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Introduction

The deRham equivariant cohomology has drawn much attention in the last ten
years. Many interesting applications in geometry and topology, especially in
symplectic geometry, have been found. On the other hand, vector fields are
the links between the topological properties and the geometric properties of
manifolds. In the past thirty years, many leading mathematicians have studied
problems related to vector fields. There are close relationships between equi-
variant cohomology and vector fields. For compact Lie group and Killing vector
fields, a very good theory was developed by Atiyah-Bott in [2].

It is interesting to consider the corresponding problem for holomorphic
vector fields. As pointed out by Atiyah and Bott [2], holomorphic vector field
generally does not generate a compact action group, so in general there is no
equivariant cohomology theory associated to the corresponding holomorphic
actions. In this paper, motivated by Witten [17], we introduce a cohomology
group related to a holomorphic vector field or a meromorphic vector field.
The properties of this cohomology, such as localizations and the Duistermaat-
Heckman type integral formula, are very similar to those of the deRham
equivariant cohomology. We would like to call it the Dolbeault, or holomor-
phic equivariant cohomology. This cohomology is very useful. First it gives
a systematic method to deal with many well-known theorems. Second it can
be used to get some new results. We also have similar results for meromor-
phic vector fields which are more interesting, since there always exist many
meromorphic vector fields on a projective manifold.

Our motivation is to develop a general equivariant cohomology theory for
complex Lie groups acting on complex manifolds, and use it to study the
topology of the orbit space in geometric invariant theory. Such kind of problem
is being under active study in symplectic geometry. See Sect. 8 for further
discussions
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1 Main results
Let M be a compact complex manifold of dimension 7 and ¥ be a holomorphic
vector field on it. We define

0y = 0 +si(V),

where 3 is the (0, 1)-differential operator, i(¥) is the contraction operator with
respect to ¥V, and s is a complex parameter.
Let AP9(M) be the smooth (p,q)-forms on M and define

ADM)y= @ 4APIM).
q—p=r

Since di(V) + i(V)0 =0, it is easy to verify that
0 — ACM) B 4y B go-nan) B g0y S0,
forms a differential complex. We define its cohomology group by
H"(M) = ker 8,/Im 85|47 (M)
Let C* denote the nonzero complex numbers. Then our starting point is
the following
Lemma 1.1. H(M) = H(M) for any 5, 5' € C*.

Proof. Let expA(p+q) be the operator which multiplies (p,q) form by
e*P+9)_ Then this is an invertible operator and does not change the type of
(p,q)-forms. We have

exp(—A(p + q))3s exp(A(p + q)) = e 23y

where s’ = s - €4, Since A can be changed arbitrarily, we get the lemma.
Our main results contain the following theorems.

Theorem 1.2. If V has no zero point, then
H"(M)=0 for any r and s+0.
Theorem 1.3. dim H{" (M) < dim H")(M), where HO(M)= @, _,_, H»(M).
If M is furthermore Kahler, and V has non-empty zero points, we have
dim HO(M) = dimH")(M)  for any s.

Theorem 1.4. If V has only isolated zero points {p,} and write V =
pIF v?‘(z);z— around p,, we then have
i

0, r#£0, s£0,

i (r) = 5
dimHOM) = {Eu rank Ay, r=0, s%0.
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Here A, = Oflp, with O the structure sheaf of M and I,, the ideal sheaf
generated by {v}(z)} in O around p,.

This theorem can be reformulated as

0 r+0, s%0
(r) — ’ ] 5
H;7(M) = {H°(M,O/Iz), r=0, s40

where I is the ideal sheaf of {p,}.

Theorem 1.5. For a compact complex surface M which admits a holomorphic
vector field V with only isolated zero points, the map

i(V) : H*(M,0) — H'(M, 0)
is an isomorphism.
We hope this theorem can be used to classify the complex surfaces with

holomorphic vector fields.

Theorem 1.6. Suppose the zero points of V, zero(V'), consists of nondegenerate
isolated zero points {p,}, then for any w = w,/s" + -+ + wo € HO(M), we
have

1 W pa)
(—Zni)”A{w" = ? detB, ’

where B, = (00%/0z;)yxn evaluated at p,.

Here by a nondegenerate zero point p, of ¥, we mean that B, is a non-
degenerate matrix near pj.

This formula implies an interesting relation between the holomorphic
Lefschetz fixed point formula [1] and the zeroes of a holomorphic vector
field. Similar result for Dirac operator and Killing vector field was obtained
by Berline-Vergne [4]. See Sect. 5. Our results are still true even when the
zero points of ¥ are degenerate. See Sect. 8 for further discussions. Section 4
contains a similar formula for meromorphic vector fields.

The following theorems deal with special vector fields (cf. [7]). We say
a holomorphic vector field ¥ on M is special, if V satisfies the following
condition.

1) Z(V') is a submanifold of M. Here Z(V') denotes the zero points of V.

