The Bulletin of Symbolic Logic Volume 18, Number 1, March 2012

THE ABSOLUTE ARITHMETIC CONTINUUM AND THE UNIFICATION OF ALL NUMBERS GREAT AND SMALL

PHILIP EHRLICH

The mathematical continuum, like number, consists of mere possibility . . .

G. W. Leibniz Die philosophischen Schriften Band II, p. 475

Abstract. In his monograph On Numbers and Games, J. H. Conway introduced a realclosed field containing the reals and the ordinals as well as a great many less familiar numbers including −�, �/2, 1/�, √ � and � − � to name only a few. Indeed, this particular realclosed field, which Conway calls No, is so remarkably inclusive that, subject to the proviso that numbers—construed here as members of ordered fields—be individually definable in terms of sets of NBG (von Neumann–Bernays–Gödel set theory with global choice), it may be said to contain “All Numbers Great and Small.” In this respect, No bears much the same relation to ordered fields that the system R of real numbers bears to Archimedean ordered fields.

In Part I of the present paper, we suggest that whereas R should merely be regarded as constituting an arithmetic continuum (modulo the Archimedean axiom), No may be regarded as a sort of absolute arithmetic continuum (modulo NBG), and in Part II we draw attention

Received March 11, 2010.

Portions of this paper were presented at the Archives Henri Poincaré in Nancy in 2002 [Ehrlich 2002], the Pure and Applied Logic Colloquium, Carnegie Mellon University in 2002, the ASL Meeting in Helsinki in 2003 [Ehrlich 2004], the Fourth Annual Algebra and Logic Colloquiumfest in Saskatoon in 2003, the Carlsberg Academy in Copenhagen in 2004, the International Congress on Nonstandard Methods and Applications in Mathematics in Pisa in 2006, the Midwest Philosophy of Mathematics Workshop in Notre Dame in 2006, the Centre for Mathematical Sciences in Cambridge University in 2006, the Center for Philosophy of Science at the University of Pittsburgh in 2006, the Midwest Model Theory Conference in Champaign/Urbana in 2009, the ASL/APA Joint Meeting in Chicago in 2010, and the Philosophy and Model Theory Conference, Ecole Normale Supérieure, Paris in 2010. The author wishes to express his gratitude to the various conference organizers, to the National Science Foundation, with whose support (Scholars Award # 0724700) the final version of the paper was written, to Salma Kuhlmann for drawing my attention to the field operations in [Hausdorff 1909], to H. J. Keisler for the stimulating dialogue recounted in §9 and his permission to quote therefrom, and to John Baldwin and Lou van den Dries for helpful suggestions for improving the exposition. Theorem 19, in particular, is the result of joint work with van den Dries.

© 2012, Association for Symbolic Logic 1079-8986/12/1801-0001/$5.50 1

2 PHILIP EHRLICH

to the unifying framework No provides not only for the reals and the ordinals but also for an array of non-Archimedean ordered number systems that have arisen in connection with the theories of non-Archimedean ordered algebraic and geometric systems, the theory of the rate of growth of real functions and nonstandard analysis.

In addition to its inclusive structure as an ordered field, the system No of surreal numbers has a rich algebraico-tree-theoretic structure—a simplicity hierarchical structure—that emerges from the recursive clauses in terms of which it is defined. In the development of No outlined in the present paper, in which the surreals emerge vis-à-vis a generalization of the von Neumann ordinal construction, the simplicity hierarchical features of No are brought to the fore and play central roles in the aforementioned unification of systems of numbers great and small and in some of the more revealing characterizations of No as an absolute continuum.

Contents

Introduction 2

Part I. The absolute arithmetic continuum 5 1. All numbers great and small 5 2. No’s simplicity hierarchical structure 7 3. The surreal number tree 9 4. The s-hierarchical ordered field of surreal numbers 15

Part II. The unification of systems of numbers great and small 17 5. The containment of the reals 18 6. Non-Archimedean ordered number fields inspired by non- Archimedean geometry 18 7. Ordinals and omnific integers in initial subfields of No 22 8. Paul du Bois-Reymond’s Infinitärcalcül and its aftermath 24 9. Hyperreal number systems 33

Appendix: Proof of Theorem 7 37

Introduction

“Bridging the gap between the domains of discreteness and of continuity, or between arithmetic and geometry is a central, presumably even the central problem of the foundations of mathematics.” So wrote Abraham Fraenkel, Yehoshua Bar-Hillel and Azriel Lévy in their mathematico-philosophical classic Foundations of Set Theory [1973, pp. 211–212]. Cantor and Dedekind of course believed they had bridged the gap with the creation of their arithmetico-set theoretic continuum of real numbers, and for roughly a century

THE ABSOLUTE ARITHMETIC CONTINUUM 3

now (despite a host of constructivist, predicativist and infinitesimalist challenges)^1 it remains one of the central tenets of standard mathematical philosophy that indeed they had. In accordance with this view the geometric linear continuum is assumed to be isomorphic with the arithmetic continuum, the axioms of geometry being so selected to ensure this would be the case. Given the Archimedean nature of the real number system, once this assumption is adopted we have the classic result of standard mathematical philosophy that infinitesimals are superfluous to the analysis of the structure of a continuous straight line.

More than two decades ago, however, we began to suspect that while the Cantor–Dedekind theory succeeds in bridging the gap between the domains of arithmetic and of standard Euclidean geometry, it only reveals a glimpse of a far richer theory of continua that not only allows for infinitesimals but leads to a vast generalization of portions of Cantor’s theory of the infinite, a generalization that also provides a setting for Abraham Robinson’s infinitesimal approach to analysis as well as for the non-Cantorian theories of the infinite (and infinitesimal) pioneered by Giuseppe Veronese [1891; 1894], Tullio Levi-Civita [1892–1893; 1898], David Hilbert [1899; 1971] and Hans Hahn [1907] in connection with their work on non-Archimedean ordered algebraic and geometric systems, and by Paul du Bois-Reymond [1870–1871; 1875; 1877; 1882], Otto Stolz [1883; 1885], Felix Hausdorff [1907; 1909; 1914] and G. H. Hardy [1910; 1912] in connection with their work on the rate of growth of real functions, theories that have been enjoying a resurgence in interest in recent decades. Central to our theory is J. H. Conway’s theory of surreal numbers [1976; 2001], and the present author’s amplifications and generalizations thereof, and other contributions thereto [Ehrlich 1988; 1989; 1989a; 1992; 1994a; 2001; 2001 (with van den Dries); 2002a; 2011].

In a number of earlier works [Ehrlich 1987; 1989a; 1992; 2005; forthcoming 1], we suggested that whereas the real number system should be regarded as constituting an arithmetic continuum modulo the Archimedean axiom, the system of surreal numbers (henceforth, No) may be regarded as a sort of absolute arithmetic continuum modulo NBG (von Neumann–Bernays–Gödel set theory with global choice).^2 In Part I of the present paper we will outline some of the properties of the system of surreal numbers we believe lend

1For a survey of many of the constructivist, predicativist and infinitesimalist challenges together with numerous references, see the author’s [2005]; for the historical background of several of the infinitesimalist challenges, see the author’s [2006] and [forthcoming 2]; and for additional references to infinitesimalist approaches not referred to in the just-mentioned works, see the author’s [2007].

2In a related work [Ehrlich 2010], we also introduce a formal replacement for the extension of the classical linear continuum sketched by Charles Sanders Peirce [1897; 1898; 1898a; 1900] at the turn of the twentieth century, and show that by limiting No to its substructure consisting of its finite and infinitesimal members, one obtains a model of this Peircean linear continuum, as we call it.

4 PHILIP EHRLICH

credence to this mathematico-philosophical thesis, and in Part II we will draw attention to the unifying framework the surreals provide for the reals and the ordinals as well as for the various other sorts of systems of numbers great and small alluded to above.

In the construction of No presented below, which differs markedly from Conway’s construction, the surreals emerge vis-à-vis a generalization of the von Neumann ordinal construction. In accordance with this construction, each surreal number x emerges as an orderly partition (L, R) (see §3.1 for definition) of the set of all surreal numbers that are simpler than x (i.e., that are predecessors of x) in the full binary surreal number tree ⟨No, <_s ⟩. Although L and R are defined independently of the lexicographic (total) ordering < that is defined on ⟨No, <_s ⟩, they are found to coincide with the sets of all surreal numbers that are simpler than x and less than x and simpler than x and greater than x, respectively, in the lexicographically ordered full binary surreal number tree ⟨No, <, <_s ⟩. No’s ordinals (whose arithmetic in No is different than the familiar Cantorian arithmetic) are identified with the members of the “rightmost” branch of ⟨No, <, <_s ⟩, i.e., the unique initial subtree of No that is a well-ordered proper class with respect to the lexicographic order on No, No’s system of reals is identified with the unique initial subtree of No that is a Dedekind complete ordered field, and the remaining number systems that are the focus of the second part of the paper likewise emerge as initial substructures of No—substructures of No that are initial subtrees of No. Central to their emergence as initial substructures is the fact that the sums and products of any two members of No are defined as the simplest elements of No consistent with No’s intended structure as an ordered group and an ordered field, respectively (see §4 below). It is this simplicity hierarchical structure—or s-hierarchical structure, as we call it [Ehrlich 2001; 1994]—together with No’s fullness as a binary tree that underwrites the theorems that are central to the portrayal of No as a unifying, s-hierarchical absolute arithmetic continuum presented below.

Figure 1 below offers a glimpse of the some of the early stages of the recursive unfolding of this s-hierarchical continuum, where (as the notation suggests) � is the least infinite ordinal, −� is the additive inverse of �, 1/�, is the multiplicative inverse of �, �/2 is � divided by 2, and so on. In §5, we will present Conway’s characterization of the recursive unfolding in No of the classical arithmetic continuum; for a complete characterization of the recursive unfolding of the s-hierarchical absolute arithmetic continuum, more generally, see the author’s [2011].

Throughout the paper the underlying set theory is assumed to be NBG, and as such by class we mean set or proper class, the latter of which, in virtue of the axioms of foundation and global choice, always has the “cardinality” of the class On of all ordinals. For details on formalizing the theory of surreal numbers in NBG, which is a conservative extension of ZFC, we refer

THE ABSOLUTE ARITHMETIC CONTINUUM 5

Figure 1.

the reader to [Ehrlich 1989]. Readers seeking additional background in the theory of surreal numbers more generally may consult the author’s [2001 and forthcoming 1] and the works of Conway [1976; 2001], Gonshor [1986] and Alling [1987].

Part I. The absolute arithmetic continuum

§1. All numbers great and small. In addition to the reals and the ordinals, the system of surreal numbers embraces a wide array of less familiar numbers, including −�, 1/�, �/2, e^�, log �, sin(1/�) and 3√ � + 1 − � � to name only a few.^3 Indeed, this particular real-closed field, which following Conway we call No, is so remarkably inclusive that, subject to the proviso that numbers—construed here as members of ordered fields—be individually

3Following Conway [2001, p. 228], we write e^� for exp �, where exp is the well-behaved exponentiation for surreal numbers discovered by Martin Kruskal and developed (using Kruskal’s “hints”) by Harry Gonshor [Gonshor 1986, Ch. 10]; by log we mean the inverse

of exp; and by sin(1/�) we mean^∞ ∑ n=0 (−1)^n · (1/�)^{2n+1}/(2n + 1)!, which is the familiar

generalization of the sin function for infinitesimals applied to 1/�. For exponentials and logarithms of surreal numbers, see [Gonshor 1986, Ch. 10] and [van den Dries and Ehrlich 2001]; for restricted trigonometric functions of surreal numbers, see [Alling 1987, 7.5], and for restricted analytic functions of surreal numbers more generally, see §8 of the present paper and [van den Dries and Ehrlich 2001].

6 PHILIP EHRLICH

definable in terms of sets of NBG, it may be said to contain all numbers great and small! In this respect, No bears much the same relation to ordered fields that the system R of real numbers bears to Archimedean ordered fields. This can be made precise by saying that:

Theorem 1 (Ehrlich 1988; 1989; 1989a; 1992). Whereas R is (up to isomorphism) the unique homogeneous universal Archimedean ordered field, No is (up to isomorphism) the unique homogeneous universal ordered field.^4 Since there is a multitude of real-closed ordered fields, it is natural to inquire if, like R, it is possible to distinguish No (to within isomorphism) from the remaining real-closed ordered fields by appealing solely to its order. As we shall now see, the following definition, where the notation “L < R” indicates that every member of L precedes every member of R, enables one to do just that.

Definition 1 (Ehrlich 1987). An ordered class ⟨A, <⟩ will be said to be an absolute linear continuum if for all subsets L and R of A where L < R there is a y ∈ A such that L < {y} < R.^5

An absolute linear continuum ⟨A, <⟩ is both absolutely dense in the sense that for each pair of nonempty subsets L and R of A where L < R, there is a y ∈ A such that L < {y} < R, and absolutely extensive in the sense that given any (possibly empty) subset L of A there are members a and b of A that are respectively smaller than and greater than every member of L. In fact, since in the definition of an absolute linear continuum L or R may be empty, one can readily show that an ordered class is an absolute linear continuum if and only if it has both of the just-stated properties. Accordingly, since every element of an ordered class must either lie between two of its nonempty subclasses or be greater than or less than every member of some (possibly empty) subclass, these conditions collectively ensure that absolute linear continua have no order-theoretic limitations that are definable in terms of sets of standard set theory.

In his Contributions to the Founding of the Theory of Transfinite Numbers [1895, §11], Cantor provided a non-metrical characterization of a closed

4For the purpose of this paper, an ordered field (Archimedean ordered field) A is said to be homogeneous universal if it is universal—every ordered field (Archimedean ordered field) whose universe is a class of NBG can be embedded in A—and it is homogeneous— every isomorphism between subfields of A whose universes are sets can be extended to an automorphism of A. Since model theorists frequently use the above italicized terms in more general senses (cf. [Jónsson 1960] and [Morley and Vaught 1962]), in the modeltheoretic settings of the author’s [1989] and [1992] the terms absolutely homogeneous universal, absolutely universal, and absolutely homogeneous are respectively employed in their steads.

5In [Ehrlich 1988; 1992; 1994] and a number of other works, we refer to absolute linear continua as “�On -orderings” since they extend to proper classes Hausdorff’s [1907; 1914] idea of an �a -ordering, that is, an ordered set A such that for all subsets L and R of A where L < R and |L|, |R| < ℵa there is a member of A lying strictly between those of L and those of R.

THE ABSOLUTE ARITHMETIC CONTINUUM 7

interval of the classical linear continuum and showed that a closed interval of R is (up to isomorphism) the unique such structure. From the latter one readily obtains the familiar categorical characterization of the ordered set R itself. The following is the analog of the latter result for absolute linear continua.

Theorem 2 (Ehrlich 1988). ⟨No, <⟩ is (up to isomorphism) the unique absolute linear continuum.

Unlike the ordered field of reals, however, the ordered field of surreal numbers is not distinguished (up to isomorphism) from other ordered fields by its structure as an ordered class. Indeed, there are infinitely many pairwise non-isomorphic ordered fields that are absolute linear continua. Happily, however, what one can prove is

Theorem 3 (Ehrlich 1988). No is (up to isomorphism) the unique realclosed ordered field that is an absolute linear continuum.

