6

M v,p

Vu,uVp f})k\/\u,,u/\p :

The proof is straightforward. Next, recall that, for the number g} , = [EF(A/p)| is the number
of elegant fillings of \/pu, see §2.6.

Lemma 10.2. For all A\, u,v,p € P such that A D p and v 2 p, we have:
g;,u ’ g;,p < gﬁ\\/l/,/j,\/p ’ g;/\l/,/j,/\p :

The proof of Lemma 10.2 closely parallels the proof of Lemma 9.2. Since the necessary modi-
fications involve subtle technical details, we include the full argument for completeness.

Proof of Lemma 10.2. Let ¢ and w be the length and width of the partition A V v, respectively.
Let £ be the set of functions T': [¢] x [w] — N>; U {—00, 00} satisfying

T(i+1,5) = T(i,7)+1 forall (i,3), (i+1,5) € [f] x [w],

T(i,j+1)2T(,j) forall (i,5), (i,j+1) €[] x [w],

TG, j7)€{1,2,...,i—1}U{—o00,00} forall (i,5) € [{] x [w].
Note that here we adopt the convention that co4+1 = oo and —oco+1 = —oo. It is straightforward

to check that £ is a distributive lattice, where V is given by entrywise maximum and A is given
by entrywise minimum.
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Let a,b,c,d : L — {0,1} be the function given by

= —co if (i,) € 1,
a(T) := 14p@i )y, where T(i,j) € N>y if (i,5) € A/ p,
=00 if (1,5) € A
=—o0 if (i,4) € p,
b(T) = 1{T(i,j)}v where T(Lj) € N21 if (Z,j) S V/p,
=—o0 if (i,4) € uAp,
c(T) == 1yp(5)y, where T(i,j) 4 € N>y if (i,5) € AAv)/ (A p),
=00 if (i,5) ¢ ANV
=—o0 if (i,4) € uVp,
d(T) := 15y, where T(i,j)q € N>y if (i,5) € AVv)/(nVp),
=00 if(i,5) ¢ AV

Note that the support of a consists of functions 7" that correspond to tableaux of skew shape A/,
obtained by ignoring the entries equal to +0o. Analogous observations apply to a,b,c,d. This
implies that

Za(T) = S Zb(T) = 8upo ZC(T) = Svunp Zd(T) = Sviuvp -
TeL TeL TeL TeL

It is also straightforward to verify that a, b, c,d satisfies (AD-cond). The conclusion of the lemma
now follows from the classical AD inequality (Theorem 1.1). O

10.2. Proof of Theorem 1.10. The proofs of Theorem 1.10 closely follow the proofs of the
Grothendieck LPP inequality (Theorem 1.8), with the only difference being Lemma 9.1 and
Lemma 9.2 being substituted with two lemmas above. We omit the details. g

10.3. Log-concavity. We can now obtain a natural counterpart of Corollary 9.5 for the dual
stable Grothendieck polynomials.

Corollary 10.3 (dual Grothendieck log-concavity). For any partitions A\, u € P, we have:
G Gl <s Glov/z1 Glowmyz) -

The proofs of Corollary 10.3 closely follows the proof of the Grothendieck log-concavity (Corol-
lary 9.5), with the only difference being Lemma 9.1 and Lemma 9.2 being substituted with two
lemmas above. It is the analogue of Okounkov inequality (Corollary 3.8) for the dual stable
Grothendieck polynomials.

11. FURTHER RESULTS AND APPLICATIONS

In this section we present four largely unrelated stories of further applications and generaliza-
tions of the ADS inequality. We present them without proofs or details, and with only a brief
explanation of their background and significance.’

6In the ideal world, each story would be expanded to a separate section, where we would include complete proofs
and further explore these variations. Alas, we do not live in that world. The details are available upon request.
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11.1. Schur measures. The ADS inequality (Theorem 1.6) can be further generalized to posi-
tivity results for functions on Schur measures. Namely, let x := (z1,22,...) and y := (y1,92,...)
be sets of variables, and let sy(«) and s,(y) denote Schur polynomials in these sets of variables.
Recall that A(xz) ® A(y) has a basis D := {sy(x)s,(y) : \,u € P}. For f,g € A(z) ® A(y), we
write f >g ¢ if (f — ¢) has non-negative coefficients when expanded in D.