2) For any z € M, which is a connected component of Z(V'), there exists
a small neighborhood U, 3 z, such that in U,,

M.NU, = {z,+1 =“'=Zn=0},
u 0
IR
where the a;(z)’s are holomorphic functions.
3) de (2 %0,
9%/ rs1giign




128 K. Liu

These conditions may be equivalent to the condition that Z(V) consists of
nondegenerate submanifolds. See Sect. 5.

Theorem 1.7. If V is a special holomorphic vector field on M, we have

dimHO(Z(V)) £ dimHO (M) .

For the corresponding results about meromorphic vector fields, see Sect. 6. In
next section, we state some corollaries of the above theorems.

2 Some corollaries and examples

In this section we deduce some corollaries from the theorems in last section.
Still let M be a compact complex manifold with a holomorphic vector field V.

Corollary 2.1. If HO(M) = 0, then H{®(M)+0 for s+0= and V has no
zero point.

Proof. Suppose w is the volume form of M, then
Si(Vyw = —i(V)ow =0
= i(V)we H""(M)=0

= i(V)W = Wy1

and _ _
0i(V YWyt = —i(V)oWp—1 = —i(V)i(VIWp—1 =0

= i(V)Wy_y € H" 2" (M) =0
= i(V Wnot = OWne1
so on. We finally have 8, = 0, where
Wo=w— Wy + 5Wyg + -+ (=1)5"wo .

So w € HO(M). _ _
1f H®(M) = 0 we have W = ;. Comparing two sides, we have w = oY/
a contradiction.

Remark. Corollary 2.1 implies all of the results in L. Karp [12].

Corollary 2.2. If dimHPI(M)=0 for p+q= odd (or even), we have
dim HO(M) = dim H (M) for any r and s.

Proof. By Theorem 1.3, we have
dim HN(M) = dim H”(M) =0 for r = odd (or even).
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By the proof of Theorem 1.3, (cf. Sect. 3), we have
dim HO(M) £ dimHO(M),
S dimHO(M) = ¥ dimH7(M),
r r

so we have dim H"(M) = dim HO(M).

Corollary 2.3. (Carrell-Liebermann). If' M is Kahler, V a holomorphic vector
field with isolated zero points, we have

HPIM)=0 for p*gq.

Proof. A direct consequence of Theorem 1.3 and 1.4.

For a different proof of Corollary 2.3, see Witten [17]. Theorem 1.3 has the
following analytic meaning.

Corollary 2.4. Let

Then
dim ker 4; < dim ker4 .

If a holomorphic vector field comes from the complexification of a Killing
vector field, that is its real part generates an isometry, we call it holomorphic
Killing vector field.

Corollary 2.5. Suppose M is a compact Kahler manifold, V is a holomorphic
Killing vector field, then

dim H"(Z(V)) = dim H"(M) ,

where HO( - ) = @,_ -,

H Prll( . )
Proof. By Theorems 1.3 and 1.7,
dim HO(Z(V)) £ dmHO(M) £ dim HO(M),
so Y, dimHM(Z(V )<Y, dimHO(M), ie. 3, dimH (Z(V) S 32, dimH"(M).
By Frankel [10], we know that the above should be equal. So
S dimHO(Z(V)) = Zr:dimH(’)(M) ,
v

therefore
dim H(Z(V)) = dim HO(M) .
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The method to prove Theorem 1.7 can also be used to prove the following
well-known results in topology.

Corollary 2.6. Suppose V is a Killing vector field on compact Riemannian
manifold M. Then
1) if dimM is even, then

Y dmH*(M,R) 2 ¥ dimH*(Z(V),R),

k even k even
Y dimH¥(M,R) 2 ¥ dimHY(Z(V),R),
k odd k odd

2) if diimM is odd, then
Y HYM,R) 2 Y- dim HXZ(V),R) .
k k

For Kahler manifolds, we have the following corollary. Similar result for sym-
plectic manifolds and Killing vector fields was obtained by Atiyah-Bott [2].

Corollary 2.7. Suppose M is a simply connected, compact Kahler manifold,
then
dim H"(M) = dim H(M) for any r.

Especially there can not exist holomorphic vector field without zero points.

Proof. If M is simply connected, H*!(M) =0, so the Deligne degeneracy
criteria works (cf. [11]). The spectral sequence in the proof of Theorem 1.3
also degenerates. Therefore

HOM) = HOM).

If there exists a holomorphic vector field without zero point, then HOWM) =
0 = HO(M) which is a contradiction.

Example 1. On Hermitian homogeneous spaces there exist many holomorphic
vector fields.

Example 2. On the Calabi-Eckmann manifold S%~! x §', we can easily con-
struct a holomorphic vector field without zero.