An ordered field is real-closed if and only if it admits no extension to a more inclusive ordered field that results from supplementing the field with solutions to polynomial equations with coefficients in the field. Accordingly, in virtue of Theorem 3, No is not only devoid of set-theoretically defined order-theoretic limitations, it is devoid of algebraic limitations as well; moreover, to within isomorphism, it is the unique ordered field that is devoid of both types of limitations or ‘holes’, as they might more colloquially be called. That is, No not only exhibits all possible algebraic and set-theoretically defined order-theoretic gradations consistent with its structure as an ordered field, it is to within isomorphism the unique such structure that does. It is this together with Theorem 1 and a number of closely related results (see [Ehrlich 1992, forthcoming 1]) that naturally suggest that No may be regarded as an absolute arithmetic continuum (modulo NBG). However, as we alluded to above, to fully appreciate the nature of this absolute continuum one must appeal to its algebraico-tree-theoretic structure. This is the subject of the remaining three sections of Part I of the paper.

§2. No’s simplicity hierarchical structure. In addition to its inclusive structure as an ordered field, No has a rich algebraico-tree-theoretic structure that emerges from the recursive clauses in terms of which it is defined. This shierarchical structure, as was mentioned above, depends upon No’s structure as a lexicographically ordered full binary tree and arises from the fact that the sums and products of any two members of the tree are the simplest possible elements of the tree consistent with No’s structure as an ordered group and an ordered field, respectively, it being understood that x is simpler than y just in case x is a predecessor of y in the tree.

Among the striking s-hierarchical features of No is that much as the surreal numbers emerge from the empty set of surreal numbers by means of

8 PHILIP EHRLICH

a transfinite recursion that provides an unfolding of the entire spectrum of numbers great and small (modulo the aforementioned provisos), the recursive process of defining No’s arithmetic in turn provides an unfolding of the entire spectrum of ordered fields in such a way that an isomorphic copy of every such system either emerges as an initial subtree of No or is contained in a theoretically distinguished instance of such a system that does. In particular:

Theorem 4 (Ehrlich 2001). Every real-closed ordered field is isomorphic to a recursively defined initial subfield of No.

Closely related to this is Theorem 5 (Ehrlich 2001). Every divisible ordered abelian group is isomorphic to a recursively defined initial subgroup of No.

The proof of Theorem 5 in [Ehrlich 2001] makes use of the following closely related s-hierarchical result in conjunction with the fact that the trivial divisible ordered abelian group {0} is an initial subgroup of No.

Theorem 6 (Ehrlich 2001). If A is a divisible initial subgroup of No, and a is the simplest element of No that fills a cut in A, then the divisible subgroup of No generated by A ∪ {a} is itself an initial subgroup of No.

An analogous proof of Theorem 4 could have been given in [Ehrlich 2001] using the following analog of Theorem 6 for real-closed ordered fields in conjunction with the fact that No’s subfield of real algebraic numbers is a real-closed initial subfield of No.

Theorem 7. If A is a real-closed initial subfield of No, and a is the simplest element of No that fills a cut in A, then the real-closed subfield of No generated by A ∪ {a} is an initial subfield of No.

The proof of Theorem 4 employed in [Ehrlich 2001], however, is quite different, being based on Theorem 5, results of Mourgues and Ressayre (and Delon) [1991; 1993] and a theorem [2001: Theorem 18] that provides necessary and sufficient conditions for an ordered field to be isomorphic to an initial subfield of No. However, since it will be convenient in §8 to have Theorem 7 at hand and since Theorem 7 brings the embedding theory for No into greater harmony with the classical embedding theory for real-closed ordered fields, a proof of the theorem will be provided in the Appendix to the paper.^6

Another striking s-hierarchical feature of No is the following generalization of the Cantor normal form theorem.

6Following the presentation of this paper at the International Congress on Nonstandard Methods and Applications in Mathematics in Pisa in 2006, Antongiulio Fornasiero informed the author that Theorem 7 follows from results he established in his unpublished Ph.D. thesis [2004], results he has since stated without proof in [2006, p. 140: Lemmas 7.5 and 7.6]. However, since we believe our proof is of independent interest, we include it here.

THE ABSOLUTE ARITHMETIC CONTINUUM 9

Theorem 8 (Conway 1976; Ehrlich 2001, §3.1). Every surreal number can be assigned a canonical “proper name” (or normal form) that is a reflection of its characteristic s-hierarchical properties. These Conway names, as we call them, are expressed as formal sums of the form � α<� �^{yα} · r_α where � is an

ordinal, (y_α )_{α<�} is a strictly decreasing sequence of surreals, and (r_α )_{α<�} is a sequence of nonzero real numbers. Every such expression is in fact the Conway name of some surreal number, the Conway name of an ordinal being just its Cantor normal form.

Since Conway names of surreal numbers are reflections of their characteristic s-hierarchical features, one can appeal to the algebraico-tree-theoretic structure of No to obtain revealing answers to the following two questions that are motivated by No’s structure as a full binary tree (see [Ehrlich 2011] for details):

(i) Given the Conway name of a surreal number, what are the Conway names of its two immediate successors?

(ii) Given the Conway names of the members of a chain of surreal numbers of limit length, what is the Conway name of the immediate successor of the chain?

Moreover, since every real-closed ordered field is isomorphic to an initial subfield of No, the answers provided to (i) and (ii) above not only shed light on the recursive unfolding of No, but on the recursive unfolding in No of real-closed ordered fields more generally, as the depiction of the early stages of the recursive unfolding of the surreal number tree in Figure 1 above only begins to show.

As we shall see in the second part of the paper, the just-mentioned shierarchical features of No play significant roles in the unification of systems of numbers great and small referred to above. Before turning to these matters, however, we will first introduce the surreal number tree in a manner that underscores the author’s contention that the theory of surreal numbers may be naturally regarded as a vast generalization of portions of Cantor’s theory of the infinite, and then characterize No as an ordered field together with its s-hierarchical structure.

§3. The surreal number tree. In Conway’s construction of surreal numbers, a surreal number is an equivalence class consisting of an entire proper class of equivalent representations, which makes it impossible to collect the surreal numbers thus construed into a legal class of NBG. If one wishes, one can carry out Conway’s construction in the equiconsistent set theory of Ackermann (cf. [Ehrlich 1994, p. 246]),^7 but in NBG the surreals must be

7Ackermann’s set theory is a conservative extension of ZF having classes as well as sets (cf. [Fraenkel, Bar-Hillel and Lévy l973, pp. 148–153; Lévy 1976, pp. 207–212]). Following Fraenkel, Bar-Hillel and Lévy, here we include the axiom of foundation (for sets) among the

10 PHILIP EHRLICH

“cut down to size”. This can be done most easily by identifying each number with a canonical representative of each of Conway’s equivalence classes, or by identifying each number with a canonical subset of each class. For the purpose of formalization, Conway proposes the latter approach, making use of the set-theoretic rank function [1976, p. 65], but even Conway admits that any such attempt to formalize his construction in NBG “destroys a lot of its symmetry” [1976, p. 65].^8 By contrast, we have introduced two alternative constructions that employ canonical representatives from Conway’s construction: one is based on cuts due to Cuesta Dutari [1954; 1958–1959] that generalize the familiar cuts of Dedekind [Ehrlich 1988; Alling and Ehrlich 1986 and 1987], and the other is a generalization of the von Neumann ordinal construction [Ehrlich 1994; 2002a]. In the present discussion, we introduce the surreals via the latter approach using a recursive construction reminiscent of Conway’s. Besides being simpler than Conway’s construction, this construction places the surreal number tree at the center of the theory of surreal numbers, where the s-hierarchical structure of No suggests it belongs.^9 3.1. Construction. Von Neumann defines an ordinal as a transitive set that is well ordered by the membership relation. As a result, for von Neumann, an ordinal emerges as the set of all of its predecessors in the ‘long’ though rather trivial binary tree ⟨On, ϵ⟩ of ordinals ordered by membership.^{10} So,

axioms of Ackermann’s set theory. Since Ackermann [1956] did not do so, some authors distinguish between A and A^∗, where by A they mean Ackermann’s original axioms (or some equivalent set thereof) and by A^∗ they mean what we have called Ackermann’s set theory (cf. [Lévy and Vaught 1961; Reinhardt 1970]). In A^∗, unlike in NBG, besides the class V of all sets, there exists the power class P(V ) of all subclasses of V , the power class P(P(V )) of all subclasses of P(V ) and so on [Lévy and Vaught 1961, p. 1061; also see Fraenkel, Bar-Hillel and Lévy l973, p. 153 and Lévy l976, p. 212].

8As Conway mentions [1976, p. 65], the difficulties of formalizing his approach in NBG can be sidestepped by employing sign-expansions of surreal numbers (see [Conway 1976, pp. 29–30; Ehrlich 2011, pp. 5–6]) as the surreal numbers themselves (cf. [Gonshor 1986] and [Ehrlich 2001]). However, in addition to severing the theory of surreal numbers from Conway’s theory of games, the sign-expansion approach presupposes the availability of the ordinals, the latter of which strikes this author as an aesthetic blemish on a theory of all numbers great and small.

9By contrast, three chapters after introducing the surreal numbers Conway shows that the inductively defined ordered class of surreal numbers can be given the structure of lexicographically ordered full binary tree, but this structure plays a limited role in Conway’s treatment. What does play a role in Conway’s treatment is a birthday function that maps each surreal number to the level of recursion at which it is created as well as the weaker notion of simplicity: x is simpler than y, if x was born prior to y. A surreal number’s birthday corresponds to the tree-rank of the surreal number in our development.

In private conversations with the author, Conway expressed regret for having placed the emphasis on a simpler than relation defined in terms of the birthday map as opposed to the predecessor relation in the tree. For additional comments on this matter, see [Ehrlich 1994, p. 257: Note 1] and [Ehrlich 2001, p. 1232: Note 2].

10The structure ⟨On, ϵ⟩ is not often described as a binary tree since its structure as a tree is indistinguishable from its familiar structure as a well-ordered class. In the theory of surreal

THE ABSOLUTE ARITHMETIC CONTINUUM 11

for example, 0 is identified with ∅, 1 is identified with {∅} = {0}, 2 is identified with {∅, {∅}} = {0, 1} and so on. As we mentioned above, in our construction of surreal numbers, which generalizes von Neumann’s construction, each surreal number x emerges as a characteristic ordered pair (L, R) of sets of surreal numbers whose union is the set of all surreal numbers that are simpler than x (i.e., that are predecessors of x) in the full binary surreal number tree ⟨No, <_s ⟩.

The recursive approach we employ requires one to have an appropriate ordered pair (L, R) at hand before it can be identified as a surreal number. To ensure the availability of the requisite class of set-theoretical entities, we follow Conway in first introducing the class of games.

Construction of Games

If L and R are any two sets of games, then there is a game (L, R). All games are constructed in this way.

Beginning with L = ∅ and R = ∅, where ∅ is the empty set (of games), the above construction leads to an entire proper class of games, (∅, ∅) being the first game constructed. The closure condition “All games are constructed in this way” simply ensures that everything that is a game arises in the specified way from sets of previously constructed games.

Notational Convention

If x = (L, R) is a game, then following Conway, L is said to be the set of left options of x and R is said to be the set of right options of x. We will write L_x for the set of left options of x, R_x for the set of right options of x, and (L_x , R_x ) for x itself.

To recursively extract the surreal numbers from the class of games we make use of the following terminology from [Ehrlich 2002a].

Definitions

A game x is said to be simpler than a game y = (L_y , R_y ), written x <_s y, if x ∈ L_y or x ∈ R_y ; a chain of games (i.e., a class of games totally ordered by <_s ) is said to be ancestral if it is closed under the simpler than relation, i.e., x is a member of the chain if y is a member of the chain and x <_s y; and a partition L, R of an ancestral chain of games is said to be orderly, if L_x ⊆ L and R_x ⊆ R for each element x = (L_x , R_x ) of the chain.

numbers, however, one must distinguish between its binary tree structure, on the one hand, and its structure as a totally ordered class, on the other hand. See, however, Corollary 1.

12 PHILIP EHRLICH

The members of the class No of surreal numbers are now identified by means of the following simple construction in which the clause “there is a surreal number (L, R)” signifies that the game (L, R) is a surreal number.

Construction of Surreal Numbers

If L, R is an orderly partition of an ancestral chain of surreal numbers, then there is a surreal number (L, R). All surreal numbers are constructed in this way.

In accordance with this construction, (∅, ∅) is the simplest surreal number, since even before any game has been identified as a surreal number there is an orderly partition L = ∅, R = ∅ of the empty ancestral chain ∅ of surreal numbers. Moreover, once the surreal number (∅, ∅) has been constructed, the orderly partitions ∅, {(∅, ∅)} and {(∅, ∅)}, ∅ of the ancestral chain of surreal numbers consisting solely of (∅, ∅) give rise to the surreal numbers (∅, {(∅, ∅)}) and ({(∅, ∅)}, ∅), respectively, and so on (see Theorem 9 below for details).

If one wishes, one could develop the theory of surreal numbers making use of the von Neumann ordinals, which are already at hand. On the other hand, if one wants to develop the theory of ordinals within the theory of surreal numbers, as seems befitting a theory of all numbers great and small, one must first identify “our” ordinals.

Isolation of the Ordinals

A surreal number (L, R) will be said to be an ordinal if R = ∅. By On we mean the class of ordinals so defined. For all ordinals x = (L_x , ∅) and y = (L_y , ∅), x will be said to be less than y, written x <_{On} y, if L_x ⊂ L_y .

In accordance with the above definition, (∅, ∅) is an ordinal, ({(∅, ∅)}, ∅) is an ordinal, ({(∅, ∅), ({(∅, ∅)}, ∅)}, ∅) is an ordinal, and so on. Indeed, in our approach, the just-cited ordinals are ultimately identified with the finite ordinals 0 = (∅, ∅), 1 = ({0}, ∅) and 2 = ({0, 1}, ∅), respectively.

That the ordered class ⟨On, <_{On}⟩ of ordinals so defined has all of the requisite properties possessed by any of the more familiar constructs socalled follows from

Proposition 1. There is a one-to-one order preserving correspondence between the ordered class ⟨On, <_{On}⟩ and the ordered class of von Neumann ordinals.

As the reader will recall, a tree ⟨A, <_A⟩ is a partially ordered class such that for each x ∈ A, the class {y ∈ A: y <_A x} of predecessors of x, written pr_A(x), is a set well ordered by <_A. The tree-rank of x ∈ A, written �_A(x), is the ordinal corresponding to the well-ordered set ⟨pr_A(x), <_A⟩; the αth level of A is ⟨x ∈ A: �_A(x) = α⟩; and a root of A is a member of the zeroth

THE ABSOLUTE ARITHMETIC CONTINUUM 13

level. If x, y ∈ A, then y is said to be an immediate successor of x if x <_A y and �_A(y) = �_A(x) + 1; and if (x_α)_{α<�} is a chain in A (of length �), then y is said to be an immediate successor of the chain if x_α <_A y for all α < � and �_A(y) is the least ordinal greater than the tree-ranks of the members of the chain. A tree ⟨A, <_A⟩ is said to be binary if each member of A has at most two immediate successors and every chain in A of limit length has at most one immediate successor. If every member of A has two immediate successors and every chain in A of limit length (including the empty chain) has an immediate successor, then the binary tree ⟨A, <_A⟩ is said to be full.

