The Bulletin of Symbolic Logic Volume 12, Number 2, June 2006

WEAK DISTRIBUTIVITY, A PROBLEM OF VON NEUMANN AND THE MYSTERY OF MEASURABILITY

BOHUSLAV BALCAR AND THOMAS JECH^∗

Dedicated to Dorothy Maharam Stone

This article investigates the weak distributivity of Boolean �-algebras satisfying the countable chain condition. It addresses primarily the question when such algebras carry a �-additive measure. We use as a starting point the problem of John von Neumann stated in 1937 in the Scottish Book. He asked if the countable chain condition and weak distributivity are sufficient for the existence of such a measure.

Subsequent research has shown that the problem has two aspects: one set theoretic and one combinatorial. Recent results provide a complete solution of both the set theoretic and the combinatorial problems. We shall survey the history of von Neumann’s Problem and outline the solution of the set theoretic problem. The technique that we describe owes much to the early work of Dorothy Maharam to whom we dedicate this article.

§1. Complete Boolean algebras and weak distributivity. A Boolean algebra is a set B with Boolean operations a ∨ b (join), a ∧ b (meet) and −a (complement), partial ordering a ≤ b defined by a ∧ b = a and the smallest and greatest element, 0 and 1. By Stone’s Representation Theorem, every Boolean algebra is isomorphic to an algebra of subsets of some nonempty set S, under operations a ∪ b, a ∩ b, S − a, ordered by inclusion, with 0 = ∅ and 1 = S.

If every subset A of B has a least upper bound ⋁ A (and the greatest lower bound ⋀ A) then B is a complete Boolean algebra. An antichain in B is a set A ⊆ B such that distinct elements a, b ∈ A are disjoint i.e., a ∧ b = 0. B satisfies the countable chain condition (ccc) if it has no uncountable antichains.

If B is a ccc Boolean �-algebra, i.e., ⋁ n∈� a_n and ⋀ n∈� a_n exist for countable sets, then B is a complete Boolean algebra. For this and other basic facts on Boolean algebras, we refer the reader to [30], [24].

Received October 24, 2005.

∗Supported in part by the GAAV Grant IAA100190509 and by the Research Program CTS MSM 021620845

© 2006, Association for Symbolic Logic 1079-8986/06/1202-0004/$3.60 241

242 BOHUSLAV BALCAR AND THOMAS JECH

The set of all nonzero elements of a Boolean algebra B is denoted B^+. A set D ⊆ B^+ is dense in B if for each b ∈ B^+ there exists some d ∈ D with d ≤ b. For every Boolean algebra A there exists a unique (up to isomorphism) complete Boolean algebra B such that A is a subalgebra of B and A^+ is dense in B. The complete Boolean algebra B is called the completion of A.

An atom of B is a nonzero a ∈ B that cannot be split into two disjoint nonzero elements. B is atomic if the set of all atoms is dense in B, and atomless if it has no atoms.

Examples.

I. The power set algebra P(�). Consider the algebra P(�) of all sets of natural numbers. This algebra is complete, with least upper bounds ⋃ X for X ⊆ P(�), and satisfies ccc. This algebra is atomic, where the atoms are the singletons.

II. The Cohen algebra Let A be the countable atomless Boolean algebra (this is unique up to isomorphism), and let C = C_� be the completion of A. The standard representation of A is the algebra of all clopen sets of the Cantor space, the Cantor algebra. Since A has a dense set isomorphic to an infinite binary tree (the set of all finite 0-1 sequences under reverse inclusion), the algebra C is nowadays called the Cohen algebra, in recognition of its role in forcing.

The classical description of C is the quotient algebra of Borel sets (of reals) modulo meager sets. Since meager sets form a �-ideal, C is a �-algebra. As every Borel set is equivalent to an open set (mod meager), the open intervals with rational endpoints form a countable dense set. Since C has a countable dense set, every antichain in C is necessarily countable, and so C satisfies ccc. Thus C is a complete Boolean algebra, and is atomless.

III. A measure algebra Consider the quotient algebra M of Borel sets in the interval [0, 1] modulo null sets, i.e., sets of Lebesgue measure 0. M is an atomless �-algebra, and carries a (�-additive strictly positive) measure, a numerical function m with the following properties

m(0) = 0, m(a) > 0 for a ≠ 0, and m(1) = 1 (1.1) m( ⋁ n∈� a_n) = ∑ n∈� m(a_n) whenever the a_n are pairwise disjoint.

An atomless �-algebra that carries a measure is called a measure algebra. If A is an antichain in a measure algebra then for every n, only finitely many a ∈ A have measure greater than^1_n ; and A is necessarily countable. Hence every measure algebra satisfies ccc (and is complete). By a special case of the classification theorem of Maharam [26], the algebra M is the unique atomless measure algebra with countably many generators.

The complete Boolean algebras M and C are different, as C does not carry a measure (cf. [35]): Assume m is such a measure. Since C has a countable

WEAK DISTRIBUTIVITY AND A PROBLEM OF VON NEUMANN 243

dense set {d_n : n < �}, choose for each n some nonzero x_n ≤ d_n with m(x_n) <^1_{2n+1} . If x = ⋁ n∈� x_n and y = −x, then y ≠ 0 but no d_n is below y; a contradiction.

We remark that the atomic algebra P(�) does carry a measure, for instance one such that m({n}) =^1_{2n+1} for each n ∈ �. Also, the Cohen algebra carries a finitely additive measure, i.e., a function that satisfies m(a ∨ b) = m(a) + m(b) for disjoint a, b.

The algebras M and C were considered by von Neumann in his 1936-37 lectures [42], [43] on Continuous Geometry at the Institute for Advanced Study. Among others, he introduced the weak distributivity law, an algebraic property that distinguishes these two algebras.

Every complete Boolean algebra satisfies the following generalization of the distributive law ⋁ x∈X a_x ∧ ⋁ y∈Y b_y = ⋁ x∈X y∈Y (a_x ∧ b_y ), (1.2)

where X and Y are arbitrary indexed sets.