Example 3. On the Grassmannian manifold G(p,q) = SU(p + q)/SU(p) x
SU(q), we can construct explicit holomorphic vector fields. Suppose

Z1y ... Z1p4g
¥ =

Zpl .. Zpp+q
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is the homogeneous coordinate of Z € G(p,q), then

5}
V=tr <ﬂ'/1@)

is a holomorphic vector field, where

At
- ( ... )
Ap+q

is a diagonalized matrix, and

i) i)

, HZTI e -5———21,;),4
| :
il il

E;T azpp+q

If A;#A; for i#j, V has nondegenerate isolated zeroes.

If At = A and A;%4; for i,j = 3, i%j, then V has a submanifold as its
zero sets. This submanifold is nondegenerate. See Sect. 4 for the definition of
nondegenerate submanifold.

3 Proofs of main results

The following elementary proofs of Theorems 1.2, 1.4 are the revised versions
of the author’s original proofs in Sect. 6. The idea is motivated by Berline-
Vergne [4] and by discussions with Zhang.

_ Let (,) be an Hermitian structure on M. We then have a dual (1,0)-form
VitoV, st

iV =wv).
Proof of Theorem 1.2. Let

a=V/V,V), B=o(s+du)"".

If V has no zero, o, are well defined on M. It is easy to verify that
(0 +si(V))B =1, since

3y(s + da) = —di(V)a = -1 =0,

we have
(3 +si(V))s+da)"' =0.
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Which tells us that, for any ¢ satisfying
(O +si(V))p=0,

we have
@ =(0+si(V))BAo).
We remark that the construction of f is due to Bott [5].

Proof of Theorem 1.4. This proof consists of Lemmas 1.4.1 and 1.4.2.

Lemma 1.4.1. For any small neighborhood U of {py}, the restriction map
i*: HO(M) —» HO(U), s+0

is an isomorphism.

Proof. Let
1, t=é,
9= {o, (2 @F,
be a smooth function with supp(g) C U.
If pe€ H(U), then p— d,((1 — ¢g)B A ) is extended by zero to M and
compactly supported in U. It represents the same element as u in HO(U), so

i* is surjective.
Conversely, if u € H(M) st.

u=5,,v on U,

the form ' = p — G;(gv) is a form on M which is zero in a neighborhood
in U, so
W =3d(BAy) is well-defined on M

=>pu=0(gv+pAY) onM.
We can suppose U = |J, U,, where Uy is a small ball around p,, and U, N
Up =0 for a%f.
By the proof, we know that for any U’ C U, restriction map
i*: H(U) —» HOU')

is an isomorphism.

Lemma 1.4.2. For s#0,

o/l,,, =0,
H,(')(Ua)={0/Pw s
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Proof. Let ¢ € H{"(M).
i) r>0,¢=@PP/[sP ...+ ¢*". Then

050 =0
=30% +i(V)p”* =0

é(pp—l,p—H—r + i(V)(pp,p+r =0
3pPPtr = 0.
By Poincare lemma, we have on Uy,

q,p,p+r — 5|/,p,p+r—1

(pp—l,p—H-r = él//p—l,p+r—2 + i(V)l/lp’p+’_l

and so on. We finally have ¢ = Jy, where
w — wp,p-}-r—l/sp 4ot l//0,r—l .
i) r <0, @ = @P"PIsP + ...+ @ "0 Then
55(1’ =0
=07 +i(V)p~ M =0
dpP 1P~ L (V)PP =0
GpP=rp = 0.
Also by Poincare lemma, we can get

PP = 5./,1:-&1)—1

(pp—r—l,p—l - 5!l/p—r—l,p—2 +i(V)‘//p—r,p—1

5((p—r,0 _ i(V)l/I_r-H’o) =0
(V)™ =0.
So ¢~ — i(V)y~"+10 is a holomorphic (—r)-form on U, and i(V (¢~ —

iV )Y = (V)™ = 0.
By using the Koszul complex [11], we know that on U; C U,

@~ — iV W~ = iV )Y ,
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SO
9T =iV YW 4 Y) on U

= @=0y on U,

where
‘/’ = !/,p—r,p-—l/sp—l 44 .//—r+2,l/s + (l/l_r+l’o + l/’r) .

By the remark following Lemma 1.4.1, we know that
¢ =04 onU,.

So H(U,) = 0. i
iii) r =0, ¢ = @PP[sP + --- + ¢*0, 6,0 = 0. Completely the same discussion
as above gives

@ =0y + (o™ —i(V '),

where
Y=y g,

A — iV ') =0.
Also by Koszul complex, we have that

e® — iV WY =i(V o on U, C U,
& o™ —i(V W' elp, .