Theorem 9. ⟨No, <_s ⟩ is a full binary tree. In particular, (∅, ∅) is the root of the tree; if x = (L_x , R_x ) is a surreal number, then (L_x , {x} ∪ R_x ) and (L_x ∪ {x}, R_x ) are the immediate successors of x; and if (x_α)_{α<�} is a chain of surreal numbers of infinite limit length, then ( � α<� L_{xα} , � α<� R_{xα} ) is the immediate successor of the chain.

There are three mutually exclusive and collectively exhaustive relations that distinct surreal numbers x and y may bear to one another with respect to simplicity: either x <_s y, y <_s x, or x is incomparable with y (i.e., x ≮_s y and y ≮_s x). The components of the following definition specify when x < y for these respective cases.

The Rule of Order

For all surreal numbers x = (L_x , R_x ) and y = (L_y , R_y ), x < y if and only if x ∈ L_y or y ∈ R_x or R_x ∩ L_y ≠ ∅.

It is not difficult to show that ⟨No, <⟩ is totally ordered by the Rule of Order [Ehrlich 1994, p. 246: Theorem 2.1]. Moreover, it is evident that, if x = (L_x , R_x ) is a surreal number, then (L_x , {x} ∪ R_x ) is the immediate successor of x less than x and (L_x ∪ {x}, R_x ) is the immediate successor of x greater than x; and if (x_α )_{α<�} is a chain of surreal numbers of infinite limit length, then ( � α<� L_{xα} , � α<� R_{xα} ), which is the immediate successor of the chain, is always greater than the members of � α<� L_{xα} and less than the members of � α<� R_{xα} . Using this in conjunction with definition of the simpler than relation, one may obtain the aforementioned generalization of the idea underlying von Neumann’s ordinal construction.

Theorem 10. For each surreal number x, x = � L_{s(x)}, R_{s(x)} � where

L_{s(x)} = {a ∈ No: a <_s x & a < x} and R_{s(x)} = {a ∈ No: a <_s x & x < a}.

14 PHILIP EHRLICH

A maximal subclass of a tree ⟨A, <_A⟩ well ordered by <_A is called a branch. By appealing to Theorem 10 together with the definition of No’s ordinals and the corresponding ordering thereof, we also have

Corollary 1. No’s ordinals are the members of the rightmost branch of ⟨No, <, <_s ⟩, i.e., the unique initial subtree of No that is a proper class well ordered by <. Each ordinal α is the member of the branch of tree-rank α. In particular α = � L_{s(α)}, ∅ � . Moreover, for all ordinals α and �, α <_{On} � if and only if α <_s � if and only if α < �.

An initial subtree of a tree ⟨A, <_A⟩ is a subclass A^′ of A with the induced order such that for each x ∈ A^′, pr_A′ (x) = pr_A(x). Using the axiom of global choice (or simply the axiom of choice, if A is a set) a tree may be shown to be binary if and only if it is isomorphic to an initial subtree of the canonical full binary tree ⟨B, <_B ⟩, where B is the class of all sequences of 0s and 1s indexed over some ordinal and x <_B y signifies that x is a proper initial subsequence of y [5, p. 216].^{11} Moreover, as is well known, ⟨B, <_B ⟩ (as well as every initial subtree thereof) can be totally ordered (lexicographically) in accordance with the definition:

(x_α )_{α<�} <_{lex(B)} (y_α )_{α<�} if and only if x_� = y_� for all � < some �, but x_� < y_�, it being understood that 0 < undefined < 1.

The resulting structure ⟨B, <_{lex(B)}, <_� ⟩ is called the lexicographically ordered canonical full binary tree.

In the theory of surreal numbers, however, it is more convenient work with the following representation independent characterization of a lexicographically order binary tree.

Definition 2 (Ehrlich 2001). A binary tree ⟨A, <_A⟩ together with a total ordering < defined on A is said to be lexicographically ordered if for all x, y ∈ A, x is incomparable with y if and only if x and y have a common predecessor lying between them (i.e., there is a z ∈ A such that z <_A x, z <_A y and either x < z < y or y < z < x).

The appellation “lexicographically ordered” is motivated by the fact that there is a unique order preserving isomorphism between a binary tree that is ordered in this sense and an initial subtree of ⟨B, <_{lex(B)}, <_B ⟩ [Ehrlich 2001: Theorem 1, p. 1234]. As one would expect from the following result, in the case of ⟨No, <, <_s ⟩ the isomorphism is onto.

Theorem 11. ⟨No, <, <_s ⟩ is a lexicographically ordered full binary tree.

11In writings on surreal numbers, it is commonplace to employ sequences of − signs and + signs rather than 0s and 1s to represent canonical binary trees.

THE ABSOLUTE ARITHMETIC CONTINUUM 15

Proof. Since ⟨No, <, <_s ⟩ is an ordered full binary tree, it remains to show ⟨No, <, <_s ⟩ is lexicographically ordered. Let x, y ∈ No. In virtue of the Rule of Order and Theorem 10: x < y if and only if x ∈ L_{S(y)} or y ∈ R_{S(x)}or R_{S(x)} ∩ L_{S(y)} ≠ ∅. But if x is incomparable with y, then R_{S(x)} ∩ L_{S(y)} ≠ ∅, in which case x and y have a common predecessor lying between them, and if x is comparable with y, then x ∈ L_{S(y)} or y ∈ L_{S(x)}, in which case x and y cannot have a common predecessor lying between them. Indeed, if x ∈ L_{S(y)}, then �_{No}(z) > �_{No}(x) for any z ∈ L_{S(y)} for which x < z, which implies z /∈ R_{S(x)}; and if y ∈ R_{S(x)}, then �_{No}(z) > �_{No}(y) for any z ∈ R_{S(x)} for which z < y, which implies z /∈ L_{S(y)}. ⊣

§4. The s-hierarchical ordered field of surreal numbers. Central to the algebraico-tree-theoretic development of the theory of surreal numbers is the following consequence of No’s structure as a lexicographically ordered full binary tree: if L and R are two subsets of No for which every member of L precedes every member of R (L < R), there is a simplest member of No lying between the members of L and the members of R [Ehrlich 2001, pp. 1234–1235; 2011: Proposition 2.4]. Co-opting notation introduced by Conway, the simplest member of No lying between the members of L and the members of R is denoted by the expression

{L | R}.

It is not difficult to show that each surreal number x is the simplest member of No lying between its predecessors on the left and its predecessors on the right, i.e., x = � L_{s(x)} | R_{s(x)} � . Using this representation, the algebraico-tree-theoretic formulation of the central theorem in the theory of surreal numbers may be stated as follows.

Theorem 12 (Conway 1976; Ehrlich 2001). ⟨No, +, ·, <, <_s ⟩ is an ordered field when +, − and · are defined by recursion as follows where x^L, x^R, y^L and y^R are understood to range over the members of L_{s(x)}, R_{s(x)}, L_{s(y)} and R_{s(y)}, respectively.^{12}

Definition of x + y.

x + y = {x^L + y, x + y^L | x^R + y, x + y^R}.

Definition of −x.

−x = {−x^R | −x^L}.

12In the following definitions of +, − and ·, the set-theoretic brackets that enclose the sets of “right-sided members” and the sets of “left-sided members” are omitted (in accordance with custom).

16 PHILIP EHRLICH

Definition of xy.

xy = {x^Ly + xy^L − x^Ly^L, x^Ry + xy^R − x^Ry^R

| x^Ly + xy^R − x^Ly^R, x^Ry + xy^L − x^Ry^L}.

Although the algebraico-tree-theoretic definitions of sums, products and additive inverses of surreal numbers are apt to appear rather cryptic to readers unfamiliar with the theory of surreal numbers, they have natural interpretations. To begin with, in virtue of the nature of the representations of x and y, we have

x^L < x < x^R and y^L < y < y^R

for all x^L, x^R, y^L and y^R. And this in conjunction with elementary algebra of ordered fields implies that if No is to be an ordered field x + y must lie between the sums on the left and right of x + y in the above definition of x + y and that xy must lie between the arithmetical expressions on the left and right of xy in the above definition of xy [Ehrlich, 1994a, pp. 252–253; 2001, p. 1236; Alling 1987, pp. 133–139]. Accordingly, since x + y and xy must lie between the arithmetic expressions on the left and right in their respective recursive definitions, these definitions respectively require that x + y and xy be the simplest member of the surreal number tree so situated. The constraint on additive inverses, which is a consequence of the definition of addition [Ehrlich 2001, p. 1237], ensures that the portion of the surreal number tree less than 0 is (in absolute value) a mirror image of the portion of the surreal number tree greater than 0, 0 being the simplest element of, as well as the unique root in, the surreal number tree.

With the above algebraico-tree-theoretic version of Conway’s theorem in mind, in [Ehrlich 2001, p. 1236] we defined an s-hierarchical ordered field as an ordered field with a lexicographically ordered binary tree structure (in the sense of Definition 2) whose sums and products satisfy the above conditions on sums and products, with no supposition that the sums and products be recursively defined as they are in No. The s-hierarchical subfields of an s-hierarchical ordered field A coincide with the initial subfields of A [Ehrlich 2001, p. 1236], and when, as in the case of No, the arithmetic is recursively defined, the sums and products of the elements of A (and of elements of the initial subfields of A more generally) get defined just as soon as there is sufficient previously defined ordered algebraico-tree theoretic information to do so.

Besides being (up to isomorphism) the unique Dedekind complete ordered field, R is (up to isomorphism) the unique universal and the unique maximal (or non-extensible) Archimedean ordered field, the condition of maximality or of non-extensibility being Hilbert’s [1900] classical continuity condition. Analogs of these results also hold for R considered as an s-hierarchical

THE ABSOLUTE ARITHMETIC CONTINUUM 17

ordered field. More importantly, however, s-hierarchical analogs of these classical characterization theorems also hold for No.

If A is an s-hierarchical ordered field, then A is said to be universal if every s-hierarchical ordered field is isomorphic to an initial subfield of A;^{13} A is said to be maximal (or non-extensible) if there is no s-hierarchical ordered field that properly contains A as an initial subfield; and A is be said to be complete if {L | R} exists whenever L and R are subsets of A for which L < R.

Theorem 13 (Ehrlich 2001). Let A be an s-hierarchical ordered field. A is complete if and only if A is universal if and only if A is maximal if and only if A is isomorphic to No.

Whereas Theorems 1 and 3 may be said to characterize No as an absolute arithmetic continuum, Theorem 13 may be said to characterize No as an s-hierarchical absolute arithmetic continuum. In the remainder of the paper we will turn our attention to the unifying capacity of this remarkable shierarchical structure.

Part II. The unification of systems of numbers great and small

Throughout the 17th and 18th centuries, talk of infinitesimal line segments and numbers to measure them was commonplace in discussions of the calculus. However, as a result of the conceptual difficulties that arose from these conceptions their role became more subdued in the 19th-century calculus discussions and was eventually “banished” therefrom. However, whereas most late 19th- and pre-Robinsonian 20th-century mathematicians banished infinitesimals from the calculus, they were by no means banished from mathematics.^{14} Indeed, between the early 1870s and the appearance of Abraham Robinson’s work on nonstandard analysis in 1961 there emerged a large, diverse, technically deep and philosophically pregnant body of consistent (non-Archimedean) mathematics of the infinitely large and the infinitely small. Unlike nonstandard analysis, which is primarily concerned with providing a treatment of the calculus making use of infinitesimals, the bulk of the former work is either concerned with the rate of growth of real-valued functions or with geometry and the concepts of number and of magnitude, or grew out of the natural evolution of such discussions.

13The definition of universal introduced above is equivalent to, thought not identical with, the definition of universal employed in [Ehrlich 2001]. The equivalence of the two notions is evident in virtue of Definition 8 and Lemma 2 of [Ehrlich 2001].

14Nevertheless, there is a widespread misconception in the literature that infinitesimals were indeed banished from late 19th- and pre-Robinsonian 20th-century mathematics. For in-depth discussions of the roots of this misconception, see the author’s [2006] and [forthcoming 2].

18 PHILIP EHRLICH

Following a brief discussion of No’s containment of the reals, we will turn our attention to some of the relations that exists between No and the non- Archimedean ordered fields that have emerged from the three just-mentioned bodies of work.

§5. The containment of the reals. Although No contains an entire proper class of isomorphic copies of the ordered field of real numbers, only one of them is an initial subfield of No. In writings on the surreal numbers, the latter subfield is identified as No’s subfield of real numbers, the set of whose members, in accordance with our construction, may be defined as follows.

Definition 3. Let D be the set of all surreal numbers having finite tree-rank and further let

R = D ∪ {(L, R) ∈ No : L and R are infinite subsets of D}.

Except for inessential changes, the following result regarding the structure of R is due to Conway [1976, pp. 23–25].

Proposition 2. R (with +, −, · and < defined à la No) is isomorphic to the ordered field of real numbers defined in any of the more familiar ways, D being No’s ring of dyadic rationals (i.e., rationals of the form m/2^n where m and n are integers); moreover, n = {0, . . . , n−1 | ∅} and −n = {∅ | −(n−1), . . . 0} for each positive integer n, 0 = {∅ | ∅}, and the remainder of the dyadics are the arithmetic means of their left and right predecessors of greatest tree-rank.

It is not difficult to see that

R − D = {{L | R} ∈ No: (L, R) is a Dedekind gap in D}

and, hence, that the members of R − D have tree-rank �. Accordingly, since every ordered field contains a copy of the ring of dyadic rationals and every Archimedean ordered field is a subfield of R, in virtue of the above we have Proposition 3 (Ehrlich 2001). Every Archimedean ordered field is isomorphic to exactly one initial subfield of No, the latter being an initial subfield of R.

§6. Non-Archimedean ordered number fields inspired by non-Archimedean geometry. Following Wallis’s and Newton’s incorporation of directed segments into Cartesian geometry, it became loosely understood that given a unit segment AB of a line L of a classical Euclidean space, the collection of directed segments of L emanating from A including the degenerate segment AA itself constitutes an Archimedean ordered field with AA and AB the additive and multiplicative identities of the field and addition and multiplication of segments suitably defined. These ideas were made precise by Giuseppe Veronese [1891; 1894] and David Hilbert [1899] in their works on the foundations of geometry, from which the modern conceptions of Archimedean and non-Archimedean ordered fields emerged.

THE ABSOLUTE ARITHMETIC CONTINUUM 19

Unlike the analytic constructions of Hilbert, Veronese’s constructions of non-Archimedean ordered fields were synthetic, though he did represent the line segments that emerged from his constructions using a loosely defined, complicated system of numbers consisting of finite and transfinite series of the form

∞^{y1}_1 r_1 + ∞^{y2}_1 r_2 + ∞^{y3}_1 r_3 + · · ·

where r_1, r_2, r_3, . . . are real numbers, and ∞^{y1}_1 , ∞^{y2}_1 , ∞^{y3}_1 , . . . is a sequence of units, each of which is infinitesimal relative to the preceding units, ∞_1 being the number (of “infinite order 1” [1891, p. 101]) introduced by Veronese to represent the infinitely large line segment whose existence is postulated by his “hypothesis on the existence of bounded infinitely large segments” [1891, p. 84]. Veronese’s number system was provided an analytic foundation by Tullio Levi-Civita [1892–1893/1954, 1898/1954], who therewith provided the first analytic constructions of non-Archimedean ordered fields. Among the array of non-Archimedean ordered fields that emerged from Levi-Civita’s work are isomorphic copies of the ordered fields of Laurent power series with coefficients in subfields of the reals and exponents in ordered abelian groups, ordered fields that continue to play prominent roles in the foundations of geometry.