A general distributive law ⋀ x∈X ⋁ y∈Y a^x_y = ⋁ f ⋀ x a^x_{f(x)}, (1.3)

where f ranges over all functions from X to Y , holds only when the algebra is atomic. In fact, both M and C fail to satisfy the simplest case of infinitary distributivity, namely ⋀ n∈� (a^n_0 ∨ a^n_1 ) = ⋁ f : �→{0,1} ⋀ n∈� a^n_{f(n)}, (1.4)

To see this, consider the binary expansions 0.ε_1ε_2ε_3 . . . of numbers in [0, 1], and let A^n_i (i = 0, 1) be the set of all reals with ε_n = i. Let a^n_i be A^n_i modulo either null or meager sets. Then the left hand side of (1.4) is 1 while for every f, ⋀ n∈� a^n_{f(n)} = 0.

To characterize measure algebras, von Neumann formulated the following weak distributivity law:

if a^n_0 ≤ a^n_1 ≤ . . . for n = 1, 2, . . . , then (1.5) ⋀ n ⋁ k a^n_k = ⋁ f : �→� ⋀ n a^n_{f(n)}.

(The left hand side of (1.5) is always ≥ the right hand side, in every complete Boolean algebra.) That a measure algebra satisfies (1.5) is proved as follows (this idea appears earlier in [6] where Banach and Kuratowski proved that under the Continuum Hypothesis, there is no �-additive extension of Lebesgue measure to all sets of reals).

244 BOHUSLAV BALCAR AND THOMAS JECH

Let m be a measure on B, and let a^n_0 ≤ a^n_1 ≤ · · · for n = 0, 1, 2, . . . . Without loss of generality we assume that ⋁ k a^n_k = 1 for all n. To verify (1.5) it suffices to find for each ε > 0 some f such that m( ⋀ n a^n_{f(n)}) ≥ 1 − ε.

And that can be done by choosing f(n) for each n so that m(a^n_{f(n)}) ≥ 1−^ε_{2n+2} .

Unlike M, the algebra C is not weakly distributive. Let {d_n : n ∈ �} be a countable dense set in C. For each n we can find a strictly increasing sequence a^n_0 < a^n_1 < · · · with ⋁ k a^n_k = 1 such that d_n ≰ a^n_k for all k ∈ �. Now if f : � → � is arbitrary, we have a_f = ⋀ n a^n_{f(n)} = 0 because otherwise there would have to exists some d_n ≤ a_f , which is impossible.

§2. The problem of von Neumann. From 1935 until 1941, a group of mathematicians in the (then) Polish city of Lwów met frequently in the Scottish Coffee House, often with visitors, and recorded a number of problems in a large notebook started by Stefan Banach. After World War II a copy of the notebook found its way to the United States, where Stanisław Ulam, one of the original participants, published the collection of almost two hundred problems under the title ‘The Scottish Book’. An annotated edition, edited by Daniel Mauldin, appeared as [28].

Problem no. 163, dated July 4, 1937, was entered by John von Neumann. It states the weak distributive law (1.5) and asks if ccc and weak distributivity are sufficient for a complete Boolean algebra to carry a measure. (It offers a prize: A bottle of whiskey of measure > 0.)

The rest of this article investigates von Neumann’s question, whether every weakly distributive complete ccc Boolean algebra is a measure algebra. With this in mind, we henceforth consider only complete Boolean algebras that satisfy ccc.

§3. The work of Dorothy Maharam and sequential topology. In order to motivate the technique introduced by Maharam in [27], let B be a measure algebra with measure m. For any a, b ∈ B, let d (a, b) = m(a △ b), where a △ b is the symmetric difference (a − b) ∨ (b − a). Since

d (a, b) = d (b, a), (3.1) d (a, a) = 0 and d (a, b) > 0 if a ≠ b, d (a, b) + d (b, c) ≥ d (a, c),

d is a distance function on B, and, as a consequence of �-additivity of m, (B, d ) is a complete metric space.

We remark that if B is the atomic algebra P(�), then under the identification of P(�) with 2^�, (B, d ) is homeomorphic to the Cantor space and so is a compact Hausdorff space.

The first observation of Maharam was that in order to prove ccc and weak distributivity one does not need a measure on B, but an ostensibly weaker

WEAK DISTRIBUTIVITY AND A PROBLEM OF VON NEUMANN 245

property:

A function m on B is a continuous submeasure if (3.2) (a) m(0) = 0, m(a) > 0 for a ≠ 0, and m(1) = 1, (b) m(a) ≤ m(b) if a ≤ b, (c) m(a ∨ b) ≤ m(a) + m(b),

(d) lim_n m(a_n) = 0 for every decreasing sequence a_n with ⋀ n a_n = 0.

We call a continuous submeasure a Maharam submeasure, and complete Boolean algebra B a Maharam algebra if it carries a Maharam submeasure. Every measure is Maharam submeasure.

Proposition 3.1. A Maharam algebra satisfies ccc and is weakly distributive.

Proof. For ccc, we claim that for every ε > 0, there exist only finitely many disjoint elements a such that m(a) ≥ ε. If there existed an infinite antichain {a_n } such that m(a_n) ≥ ε for each n, then letting b_n = ⋁ k≥n a_k , we would get a descending sequence violating the continuity of m.

As for weak distributivity, the proof is the same as for a measure. ⊣ The problem of von Neumann splits naturally into the following two problems:

Problem 1. Is every Maharam algebra a measure algebra? Problem 2. Is every weakly distributive complete ccc Boolean algebra a Maharam algebra?

The first problem has been studied in functional analysis and is known as the Control Measure Problem, see [21] or [10], vol. 3. We shall address it in the next section. The second problem, the von Neumann–Maharam Problem, is the main subject of this article, and we shall outline its solution.

Before we introduce Maharam’s method we present another observation from her paper [27].

The ordering of the real line is the unique linear order (up to isomorphism) that is complete, dense, with no endpoints, and has a countable dense subset. As a consequence, it satisfies the countable chain condition (ccc), i.e., every disjoint collection of open intervals is at most countable. A problem of Mikhail Suslin [34] from 1920 asks whether every complete ccc dense linear order without endpoints is isomorphic to the real line. The problem remained unsolved until the 1960’s when it was established that it is undecidable: it is both consistent with and independent of the axioms ZFC of set theory. See [17], [37], [33].