So @ = Oy & @ —i(V W' € I,,, this tells us that HO(Uy) = 0/l

Proof of Theorem 1.3. Consider the double complex

51 51

0 - 4y D -y Y
ER) it

0 — A”’O(M) '(_;;) An—l,O(M) ‘ﬁ’)
T T
0 0

It induces a spectral sequence with total complex (K*,D), where

K= @ AP(M) and D=3+i(V).
q—p=r
Filter (K*,D) by
FPK" = @ 4P 9(M).

g-p'=r
rsp
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Then
E(f"’ — Fqu—p/Fp—qu—p > API(M)

do=30.
Therefore

EP? = H;’"’(M) with dy = i(V).
Obviously the total cohomology is given by H{"(M). Hence

dim H(M) £ dim @ EP? =dimH"(M).
q—p=r

Furthermore, by standard discussion

S(=1ydim H(M) = (1) dimHO(M).

Suppose M is in addition Kahler, ¥ has non-empty zero sets, then i(V) is a
zero action on H ‘g-’)(M ) by the Deligne degeneracy criteria. Thus E{* converges

to EZZ. We have

HOM)= @ EX = @ E{*

q—p=r q-p=r
= @ HMM).
q—p=r

Proof of Theorem 1.5. For any ¢ € H'¥(M), i(¥ )¢ is a holomorphic function
on M, so i(V)p =0 and

5;(/) =0p+si(V)p=0
= ¢ e H™Y(M) =0 by Theorem 1.4

we get _
@ =0 with y € ATD(M),

comparing two sides gives
@ =i(V) with yy € 42°(M),

but 0 = dg = 3i(V Wi = —i(V X&), since dyy € A (M) => dy = 0.
So Y, € H*(M), hence

i(V): HY¥ (M) — H"(M) is surjective..
If y € H*(M) and i(V )y = 0, we have d; = 0, then
Y e HPM)=0=>y =,

Comparing two sides, we get = 0, therefore i(V') is injective.

Proof of Theorem 1.7. By Theorem 1.3, we only need to prove
dim H(Z(V)) £ dimH(M).
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Our idea is to construct injective maps
a : HO(Z(V)) - HO(M).
Lee UcCU

zEzero V

vector field. Let

U,, where U, is the neighborhood in the definition of special

1, tg#
“(””{o, t 2 Qep,

be a smooth function, where & is a small positive number, s.t.
U={xeM|{(V,V) £42}CU.
Obviously there exists a projection
n: U, —Z(V).
In fact, for any z € Z(V), we can choose coordinate chart
(2,2r41---32n)
in U, N Z(V), where z denotes the tangent coordinate of Z(V). Then we have
7 (2,Zr415---52n) — (2,0) .

For any w € H"(Z(V')), n*w is an extension of w to Us.
Obviously i(V)(n*w) = 0, on U,. So (0 + si(V))(n*w) = 0.
Motivated by Witten [17], we define

1 =~ 1 -
o=g(IVP")+ ;g'(IVlz)aV R E;g("’(lVl)z(aV)’\" .

Since i(V)aV = —d|V |, it is easy to verify that
(8 +si(V))a =0
and o is zero outside U, thus.
w=n'wAgc
is a form on M and )
(@+si(V)w=0.

Define
o : HO(Z(WV)) - HOM),

w—w.
Then «, is injective. In fact, if

Ww=(0+si(V)Y,
= w=0y|Z(V) on Z(V).
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4 Integral formulas

In this section, we first prove that Theorem 1.3 implies the integral formula
in Theorem 1.6. As corollaries, we get the Bott residue formula and the
Duistermaat-Heckman integral formula of complex type. Note that we do not
need the vector field to be Killing, therefore our formula are quite different
from that of Duistermaat-Heckman [2]. All of the results in this section can be
generalized to meromorphic vector field and to the case when the zero points
are degenerate. See Sect. 8 for the detail.

Proof of Theorem 1.6. Suppose g is a smooth function of real variable ¢, s.t.

0 M -
g(’)‘{o, £ 2 (267,

A

around p,.
Similar to last section, let us define a form o, around p,

1 = 11 =
0p = 9IVI) + g (VIO +-- g™V PUET )™

Obviously 9,0, = 0.
From Theorem 1.3 and the proof of Theorem 1.6 we know that

N
DA, =D C- 1y, — HOM)
Pa Pa
(Cpy>--»Con) = 2oCpa * Tpa
Pa
is an isomorphism. Here N is the number of zero points of V. In fact this map

is first injective, also note that the two spaces have the same dimension.
Now for any

@ = @u/s" + -+ o € HO(M).
We have
@ =) Calp, + 0¥,
Pa

by the above isomorphism. Comparing two sides, we can easily get
1 = -
on =~ 0o(p)g" (V)P Y' + 04"
Pa
Theorem 1.6 follows from the following lemma.

Lemma 1.6.1.

1 =~ (—2mi)"
— a1V I? " _ .
SV PXGPY =
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Proof. We choose an Hermitian metric , ), s.t. (, ) is Euclidean around p,.
Changing variable by

0
w; = vf(z) where V = ZU?E;
i 1
around p,, we have
1 =5 n! _
= [¢SX(V IOV Y = I ¢™(wl) ALy dwi Adw; .
niy det B, 25wl sae

Changing w;’s into polar variables and using integration by part, we easily get
1 =5 2"i"n!S 2
~(a™(NVIPYNVY = (m(2)2n=1 g
nﬁ{g,,,(l )0V ) 3et5,, {g oy tdr

_ (=2miy
detB,,

In the above procedure, S is the area of the unit sphere s2-1(1).