Theorem 11.1 (Ahlswede-Daykin inequality for Schur measures). Let a,b,c,d : P — R>qo be
four functions satisfying (AD-cond). Then we have:

< > a(V)sa(@) S,\(y)) ( > bV sa(w) SA(?/)) <® ( Y W) sa(@) SA(?J)) ( > AV sa(@) SA(?J)>~

AEP AEP AEP AEP

The proof of this theorem is completely analogous to that of the ADS inequality (Theorem 1.6),
following from a consecutive application of Theorem 7.14 and Theorem 5.2. We omit the details.
The theorem has a natural application to the setting of Schur measures. Fix two vectors
a = (a1,a2,...), b = (b1,ba,...) € RY, with finite support. The corresponding Schur measure

on P, introduced in [Oko01], is defined by
1
Pa,b[)\] = 7 s,\(a) SA(b),
a,b

where Zg 3 is given by the Cauchy identity (see, e.g., [Mac95, Sta99]):

Zap = Y sl@)s0) = [] 1_1aibj.

AeP i,j>1

The following result by Baslingker—Krishnapur—-Madiman shows that the marginal distribution of
each part is log-concave:

Theorem 11.2 ([BKM26, Thm. 5]). For alli > 1 and k > 1 and any a,b € R,
2
Pap[hi =k + 1) Pap[hi=k—1] < (Pap[hi=k])".
By Theorem 11.1, we can strengthen the inequality in Theorem 11.2 to Schur positivity:

Theorem 11.3. For all © > 1 and k > 1, we have:

(¥ s@aw)( ¥ s@sw) < ¥ sA<w>sA<y>)2-

AEP, Ai=k+1 AEP, Ni=k—1 AEP, \i=k

The proof of Theorem 11.3 proceeds analogously to the proof of the Okounkov inequality
(Theorem 3.3) given in [LPPO07], but with Theorem 11.1 playing the role of the ADS inequality
(cf. Corollary 3.8). We omit the details.

11.2. Klartag—Lehec inequality. We now consider the following Klartag—Lehec (KL) inequal-
ity, which was first discovered as a discrete version of a result in convex geometry, see a discussion
in [MM24]. It can be viewed as version of the AD inequality (Theorem 1.1), where the log-
supermodularity assumption is replaced by log-concavity.

Theorem 11.4 (KL inequality [KL19, Thm. 1.4]). Let a,b,c,d : Z* — Rsq be functions satisfy-
mng

(KL-cond) a(A) b(p) < e([(A+p)/2]) d(L(A+ w)/2]).
Then we have:

(KL) ( > a(A)) ( > b()\)> < ( > C(A)> ( > d(A)).

ezt AEZE
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It is natural to ask whether this inequality has a Schur positive version:

Conjecture 11.5. Let a,b,c,d : P! — R>o be functions with finite support, satisfying (KL-cond).
Then we have:

i) (X ) (S oms )« (X s ) (X aws ).

Aept rePpt AePp?t Aept

We checked the conjecture computationally, on all partitions of length at most 3 and size
at most 10. The conjecture is best understood in the context of discrete convex analysis, see
[Mur03], by comparing it with Speyer’s framework in [Spe26]. There, Speyer presents four succes-
sively stronger positivity properties that happen to be equivalent for single real functions [Spe26,
Thm. 4.4], but not for single Schur positivity for symmetric functions [Spe26, Rem. 4.19]. In
this context, Speyer’s Theorem 3.5 says that log-supermodularity implies log-concavity for single
symmetric functions.

It would be interesting to investigate if Speyer’s framework extends to four functions inequal-
ities, i.e. whether (ADS) is stronger than (KLS)? What makes Conjecture 11.5 so challenging,
is that it is neither weaker nor stronger than the AD inequality. If true, the conjecture would
imply Schur differential log-concavity (Conjecture 11.7 below). It is also worth noting that the
KL inequality (Theorem 11.4) admits a unified proof via the AD inequality [HKS21]. This lends
further credence to the conjecture (cf. §12.8).

11.3. Differential operators. Let ¢ = (z1,x2,...) and z = (21, 22, ...) be two sets of variables.
Let A(x)[[z]] denote the ring of formal power series in variables z, with coefficients in the ring
of symmetric functions A(zx). For a sequence A € N*°, define the differential operator 0* with

respect to z, by
A
o = H (621> ’
i>1

We denote by e; the i-th standard unit vector in R*°.