A Suslin line is a complete ccc dense linear order that does not have a countable dense subset (a counterexample to Suslin’s problem). A Suslin tree is an �_1-tree with no uncountable chains or antichains. A Suslin algebra is an

246 BOHUSLAV BALCAR AND THOMAS JECH

atomless complete ccc Boolean algebra that satisfies the (�, �)-distributive law (i.e., the distributivity law (1.3) with X = Y = �).

A Suslin line, a Suslin tree and a Suslin algebra can be constructed from each other (see [25], [29] or [19] for details).

Maharam showed that a Suslin algebra does not carry a continuous submeasure. To see this, let B be a Suslin algebra and let m be a continuous submeasure on B. First we claim that for every ε > 0, the set {a ∈ B : m(a) < ε} is dense in B. Otherwise, one could find a decreasing sequence a_n with ⋀ n a_n = 0 and m(a_n) ≥ ε, contradicting the continuity of m. Thus for each n ∈ � there exists a maximal antichain A_n in B such that m(a) < 1/n for all a ∈ A_n. By the (�, �)-distributive law there exists some b > 0 such that for every n, b ≤ a for some a ∈ A_n. It follows that m(b) < 1/n for every n, a contradiction.

Thus a Suslin algebra is counterexample to the von Neumann–Maharam Problem, and one has to modify the problem as follows

Problem 3. Is it consistent that every weakly distributive complete ccc Boolean algebra is a Maharam algebra?

Now we shall introduce Maharam’s method. Let B be a Boolean �- algebra that carries a Maharam submeasure m. Then d (x, y) = m(x △ y) is a metric on B, (B, d ) is a complete metric space, and for each a ∈ B, the mapping T^a(x) = a △ x is an isometry (d (x △ a, y △ a) = d (x, y)). As (B, △, 0) is an abelian group, d is an invariant metric on this group. The metric topology on B is determined by neighborhoods of 0 and is invariant under the translations T^a . Moreover, the Boolean operations ∨, ∧ and △ are continuous and (B, △, 0) is a topological group.

It turns out that this topology � can be defined algebraically on any Boolean �-algebra B, and the existence of a Maharam submeasure on B is related to properties of the topological space (B, �).

Convergence and the sequential topology on B. Let B be a Boolean �- algebra. An infinite sequence {a_n}_n converges to a, lim_n a_n = a, if

lim sup_n a_n = lim inf_n a_n = a,

where

lim sup_n a_n = ⋀ n ⋁ k≥n a_k , lim inf_n a_n = ⋁ n ⋀ k≥n a_k .

Equivalently, we define lim_n a_n = 0 whenever there exists a decreasing sequence b_n with ⋀ n b_n = 0 such that a_n ≤ b_n for all n. Then we let lim_n a_n = a if lim_n(a_n △ a) = 0.

We summarize the basic properties of convergence:

(a) If a_n = a for all n then lim_n a_n = a. (3.3)

(b) If {a_n}_n converges to a and � is a permutation of � then {a_{�(n)}}_n also converges to a.

WEAK DISTRIBUTIVITY AND A PROBLEM OF VON NEUMANN 247

(c) lim_n a_n = 0 if and only if lim sup_n a_n = 0,

(d) if the a_n are pairwise disjoint then lim_n a_n = 0,

(e) lim sup_n (a_n ∨ b_n) = lim sup_n a_n ∨ lim sup_n b_n,

(f) if lim_n a_n = a and lim_n b_n = b then lim_n −a_n = −a,

lim_n (a_n ∨ b_n ) = a ∨ b and lim_n (a_n ∧ b_n) = a ∧ b.

For details, see [27] or [41].

A set F ⊆ B is closed if lim a_n ∈ F whenever {a_n}_n is a sequence in F . Let � denote the topology on B so obtained; it is the sequential topology on B. The space (B, �) is T_1 (every singleton is closed). The closure cl(A) of a set A ⊆ B is generally obtained by taking limits of convergent sequences and iterating this �_1 times. Maharam pointed out that the iteration is not necessary if B is ccc and weakly distributive: in this case cl(A) is the set of all limits of sequences of A. We shall return to this in section 5.

The operations ∨, ∧ and △ are not necessarily continuous as functions of two variables, even though (by (3.3)) they are continuous separately in each variable. Since each T^a is a continuous translation, (B, �) is a homogeneous space and � is determined by neighborhoods of 0.

If B is a Maharam algebra and (B, d ) is the metric space with the distance function d (a, b) = m(a △ b), then the metric topology and the sequential topology � coincide. Maharam showed that conversely, metrizability of � is itself sufficient for the existence of a Maharam submeasure.

Theorem 3.2 (Maharam [27]). A complete Boolean algebra B is a Maharam algebra if and only if the sequential topology on B is metrizable.

We shall outline a proof of the theorem. It has two main ingredients: continuity of Boolean operations and a metrization theorem of Kakutani. A topological space is called first countable if every point a has a countable system of open neighborhoods {U_n}_n such that for every open neighborhood V of a there is some n with U_n ⊆ V .

Theorem 3.3 (Kakutani [20], see also [15]). If (G, +, 0) is a topological abelian group and its topology is first countable, then it is metrizable and has an invariant metric.

Proof of Theorem 3.2. Let � be the sequential topology on B and assume that it is metrizable. Let d be a metric on B such that its topology coincides with �. It is easy to see that if lim_n a_n = 0 then lim_n d (a_n, 0) = 0 and if lim_n d (a_n, 0) = 0 then some subsequence of a_n converges to 0.

We claim that the function △ is continuous. Since the translations T^a are continuous, it suffices to prove continuity at (0, 0). If △ is not continuous at (0, 0), then there exist sequences x_n and y_n and some ε > 0 such that lim_n d (x_n, 0) = lim_n d (y_n, 0) = 0 but d (x_n △ y_n, 0) ≥ ε for all n. There

248 BOHUSLAV BALCAR AND THOMAS JECH

exists a subsequence n(1), n(2), . . . such that lim_k x_{n(k)} = lim_k y_{n(k)} = 0. It follows that lim_k(x_{n(k)} △ y_{n(k)}) = 0, a contradiction.