Building on the work of Levi-Civita, Hans Hahn [1907] constructed non- Archimedean ordered number fields having properties that generalize the familiar continuity properties of Dedekind [Ehrlich 1997] and Hilbert [Ehrlich 1995; 1997a], and he demonstrated (vis-à-vis his embedding theorem for ordered abelian groups)^{15} that his number systems provide a panorama of the finite, infinite and infinitesimal numbers that can enter into a non- Archimedean theory of continua based on the concept of an ordered field [Ehrlich 1995, 1997, 1997a]. This idea was later brought into sharper focus when it was demonstrated that every ordered field could be embedded in a suitable Hahn field.^{16}

15For concise, modern proofs of Hahn’s embedding theorem, see, for example, [Hausdorff 1914, pp. 194–207], [Clifford 1954] and [Fuchs 1963, pp. 56–61]. Like Hausdorff’s [1909], which is discussed in §8, Hausdorff’s elegant proof of Hahn’s embedding theorem has been largely overlooked in the literature. For additional references and historical perspective, see [Ehrlich 1995].

16As we explained in [Ehrlich 1995, p. 187], this theorem has a long and complicated history that makes it difficult to attribute it to any single author. However, by the early 1950s, as a result of the work of Kaplansky [1942], it appears to have assumed the status of a “folk theorem” among knowledgeable field theorists. Still, it appears to be Paul Conrad who published the first explicit statement of the result [1954, p. 328], and Conrad (together with Dauns) [1969; Theorem II] later isolated, and provided a detailed proof-sketch of, a revealing formulation of the theorem. Since that time many alternative proofs, variations, and strengthenings have appeared including those of Priess-Crampe [1973; 1983, pp. 62–64, 124], Priess-Crampe and von Chossey [1975], Rayner [1975], Mourgues and Ressayre [1993], van den Dries [1991] and Dales and Wooden [1996].

20 PHILIP EHRLICH

Hahn’s celebrated theorem on ordered fields is given by Hahn 1 [1907]. Let R be the ordered field of real numbers and Γ be a nontrivial ordered abelian group. (i) The collection, R((t^Γ)), of all series � α<� t^{�α} · r_α

where {�_α : α < � ∈ On} is a (possibly empty) strictly increasing sequence of members of Γ and {r_α : α < �} is a sequence of members of R − {0} is a non-Archimedean ordered field when the order is defined lexicographically and sums and products are defined termwise, it being understand that t^� · t^κ = t^{�+κ}.^{17} Moreover:

(ii) The structure, R((t^Γ))_�, that results by limiting the construction of R((t^Γ)) to those series where � is less than a given uncountable initial number � (i.e., an uncountable infinite cardinal �) is likewise a non- Archimedean ordered field.

With Hahn 1 Hahn provided an implicit prescription for creating all numbers great and small (modulo NBG). On the other hand, it was only with No (considered as an s-hierarchical ordered field) that the full potential for the generation and systemization of these numbers was realized. To state the central s-hierarchical relation between Hahn’s classical systems and No the following terminology is required.

Henceforth, by R((t^Γ))_{On} we mean the ordered field (with order, addition, and multiplication defined à la Hahn), consisting of all series of the form � α<� t^{�α} · r_α

where {�_α : α < � ∈ On} is a (possibly empty) strictly increasing sequence of elements of an ordered abelian group Γ and r_α ∈ R − {0} for each α < � where R is the ordered field of reals. If Γ is a set, then R((t^Γ))_{On} is just the Hahn field R((t^Γ)), and otherwise R((t^Γ))_{On} is an ordered field of power On. An element x of R((t^Γ))_{On} is said to be a truncation (proper truncation) of

Kaplansky’s above-cited paper on maximally valued fields draws heavily on the valuationtheoretic classics of Krull [1932] and Ostrowski [1935]. No attempt to provide the historical background for the non-Archimedean mathematics that permeates the theory of surreal numbers would be complete if it fails to take into account these three papers and the theory of valuations more generally. We intend to do this on another occasion. For the time being, we direct the reader to [Alling 1987], where a valuation-theoretic analysis of the theory of surreal numbers is provided.

17Hahn [1907] follows Veronese in using strictly decreasing sequences of members of Γ. Thus, whereas t is infinite for Hahn, t is infinitesimal for us. In both approaches, the latter of which is more commonly used in the literature today, the successive terms in the sequence t^{�0} , t^{�1} , t^{�2} , . . . are infinitesimal relative to the preceding terms.

THE ABSOLUTE ARITHMETIC CONTINUUM 21 � α<� t^{�α} · r_α ∈ R((t^Γ))_{On} if x = � α<� t^{�α} · r_α for some � ≤ � (� < �); if every

truncation of a member of a subclass of R((t^Γ))_{On} is itself a member of the subclass, the subclass is said to be truncation closed. Roughly speaking, a truncation of x is an approximation of x, increasingly longer truncations being better approximations. Finally, a subfield F of R((t^Γ))_{On} is said to be cross sectional if {t^� : � ∈ Γ} ⊂ F . Roughly speaking, each t^� serves as the unit of measure of the �th Archimedean class of R((t^Γ))_{On}. Thus, roughly speaking, a subfield F of R((t^Γ))_{On} is cross sectional if it contains all the canonical units contained in R((t^Γ))_{On}.

In addition to stating the relation between Hahn fields and No, the following result provides necessary and sufficient conditions for an ordered field to be isomorphic to an initial subfield of No.

Theorem 14 (Ehrlich 2001). Let Γ be an ordered abelian group that is an initial subgroup of No.

(i) There is an isomorphism of ordered fields from R((t^Γ))_{On} onto an initial subfield of No that sends � α<� t^{�α} · r_α

to the surreal number having Conway name � α<� �^{−�α} · r_α .

(ii) For the special case where Γ = No, the just-said isomorphism maps R((t^{No}))_{On} onto No.

(iii) The result expressed in (i) holds, more generally, for any truncation closed, cross sectional subfield of R((t^Γ))_{On}; moreover, every initial subfield A of No is the image of precisely one such isomorphism (where Γ is an initial subgroup of No that depends on A).

In subsequent portions of the paper we will to appeal to a number of distinguished initial subfields of No. We will draw this section of the paper to a close with a decomposition theorem for No that collects them and a host of other closely related initial subfields together in a revealing manner. To formulate the result we require a construct that emerges from the first part of the following simple consequence of Theorem 14.

Corollary 2. (i) Let Γ be an initial subgroup of No and � be an uncountable initial number ≤ On. There is a unique initial subfield of No containing {�^� : � ∈ Γ} that is isomorphic to R((t^Γ))_�. Henceforth, these initial subfields, which are obtained by replacing each formal sum � α<� t^{�α} · r_α with the corresponding Conway name � α<� �^{−�α} · r_α , will be

denoted R((�^Γ))_�, where � = �^{−1}.

22 PHILIP EHRLICH

(ii) If A is an initial subfield of No and Γ is the initial subgroup of No consisting of {� : �^� ∈ A}, then A is a truncation closed, cross sectional subfield of R((�^Γ))_{On}. If Γ is a set, then R((�^Γ))_{On} is isomorphic to R((t^Γ)) and will be called the Hahn field in No induced by A.

Theorem 15 (van den Dries and Ehrlich 2001). Let No(�) be the class of members of No of tree-rank < � ≤ On. Then No(�) is an ordered field (indeed, a real-closed ordered field ) if and only if � is an ε-number (i.e., � = �^�). Furthermore, if � is an ε-number, then No(�) = R((�^{No(�)}))_� just in case � is a regular initial number.^{18}

§7. Ordinals and omnific integers in initial subfields of No. In their writings on the foundations of geometry, Veronese and Levi-Civita proclaimed that their infinite numbers are founded on hypotheses other than those employed by Cantor. With this in mind, Veronese observed in his letter to Cantor, dated November 13, 1890

[i]n . . . [my number system] . . . there is not a first infinite number . . . . This is the essential difference between your number � and my number ∞_1. [Meschkowski and Nilson 1991, p. 329] Such proclamations, however, did not persuade Cantor of the cogency of non-Archimedean number systems, and in his letter to Wilhelm Killing dated April 5, 1895 Cantor expressed the matter thus:

Of his infinitely large numbers . . . [Veronese] . . . says that they are introduced on other hypotheses than mine. But mine depend upon absolutely no hypotheses, but are immediately derived from the natural concept of set. They are just as necessary and free from arbitrariness as the finite whole numbers. [Dauben 1979, p. 351: Note 79] While Cantor rejected the legitimacy of non-Archimedean numbers systems, he certainly shared Veronese’s and Levi-Civita’s beliefs that there is no place for infinite ordinals in their number systems or in number systems, more generally, having additive and/or multiplicative structures that are commutative. After all, according to Cantor,

the laws governing them [i.e., the Cantorian laws governing ordinals] can be derived from immediate inner intuition with apodictic certainty [Cantor 1883 in 1932, p. 170; Cantor 1883 in Ewald 1996, p. 886].

The view that Cantor’s operations on ordinals are the only legitimate such operations was first challenged by Hessenberg [1906, pp. 591–594] with his introduction of the natural sums of ordinals (written in Cantor normal

18Prominent among the regular initial numbers that are ε-numbers are the successor cardinals and the (strongly) inaccessible cardinals > �. On is the only inaccessible cardinal > � whose existence can be proved in NBG.

THE ABSOLUTE ARITHMETIC CONTINUUM 23

form), and this was followed two decades later by Hausdorff’s [1927, pp. 68– 69; 1957, pp. 80–81] introduction of the corresponding natural products of ordinals, which he generously attributed to Hessenberg. Carruth [1942] later showed that the natural sums and products of Hessenberg and Hausdorff are in fact distinguished special cases of a wide class of sums and products of ordinals that likewise could be called “natural”, but the terminology of Hessenberg and Hausdorff has stuck. However, it appears to have been the Italian geometer Federigo Enriques, in his Sui numeri non archimedei e su alcune loro interpretazioni (On non-Archimedean Numbers and Some of their Interpretations) [1911, pp. 90–96; also see 1912, pp. 472–478; 1924, pp. 367–372] who first explicitly noted that a non-Archimedean ordered field can be a natural vehicle for embedding a commutative semiring of finite and infinite ordinals. Indeed, without mention of Cantor normal forms or natural sums and products of ordinals, Enriques essentially showed that R((�^Z)), considered as an ordered field of formal power series (without its surreal connotations), is an extension of the lexicographically ordered semiring of ordinals α < �^� (written in Cantor normal form) with sums and products defined naturally. This all but forgotten work appeared almost four decades before Roman Sikorski’s seminal paper On an Ordered Algebraic Field [1948], the work to which contemporary order-algebrists usually trace the insight that lexicographically ordered semirings of ordinals with sums and products defined naturally can be embedded in ordered fields.

However, with the exception of special cases, such as those identified by Enriques and Sikorski (also see [Klaua 1994] and [Ehrlich 2001, p. 1256]), there are rarely natural embeddings of semirings of ordinals into ordered fields that distinguish themselves from the plethora of possible embeddings. In the case of initial subfields of No, however, this is not the case, as the following amplification of our earlier remarks on the containment of ordinals in No makes clear.^{19}

Let On(A) be the class of ordinals in an initial subfield A of No. Then A will be said to be α-Archimedean if and only if α is the height of On(A) (considered as an initial subtree of A).

As is evident from the following result, the idea of an α-Archimedean, initial subfield of No is a natural s-hierarchical adaptation and generalization of the idea of an Archimedean subfield of No.

Proposition 4 (Ehrlich 2001). If A is an initial subfield of No, then A is α-Archimedean if and only if for all a, b ∈ A where a > b > 0 there is an � < α such that �b > a; furthermore, A is Archimedean if and only if A is �-Archimedean.

19For a more general discussion in terms of s-hierarchical ordered groups and fields, see [Ehrlich 2001, §5].

24 PHILIP EHRLICH

An ordinal α is said to be additively indecomposable if � +_c � < α whenever �, � < α (where +_c is the Cantorian sum). Moreover, if 0 < α ≤ On, then α is additively indecomposable if and only if α = �^φ for some ordinal φ ≤ On.

The following is a generalization for initial subfields of No of a compilation of results established by Conway for No.

Theorem 16 (Ehrlich 2001). Let A be an initial subfield of No. Then A is �^φ -Archimedean for some nonzero indecomposable ordinal φ ≤ On. If A is �^φ -Archimedean, then A contains a canonical cofinal, ordered subsemiring On(A) of ordinals consisting of all surreal numbers x < �^φ such that x = � α<n �^{φα} · a_α for some finite descending sequence (φ_α )_{α<n} of ordinals < φ and

some sequence (a_α )_{α<n} of finite ordinals > 0; On(A) in turn is contained in a discrete, canonical subring Oz(A) of A—the omnific integer part of A— consisting of all members of A of the form � α<� �^{φα} · a_α where φ_α ≥ 0 for

all α < � and a_α is an integer whenever φ_α = 0; for each x ∈ A there is a z ∈ Oz(A) such that z ≤ x ≤ z + 1.

As an addendum to Theorem 16 we note that, if A is an initial subfield of No, then the ring Z of integers is an initial subring of Oz(A), which in turn is an initial subring of A [Ehrlich 2011, Note 2, pp. 3–4]; moreover, Z = Oz(A) if and only if A is Archimedean.

§8. Paul du Bois-Reymond’s Infinitärcalcül and its aftermath. Although interest in the rates of growth of real functions is already found in Euler’s De infinities infinitis gradibus tam infinite magnorum quam infinite parvorum (On the infinite degrees of infinity of the infinitely large and infinitely small) [1778], their systematic study was first undertaken by Paul du Bois- Reymond. The groundwork for his theory was laid out in his paper Sur la grandeur relative des infinis des functions (On the relative size of the infinities of functions) [1870–1871] and developed in more than a dozen other works (cf. [1875; 1877; 1882]).^{20} Much of the motivation for du Bois-Reymond’s Infinitärcalcül (calculus of infinities) that is still of interest to researchers today is encapsulated by the following remarks with which G. H. Hardy begins his important monograph on du Bois-Reymond’s system.

The notions of the ‘order of greatness’ or ‘order of smallness’ of a function f(n) of a positive integral variable n, when n is ‘large’, or of a function f(x) of a continuous variable x, when x is ‘large’ or ‘small’ or ‘nearly equal to a’, are important even in the most elementary stages of mathematical analysis. We learn there that x^2 tends to infinity with x, and moreover that x^2 tends to infinity more rapidly than x, i.e., that the ratio x^2/x tends to infinity also;

20For a complete list of du Bois-Reymond’s writings on his Infinitärcalcül and a survey of the contents thereof, see [Fisher 1981].

THE ABSOLUTE ARITHMETIC CONTINUUM 25

and that x^3 tends to infinity more rapidly than x^2, and so on indefinitely. We are thus led to the idea of a ‘scale of infinity’ (x^n) formed by the functions x, x^2, x^3, . . . , x^n, . . . . This scale may be supplemented and to some extent completed by the interpolation of non-integral powers of x. But there are functions whose rates of increase cannot be measured by any of the functions of our scale, even when thus completed. Thus log x tends to infinity more slowly, and e^x more rapidly, than any power of x; and x/(log x) tends to infinity more slowly than x, but more rapidly than any power of x less than the first.