Differential operators provide a natural framework for the theory of stable and Lorentzian
polynomials, see, e.g., [BBL09, BH20]. They act as fundamental operations that preserve the
underlying geometric properties. Motivated by these connections, we define the normalized Schur
generating function by

A
(11.1) S(z) = Y s,\(m)HZ! e A(z)[[2]).

AeP i>1

Theorem 11.6 (Schur differential total positivity). For all sequences \ € RSy, z € RSy with
finite support, and for all distinct i,j > 1, we have:

(STP) (0*T°18(2)) (M9 6(2)) <s (M T96(2) (0°6(2)).

Without Schur positivity, the inequality in (STP) is known in the literature as multivariate
total positivity of order 2, see e.g. [KR80]. When the inequality is reversed, it is known as the
Rayleigh property, see e.g. [Bral5]. The proof of Theorem 11.6 follows the same argument as the
proof of Theorem 3.1, except that the four functions are modified to keep track of the weight
[Lis1(2)/Ai!l. We omit the details.

Conjecture 11.7 (Schur differential log-concavity). For all A € RS}, z € RS, with finite support
and any i > 1, ; ;

(SLC) (*H296(2) (76(2) < (77°6(2)°.
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Unfortunately, our approach via the skew ADS inequality (Theorem 1.6) no longer applies for
certain ranges of parameters. Nevertheless, there is a good reason to believe that Conjecture 11.7
holds (cf. §12.7). First, without Schur positivity, the inequality holds for evaluations at & =
a, for all finitely supported a € RZ,. Indeed, this follows by combining the KL inequality
(Theorem 11.4) and the LPP inequality (Theorem 1.4). Second, relatedly, Conjecture 11.7 follows
from Conjecture 11.5, the Schur positive version of the KL inequality.

11.4. Supersymmetric Schur functions. As before, let  := (x1,x9,...) and y := (y1,92,...)
be two sets of variables. We say that a symmetric function p(z,y) € A(z) ® A(y) is supersym-
metric, if under the substitution x; = ¢, y; = —t, the resulting series is independent of t. We
denote by A(x /y) the ring of supersymmetric polynomials in  and y. See [Mac92, §6] for an
overview.

For a partition A € P, the supersymmetric Schur function sy(x /y), defined by Berele and
Regev [BR87, p. 152], is given by

sx(@/y) = Y su(@) svyw(y),

HCEA

Note that we recover the classical Schur functions sy(x) by setting y = 0.

Supersymmetric Schur functions {s)(z /y)} form a basis for the ring A(z /y), see [Ste85]. For
elements f,g € A(x /y), we write f >5 g if (f — g) nonnegative coefficients when expanded in
this basis. The ADS inequality (Theorem 1.6) has the following generalization to supersymmetric
functions.

Theorem 11.8 (supersymmetric ADS inequality). Let a,b,c,d : P — R>q be functions satisfying
(AD-cond). Then we have:

(11.2) (é( sAw/y><Zb Sxm/y> <o (Z( SA‘”/'!/)(Zd Sx:v/y)

AEP AEP AEP

Proof. Write the defect of (11.2), i.e. the difference of two sides, in the basis {s\(z /y)} as

> fesa(@ /y).

AEP

From above, it suffices to show that f > 0, for all A\ € P. Substituting y + 0 into (11.2), gives
the inequality (ADS), which is Schur positive by Theorem 1.6. On the other hand, this is also

equal to
Z fx-sa(x)
AeP
Thus, all f)’s are nonnegative, as desired. O

12. FINAL REMARKS AND OPEN PROBLEMS

12.1. Correlation inequalities. From the ocean of other correlation inequalities in probability
and statistical physics, let us single out the Griffiths inequality [Gri67] for the Ising model, and the
van den Berg-Kesten (BK) inequality [BK85] for events occurring with disjoint evidence. These
inequalities are also proved by induction and have a number of advanced generalizations, see
[KS68, Gin70, GHS70] and [BCR99, Smy13, Rei00], respectively. When the inductive approach
fails, such as for the monotonicity of percolation [GPZ25, §8.4], establishing the inequality becomes
a major challenge. See also [Lig85] for applications of correlation inequalities to other problems
in statistical physics.
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12.2. Equality conditions. There is long ongoing effort to characterize the equality conditions
for more and more general correlation inequalities, from HK inequality to the FKG inequality,
and all the way to the AD inequality, see [DKW79, Beck90, MR94, AK95]. The problem was
ultimately resolved in a forthcoming paper by the first and third authors [CP26+], which also
characterized equality condition of the skew LPP and skew Okounkov inequalities.