Thus (B, △, 0) is a topological abelian group, and so by Kakutani’s theorem 3.3, � is metrizable by an invariant metric �, i.e., �(x, y) = �(x △ y, 0).

If we define �(x) = �(x, 0) then the function � satisfies �(x △ y) ≤ �(x) + �(y), (3.4)

(by the triangle inequality for �) and so, if we let further

�(x) = min(�(x), 1) and m(a) = sup{�(x): x ≤ a},

we can verify that m is a continuous submeasure on B. ⊣ Investigating the sequential topology on B, Maharam was able to formulate a better sufficient condition for the existence of Maharam submeasure.

Theorem 3.4 (Maharam [27]). A complete ccc Boolean algebra B is a Maharam algebra if and only if (i) B is weakly distributive, and (ii) the space (B, �) is first countable.

Maharam proved Theorem 3.4 by using the assumptions to show that △ is continuous, and then applied Kakutani’s theorem. In Section 6 we shall introduce a condition weaker than first countability (the G_� property) and prove its sufficiency.

A final result of Maharam was that the following additional requirement on the countable neighborhood base U_n produces not just a submeasure but a measure.

if x, y /∈ U_n and x ∧ y = 0 then x ∨ y /∈ U_{n+1}. (3.5)

On this, no progress has been made to date.

§4. Further progress and the eventual solution of the von Neumann–Maharam problem. There has been a vast number of publications related to von Neumann’s problem since 1947. We shall only mention the ones most relevant to our results.

In [16], Alfred Horn and Alfred Tarski investigated systematically measures on Boolean algebras, both �-additive and finitely additive. They presented in detail the work of von Neumann on Boolean algebras and introduced the terminology that is (with some modifications) used today. Among others, they introduced the following two chain conditions:

�-bounded cc: (4.1) There is a decomposition B^+ = ⋃ {S_n : n ∈ �} such that for every n, S_n contains no antichain of size n + 2.

WEAK DISTRIBUTIVITY AND A PROBLEM OF VON NEUMANN 249

�-finite cc: (4.2) There is a decomposition B^+ = ⋃ {S_n : n ∈ �} such that for every n,

S_n contains no infinite antichain.

If B carries a finitely additive measure m then it satisfies (4.1): let S_n = {a ∈ B : m(a) ≥^1_{n+1} }. In particular, (4.1) is a necessary condition for B to be a measure algebra. Every Maharam algebra must satisfy the weaker condition (4.2), and it is still an open problem whether (4.1) is equivalent to (4.2). Clearly, this is related to the Control Measure Problem.

In [23], John Kelley investigated Boolean algebras that carry a finitely additive measure, as well as complete Boolean algebras with a �-additive measure. He showed that these two properties are related, and gave an algebraic characterization of both. Theorem 4.1 had been previously known to A. G. Pinsker, see [22, pp. 428–430].

Theorem 4.1 (Pinsker; Kelley [23]). A complete Boolean algebra B carries a �-additive measure if and only if (i) B is weakly distributive, and (ii) B carries a finitely additive measure.

Kelley’s main result is the following characterization of (ii): For each finite sequence s = ⟨a_1, . . . a_n⟩ of not necessarily distinct elements of B^+, let k(s) be the maximum size of a subset E ⊆ {1, . . . , n} such that ⋀ j∈E a_j ≠ 0, and let i(s) =^{k(s)}_n . For a nonempty X ⊆ B^+, the intersection number of X is

inf{i(s): s is a finite sequence in X }.

If m is a finitely additive measure on B and S_n = {a ∈ B : m(a) ≥^1_{n+1} } then one can verify that the intersection number of S_n is greater than or equal to^1_{n+1} .

Theorem 4.2 (Kelley [23]). A necessary and sufficient condition for a Boolean algebra to carry a finitely additive measure is that there is a decomposition B^+ = ⋃ n∈� S_n such that each S_n has a positive intersection number.

Consequently, a complete Boolean algebra B is a measure algebra if and only if B is weakly distributive and B^+ = ⋃ n∈� S_n such that each S_n has a positive intersection number.

The Control Measure Problem. Let U be a metrizable linear topological space and let B be a �-algebra of sets. A function �: B → U is a vector measure if

∑_∞ 0 a_n = lim_{n→∞}

∑_n 0 a_n is defined in U and is equal to �( ⋁ n a_n) for every disjoint sequence {a_n }_n. A �-additive measure m on B is a control measure for � if �(a) = 0 if and only if m(a) = 0 (see [10]).

The Control Measure Problem is equivalent to the question whether every vector measure has a control measure.

250 BOHUSLAV BALCAR AND THOMAS JECH

In [21], Nigel Kalton and James Roberts found a significant reformulation of the Control Measure Problem. A submeasure on a Boolean algebra is a function m that satisfies 3.2 (a), (b), (c) (without continuity (d)).

Definition 4.3. A submeasure m on B is exhaustive if lim_n m(a_n) = 0 for every infinite antichain A = {a_n : n ∈ �}. It is uniformly exhaustive if for every ε > 0 there exists n ∈ � such that there is no sequence of n disjoint elements a_1, . . . , a_n ∈ B with m(a_i ) ≥ ε for all i = 1, . . . , n.

Every Maharam submeasure is exhaustive (see the proof of Proposition 3.1) and every measure is uniformly exhaustive. The main result of [21] is the following. Two submeasures m and � are equivalent if m(a_n) → 0 if and only if �(a_n) → 0.

Theorem 4.4 (Kalton–Roberts [21]). Every uniformly exhaustive submeasure on a Boolean algebra is equivalent to a finitely additive measure.

Corollary 4.5. The control measure problem is equivalent to the statement: Every exhaustive submeasure on a Boolean algebra is (4.3) uniformly exhaustive.

Proof of 4.5 from 4.4. First we assume that every Maharam algebra is a measure algebra, and prove (4.3). Let m be an exhaustive submeasure on a Boolean algebra B. B can be embedded to a complete Boolean algebra C so that m extends to a Maharam submeasure � in C (see [9]; C is the metric completion of B). Hence C is a Maharam algebra, and by the assumption it has a measure �. Because � and � are equivalent (cf. [10]), � is uniformly exhaustive. So is its restriction to B, and hence m is uniformly exhaustive.