Corollary 4.1. Let M,V be as in Theorem 1.6, and P(X) be an invariant
polynomial of degree k < n. Then

— (— \N P(Bd)
A{P(Q) = (—2mi) % Y B,
Especially if k < n,

P(By)

% det By,

This is the Bott residue formula.

Proof. Let Q be the curvature matrix of 7M with respect to an Hermitian
metric. Then we can find a tensor matrix Jy, s.t.
iV)Q=dly, (cf [11]).

Suppose P’ is the polarization of P, we let

P(Q) = (I:) PUy...Iu,R...2).
k—r
Then .
P(Q) = P(Q)/s* — Pe—i(R)/s7" + -+ + (= 1)Po(R)
satisfies _ _
0+ si(V))P(2)=0.
In fact

PO(Q)Pu = P(Bpa) . (Cf [8])
By our integral formula, we can easily get the result.
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As to k < n, we note that
P@) = S PBp)0p + 30
Comparing two sides, we have
=~ ZP(BPu )X (VXYY" = O .
The result follows from integration.

Corollary 4.2. If V has no zero, then for any
= @u/s" + -+ @o € HOM)

we have ¢, = dn. Especially [, ¢n = 0.

Proof. In this case, by our Theorem 1.2
e e HOYM)=0
= Q= (i\//.
Comparing two sides, we get @, = 1.

We have especially the following Duistermaat-Heckman integral formula for
holomorphic vector field.

Corollary 4.3. Suppose M is Kahler, V is as in Theorem 1.6. Let w be the
Kahler form on M, then there exists a function f s.t. i(V)w = 0f and
1 _e~sf(pa)

L jeor _ L

Qriy'y n! ~ s"%¢ detB,,

Proof We can always find a function f by Deligne degeneracy criteria, such
that ® = w —sf € HS(O)(M) Then

@

P =e® . e HOM).

The result follows from our integral formula.

Corollary 4.4. Let M,V be as in Corollary 4.3. Then for any ¢ € H™"(M),
there exists a function g, such that

1 (p(l(pa
(—2mi)* s, Caniy ) Z det By,

and for any ¢ € H**(M) with k < n, there exists a function @o such that

@o(Pa) _
%:‘ detB,
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Proof. By Corollary 2.3, we have

HPI(M)=0 for p*gq.
So for any ¢ € H**(M)

3i(VYp = —i(V)dp =0

= i(V)p e H* " (M) =0

= i(V)g = 0pr1
and B _

0i(V Ypr—1 = —i(V )01 = —i(V)i(V)g = 0

so on. We finally have

¢=0/"+ o1/ + -+ @0

satisfying d;¢ = 0.

The same discussion as the proof of Corollary 4.2 gives the result.

We can actually prove the same result when the zero set of ¥ contains sub-
manifolds. For simplicity we take s = 1. Write J, as §; and the corresponding
equivariant cohomology group as H,(')(M ). First let us recall the notion of
nondegenerate submanifold. Given any Hermitian metric on M, let Q, be the
curvature matrix of the normal bundle N, = TM/TM,, r, be the codimension
of M,, and L, be the following endomorphism induced by V,

LMy : Ny = Ny
Y = [V,Y].

We say M, is a nondegenerate submanifold, if L, is a nondegenerate homo-
morphism. Denote by i, the inclusion of M, in M. Then

Theorem 4.1. Suppose V is a holomorphic vector field on M with nondegen-
erate zero set \J M. Then for any ¢ = @n+---+ @0 € Hl(o)(M ), we have

;%

_ “\Fa 1, @
Jon =m0

This theorem can also be proved by adapting Bott’s method in [5]. In fact
using the B constructed in Sect. 3 with s = 1, we have ¢ = di(¢ A B) outside
the zero points of V. This gives

on=dY0; A A Gyt
J

Let N¢ be a neighborhood of M,. Any point N; has geodesic distance from
M, less than &. Then

1{% == [ To;AaA @)yt

Pa ONE J
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Let ¢ go to zero, Following Bott [5], we can evaluate the limit which is exactly
the left hand side of the formula in Theorem 4.1. We leave the detail to the
reader.

Motivated by our work, Zhang [19] has given a different proof of this result
using Bismut’s idea. Similar formula also holds for meromorphic vector field.

5 Fixed point and localization formula

In this section, we relate our integral formulae to the Lefschetz fixed point for-
mula. This can be viewed as an extension of the formula of Berline-Vergne [4]
to non-compact group action case. Similar formula also holds for meromorphic
vector fields. See Sect. 6.

Let ¥V be a holomorphic vector field on a compact complex manifold M
with dimM = n. Then V generates a holomorphic one parameter group g;.