As we proceed further in analysis, and come into contact with its modern developments, such as the theory of Fourier’s series, the theory of integral functions, or the theory of singular points of analytic functions in general, the importance of these ideas becomes greater and greater. It is the systematic study of them, the investigation of general theorems concerning them and ready methods of handling them, that is the subject of Paul du Bois- Reymond’s Infinitärcalcül or ‘calculus of infinities’. [Hardy 1910, pp. 1–2] Du Bois-Reymond erects his Infinitärcalcül primarily on families of increasing functions from R^+ = {x ∈ R: x > 0} to R^+ such that for each function f of a given family, lim_{x→∞} f(x) = +∞, and for each pair of func-

tions f and g of the family, 0 ≤ lim_{x→∞} f(x)/g(x) ≤ +∞. He assigns to each such function f a so-called infinity, and defines an ordering on the infinities of such functions by stipulating that for each pair of such functions f and g:

f(x) has an infinity greater than that of g(x), if lim_{x→∞} f(x)/g(x) = ∞;

f(x) has an infinity equal to that of g(x), if lim_{x→∞} f(x)/g(x) = a ∈ R^+;

f(x) has an infinity less than that of g(x), if lim_{x→∞} f(x)/g(x) = 0.

In accordance with this scheme, the infinities of the following functions

. . . , e^{ex} , e^x , . . . , x^n, . . . , x^3, x^2, x, x^{1/2}, x^{1/3}, . . . , x^{1/n}, . . . , ln x, ln(ln x), . . .

increase as we move from right to left. Moreover, as the comparative graphs of several of these functions illustrate (see Figure 2), given any two functions f and g from a family of the just-said kind, f(x) has a greater infinity than g(x) if f(x) > g(x) for all x > some x_0.

Unfortunately, du Bois-Reymond was not always as clear as one would hope about the precise contents of the families of functions with which he was concerned; nor did he make any real use of arithmetic operations on the infinities arising from such families and attempt thereby to bring algebra to his infinities as Otto Stolz [1883; 1885] and others later would. On the

26 PHILIP EHRLICH

Figure 2.

other hand, he did establish a number of order-theoretic results regarding his “infinities”, including those referred to by Hardy above, that provided intimations of their inability to be adequately represented by ordered sets of real numbers and, hence, by ordered subsets of Archimedean ordered groups.

It was the just-said intimations along with arithmetic hints contained in du Bois-Reymond’s [1877] that Otto Stolz [1883] seized upon when he established for the first time the existence of a non-Archimedean ordered algebraic system (see [Ehrlich 2006] for historical details).

Stolz [1883, pp. 506–507] considers the set of all functions f : R^+ → R^+ for which lim_{x→∞} f(x) = +∞ formed by means of finite combinations of the operations +, −, · and ÷ from positive rational powers of the functions x, ln x, ln(ln x), . . . , e^x , e^{ex} , . . . where ln x is the natural logarithm of x and e is the base of the natural logarithm. Following du Bois-Reymond, Stolz assigns to each such function f an infinity—which he denotes“A(f)”—and defines an ordering on the infinities of such functions in the manner specified above. To complete the construction, Stolz defines addition and subtraction of the infinities by the rules:

A(f) + A(g) = A(f · g), A(f) − A(g) = A(f/g), if A(f) > A(g),

THE ABSOLUTE ARITHMETIC CONTINUUM 27

and shows that the resulting structure (with equivalence classes of functions with equal infinities taken as the elements) is the positive cone of a non- Archimedean, divisible ordered abelian group, where (1/n)A(f) = A(^n � f). Stolz further observes that one can supplement the above structure with an “ideal element” A(1)—the order of finitude—to serve as an additive identity, and that one can also consider orders of vanishing or orders of infinitesimalitude by taking into account functions f for which lim_{x→∞} f(x) = 0.

While du Bois-Reymond usually restricted his investigations to families of the above said kind, on occasion he mistakenly assumed that each pair of increasing functions f and g from R^+ to R^+ for which lim_{x→∞} f(x) = +∞ and

lim_{x→∞} g(x) = +∞ could be compared infinitarily in the manner described above. This led him to postulate the existence of an all-inclusive ordering of the infinities of such real functions—an infinitary pantachie, as he called it [1882, p. 220].^{21} Such a pantachie, according to du Bois-Reymond, would provide a conception of a numerical linear continuum richer than that of Cantor and Dedekind.

However, having demonstrated (as Stolz [1879, p. 232] and Pincherle [1884, p. 742] had before him) that there could be no such all-inclusive ordering of the infinities of such functions, Georg Cantor proclaimed: “the ‘infinitary pantachie,’ of du Bois-Reymond, belongs in the wastebasket as nothing but paper numbers!” [1895, p. 107]. Hausdorff, by contrast, suggested, “[t]here is no reason to reject the entire theory because of the possibility of incomparable functions as G. Cantor has done” [1907, p. 107], and in its place undertook the study of maximally inclusive sets of pairwise comparable real functions, each of which, retaining du Bois-Reymond’s term, he calls an infinitary pantachie or a pantachie for short. This led him to his well-known investigation of �_1-orderings (and �_α -orderings more generally) [1907], and to the following less well-known theorem.

Hausdorff 1 (Hausdorff 1907; 1909). Infinitary pantachies exist. If P is an infinitary pantachie, then P is an �_1-ordering of power 2^{ℵ0} ; in fact, P is (up to isomorphism) the unique �_1-ordering of power ℵ_1, assuming (the Continuum Hypothesis) CH.

Hausdorff’s theorem is actually more general than our previous remarks suggest. For in addition to modifying du Bois-Reymond’s conception of an infinitary pantachie, Hausdorff redirected du Bois-Reymond’s investigation by investigating numerical sequences rather than continuous functions (although, see below), deleting the monotonicity assumption, and replacing the infinitary rank ordering with the final rank ordering (which was illustrated above). That is, Hausdorff redirected du Bois-Reymond’s investigation to

21Du Bois-Reymond explains that his adjective “pantachie” derives from the Greek words for “everywhere”.

28 PHILIP EHRLICH

the study of subsets of the set B of all numerical sequences

A = (a_1, a_2, a_3, . . . , a_n, . . . )

in which the a_n are real numbers, and he defines the “final ordering” on B (and subsets thereof) by the conditions A < B if eventually a_n < b_n, A = B if eventually a_n = b_n , A > B if eventually a_n > b_n, and A ‖ B (i.e., A is incomparable with B) in all other cases, where “eventually” means for all values of n with the exception of a finite number, thus for all n ≥ some n_0 [1909 in 2005, p. 276].^{22} Hausdorff, who bases his theory on representative elements of the equivalences classes of eventually equal numerical sequences rather than on the equivalence classes themselves, calls a subset B of B totally ordered by the final order a pantachie if it is not properly contained in another subset of B totally ordered by the final order.

However, as Hausdorff emphasizes, the above result is also applicable to pantachies consisting solely of continuous functions since each pantachie of numerical sequences is order isomorphic to a pantachie of only continuous functions, and vice versa [1907, p. 112; 1907 in 2005, p. 134]. For, as Hausdorff observes: “a continuous function α(x) can be associated with each numerical sequence A in an infinity of ways so that the infinitary relations are preserved. The most obvious way is to define a piecewise linear function by α(x) = a_n(n + 1 − x) + a_{n+1}(x − n) for n ≤ x ≤ n + 1, i.e., by connecting the points with rectangular coordinates (n, a_n) by a line graph.” And conversely, one may map each continuous function f(x) to a cofinal sequence f(1), f(2), . . . , f(n), . . . [1907, pp. 111–112; 1907 in 2005, pp. 133–134].

In his investigation of 1907, Hausdorff also raises the question of the existence of a pantachie that is algebraically a field, but he only makes partial headway in providing an answer. However, in 1909 he returned to the problem and provided a stunning positive answer. Indeed, beginning with the ordered set of numerical sequences of the form (r, r, r, . . . , r, . . . ) where r is a rational number, and utilizing what appears to be the very first algebraic application of his maximal principle, Hausdorff proves the following little-known, remarkable result.

Hausdorff 2 (1909). There is a pantachie of numerical sequences, henceforth H_p, that is an ordered field, whose field operations are given by

A + B = (a_1 + b_1, a_2 + b_2, . . . , a_n + b_n, . . . ), A − B = (a_1 − b_1, a_2 − b_2, . . . , a_n − b_n, . . . ),

22Strictly speaking, in his [1907] unlike his [1909] and [1914, pp. 189–194], Hausdorff only considers numerical sequences in which the an are positive real numbers. However, the proof of the above theorem carries over to the more general case. Moreover, in his [1907], unlike his later works, he uses the term “finally” instead of “eventually” in the definitions of <, >, = and ‖.

THE ABSOLUTE ARITHMETIC CONTINUUM 29

AB = (a_1b_1, a_2b_2, . . . , a_nb_n , . . . ), A/B = (a_1/b_1, a_2/b_2, . . . , a_n/b_n , . . . ),

where A + B, A − B, AB and A/B are defined up to final equality. Any such pantachie is, in fact, a real-closed ordered field.

Writing before Artin and Schrier [1926], Hausdorff of course does not refer to H_p as real closed; but he essentially establishes H_p is real-closed by showing it is the union of a chain of ordered fields, each of which admits no algebraic extension to a more inclusive ordered field. Moreover, recognizing the real-closed nature of H_p was not the only forward looking feature of Hausdorff 2. Indeed, as J. M. Plotkin observes in his Introduction to his recent translation of Hausdorff’s paper: “the resulting structure would be recognized today by model theorists as the reduced power of the real field R over the index set N modulo the filter Cof (N) of cofinite subsets of N” [Plotkin 2005, p. 269].

The following result, whose proof uses the fact that H_p is a real-closed field that is an �_1-ordering of power 2^{ℵ0} , brings to the fore the relation between real-closed pantachies and No.

Theorem 17. Let H_p be an ordered field that is a pantachie. Then H_p is isomorphic with an initial subfield of No extending No(�_1); in fact, assuming CH, H_p is isomorphic to No(�_1) and, hence, to R((�^{No(�1)}))_{�1} .

Proof. By trivial variations in the argument employed in [Ehrlich 1988: Lemma 1 and p. 15], No(�_1) is a real-closed field that is an �_1-ordering of power 2^{ℵ0} . By Theorem 15, No(�_1) = R((�^{No(�1)}))_{�1} which, by Corollary 2, is isomorphic to R((t^{No(�1)}))_{�1} . But Esterle [1977: Section 3], extending the classical work of Alling [1962], has shown that every real-closed field that is an �_1-ordering contains an isomorphic copy of R((t^{No(�1)}))_{�1} . Accordingly, by employing the classical embedding theory for real-closed ordered fields in conjunction with sufficiently many applications of Theorem 7, the canonical isomorphism from R((t^{No(�1)}))_{�1} onto R((�^{No(�1)}))_{�1} can readily be extended to an isomorphism of a real-closed extension of R((t^{No(�1)}))_{�1} onto an initial subfield of No that is an extension of

R((�^{No(�1)}))_{�1} = No(�_1).

To complete the proof it only remains to recall the classical result of Erdös, Gillman and Henriksen [1955: also see Gillman and Jerison 1961: Theorem 13.13] that there is (up to isomorphism) a unique real-closed ordered field that is an �_1-ordering of power ℵ_1, if CH is the case. ⊣ Much as Hausdorff realized that Hausdorff 1 is also applicable to pantachies of continuous functions, he was aware the same is true of Hausdorff 2 (with the field operations appropriately construed). Apparently unaware of Hausdorff’s work, Boshernitzan [1981], working with equivalence classes rather than with representative elements, essentially rediscovered

30 PHILIP EHRLICH

Hausdorff 2 for the case of continuous real-valued functions f(x) defined for sufficiently large x. In Boshernitzan’s terminology, there are maximal B-fields (which, in virtue of his [1981: Proposition 3.4], are real-closed). Essentially being pantachies in Hausdorff’s sense, maximal B-fields fall under the umbrella of Theorem 17.

One year after Hausdorff published Hausdorff 2, G. H. Hardy published the monograph on du-Bois-Reymond’s theory from which we quoted above. The express purpose of the monograph is “to bring the Infinitärcalcül up to date, stating explicitly and proving carefully a number of general theorems the truth of which Du Bois-Reymond seems to have tacitly assumed” [1910: Preface]. For this purpose Hardy identified, and provided a systematic analysis of, a class of logarithmico-exponential functions–L-functions as he calls them—consisting of “real one-valued functions defined, for all values of x greater than some definite value, by a finite combination of the ordinary algebraic operations (viz. +, −, ·, ÷ and^n √ ) and the functional symbols log(. . . ) and e^{(... )}, operating on the variable x and on real constants” [Hardy 1910; 1924, p. 17]. Drawing inspiration from Hardy’s work on L-functions, Bourbaki [1951, pp. 107–126; 1976] introduced the idea of a Hardy field and developed the basic theory thereof. According to Aschenbrenner and van den Dries, “[t]his theory is the modern incarnation of ideas on “Orders of Infinity” originating with Du Bois-Reymond and put on a firm foundation by Hardy” [2000, p. 309].

Bourbaki bases the theory on germs of functions at ∞. More specifically, let f and g be real valued functions defined on intervals of the form {x ∈ R: x > a} for some a ∈ R. For example, {(x, x^3): x > 2} and {(x, x + 7): x > −4} are real-valued functions of this form. f and g are said to have the same germ at ∞, written f = g, if eventually f(x) = g(x). A Hardy Field H is a set of germs at ∞ that is closed under differentiation (f^′ ∈ H whenever f ∈ H , where f^′ is the derivative of f) that forms a field under the component-wise operations f + g = f + g and f · g = f · g, where f + g and f · g are the corresponding operations on functions. H admits a relational extension to an ordered field in accordance with the definition: f > g if f − g is ultimately positive for f, g ∈ H . Henceforth, we will not distinguish notationally between a function and its germ.

A Hardy field H will be said to be a real-closed logarithmico-exponential Hardy field if it is a real-closed extension of R(x) such that exp(f) ∈ H if f ∈ H , and log(f) ∈ H if f ∈ H and f > 0, where exp(f) and log(f) denote the germs of exp ∘f and log ∘f, respectively. As is well known, every Hardy field admits an extension to a real-closed logarithmico-exponential Hardy field (see, for example, [Kuhlmann 2001: Theorem 6.17]).^{23}

23What we call a real-closed logarithmico-exponential Hardy field, Kuhlmann [2000, p. 94] simply calls an exponential Hardy field.

THE ABSOLUTE ARITHMETIC CONTINUUM 31

Following Bourbaki [1951, pp. 113–114], let H be the Hardy field of germs of L-functions described above. Also let LE be the smallest realclosed logarithmico-exponential Hardy field containing H.^{24} Then LE is the smallest real-closed logarithmico-exponential Hardy field in the sense that every real-closed logarithmico-exponential Hardy field contains LE.

Theorem 19 below expresses a critical relation between LE and No. We now set the stage for proving the theorem by introducing some terminology and recalling some further properties of the No(�)’s introduced in Theorem 15.

For each m ∈ N, let R{X_1, . . . , X_m} be the ring of all real power series in X_1, . . . , X_m that converge in a neighborhood of I^m = [−1, 1]^m. Moreover, for f ∈ R{X_1 . . . , X_m} let ~f: R^m → R be given by

~f(x) = � f(x), for x ∈ I^m, 0, for x /∈ I^m.