In the other direction, assume that (4.3) holds. If B is a Maharam algebra with Maharam submeasure m, then m is exhaustive, and therefore uniformly exhaustive by (4.3). By the Kalton–Roberts Theorem, B carries a finitely additive measure, and by Kelley’s Theorem 4.1, B is a measure algebra. ⊣ It can be seen that if (4.3) holds for all countable Boolean algebras then it holds for all Boolean algebras. The statement (4.3) is therefore equivalent to a Π^1_2 statement and as such is absolute for models of set theory, by the Shoenfield Absoluteness Theorem (see [19]). Therefore, the Control Measure Problem is absolute, and we are justified to call this part of the von Neumann Problem the combinatorial part.

At the time this article goes to press (January 2006) Michel Talagrand announced the solution of the Control Measure Problem. In [36] he constructs a submeasure on the Cantor algebra that is exhaustive but not uniformly exhaustive (and therefore not equivalent to a measure). Thus Problem 1 has a negative answer: there exists a Maharam algebra that is not a measure algebra.

Back to Maharam submeasures. The line of reasoning started by Maharam was continued in [3], leading to the following improvement of Maharam’s Theorem 3.2:

WEAK DISTRIBUTIVITY AND A PROBLEM OF VON NEUMANN 251

Theorem 4.6 (Balcar, Główczyński, Jech [3]). A complete ccc Boolean algebra B is a Maharam algebra if and only if the space (B, �) is a Hausdorff space.

In December 2003 (see [4]), we obtained the following result. The space (B, �) has the G_� property if {0} is a G_� set, i.e., if there exist open neighborhoods U_n of 0 such that ⋂ n∈� U_n = {0}.

Theorem 4.7 (Balcar, Jech, Pazák [5]). A complete ccc Boolean algebra is a Maharam algebra if and only if (i) B is weakly distributive and (ii) (B, �) has the G_� property.

The G_� property is weaker than first countability, and so Theorem 4.7 implies Maharam’s theorem 3.4. We remark that weak distributivity follows from first countability of �, but is necessary in Theorem 4.7, as the Cohen algebra also has the G_� property and is not weakly distributive.

Theorem 4.7, combined with a consistency result of Stevo Todorcevic [38], answers the von Neumann–Maharam question (Problem 3):

Theorem 4.8 (Balcar, Jech, Pazák [5]). It is consistent that every weakly distributive complete ccc Boolean algebra is a Maharam algebra.

(Following [4], a manuscript of [40] containing an identical result appeared in February 2004 with no reference to [4]; its author’s claim that he presented the result in a seminar at CRM cannot be independently verified.)

In June 2004 Stevo Todorcevic improved Theorem 4.7 as follows. Theorem 4.9 (Todorcevic [39]). A complete Boolean algebra B is a Maharam algebra if and only if (i) B is weakly distributive, and (ii) B satisfies the �-finite chain condition. We shall prove Theorems 4.6–4.9 in sections 6–8.

§5. Equivalents of weak distributivity. In section 6 we shall explore the sequential topology on weakly distributive complete ccc Boolean algebras, with the goal of describing under what additional conditions such algebras carry a Maharam submeasure. We shall obtain various equivalent characterizations of Maharam algebras. In the present section we give several equivalent descriptions of weak distributivity.

For X, Y ⊆ B and a ∈ B, we let X ∨ Y = {x ∨ y : x ∈ X, y ∈ Y }, a ∨ Y = {a ∨ y : y ∈ Y }, X △ Y = {x △ y : x ∈ X, y ∈ Y }, a △ Y = {a △ y : y ∈ Y }.

Theorem 5.1. Let B be a complete ccc Boolean algebra. Each of the following conditions is equivalent to the weak distributivity of B. (i) Let a^n_0 ≤ a^n_1 ≤ · · · for n = 0, 1, 2, . . . such that ⋁ k a^n_k = 1. Then ⋁ f : �→� ⋀ n a^n_{f(n)} = 1.

252 BOHUSLAV BALCAR AND THOMAS JECH

(ii) Let a^n_0 ≤ a^n_1 ≤ · · · for n = 0, 1, 2 . . . such that ⋁ k a^n_k = 1. Then there exist functions f_k : � → �, k = 0, 1, 2, . . . such that ⋁ k ⋀ n a^n_{fk (n)} = 1.

(iii) Let a^n_0 ≤ a^n_1 ≤ · · · for n = 0, 1, 2, . . . such that ⋁ k a^n_k = 1. Then there exists a function f : � → � such that

lim_n a^n_{f(n)} = 1.

Proof. Property (i) modifies definition (1.5) by assuming that ⋁ k a^n_k = 1 for all n, and is easily seen to be equivalent to the definition of weak distributivity.

That (ii) is equivalent to (i) follows from a general property of algebras that satisfy ccc: for every X there is a countable subset Y ⊆ X such that ⋁ x∈X a_x = ⋁ x∈Y a_x .

To see how (iii) follows from (ii), let f_k be as in (ii) and let f(n) = max{f_0(n), . . . , f_n(n)}. Then for each k, ⋀ n≥k a^n_{f(n)} ≥ ⋀ n∈� a^n_{fk (n)}, and so

lim inf a^n_{f(n)} = 1.

Finally, (iii) implies (ii) by taking ⋁ over all finite modifications of f. ⊣ Increasing sequences converging to 1 correspond to maximal antichains:

if 0 = a_0 ≤ a_1 ≤ a_2 ≤ . . . with ⋁ n a_n = 1, then {a_{n+1} − a_n : n ∈ �} is a maximal antichain, and if {a_n : n ∈ �} is a maximal antichain, then a_0, a_0 ∨a_1, a_0 ∨a_1 ∨a_2, . . . is an increasing sequence with supremum 1. Thus we can formulate the weak distributivity in terms of maximal antichains.

Theorem 5.2. Let B be a complete ccc Boolean algebra. Each of the following conditions is equivalent to the weak distributivity of B: (i) Let A_n = {a^n_k : k ∈ �}, n ∈ �, be maximal antichains. Then ⋁ f : �→� ⋀ n ⋁ k≤f(n)

a^n_k = 1.