. d .
That is Eg,|,=o = V. Assume that ¥ has only isolated non-degenerate zero

point {p,} and g; lifts to an action on a holomorphic vector bundle E. Put
Hermitian metrics on 7M and E. Then from [8], we have tensor matrices Jy,
and Jg, such that

(V) = —0Jy, (V)R =—0dJg

where Qy, Qr are the curvature matrices of TM and E respectively. For con-
venience we omit the factor 27 in the following
Let

Qur
Td(M) = detm

be the Todd class of M. Define its equivariant deformation by

Qup +tIy
1 —exp(—Qy — tJy)

Td¥ (M) = det

Similarly define the equivariant deformation of the Chern character of E by
ch’E = Trexp(Qg + tJg).

Obviously both 7d”(M) and ch’E belong to H”(M). As a corollary of
Theorem 1.6, we have the following localization formula

T8 M) E = ¥ TTRE) ()
M

7a det(1 — exp(—tJy))

Consider the differential complex

0 495 S 4@ S D a0E) S 0.
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Denote its Lefschetz number under the action of g, by L, (E). Recall that
n n .
Ly(E)= Zl(—l)’Tr,,,Hv’(M,E).
j=

Combine with the fixed point formula in [1], we get

Theorem 5.1. Let V be a holomorphic vector field with nondegenerate isolated
zero points, then
L,(E)= [Td"(M)chE .
M

It is easy to see that this formula holds in the cases of meromorphic vector
field and the non-degenerate zero submanifolds. See Sect. 8 for the case when
the zero points are isolated and degenerate.

6 Meromorphic vector fields and sheaf cohomology

In this section, we describe some extensions of our results to meromorphic
vector field and analytic sheaf cohomology. Since the proofs are basically the
same as before, we omit the details.

Suppose M is a compact complex manifold and

L-M
is a holomorphic line bundle. Let
Vel(TM®L)

be a holomorphic section of TM ® L. Note that if L is ample, such section
always exists for TM @ L™ for some positive integer m.
In local coordinate chart, one has

V= Ev,»—a- with v;’s the sections of L.
70z

Write L” = L®" and let 4P»9(L") be L -valued (p,q)-forms, and
A (L) = ® Ap,q(L—P+k)
q-p=r
Oy =0+si(V).

Since we still have 5? =0, we get a differential complex

0 = AP(Le) B AL B B g(1,) - 0
and define its cohomology group by

H"(M, Ly) = kerd,/lmd,|A”(Ly)
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Lemma 6.1. For any s, s' € C*, we have

HO(M, L) = HO (M, Ly) .

Theorem 6.2. If V has no zero points

HO(M,Ly) =0 for any r and s%0.

Theorem 6.3. Suppose V has only isolated zero points { p,}. Then for s+0

0 r 0
. ) =
dim H;"(M, L) = {Em rank Oflp,, r=0.

Here [}, is still generated by {v5} around p,.

Theorem 6.4.
dim HO(M, L) £ dim HO(M, L),

where
HOM, L) = @ HPIM,L™P),
q—p=r

Theorem 6.5. For a compact complex surface M, suppose V has only isolated
zero points. Then
i(V): H(M,L™*) —» HY(M,L™")

is an isomorphism.

Theorem 6.6. Suppose the zero points of V are all nondegenerate. For any
O =Qn+@por+---+ @0 €AOML) where AOM,L)=D,APP(L""F)
such that (8 +i(V))p = 0, we have

1 _ ©o( pa)
(=2niy 4{(”" = %;det By,

Here p, and By, are defined as before.

This formula obviously contains the Baum-Bott integral formula for mero-
morphic vector field, (cf. [8]). In fact, Chern’s proof can also be used here
to prove this theorem. A Duistermaat-Heckman integral formula can be easily
deduced from this formula.

We can go further to consider the following situation. Let ¥ be a holo-
morphic vector field on M and

F—-M

be a holomorphic vector bundle. We consider differential complex

0 — A(FY % 4 DY B B gy 0
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where
AOF)= @ APUF).
q-p=r

Some similar results to our main results can also be obtained in the same
way for this complex. One can also take ¥ to be a meromorphic vector field
or to be a section of TM ® End F. We omit the details here.

7 Analytic discussion

The original proof of Theorem 1.4 is by analytic method, i.e. the so-called
semi-classical approximation developed by Helffer-Sjostrand, (cf. [16]). This
proof has its independent interest. We would like to give a sketch of it. Let
M, V,éx be as above and (, } be an Hermitian metric on M. We can define the

dual operator & of &, by using this metric. Obviously

where 7 is the wedge product by the dual (1,0)-form of V.
We define 4, = (3, + 5:)2 It is easy to calculate that
3y + 3, 0

A, =0
A5+ SV + sV + (7))

where 43 = 35" + 5‘5, and i(0V) is the dual operator of oV which is the
wedge product by V.