Following van den Dries, Macintyre and Marker (D-M-M) [1994], the ~f’s so defined are called restricted analytic functions. Let R_{an} be the reals with its natural L_{an}-structure, where L_{an} is the language of ordered rings {<, 0, 1, +, −, ·} supplemented by a new function symbol for each function ~f, and further let No_{an} be the relational extension of No that arises by extending No to an L_{an}-structure as in [van den Dries and Ehrlich 2001]. Also let R_{an,exp} be the reals with its natural L_{an,exp}-structure, where L_{an,exp} is L_{an} supplemented by a new function symbol for exponentiation. And, finally, let e^x denote (with minor abuse of notation) both the exponential function in the reals and the well-behaved exponential function on the surreals mentioned in §1 that extends the familiar operation on real numbers [Gonshor 1986, Chapter 10].

Theorem 18 (van den Dries and Ehrlich 2001). Let � be an ε-number. Then the field No(�) is closed under exponentiation, and under taking logarithms of positive elements. In fact, the field No(�) equipped with the restricted analytic functions and exponentiation induced by No is an elementary substructure of (No_{an}, e^x ) and an elementary extension of (R_{an}, e^x ).

Now suppose ε_0 is the least ε-number, i.e., let ε_0 be the least ordinal greater than �, �^�, �^� , . . . .

24In his [1910, p. 20; 1924, p. 17], Hardy mentions a possible extension of his system H of L-functions, which he adopts in his [1912]. LE, which is characterized in a number of different though equivalent ways in the literature (cf. [Boshernitzan 1981, p. 235], [van den Dries, Macintyre and Marker 1997, p. 426] and [Kuhlmann 2001, pp. 94, 111]), is sometimes generously attributed to Hardy. However, van den Dries has shown the author a proof that LE properly contains both H and Hardy’s extension thereof.

32 PHILIP EHRLICH

Theorem 19. There is a unique ordered field embedding h of LE into No(ε_0) defined by the conditions: h(r) = r for all r ∈ R, h(x) = � and h(e^f ) = e^{h(f)} for all f ∈ LE. Moreover, the image of LE is an initial subtree of No(ε_0), and the image of the sequence x, e^x , e^{ex} , e^{eex} , . . . is cofinal with No(ε_0). In particular, h(x) = �, h(e^x ) = e^� = �^� , h(e^{ex} ) = e^{e�} = �^� , h(e^{eex} ) = e^{ee�} = �^� , . . . .

Proof. (Existence): The proof is an adaptation of an argument of D-M- M [1997]. Let (No(ε_0)_{an}, e^x ) be the field No(ε_0) equipped with the restricted analytic functions and exponentiation induced by No. By Theorem 18, No(ε_0)_{an}, e^x ) is an elementary extension of (R_{an}, e^x ). Let H_{LE} be the smallest real-closed subfield of No(ε_0) containing R(�) and closed under log and exp, and further let H_{an,exp} be the smallest elementary submodel of (No(ε_0)_{an}, e^x ) containing R(�). Clearly R(�) ⊂ H_{LE} ⊂ H_{an,exp} . Now let H (R_{an,exp}) be the field of germs at ∞ of the functions f: R → R definable in R_{an,exp}. In virtue of D-M-M’s [1994 §5], there is a well-defined L_{an,exp}-isomorphism from H (R_{an,exp}), which is a Hardy field, onto H_{an,exp} that sends the germ of the identity function x to � [1997, p. 426]. The (exponential) ordered field embedding h in the statement of the theorem is simply the restriction of the L_{an,exp}-map to LE.

(Uniqueness): Extend the language L_{an,exp} by new function symbols, one for each semialgebraic function from R^n to R. Let this extended language be L^′, and construe LE and No as L^′-structures (extending the L^′-structure R) in the obvious way. Then LE is generated as an L^′-structure over R by (the germ of) x, that is, each element of LE is given by an L^′-term t(x). Any embedding h as defined above is an L^′-homomorphism and thus maps any element t(x) in LE to t(�) which shows that h is unique.

(Initial Subtree): By Corollary 2 (ii), No(ε_0)_{an}, e^x ) is a truncation closed, cross-sectional subfield of the Hahn field in No induced by No(ε_0). Moreover, by essentially the same argument D-M-M employ to prove that their H_{LE} and H_{an,exp} are truncation closed subfields of the ordered power series field R((t))^{LE} [1997: Corollary 3.9, p. 425], H_{LE} and H_{an,exp} are truncation closed subfields of No(ε_0) with its natural power series structure. This together with the fact that R(�) ⊂ H_{LE} ⊂ H_{an,exp} implies that H_{LE} and H_{an,exp} are truncation closed, cross sectional subfields of the Hahn fields in No induced by H_{LE} and H_{an,exp} respectively; and so, by Theorem 14, H_{LE} and H_{an,exp} are initial subfields (of No and hence) of No(ε_0). Finally, the cofinality portion of the theorem is an immediate consequence of the definitions of h and No(ε_0) together with Theorems 10.11 and 10.14 of [Gonshor 1986]. ⊣ LE includes the germs of the aforementioned functions employed by Stolz in his groundbreaking investigation of 1883. Using this and the fact that every real-closed logarithmico-exponential Hardy field contains LE, it is

THE ABSOLUTE ARITHMETIC CONTINUUM 33

a simple matter to prove the following result that expresses the historically important relation between Stolz’s orders of infinity of functions and the divisible ordered abelian group of Archimedean classes of real-closed logarithmico-exponential Hardy fields.

Proposition 5. Let H be a real-closed logarithmico-exponential Hardy field. Stolz’s system of orders of infinity is isomorphic to the strictly positive cone of a subgroup of the value group (i.e., the divisible ordered abelian group of Archimedean classes) of H .

Every Hardy field can be extended to a maximal (non-extensible) Hardy field. Maximal Hardy fields are real-closed logarithmico-exponential Hardy fields having other nice properties [Sjödin 1971; Robinson 1972; Boshernitzan 1981]. Whether maximal Hardy fields are pantachies or even �_1- orderings does not appear to have been explored. We suspect this is a consequence of the fact that the modern algebraic works on orders of infinity, beginning with the writings of Hardy, have lost sight of Hausdorff’s classical investigations.^{25} On the other hand, Sjödin [1971: Lemma 4, p. 221 and Theorem 6, p. 231] has shown that maximal Hardy fields contain no countable cofinal subset, and this coupled with the fact that maximal Hardy fields are ordered fields, further implies that maximal Hardy fields have no countable coinitial subset and that for each field member x, {y : y < x} ({y : y > x}) has no countable cofinal (coinitial) subset. Accordingly, whether or not maximal Hardy fields are �_1-orderings turns on whether or not they have (�, �^∗)-gaps. While we suspect they do not, we know of no proof of this. Furthermore, by Hausdorff’s construction, any maximal Hardy field that is not a pantachie can be extended to a real-closed pantachie. However, while the functions contained in the set-theoretic difference of the two structures could be continuous (and perhaps even differentiable), the resulting pantachie could not be closed under differentiation.

§9. Hyperreal number systems. In the early 1960s Abraham Robinson [1961, 1966] made the momentous discovery that among the real-closed extensions of the reals there are number systems that can provide the basis for a consistent and entirely satisfactory nonstandard approach to analysis based on infinitesimals. Robinson motivated his work with the following words, which make clear that he was well aware of the non-Archimedean contributions of his forerunners.

25An important exception is Abraham Robinson’s [1972]. However, outside of Robinson’s passing remark to the effect that in [Hausdorff 1909] “Felix Hausdorff made significant contributions” to du Bois-Reymond’s theory, no indication of Hausdorff’s contributions is provided.

Kurt Gödel also appreciated the significance of Hausdorff’s work on pantachies, though his interest was largely set theoretic. For Gödel’s interest in pantachies and the relevance pantachies have for contemporary set theory, see [Kanamori 2007, §8].

34 PHILIP EHRLICH

It is our main purpose to show that these models [i.e., number systems] provide a natural approach to the age-old problem of producing a calculus involving infinitesimal (infinitely small) and infinitely large quantities. As is well known, the use of infinitesimals, strongly advocated by Leibnitz and unhesitatingly accepted by Euler fell into disrepute after the advent of Cauchy’s methods which put Mathematical Analysis on a firm foundation. Accepting Cauchy’s standards of rigor, later figures in the domain of non-archimedean quantities concerned themselves only with small fragments of the edifice of Mathematical Analysis. We mention only du Bois-Reymond’s Calculus of infinities [1875] and Hahn’s work on non-archimedean fields [1907] which in turn were followed by the theories of Artin–Schreier [1926] and, returning to analysis, of Hewitt [1948] and Erdös, Gillman and Henriksen [1955]. Finally, a recent and rather successful effort at developing a calculus of infinitesimals is due to Schmieden and Laugwitz [1958] whose number system consists of infinite sequences of rational numbers. The drawback of this system is that it includes zero-divisors and that it is only partially ordered. In consequence, many classical results of the Differential and Integral calculus have to be modified to meet the changed circumstance. [1961/1979, p. 4]

Being ordered fields, Robinson’s number systems do not have the justcited consequences of the number system of Schmieden and Laugwitz. By analogy with Thoralf Skolem’s [1934] nonstandard model of arithmetic, a number system from which Robinson drew inspiration, Robinson called his totally ordered number systems nonstandard models of analysis. These number systems, which are now more often called hyperreal number systems [Keisler 1976, 1994], may be characterized as follows: let ⟨R, S : S ∈ F⟩ be a relational structure where F is the set of all finitary relations defined on R (including all functions). Furthermore, let R^∗ be a proper extension of R and for each n-ary relation S ∈ F let S^∗ be an n-ary relation on R^∗ that is an extension of S. The structure ⟨R^∗, R, S^∗ : S ∈ F⟩ is said to be a hyperreal number system if it satisfies the transfer principle: every n-tuple of real numbers satisfies the same first-order formulas in ⟨R, S : S ∈ F⟩ as it satisfies in ⟨R^∗, R, S^∗ : S ∈ F⟩.

The existence of hyperreal number systems is a consequence of the compactness theorem of first-order logic and there are a number of algebraic techniques that can be employed to construct such a system. One commonly used technique is the ultrapower construction (cf. Keisler [1976, pp. 48–57]; Goldblatt [1998, chapter 3]), though not all hyperreal number systems can be obtained this way. By results of H. J. Keisler [1963; 1976, pp. 58–59], however, every hyperreal number system is isomorphic to a limit ultrapower.

THE ABSOLUTE ARITHMETIC CONTINUUM 35

Since every real-closed ordered field is isomorphic to an initial subfield of No, the underlying ordered field of any hyperreal number system is likewise isomorphic to an initial subfield of No. For example, the familiar ultrapower construction of a hyperreal number system as a quotient ring of R^N (modulo a given nonprincipal ultrafilter on N) is isomorphic to No(�_1) = R((�^{No(�1)}))_{�1} assuming CH, insofar as any such quotient ring of R^N is a real-closed field that is an �_1-ordering of power 2^{ℵ0} [Goldblatt 1998, p. 33]. Similarly, if we assume there is an uncountable inaccessible cardinal, �_α being the least, then No(�_α ) = R((�^{No(�α )}))_{�α} is isomorphic to the underlying ordered field in the hyperreal number system employed by Keisler in his Foundations of Infinitesimal Calculus [1976].

In the remainder of this section we will see that No = R((�^{No}))_{On} itself can be employed as the underlying ordered field in what may be naturally described as the maximal hyperreal number system in NBG. For this purpose, we begin with Keisler’s well-known foundation for Robinson’s Theory of Infinitesimals presented in his just-cited work and in the Epilog of the 2nd edition of his corresponding text [1986].

Keisler’s Axioms for Hyperreal Number Systems

Axiom A. R is a complete ordered field.

Axiom B. R^∗ is a proper ordered field extension of R.

Axiom C (Function Axiom). For each real function f of n variables there is a corresponding hyperreal function f^∗ of n variables, called the natural extension of f. The field operations of R^∗ are the natural extensions of the field operations of R.

Axiom D (Solution Axiom). If two systems of formulas [finite sets of equations or inequalities between terms] have exactly the same real solutions, they have exactly the same hyperreal solutions.

Commenting on these axioms, Keisler observes:

The real numbers are the unique complete ordered field. By analogy, we would like to uniquely characterize the hyperreal structure ⟨R, R^∗, ∗⟩ by some sort of completeness property. However, we run into a set-theoretic difficulty; there are structures R^∗ of arbitrary large cardinal number which satisfy Axioms A–D, so there cannot be a largest one. Two ways around this difficulty are to make R^∗ a proper class rather than a set, or to put a restriction on the cardinal number of R^∗. We use the second method because it is simpler. [Keisler 1976, p. 59] Central to Keisler’s solution to the uniqueness problem is the idea of a saturated hyperreal number system. A hyperreal number system ⟨R^∗, R, S^∗ :

36 PHILIP EHRLICH

S ∈ F⟩ is said to be κ-saturated if any set of formulas with constants from R^∗ of power less than κ is satisfiable whenever it is finitely satisfiable. If κ is the power of R^∗, the hyperreal number system is said to be saturated. Although there is a wide range of hyperreal number systems in ZFC that are saturated to varying degrees of power less than the power of R^∗, saturated hyperreal number systems cannot be proved to exist in ZFC. In virtue of classical results from the theory of saturated models, however, there is (up to isomorphism) a unique saturated hyperreal number system of power κ whenever κ > 2^{ℵ0} and either κ is (strongly) inaccessible or the generalized continuum hypothesis (GCH) holds at κ (i.e., κ = ℵ_{α+1} = 2^{ℵα} for some α). So, for example, by supplementing ZFC with the assumption of the existence of an uncountable inaccessible cardinal, one can obtain uniqueness (up to isomorphism) by limiting attention to saturated hyperreal number systems having the least such power.

With the above in mind, Keisler sets the stage to overcome the uniqueness problem by introducing the following axiom, and then proceeds to prove the subsequent theorem.

Axiom E (Saturation Axiom). Let S be a set of equations and inequalities involving real functions, hyperreal constants, and variables, such that S has a smaller cardinality than R^∗. If every finite subset of S has a hyperreal solution, then S has a hyperreal solution.

Keisler 1 [1976]. There is up to isomorphism a unique structure ⟨R, R^∗, ∗⟩ such that Axioms A–E are satisfied and the cardinality of R^∗ is the first uncountable inaccessible cardinal.

If ⟨R, R^∗, ∗⟩ satisfies Axioms A–D, then R^∗ is of course real-closed. It is also evident that, if ⟨R, R^∗, ∗⟩ further satisfies Axiom E, then R^∗ is an �_α -ordering of power ℵ_α, where ℵ_α is the power of R^∗. Accordingly, since (in NBG) No is (up to isomorphism) the unique real-closed field that is an �_{On}-ordering of power ℵ_{On} (see Theorem 3 and Note 5), R^∗ would be isomorphic to No in any model of A–E that is a proper class (in NBG).

Motivated by the above, in September of 2002 we wrote to Keisler, reminded him of his idea of making “R^∗ a proper class rather than a set”, observed that in such a model R^∗ would be isomorphic to No, and inquired how he had intended to prove the result for proper classes since the proof he employs, which uses a superstructure, cannot be carried out for proper classes in NBG or in any of the most familiar alternative class theories.^{26}

26The difficulty is that, in addition to No, such a proof would require the power class P(No) of all subclasses of No, the power class P(P(No)) of all subclasses of subclasses of No and so on, none of which exist in NBG.