(ii) If A_0, A_1, A_2, . . . are maximal antichains then there exists a dense set D such that each d ∈ D meets only finitely many elements of each A_n.

(iii) If A_0, A_1, A_2, . . . are maximal antichains then each A_n has a finite subset E_n such that

lim_n ⋁ E_n = 1.

Property (i) is a reformulation of (i) in Theorem 5.1, and (ii) is clearly equivalent to (i). Property (iii) is a reformulation of Theorem 5.1 (iii).

WEAK DISTRIBUTIVITY AND A PROBLEM OF VON NEUMANN 253

Diagonal property. Property 5.1 (iii) can be further reformulated to give the following equivalents.

Theorem 5.3. Let B be a complete ccc Boolean algebra. Either of the following conditions is equivalent to the weak distributivity of B: (i) If lim_k a^n_k = 0 for every n, then there exists an increasing function f : � → � such that lim_n a^n_{f(n)} = 0.

(ii) If lim_n a_n = a and for each n, lim_k a^n_k = a_n, then there exists an increasing function f such that lim_n a^n_{f(n)} = a.

Property (i) is called the diagonal property. It is equivalent to 5.1 (iii). This is immediate for decreasing sequences a^n_k . In general, we use the fact that each sequence converging to 0 can be majorized by a decreasing sequence converging to 0. Property (ii) follows from (i) by using symmetric differences.

An immediate consequence of 5.3 (ii) is that the closure of a set X ⊆ B in the sequential topology is the set of all limits of convergent sequences in X .

The convergence ideal. Let X be an infinite countable subset of B^+. If lim_n a_n = 0 for some enumeration {a_n }_{n∈�} of X , then lim_n a_n = 0 for every enumeration of X (see (3.3)(b)). Thus we can write lim X = 0 without ambiguity and talk about sets converging to 0.

Definition 5.4. The convergence ideal I is the collection of all countable sets X ⊆ B that converge to 0.

I is an ideal on [B^+]^�, i.e., a collection of countable subsets of B^+ closed under unions and subsets. I contains all infinite antichains, by (3.3)(d).

The convergence ideal was first considered (for a Suslin algebra B) by Abraham and Todorcevic in [1], and introduced in general in [2] by Balcar, Franěk and Hruška, and in [31] by Quickert.

Definition 5.5. An ideal I on some [S]^� is a P-ideal if for every sequence X_n of members of I there is an X ∈ I such that X_n − X is finite for all n.

In [1], the authors show that in the special case, the convergence ideal is a P-ideal. In [31], Quickert shows that I is a P-ideal for every weakly distributive complete ccc Boolean algebra. It turns out that this property is another equivalent of weak distributivity:

Theorem 5.6 (Quickert). Let B be a complete ccc Boolean algebra. B is weakly distributive if and only if the convergence ideal I on B is a P-ideal.

Proof. It is easy to see that if I is a P-ideal then B has the diagonal property. We prove that if B has the diagonal property then I is a P-ideal. Let X_n, n ∈ �, be sets in I, and let X_n = {x^n_k }_{k∈�} for each n. For each n, let {y^n_k }_{k∈�} be the sequence defined by y^n_k = x^0_k ∨ x^1_k ∨ · · · ∨ x^n_k . As the sequences {y^n_k }_k all converge to 0 (by (3.3) e), there exists an increasing function f such that lim_n y^n_{f(n)} = 0, by the diagonal property.

Let X = {x^n_k : n ∈ � and k ≥ f(n)}. Clearly, X_n − X is finite for each n, and we claim that lim X = 0. For each n, let E_n be the finite set

254 BOHUSLAV BALCAR AND THOMAS JECH

{x^i_k : i ≤ n and f(i) ≤ k ≤ f(n)}. Since ⋁ (X − E_n) = ⋁ m≥n y^m_{f(m)}, we have lim sup X = ⋀ n∈� ⋁ (X − E_n) = lim sup_n y^n_{f(n)} = 0. ⊣

A Baire Category Theorem. The next equivalent of weak distributivity is reminiscent of the Baire Category Theorem.

Definition 5.7. A set X ⊆ B is downward closed if a ≤ b ∈ X implies a ∈ X . For a ≠ 0, B ↾ a is the algebra {x ∈ B : x ≤ a}.

Note that B ↾ a is a closed subspace of (B, �).

Theorem 5.8. Let B be a complete ccc Boolean algebra. Either of following conditions is equivalent to the weak distributivity of B:

(i) If U_0, U_1, U_2, . . . are downward closed and cl(U_n) = B for all n, then ⋂ n U_n is dense in B.

(ii) If U_0, U_1, U_2, . . . are downward closed and ⋂ n U_n = {0} then ⋂ n cl(U_n) = {0}.

Proof. First assume that B is weakly distributive and prove (ii). Let U_n, n ∈ �, be as in (ii). Toward a contradiction, assume that some a ≠ 0 is in ⋂ n cl(U_n). For each n there exists a sequence {a^n_k }_{k∈�} in U_n with a limit a. Using the diagonal property we obtain a sequence {b_n}_{n∈�} such that b_n ∈ U_n and lim_n b_n = a. Since lim inf b_n ≠ 0 there exists some b ≠ 0 such that for eventually all n, b_n ≥ b. Now if n is such that b /∈ U_n, then b_n /∈ U_n because U_n is downward closed; a contradiction.

Next we prove that (ii) implies (i). Let U_n be downward closed with cl(U_n) = B and assume that ⋂ n U_n is not dense in B. Let a > 0 be such that ⋂ n U_n ∩ B ↾ a = {0}.

For each n, let V_n = {a ∧ x : x ∈ U_n}. As the U_n are downward closed, we have V_n = U_n ∩ B ↾ a, the V_n are downward closed, and ⋂ n V_n = {0}.

By (ii), ⋂ n cl(V_n ) = {0}. However, for each n we have a ∈ cl(U_n ) and so (by definition of closure), a = a ∧ a ∈ a ∧ cl(U_n) = cl(a ∧ U_n) = cl(V_n ).