4, is a linear elliptic operator of second order. By standard Hodge theoretic
discussion, we have

1) dim HO(M) < oo,

2) HO(M) = ker 4,|AV(M).
Analytic proof of Theorem 1.2. Suppose A”) is the minimal eigenvalue of 4,

acting on A”)(M). Then A”) 2 0. Let ¢ € A”)(M) be the eigenvalue of A*),
then

40 =g
Let m = min|V|; M = sup|L| where L = i(3)+ d¥. Since V has no zero,

m > 0. We have
2
0 = @ee) (Vo) | (Le.0)

(9,9) @e) (9.9

Here (, ) is the induced metric on A”)(M) from the Hermitian structure ().
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When s > 0 is large enough, we have
A 2 04 s*m—sM

2
S 2
— > 0.
Sm

v

So kerdgJAN(M) = 0 2 H"(M).
Now we suppose that ¥ has only isolated zero points {p,}, all of which
are nondegenerate, i.e. around p,

0
V=Y dfzim— + O(|z]*)
i oz
and the matrix (45 )nxn is nonsingular.

Sketch of the analytic proof of theorem 1.4. For simplicity, we assume that
on the small balls {U, > p,},

a a 2
V= gj:_/liz,-a—z,‘ + O(|z|*)

and U,NUp =0 for o= p.
Let

h=1
s

P(h) = h*dj_ = -;-A_‘.
Py(h) = P(h)|Uy

62
— ZE______ Z a2y, |2
P&Z(h) - h 7 aziaz—i + 7 Iﬂ‘ll |Z,I

fp(Emna () (2))]

Note that 1¥+0 by the nondegeneracy. Let
P(h), = P(h)|A" (M) and
Py(h), = Po(h)|A7(Uy)
with Dirichlet boundary condition. Let
Py(h), = Po(R)|A"(Uy)

also with Dirichlet boundary condition.
Then using semi-classical approximation we can prove that

1)
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2)
#sp{Pu(h),} N [0,c.h] = dimker P,(h),

when the constant c,h is small enough. Here sp denotes the spectrum.
3)

dimker Py(h), = #sp{Pa(h)o} N[0, ch]

the number of the zero points of V

and
#sp{Py(h),} N[0,ch] =0 for r+0.
Then if we take ¢, h small enough, 3) obviously gives the theorem.
The semi-classical approximation method is very useful, we can use it to
get analytic proofs of other interesting topological results.

8 Generalizations

In this section we describe some further generalizations of our results in the
above sections. We will only give sketches and postpone the detail to a forth-
coming paper.

1. Theorem 1.6 can be generalized to the situation that the zero points
{pa} of V are isolated and degenerate. Using the Grothendieck residue which
we denote by Resp, at p, (cf. P. Baum-R. Bott: Singularities of holomorphic
foliations, J. Diff. Geometry 7 (1972) 279-342), we have

Theorem 8.1. Let M be a compact complex manifold of dimension n and V
be a holomorphic vector field on it with isolated zero points {p,}. Let

w=w,/s" +---wy € HO(M),
then

dz;...dz,
I W =Ew°(pa>Resp,( : )
M vy

o yeresUn

0 .
Here the z;’s are the local coordinates and V' =37, Vi, 18 the local ex-

pression around p,. Note that by the construction of o,, in Sect.4, we can
obviously choose wy to be constant around each p,.

An algorithm to compute the residue was given in the paper of Baum-
Bott. First around p,, there exist integers {a;} such that {z{'} generates the
ideal generated by the {vi,...,v,}. By Hilbert Nullstallensatz, we can find
holomorphic functions {b;} such that

n
Zia' = jz.:lbilvj .

Res,, (izl ...dz,.) ~ Res,, (det[zl‘),,-lj]dz, };dz") .
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Plug in the Taylor expansion of deb[b;;]. The residue is just the coefficient of
dzy...dz,

the term z z
| PEREEY
The proof of Theorem 8.1 can also be completed by using the § constructed
in Sect. 3. Actually we find w = d,(f Aw) outside {p,}, which gives w, =
i1 wj Ao A(Oay'~=!. Therefore let BS be a small ball of radius & around
Pa, then
n - .

Jwa==2 [ SwyAaA@a)y"".

M Pa 0BY, j=1
Let ¢ go to zero, it is an easy exercise to show that on the right hand side, all
of the terms go to zero except the term of j = 0 which is equal to

dz, ..dz,,)

ViyeoiyUy

ZWO( Pa )ReSPu (
Pa

All of the results in Sect.4, except Theorem 4.1, can be generalized corre-
spondingly. Similar results hold also for meromorphic vector field. Recently
we find that a similar formula was also discussed by J. Carrell (A remark
on the Grothendieck residue map, Proc. of the AMS, Vol.70, No.1 (1978)
43-48). Note that our motivation is quite different from Carrell’s.