THE ABSOLUTE ARITHMETIC CONTINUUM 37

In response, Keisler offered the following revealing remarks, which he has graciously granted us permission to reproduce.

What I had in mind in getting around the uniqueness problem for the hyperreals in “Foundations of Infinitesimal Calculus” was to work in NBG with global choice (i.e., a class of ordered pairs that well orders the universe). This is a conservative extension of ZFC. I was not thinking of doing it within a superstructure, but just getting four objects R, R^∗, <^∗, ∗ which satisfy Axioms A–E. R is a set, R^∗ is a proper class, <^∗ is a proper class of ordered pairs of elements of R^∗, and ∗ is a proper class of ordered triples (f, x, y) of sets, where f is an n-ary real function for some n, x is an n-tuple of elements of R^∗ and y is in R^∗. In this setup, f^∗(x) = y means that (f, x, y) is in the class ∗. There should be no problem with ∗ being a legitimate entity in NBG with global choice. Since each ordered triple of sets is again a set, ∗ is just a class of sets. I believe that this can be done in an explicit way so that R, R^∗, <^∗, and ∗ are definable in NBG with an extra symbol for a well ordering of V . [Keisler to Ehrlich 10/20/02] Moreover, in a subsequent letter, Keisler went on to add:

I did not do it that way because it would have required a longer discussion of the set theoretic background. [Keisler to Ehrlich 5/14/06] Anticipating, however, that the details of Keisler’s proof-plan can indeed be carried out in NBG, we draw the main body of the paper to a close by announcing the following intriguing result.

Theorem 20. In NBG there is (up to isomorphism) a unique structure ⟨R, R^∗, ∗⟩ such that Axioms A–E are satisfied and for which R^∗ is a proper class; moreover, in such a structure R^∗ is isomorphic to No. Such a structure is in fact (to within isomorphism) the unique model of Axioms A–E whose existence can be established in NBG without additional assumptions.

Appendix: Proof of Theorem 7

Central to our proof of Theorem 7 is Theorem 14 and the following result, the first part of which is due to Mourgues and Ressayre [1993: Lemma 3.4], and the second part of which is a special case of a result of van den Dries [1991: Theorem] (that was rediscovered by Fornasiero [2006]) that both strengthens and generalizes a result of F. Delon that was rediscovered and used to great effect by Mourgues and Ressayre [1991: Lemma 3.5; 1993: Lemma 3.5].

On the other hand, as we mentioned to Keisler, his proof can be extended to the class case in the equiconsistent set theory of Ackermann (see Note 7).

38 PHILIP EHRLICH

Proposition 6. Let R be an ordered subfield of R, Γ be an ordered abelian group, and A be a truncation closed subfield of R((t^Γ)). Then:

I. If y ∈ R((t^Γ)) − A has all of its proper truncations in A, then the subfield A(y) of R((t^Γ)) is also truncation closed.

II. If R ⊂ A, then the algebraic closure of A in R((t^Γ)) is also truncation closed.

We also use the simple generalization of Corollary 2(ii) that, if Γ is an initial subgroup of No that is a set and R is a subfield of R, then there is a unique initial subfield R((�^Γ)) (defined in the expected manner) of No containing {�^� : � ∈ Γ} that is isomorphic to the power series field R((t^Γ)).

Proof of Theorem 7. Let A be a real-closed initial subfield of No (whose universe is a set). Then Γ = {� ∈ No : �^� ∈ A} is a divisible initial subgroup of No and R = {r ∈ R: r�^0 ∈ A} is a real-closed initial subfield of No. Let x be the simplest member of No that fills a cut in A. Then all the proper truncations of the Conway name of x are in A. Either x ∈ R((�^Γ)) or x /∈ R((�^Γ)). First suppose x ∈ R((�^Γ)). Then by Part I of Proposition 6, A(x) is a truncation closed subfield of R((�^Γ)). Now let R be the real-closure in No of {r ∈ R: r�^0 ∈ A(x)}. Since A(x) ⊆ R((�^Γ)) and R((�^Γ)) is a truncation closed subfield of R((�^Γ)), A(x) is a truncation closed subfield of R((�^Γ)). Moreover, by repeatedly applying Part I of Proposition 6 to a suitable (possibly empty) set of elements of the form r�^0 where r ∈ R − R, the subfield A(x, R) of R((�^Γ)) generated by A(x)∪R is likewise seen to be a truncation closed subfield of R((�^Γ)). But then, by Part II of Proposition 6, so is the real-closure of A(x, R) in R((�^Γ)). Moreover, since A is a crosssectional subfield of R((�^Γ)), so is the real-closure of A(x, R) in R((�^Γ)). Furthermore, since A(x) ⊆ A(x, R) and the real-closure of A(x) in R((�^Γ)) contains A(x, R), the real-closures of A(x) and A(x, R) in R((�^Γ)) coincide; from which it follows that the real-closure of A(x) in R((�^Γ)) is an initial subfield of R((�^Γ)) and, hence, of No. Next suppose x /∈ R((�^Γ)). Then either (i) x = �^y where y is the simplest member of No that fills a cut in Γ, the cuts (Γ, ∅) and (∅, Γ) not being excluded, or (ii) x = � α<� �^{�α} · r_α ± �^y

where the �_α s constitute a coinitial subset of Γ and y is the simplest member of No that fills the cut (∅, Γ). However, since A(x) = A(�^y ) when (ii) is the case, (ii) reduces to a special case of (i). Thus, suppose (i) is the case. Then, by Theorem 6, the divisible subgroup Γ^′ of No generated by Γ ∪ {y} is initial. Moreover, since A is a truncation closed subfield of R((�^{Γ′} )), by Part I of Proposition 6 A(�^y ) is a truncation closed subfield of R((�^{Γ′} )), and by Part II, so is its real-closure in R((�^{Γ′} )). Moreover, since the realclosure of A(�^y ) in R((�^{Γ′} )) is a cross sectional subfield of R((�^{Γ′} )) in No, by Theorem 14, the real-closure of A(�^y ) in R((�^{Γ′} )) is an initial subfield of R((�^{Γ′} )) and, hence, of No. ⊣

THE ABSOLUTE ARITHMETIC CONTINUUM 39

REFERENCES

Wilhelm Ackermann [1956], Zur Axiomatik der Mengenlehre, Mathematische Annalen, vol. 131, pp. 336–345.

Norman Alling [1962], On the existence of real-closed fields that are �α -sets of power ℵα , Transactions of the American Mathematical Society, vol. 103, pp. 341–352.

Norman Alling [1985], Conway’s field of surreal numbers, Transactions of the American Mathematical Society, vol. 287, pp. 365–386.

Norman Alling [1987], Foundations of analysis over surreal number fields, North- Holland Publishing Company, Amsterdam.

Norman Alling and Philip Ehrlich [1986], An alternative construction of Conway’s surreal numbers, Comptes Rendus Mathématiques de l’Académie des Sciences (Mathematical Reports), vol. VIII, pp. 241–246.

Norman Alling and Philip Ehrlich [1987], Sections 4.02 and 4.03 of [Alling 1987]. Emil Artin and Otto Schreier [1926], Algebraische Konstruktion reeller Körper, Abhandlungen aus dem Mathematischen Seminar der Hamburgischen Univeristät, vol. 5, pp. 85– 99, reprinted in Serge Lang and John T. Tate (editors), The Collected Papers of Emil Artin, Addison-Wesley Publishing Company, Reeding, MA, 1965, pp. 258–272.

Matthias Aschenbrenner and Lou van den Dries [2000], Closed asymptotic couples, Journal of Algebra, vol. 225, pp. 309–358.

Michael Boshernitzan [1981], An extension of Hardy’s class L of “orders of infinity”, Journal d’Analyse Mathématique, vol. 39, pp. 235–255.

Nicholas Bourbaki (pseudonym) [1951], Élements de mathématique. XII. Première partie: Les structures fondamentales de l’analyse. Livre IV: Fonctions d’une variable réelle, Hermann, Paris.

Georg Cantor [1883], Grundlagen einer allgemeinen Mannigfaltigkeitslehre. Ein mathematisch-philosophischer Versuch in der Lehre des Unendlichen, B. G. Teubner, Leipzig, reprinted in [Cantor 1932, pp. 165–208]. English translation by W. D. Ewald in [Ewald 1996, pp. 881–920].

Georg Cantor [1895], Sui numeri transfiniti, Rivista di Matematica, vol. 5, pp. 104–109. Georg Cantor [1932], Gesammelte Abhandlungen mathematischen und philosophischen Inhalts. Herausgegeben von Ernst Zermelo, nebst einem Lebenslauf Cantors von A. Fraenkel, J. Springer, Berlin, reprinted Hildesheim, Olms, 1966.

Philip Carruth [1942], Arithmetic of ordinals with applications to the theory of ordered Abelian groups, Bulletin of the American Mathematical Society, vol. 48, pp. 262–271.

C. C. Chang and H. J. Keisler [1990], Model theory, third ed., North-Holland Publishing Company, Amsterdam.

A. H. Clifford [1954], Note on Hahn’s theorem on ordered Abelian groups, Proceedings of the American Mathematical Society, vol. 5, pp. 860–863.

Paul Conrad [1954], On ordered division rings, Proceedings of the American Mathematical Society, vol. 5, pp. 323–328.

Paul Conrad and John Dauns [1969], An embedding theorem for lattice-ordered fields, Pacific Journal of Mathematics, vol. 30, pp. 385–397.

J. H. Conway [1976], On numbers and games, Academic Press, London, Second edition, A K. Peters, Ltd., Natick, Massachusetts, 2001.

Norberto Cuesta Dutari [1954], Algebra ordinal, Revista de la Real Academia de Ciencias Exactas. Físicas y Naturales, vol. 48, pp. 103–145.

Norberto Cuesta Dutari [1958–1959], Matematica del orden, Revista de la Real Academia de Ciencias Exactas. Físicas y Naturales, vol. 52, pp. 147–321, 609–770; 53, pp.

40 PHILIP EHRLICH

33–190. These papers were reprinted in book form as Matematica del Orden, Madrid, 1959, and reissued in 1994 by the Universidad de Salamanca, Salamanca, Spain.

H. Garth Dales and W. Hugh Wooden [1996], Super-real ordered fields, Clarendon Press, Oxford.

Joseph Dauben [1979], Georg Cantor: His mathematics and philosophy of the infinite, Harvard University Press, Cambridge, Massachusetts.

Frank Drake [1974], Set theory: An introduction to large cardinals, North-Holland Publishing Company, Amsterdam.

Paul Du Bois-Reymond [1870–1871], Sur la grandeur relative des infinis des functions, Annali di matematica pura ed applicata, vol. 4, pp. 338–353.

Paul Du Bois-Reymond [1875], Ueber asymptotische Werthe, infinitäre Approximationen und infinitäre Auflösung von Gleichungen, Mathematische Annalen, vol. 8, pp. 363–414; (Nachträge zur Abhandlung: ueber asymptotische Werthe etc., pp. 574–576).

Paul Du Bois-Reymond [1877], Ueber die Paradoxen des Infinitärcalcüls, Mathematische Annalen, vol. 11, pp. 149–167.

Paul Du Bois-Reymond [1882], Die allgemeine Functionentheorie I, Verlag der H. Laupp’schen Buchhandlung, Tübingen.

Philip Ehrlich [1987], The absolute arithmetic and geometric continua, PSA 1986 (Arthur Fine and Peter Machamer, editors), vol. 2, Philosophy of Science Association, Lansing, MI.

Philip Ehrlich [1988], An alternative construction of Conway’s ordered field No, Algebra Universalis, vol. 25, pp. 7–16, Errata, vol. 25 (1988), p. 233.

Philip Ehrlich [1989], Absolutely saturated models, Fundamenta Mathematicae, vol. 133, no. 1, pp. 39–46.

Philip Ehrlich [1989a], Universally extending continua, Abstracts of Papers Presented to the American Mathematical Society, vol. 10, no. 1, p. 15.

Philip Ehrlich [1992], Universally extending arithmetic continua, Le labyrinthe du continu, colloque de Cerisy (Hourya Sinaceur and Jean-Michel Salanskis, editors), Springer- Verlag France, Paris.

Philip Ehrlich (editor) [1994], Real numbers, generalizations of the reals, and theories of continua, Kluwer Academic Publishers, Dordrecht, Netherlands.

Philip Ehrlich [1994a], All number great and small, Real numbers, generalizations of the reals, and theories of continua (Philip Ehrlich, editor), Kluwer Academic Publishers, Dordrecht, Netherlands, pp. 239–258.

Philip Ehrlich [1995], Hahn’s Über die nichtarchimedischen Grössensysteme and the development of the modern theory of magnitudes and numbers to measure them, From Dedekind to Gödel: Essays on the development of the foundations of mathematics (Jaakko Hintikka, editor), Kluwer Academic Publishers, Dordrecht, Netherlands.

Philip Ehrlich [1997], Dedekind cuts of Archimedean complete ordered Abelian groups, Algebra Universalis, vol. 37, pp. 223–234.

Philip Ehrlich [1997a], From completeness to Archimedean completeness: An essay in the foundations of Euclidean geometry, in A Symposium on David Hilbert edited by Alfred Tauber and Akihiro Kanamori, Synthese, vol. 110, pp. 57–76.

Philip Ehrlich [2001], Number systems with simplicity hierarchies: A generalization of Conway’s theory of surreal numbers, The Journal of Symbolic Logic, vol. 66, no. 3, pp. 1231– 1258, Corrigendum, vol. 70 (2005), no. 3, p. 1022.

Philip Ehrlich [2002], The absolute arithmetic continuum and the unification of all numbers great and small (abstract), Philosophical insights into logic and mathematics (abstracts), Archive Henri Poincaré, Université de Nancy 2, Laboratoire de Philosophie et d’Historie des Sciences, Nancy, France, pp. 41–43.

THE ABSOLUTE ARITHMETIC CONTINUUM 41

Philip Ehrlich [2002a], Surreal numbers: An alternative construction (abstract), this Bulletin, vol. 8, no. 3, p. 448.

Philip Ehrlich [2004], Surreal numbers and the unification of all numbers great and small (abstract), this Bulletin, vol. 10, no. 2, p. 253.

Philip Ehrlich [2005], Continuity, Encyclopedia of philosophy, 2nd edition (Donald M. Borchert, editor), Macmillan Reference USA, Farmington Hills, MI, pp. 489–517. (The online version contains some slight improvements.).

Philip Ehrlich [2006], The rise of non-Archimedean mathematics and the roots of a misconception I: the emergence of non-Archimedean systems of magnitudes, Archive for History of Exact Sciences, vol. 60, pp. 1–121.

Philip Ehrlich [2007], Review of “The continuous and the infinitesimal in mathematics and philosophy” by John L. Bell, this Bulletin, vol. 13, no. 3, pp. 361–363.

Philip Ehrlich [2010], The absolute arithmetic continuum and its Peircean counterpart, New essays on Peirce’s mathematical philosophy (Matthew Moore, editor), Open Court Press, pp. 235–282.

Philip Ehrlich [2011], Conway names, the simplicity hierarchy and the surreal number tree, Journal of Logic and Analysis, vol. 3, pp. 1–26.

Philip Ehrlich [forthcoming 1], The absolute arithmetic continuum, http://www.ohio.

edu/people/ehrlich/.