Finally, let us assume (i) and show that B is weakly distributive. Let A_n, n ∈ �, be maximal antichains. For each n, let U_n be the set of all x that meet only finitely many elements of A_n. U_n is downward closed and cl(U_n) = B. Thus ⋂ n U_n is dense in B, proving 5.2 (ii). ⊣ Bounding forcing. It is a well known fact in the theory of forcing that weakly distributive complete Boolean algebras yield generic models that have a bounding property.

A function f : � → � is bounded by g : � → � if f(n) < g(n) for all n; f is eventually bounded by g, f < g, if for some n, f(k) < g(k) for all k ≥ n.

Theorem 5.9. Let B be a complete ccc Boolean algebra. Either of the following properties is equivalent to the weak distributivity of B: (i) In V [G], every f : � → � is bounded by a function in V . (ii) If ḟ is a B-name for a function from � to � then there exists a function g such that ‖ḟ < g‖ = 1. ⊣

WEAK DISTRIBUTIVITY AND A PROBLEM OF VON NEUMANN 255

Property (ii) is an analog of 5.2 (iii): A name ḟ corresponds to a sequence of maximal antichains {‖ḟ(n) = k‖: k ∈ �}, and

‖ḟ < g‖ = 1 if and only if lim_n ‖ḟ(n) < g(n)‖ = 1.

§6. The Decomposition Theorem. Our work on sequential topology in [3] and [5] led to the following theorem that we shall use in the next section to analyze Maharam algebras.

Theorem 6.1 (Balcar, Jech, Pazák [5]). Let B be a complete ccc Boolean algebra. There exist disjoint elements m and d such that m ∨ d = 1, and (i) the algebra B ↾ m carries a Maharam submeasure; (ii) in B ↾ d every nonempty open set is topologically dense. In the theorem, either m or d can be 0. For a ≠ 0, B ↾ a is the algebra {x ∈ B : x ≤ a} and B ↾ 0 = {0}. We remark that for the Cohen algebra, d = 1.

Property (ii) means that the algebra is very non-Hausdorff: any two nonempty open set have nonempty intersection. As a consequence, if (B, �) is a Hausdorff space then B is a Maharam algebra (Theorem 4.6). We shall now prove the following theorem, which implies Theorems 4.6, 4.7 and 3.4.

Theorem 6.2. Let B be a complete ccc Boolean algebra. (a) If (B, �) is a Hausdorff space, then

(i) B is a weakly distributive, and (ii) (B, �) has the G_� property.

(b) If B is weakly distributive and (B, �) has the G_� property, then (i) ∨ is continuous, and (ii) (B, �) is a first countable space.

(c) (Maharam) If ∨ is continuous and (B, �) is first countable then B is a Maharam algebra.

Toward the proof of Theorem 6.2, we start with the following observation: Lemma 6.3. Let B be a complete Boolean algebra. If (B, �) is a Hausdorff space, then B is weakly distributive.

Proof. Let a^n_0 ≤ a^n_1 ≤ · · · for n = 0, 1, 2, . . . such that ⋁ k a^n_k = 1.

We assume that B is Hausdorff and show that for each a ≠ 0 there exists function f : � → � such that a ∧ ⋀ n a^n_{f(n)} ≠ 0.

Let a ≠ 0. There exists an open neighborhood U of a such that 0 /∈ cl(U ). Since lim_k (a ∧ a^0_k ) = a, there exists some k = f(0) such that b_0 = a ∧a^0_k ∈ U . Inductively, we assume that b_n = a ∧a^0_{f(0)} ∧· · ·∧a^n_{f(n)} ∈ U and since lim_k(b_n ∧ a^{n+1}_k ) = b_n, we find a k = f(n + 1) such that b_{n+1} = b_n ∧ a^{n+1}_k ∈ U . We have a ∧ ⋀ n a^n_{f(n)} = lim_n b_n ≠ 0, because 0 /∈ cl(U ). ⊣

We say that B is nowhere weakly distributive if B ↾ a is not weakly distributive for each a ≠ 0. The same argument as in Lemma 6.3 proves that if

256 BOHUSLAV BALCAR AND THOMAS JECH

B is nowhere weakly distributive, then 0 ∈ cl(U ) for every nonempty open set U . Then a ∈ cl(U ) for every a ∈ B (because a ∈ cl(U ) if and only if 0 ∈ cl(U △ a)), and we have the following:

Corollary 6.4. If B is a nowhere weakly distributive complete ccc Boolean algebra then cl(U ) = B for every nonempty open set U . ⊣ The next lemma summarizes additional properties of the sequential topology under the weak distributivity. Note that if A is downward closed then A ∨ A = A △ A.

Lemma 6.5. Let B be a weakly distributive complete ccc Boolean algebra. (a) For every A ⊆ B, the closure of A is the set of all limits of convergent sequences in A.

(b) For every open neighborhood V of 0 there exists a nonempty open U ⊆ V that is downward closed. Hence

N = {U : U is nonempty, open and downward closed set}

is a neighborhood base of 0. (c) If U ∈ N then cl(U ) = ⋂ {U ∨ V : V ∈ N } ⊆ U ∨ U and cl(U ) is downward closed.

(d) If U ∈ N then cl(U ) ⊆ U ∨ U and U ∨ U is open and downward closed. Proof. (a) follows from 5.3 (ii) (b) Let U = B − cl(A) where A = {a : (∃ b ≤ a) b /∈ V }. Using (a), one verifies that U is downward closed and 0 ∈ U .

(c) It is easy to see that cl(U ) ⊆ U △ V for every open neighborhood V of 0 and in fact cl(U ) = ⋂ {U △ V : V ∈ N }. In particular cl(U ) ⊆ U △ U .

Since U and V are downward closed, we have U △ V = U ∨ V .

(d) Easy. ⊣ The main technical lemma is this:

Lemma 6.6. [3] Let B be a weakly distributive complete ccc Boolean algebra. For every U ∈ N there exists a V ∈ N such that V ∨ V ∨ V ⊆ U ∨ U .