2. Combining Theorem 8.1 with the result of Toledo-Tong (Holomorphic
Lefschetz fixed point formula, Bulletin of the AMS 81(1975) No. 6, 1133—
1135) which expresses the Lefschetz number in terms of the Grothendieck
residue, we get the generalization of Theorem 5.1 to the case that the zero
points of ¥ are isolated and degenerate. Let us use the same notation as in
Sect. 5

Theorem 8.2. Suppose the zero points of V are isolated or nondegenerate
submanifolds, then
Ly(E) = [Td"(M)ch"E .
M

Theorem 4.1 and the Atiyah-Bott Lefschetz fixed point formula combined to-
gether give the above identity when the zero points of ¥ are nondegenerate
submanifolds.

3. Let G be a complex Lie group which acts on M holomorphically. Let g
be its Lie algebra. Consider the A*)(M )-valued polynomials on g,

A®(M, g) = AP(M) ® S(g*)

where S(g*) denotes the symmetric polynomials on the dual g* of g. Define a
differential D on A™)(M,g) in the following way. Let « ® f € A*)(M,g) and
X € g, then _ -

D(a® f)YX) = f(X)0u+ i(X)a)

where X is the holomorphic vector field generated by X on M. This makes
A™)(M,g) into a differential complex. We can define its cohomology and study
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its localization. A residue formula in the spirit of Baum-Bott can then be
proved. We will continue our discussion in this general setting in a forthcoming
paper.

As remarked by the referee, this becomes especially interesting if G =
K ® C where K is a compact Lie group. For Kahler manifold, this connects
the deRham equivariant cohomology to our holomorphic equivariant cohomol-
ogy. Combining with the above integral formulas, this allows us to study the
cohomology of symplectic reduced space (L. Jeffrey-F. Kirwan, Localization
and nonabelian group actions, preprint 1993) by directly using geometric in-
variant theory instead of symplectic quotient.

Acknowledgements. This paper was written in 1985 while the author was a student in
Academia Sinica. He would like to thank Professors R. Bott, J. Carrell, QK. Lu, Z.H.
Chen, S.S. Tai, Q.M. Wang, X.P. Wang, S.T. Yau and his classmate W.P. Zhang for helpful
conversations. He also wants to thank the referee whose comments has resulted in Sect. 8
where much more general results are discussed.

References

1. Atiyah, M'F. and Bott, R.: A Lefschetz fixed points formula for elliptic complexes, I,
Ann. of Math., 86 (1967) 374-407; 1I, Ann. of Math., 88 (1968) 415-441

2. Atiyah, M'F. and Bott, R.: The moment map and equivariant cohomology, Top., Vol.
23, No. 1 (1984) 1-23

3. Atiyah, M.F. and Singer, I.M.: The index formula for elliptic operator, III, Ann. of Math.,
88 (1968) 546—604

4. Berligne and Vergne, M.: The equivariant index and Kirillov character formula, Amer.
J. of Math., (1985) 1159-1190

5. Bott, R.: A residue formula for holomorphic vector fields, J. of Diff. Geom., Vol 1, No.
1 (1967) 311-330

6. Carrell, J. and Liebermann, D.: Holomorphic vector fields and Kahler manifolds, Invent.
Math., vol. 21 (1973) 303-309

7. Carrell, J. and Sommese, A.J.: Some topological aspects of C*-actions on compact Kahler
manifolds, Comment. Math. Helv., 54 (1979) 567-582

8. Chern, S.S.: Meromorphic vector fields and characteristic numbers. Scripta. Math., Vol.
XXIX, No. 3-4 (1973) 243-251

9. Crew, R. and Fried, D.: Nonsingular holomorphic flows, Topology Vol. 25, No. 4 (1986)
471-473 co

10. Frankel, T.: Fixed points and torsion on Kahler manifold, Ann. of Math., 70 (1959) 1-8

11. Griffiths, P.A. and Harris, J.: Principles of Algebraic Geometry. John Wiley 1978

12. Karp, L.: Holomorphic vector fields on complex manifold, The Michigan Math. J., No.
1 (1987) 31-38

13. Kirwan, F.: Morse functions for which the stationary phase approximation is exact, Topol-
ogy, Vol. 26, No. 1 (1987) 37-40

14. Kobayashi, S.: Transformation Groups, In Differential Geometry, Springer-Verlag 1972

15. Kodaira, K.: Complex Manifold, Springer 1986

16. Wang, X.P.: Thesis, Nante Univ. 1985

17. Witten, E.: Supersymmetry and Morse theory, J. Diff. Geom., 17 (1982)

18. Witten, E.: Holomorphic Morse inequality, Taubner-texte, Zur Math. 70, Algebraic and
Differential Topology

19. Zhang, W'P.: A remark on the Bott residue formula, Acta Math. Sinica, New series,
Vol. 6 No. 4 (1990) 306-314




	Liu, Kefeng: Holomorphic equivariant cohomology.