Philip Ehrlich [forthcoming 2], The rise of non-Archimedean mathematics and the roots of a misconception II: the emergence of non-Archimedean geometry and the theory of non- Archimedean ordered algebraic systems, Archive for History of Exact Sciences.

Federigo Enriques [1911], Sui numeri non archimedei e su alcune loro interpretazioni, Bollettino della Mathesis, vol. IIIa, pp. 87–105.

Federigo Enriques [1912], I numeri reali, Questioni riguardanti le matematiche elementari (Federigo Enriques and Nicola Zanichelli, editors), vol. 1, Bologna, pp. 365–493, Second Edition 1924, pp. 231–389.

Paul Erdös, Leonard Gillman, and Melvin Henriksen [1955], An isomorphism theorem for real-closed fields, Annals of Mathematics. Series 2, vol. 61, pp. 542–554.

Jean Esterle [1977], Solution d’un problème d’Erdös, Gillman et Henriksen et application à l’étude des homomorphismes de C (K), Acta Mathematica Academiae Scientiarum Hungaricae, vol. 30, pp. 113–127.

Leonhard Euler [1778], De infinities infinitis gradibus tam infinite magnorum quam infinite parvorum, Acta Academiae Scientiarum Petroplitanae (II) I, 1780, pp. 102–118. Reprinted in Opera Omnia (I) XV, pp. 298–313.

William. B. Ewald (editor) [1996], From Kant to Hilbert: A source book in the foundations of mathematics, vol. II, Clarendon Press, Oxford.

Gordon Fisher [1981], The infinite and infinitesimal quantities of du Bois-Reymond and their reception, Archive for History of Exact Sciences, vol. 24, pp. 101–164.

Antongiulio Fornasiero [2004], Integration on surreal numbers, Ph.D. thesis, University of Edinburgh.

Antongiulio Fornasiero [2006], Embedding Henselian fields into power series, Journal of Algebra, vol. 304, pp. 112–156.

Abraham A. Fraenkel, Yehoshua Bar-Hillel, and Azriel Lévy [1973], Foundations of set theory, second revised ed., North-Holland Publishing Company, Amsterdam.

Laszlo Fuchs [1963], Partially ordered algebraic systems, Pergamon Press. Leonard Gillman and Meyer Jerison [1961], Rings of continuous functions, Van Nostrand, 1976.

Robert Goldblatt [1998], Lectures on the hyperreals. An introduction to nonstandard analysis, Springer, New York.

42 PHILIP EHRLICH

Harry Gonshor [1986], An introduction to the theory of surreal numbers, Cambridge University Press, Cambridge.

Hans Hahn [1907], Über die nichtarchimedischen Grössensysteme, Sitzungsberichte der Kaiserlichen Akademie der Wissenschaften, Wien, Mathematisch-Naturwissenschaftliche Klasse, vol. 116 (Abteilung IIa), pp. 601–655.

G. H. Hardy [1910], Orders of infinity, the “Infinitärcalcül” of Paul Du Bois-Reymond, Cambridge University Press, Cambridge, Second edition, 1924; First edition reprinted by Hafner, New York, 1971.

G. H. Hardy [1912], Properties of logarithmico-exponential functions, Proceedings of the London Mathematical Society. Second Series, vol. 10, pp. 54–90.

Egbert Harzheim [2005], Ordered sets, Springer, New York.

Felix Hausdorff [1907], Untersuchungen über Ordungtypen, Berichte über die Verhandlungen der königlich sächsischen Gesellschaft der Wissenschaften zu Leipzig, Matematisch- Physische Klasse, vol. 59, pp. 84–159, for English translation by J. M. Plotkin, see [Plotkin 2005].

Felix Hausdorff [1909], Die Graduierung nach dem Endverlauf, Abhandlungen der königlich sächsischen Gesellschaft der Wissenschaften zu Leipzig, Matematisch-Physische Klasse, vol. 31, pp. 295–335, for English translation by J. M. Plotkin, see [Plotkin 2005].

Felix Hausdorff [1914], Grundzüge der Mengenlehre, Leipzig. Felix Hausdorff [1927], Mengenlehre, W. de Gruyter, Berlin. Felix Hausdorff [1957], Set theory, Chelsea Publishing Company, New York. Gerhard Hessenberg [1906], Grundbegriffe der Mengenlehre, Abhandlungen der Friesschen Schule, (Neue Folge), Band I, Heft IV, Göttingen, reprinted by Vandenhoeck & Ruprecht, Göttingen, 1906.

Edwin Hewitt [1948], Rings of real-valued continuous functions. I, Transactions of the American Mathematical Society, vol. 64, pp. 45–99.

David Hilbert [1899], Grundlagen der Geometrie, Teubner, Leipzig. David Hilbert [1900], Über den Zahlbegriff, Jahresbericht der Deutschen Mathematiker– Vereinigung, vol. 8, pp. 180–184.

David Hilbert [1971], Foundations of geometry, 10th edition of [Hilbert 1899] translated by Leo Unger, Open Court, LaSalle, IL.

Bjarni Jónsson [1960], Homogeneous universal relational structures, Mathematica Scandinavica, vol. 8, pp. 137–142.

Akihiro Kanamori [2007], Gödel and set theory, this Bulletin, vol. 13, pp. 153–188. Irving Kaplansky [1942], Maximal fields with valuations, Duke Mathematical Journal, vol. 9, pp. 303–321.

H. Jerome Keisler [1963], Limit ultrapowers, Transactions of the American Mathematical Society, vol. 107, pp. 383–408.

H. Jerome Keisler [1976], Foundations of infinitesimal calculus, Prindle, Weber & Schmidt, Incorporated, 20 Newbury Street, Boston.

H. Jerome Keisler [1976a], Elementary calculus, second 1986 ed., Prindle, Weber & Schmidt, Incorporated, 20 Newbury Street, Boston, now available free online at http://

www.math.wisc.edu/^∼ keisler/cal.html.

H. Jerome Keisler [1994], The hyperreal line, Real numbers, generalizations of the reals, and theories of continua (Philip Ehrlich, editor), Kluwer Academic Publishers, Dordrecht, Netherlands, pp. 207–237.

Dieter Klaua [1994], Rational and real ordinal numbers, Real numbers, generalizations of the reals, and theories of continua (Philip Ehrlich, editor), Kluwer Academic Publishers, Dordrecht, Netherlands, pp. 259–276.

Wolfgang Krull [1932], Allgemeine Bewertungstheorie, Journal für die Reine und Angewandt Mathematik, vol. 167, pp. 160–196.

THE ABSOLUTE ARITHMETIC CONTINUUM 43

Salma Kuhlmann [2000], Ordered exponential fields, Fields Institute Monographs, vol. 12, American Mathematical Society, Providence, RI.

Gottfried Wilhelm Leibniz [1875–1890], Die philosophischen Schriften von Gottfried Wilhelm Leibniz, 7 volumes, edited by C. I. Gerhardt, Weidmann, Berlin. Reprinted by Olms, Hildesheim, 1960.

Tullio Levi-Civita [1892–1893], Sugli infiniti ed infinitesimi attuali quali elementi analitici, Atti del R. Istituto Veneto di Scienze Lettre ed Arti, Venezia (Serie 7), vol. 4, pp. 1765–1815, reprinted in Tullio Levi-Civita, Opere Matematiche, Memorie e Note, Volume primo 1893–1900, Nicola Zanichelli, Bologna, 1954.

Tullio Levi-Civita [1898], Sui numeri transfiniti, Atti della Reale Accademia dei Lincei, Classe di scienze fisiche, matematiche e naturali, Rendiconti, Roma serie Va, vol. 7, pp. 91–96, 113–121, reprinted in Tullio Levi-Civita, Opere Matematiche, Memorie e Note, Volume primo 1893–1900, Nicola Zanichelli, Bologna, 1954.

Azriel Lévy [1959], On Ackermann’s set theory, The Journal of Symbolic Logic, vol. 24, pp. 154–166.

Azriel Lévy [1976], The role of classes in set theory, Sets and classes (G. H. Müller, editor), North-Holland Publishing Company, Amsterdam, pp. 173–215.

Azriel Lévy and Robert Vaught [1961], Principles of partial reflection in the set theories of Zermelo and Ackermann, Pacific Journal of Mathematics, vol. 11, pp. 1045–1062.

Herbert Meschkowski and Winfried Nilson (editors) [1991], Georg Cantor. Briefe, Springer-Verlag, Berlin.

Michael Morley and Robert Vaught [1962], Homogeneous universal models, Mathematica Scandinavica, vol. 11, pp. 37–57.

Marie-Hélène Mourgues and Jean-Pierre Ressayre [1991], A transfinite version of Puiseux’s theorem with applications to real closed fields, Logic Colloquium’90 (J. Oikkonen and J. Väänänen, editors), Springer-Verlag, Berlin, pp. 250–258.

Marie-Hélène Mourgues and Jean-Pierre Ressayre [1993], Every real closed field has an integer part, The Journal of Symbolic Logic, vol. 58, pp. 641–647.

Alexander Ostrowski [1935], Untersuchungen zur arithmetischen Theorie der Körper, Mathematische Zeitschrift, vol. 39, pp. 269–404.

Charles Sanders Peirce [circa 1897], Multitude and continuity, in The new elements of mathematics, vol. III.1 by Charles S. Peirce, (C. Eisele, editor), Moulton Publishers, The Hague, 1976, pp. 82–100.

Charles Sanders Peirce [1898], The logic of relatives, Reasoning and the logic of things: The Cambridge conferences lectures of 1898 (Kenneth Laine Ketner, editor), with an introduction by Kenneth Laine Ketner and Hilary Putnam. Cambridge, MA, Harvard University Press, 1992, pp. 146–164.

Charles Sanders Peirce [1898a], The logic of continuity, Reasoning and the logic of things: The Cambridge conferences lectures of 1898 (Kenneth Laine Ketner, editor), with an introduction by Kenneth Laine Ketner and Hilary Putnam. Cambridge, MA, Harvard University Press, 1992, pp. 242–268.

Charles Sanders Peirce [1900], Infinitesimals, Science, vol. 2, pp. 430–433, reprinted in Collected papers of Charles Sanders Peirce, vol. III, (Charles Hartshone and Paul Weiss, editors), Cambridge, MA, Harvard University Press, 1935, pp. 360–365.

Salvatore Pincherle [1884], Alcune osservazioni sugli ordini d’infinito delle funzioni, Memorie della R. Accademia delle scienze dell’istituto di Bologna, vol. 5, pp. 739–750.

J. M. Plotkin (editor) [2005], Hausdorff on ordered sets, American Mathematical Society, Rhode Island.

Sibylla Priess-Crampe [1973], Zum Hahnschen Einbettungssatz für Angeordnete Körper, Archiv der Mathematik, vol. 24, pp. 607–614.

44 PHILIP EHRLICH

Sibylla Priess-Crampe [1983], Angeordnete Strukturen, Gruppen, Körper, projektive Ebenen, Springer-Verlag, Berlin.

Sibylla Priess-Crampe and Reiner von Chossy [1975], Ordungsverträgliche Bewertungen eines angeordneten Körpers, Archiv der Mathematik, vol. 26, pp. 373–387.

Francis J. Rayner [1976], Ordered fields, Seminaire de Théorie des Nombres 1975–1976 (Univ. Bordeaux I. Talence), Exp. No. 1, pp. 1–8 Lab. Théorie des Nombres, Centre Nat. Recherche Sci., Talence.

William Reinhardt [1970], Ackermann’s set theory equals ZF, Annals of Mathematical Logic, vol. 2, pp. 189–259.

Abraham Robinson [1961], Non-standard analysis, Proceedings of the Royal Academy of Sciences, Amsterdam (Series A), vol. 64, pp. 432–440, reprinted in Abraham Robinson selected papers, vol. 2, Nonstandard analysis and philosophy, Yale University Press, New Haven and London, 1979, pp. 3–11.

Abraham Robinson [1966], Non-standard analysis, second (1974) ed., North-Holland Publishing Company, Amsterdam.

Abraham Robinson [1972], On the real closure of a Hardy field, in Theory of sets and topology (in honour of Felix Hausdorff, 1868–1942), pp. 427–433. VEB Deutscher Verlag der Wissenschaften, Berlin, 1972, reprinted in Abraham Robinson selected papers, vol. 1, Model theory and algebra, Yale University Press, New Haven and London, 1979, pp. 607–613.

Maxwell Rosenlicht [1983], Hardy fields, Journal of Mathematical Analysis and Applications, vol. 93, pp. 297–311.

Curt Schmieden and Detlef Laugwitz [1958], Eine Erweiterung der Infinitesimalrechnung, Mathematische Zeitschrift, vol. 69, pp. 1–39.

Roman Sikorski [1948], On an ordered algebraic field, Comptes Rendus des Séances de la Classe III, Sciences Mathématiques et Physiques. La Société des Sciences et des Lettres de Varsovie, vol. 41, pp. 69–96.

Gunnar Sjödin [1971], Hardy-fields, Arkiv für Matematik, vol. 8, pp. 217–237. Thoralf Skolem [1934], Über die Nichtcharakterisierbarkeit der Zahlenreihe mittels endlich oder abzählbar unendlich vieler Aussagen mit ausschliesslich Zahlenvariablen, Fundamenta Mathematica, vol. 23, pp. 150–161, reprinted in Selected works in logic, by T. H. Skolem, (J. E. Fenstad, editor), Universitetsforlaget, Oslo, 1970, pp. 355–366.

Otto Stolz [1879], Ueber die Grenzwerthe der Quotienten, Mathematische Annalen, vol. 14, pp. 231–240.

Otto Stolz [1883], Zur Geometrie der Alten, insbesondere über ein Axiom des Archimedes, Mathematische Annalen, vol. 22, pp. 504–519.

Otto Stolz [1885], Vorlesungen über Allgemeine Arithmetik, Erster Theil: Allgemeines und Arithmetik der Reelen Zahlen, Teubner, Leipzig.

Lou van den Dries [1991], Truncation of power series (remarks on a manuscript by Ressayre), unpublished.

Lou van den Dries and Philip Ehrlich [2001], Fields of surreal numbers and exponentiation, Fundamenta Mathematicae, vol. 167, no. 2, pp. 173–188; erratum, ibid. vol. 168 (2001), no. 2, pp. 295–297.

Lou van den Dries, Angus Macintyre, and David Marker [1994], The elementary theory of restricted analytic fields with exponentiation, Annals of Mathematics, vol. 140, pp. 183–205.

Lou van den Dries, Angus Macintyre, and David Marker [1997], Logarithmic-expo-nential power series, Journal of the London Mathematical Society. Second Series, vol. 56, pp. 417–434.

Giuseppe Veronese [1891], Fondamenti di geometria a più dimensioni e a più specie di unità rettilinee esposti in forma elementare, Tipografia del Seminario, Padova.

THE ABSOLUTE ARITHMETIC CONTINUUM 45

Giuseppe Veronese [1894], Grundzüge der Geometrie von mehreren Dimensionen und mehreren Arten gradliniger Einheiten in elementarer Form entwickelt, Mit Genehmigung des Verfassers nach einer neuen Bearbeitung des Originals übersetzt von Adolf Schepp, Teubner, Leipzig.

DEPARTMENT OF PHILOSOPHY OHIO UNIVERSITY ATHENS, OH 45701, USA E-mail: ehrlich@ohio.edu