It would be an interesting and difficult challenge to characterize equality conditions for the
ADS inequality, as even the equality conditions for the RLS inequality remain open. Note that
there is no reason these equality conditions should have a tractable characterizations, since many
inequalities do not, see [IP22, CP24b, CP24c].

12.3. Combinatorial interpretations. In a forthcoming paper [PS26-+], the last two authors
used a generalized Littlewood—Richardson rule by Nguyen—Pylyavskyy [NP25], to give a combi-
natorial interpretation for the defect 6(\, u,v) of Schur multiplicities in (LPP):

A A
5()‘7,Ua V) = cp,\/l/,u/\l/ - Cu,l/'

This resolved the open problem in [Pak22, §7.4].

It would be interesting to extend the result to the defect of Schur multiplicities of (ADS). Note
that one cannot use our proof of ADS inequality as a black box, since it uses (AD), among other
ingredients. However, the defect of the AD inequality does not have a combinatorial interpre-
tation, understood as being in #P, under certain complexity assumptions [Gla25, Ch. 6]. In a
positive direction, the defect of the HK inequality (1.1) does have a combinatorial interpretation
[Pak22, Prop. 5.8].

12.4. Representation theory aspects. In [Oko01, Oko03], Okounkov studied log-concavity of
Kostka numbers and LR coefficients from representation theoretic point of view. Although his
most ambitious conjecture was disproved in [CDWO07], the LPP inequality (Theorem 1.4) and
the M-convexity for Kostka numbers [HMMS22] can be viewed as special cases. One can follow
Okounkov’s approach to restate (ADS) in the language of certain S,-modules being submodules
of others; we avoid the temptation.

Let us also mention a conjecture by Gui [Gui25, Conj. 5.1], generalizing the Okounkov inequality
(Ok) to the reduced (stable) Kronecker coefficients. By the result in [AS20], this conjecture can
be interpreted as log-concavity for a certain basis of symmetric functions.

12.5. Speyer’s theorem. In [Spe26], Speyer proved a Schur positive inequality conjectured pre-
viously by Lam-Postnikov—Pylyavskyy, see [DP07]|. Speyer’s inequality extended (LPP) in the
direction not covered in this paper. Curiously, (AD) is a key technical tool in the proof of Speyer’s
theorem. It would be interesting to find a skew version of this result.” Even better would be to
obtain a four functions version of his inequality, see below.

12.6. Skew stable Grothendieck polynomials. It would be interesting to find a skew version
of supermodularity of Grothendieck polynomials (Theorem 1.8) for the definition by Buch [Buch02].
As emphasized previously, the polynomials used in Theorem 9.3 are a simplified variant tailored
specifically to our proof, rather than the conventional definition. One potential approach to prov-
ing this general skew inequality would be to combine the skew ADS inequality with combinatorial
formulas for skew stable Grothendieck polynomials developed by Chan—Pflueger [CP21].

12.7. Lorentzian Schur positivity. In view of discussion in §11.3, it would be interesting to
develop Schur positive analogues of stable and Lorentzian polynomials. This could allow one
to translate the wealth of existing intuition and techniques from the geometry of polynomials
directly into the realm of Schur positivity, This could lead to many new Schur positive inequalities,
potentially resolving Conjecture 11.7.

7 After this paper was written, we learned of a forthcoming paper [LN26+] which proves a skew version of Speyer’s
inequality.
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12.8. Four functions style discrete convex analysis. Continuing the discussion above and
in §11.2, it would be interesting to develop a comprehensive study of the discrete convex analysis on
distributive lattices in the style of (AD), where convexity conditions such as log-supermodularity
(1.3) is substituted with four functions conditions such as (AD-cond). A good roadmap would
be four conditions in [Spe26, Rem. 4.19]. One can view both (AD), (RLS) and (KL) as basic
result in this theory, all leading to their Schur positive analogues: (ADS) in Theorem 1.6, (LSS)
in Theorem 8.1, and (KLS) in Conjecture 11.5.
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