Proof. Assume that U ∈ N is such that the statement fails. We construct sequences V_n, x_n, y_n, z_n as follows: Let V_0 = U . For each n, let x_n, y_n, z_n ∈ V_n be such that x_n ∨ y_n ∨ z_n /∈ U ∨ U , and let V_{n+1} ⊆ V_n be in N such that x_n ∨ V_{n+1} ⊆ V_n, y_n ∨ V_{n+1} ⊆ V_n and z_n ∨ V_{n+1} ⊆ V_n; V_{n+1} exists by the one-sided continuity of ∨.

Let X = ⋂ n cl(V_n) and x = lim sup x_n, y = lim sup y_n, z = lim sup z_n. X is closed, downward closed and X ⊆ cl(U ) ⊆ U ∨ U . For each n and each k we have x_n ∨ x_{n+1} ∨ · · · ∨ x_{n+k} ∈ V_n, hence ⋁ i≥n x_i ∈ cl(V_n) and therefore x ∈ cl(V_n). It follows that x ∈ X , and similarly y ∈ X and z ∈ X . A similar argument shows that for each n and each k, x_n ∨· · ·∨x_{n+k} ∨X ⊆ cl(V_n ), and so ⋁ i≥n x_i ∨X ⊆ cl(V_n ). As cl(V_n ) is downward closed and x ≤ ⋁ i≥n x_i , we have x ∨ X ⊆ cl(V_n) . It follows that x ∨ X ⊆ X , and similarly y ∨ X ⊆ X , z ∨ X ⊆ X .

WEAK DISTRIBUTIVITY AND A PROBLEM OF VON NEUMANN 257

Hence x ∨ y ∨ z is in X and hence in U ∨ U . But x ∨ y ∨ z = lim sup(x_n ∨ y_n ∨z_n). For each n, ⋁ i≥n(x_i ∨y_i ∨z_i ) /∈ U ∨U because U ∨U is downward closed, and since U ∨ U is open, we have x ∨ y ∨ z = lim sup(x_n ∨ y_n ∨ z_n) /∈ U ∨ U . A contradiction. ⊣ Proof of Theorem 6.2 (a). We first show that for every b ≠ 0 there is a nonzero c < b and a sequence {V_n }_n in N such that c ∧ ⋁ ( ⋂ n V_n) = 0. As the space is Hausdorff, there exists a V_0 ∈ N such that b /∈ V_0 ∨V_0. For each n let V_{n+1} ∈ N be such that V_{n+1} ⊆ V_n and V_{n+1} ∨ V_{n+1} ∨ V_{n+1} ⊆ V_n ∨ V_n. Let A = ⋂ n V_n and a = ⋁ A. For each n we have V_2 ∨ V_2 ⊃ V_{n+2} ∨ · · · ∨ V_{n+2} (n + 2 times) and hence V_2 ∨V_2 ⊃ A∨· · ·∨A (n times). As a = lim_n(a_1 ∨· · ·∨a_n) for some sequence {a_n }_n in A, we have a ∈ cl(V_2 ∨ V_2). Therefore a ∈ V_2 ∨ V_2 ∨ V_2 ∨ V_2 ⊆ V_0 ∨ V_0, and since V_0 ∨ V_0 is downward closed, b ≰ a. Thus c ∧ ⋁ A = 0, where c = b − a.

Now let C be a maximal antichain such that for each c ∈ C there exists a sequence {V_n }_n in N with c ∧ ⋁ ( ⋂ n V_n) = 0.

Then {V^c_n : c ∈ C, n ∈ �} is a countable set of open neighborhoods of 0, and ⋂ c ⋂ n V^c_n = {0}. ⊣ Proof of Theorem 6.2 (b). Let {U_n}_n be a sequence of open neighborhoods of 0 such that ⋂ n U_n = {0}. Since B is weakly distributive, we find such U_n that are downward closed, and by Theorem 5.8 (ii), we have ⋂ n cl(U_n) = {0}. We shall show first that the operation ∨ is continuous. Thus assume that ∨ is not continuous at 0. There exists a U ∈ N such that for every V ∈ N there exists x, y ∈ V with x ∨ y /∈ U .

We construct sequences V_n, x_n, y_n as follows: Let V_0 = U_0 ∩ U . For each n, let x_n, y_n ∈ V_n such that x_n ∨ y_n /∈ U . By one-sided continuity of ∨ there exists a V_{n+1} ⊆ U_{n+1} such that x_n ∨ V_{n+1} ⊆ V_n and y_n ∨ V_{n+1} ⊆ V_n. Let x = lim sup x_n and y = lim sup y_n.

For each n and each k we have x_n ∨ x_{n+1} ∨ · · · ∨ x_{n+k} ∈ V_n, because x_i ∨ V_{i+1} ⊆ V_i for all i. Hence ⋁ i≥n x_i ∈ cl(V_n ), and therefore x ∈ cl(V_n ).

It follows that x = 0, and similarly, y = 0, hence x ∨ y = 0.

But x ∨ y = lim sup x_n ∨ lim sup y_n = lim sup(x_n ∨ y_n). Since U is downward closed and x_n ∨ y_n /∈ U , we have ⋁ k≥n(x_n ∨ y_n) /∈ U , and because U is open, we get 0 = x ∨ y /∈ U . A contradiction.

Now, we prove that (B, �) is first countable. By the continuity of ∨ and by the G_� property there exist U_n ∈ N such that ⋂ n cl(U_n) = {0} and U_{n+1} ∨ U_{n+1} ⊆ U_n for every n. We claim that {U_n}_{n∈�} is a neighborhood base. Assume not. Then there exists a V ∈ N such that for every n, U_n ⊈ V . For each n let x_n be such that x_n ∈ U_n − V .

It follows by induction on k that for each n and each k, x_{n+1} ∨ x_{n+2} ∨ · · · ∨ x_{n+k} ∈ U_n. Thus ⋁ k x_{n+k} ∈ cl(U_n ) and it follows that lim sup x_n ∈ cl(U_m) for each m; hence lim x_n = 0. This is a contradiction because V is an open neighborhood of 0. ⊣

258 BOHUSLAV BALCAR AND THOMAS JECH

Proof of Theorem 6.2 (c). (B, △, 0) is a topological group and a first countable space. By Kakutani’s Theorem, (B, △, 0) has an invariant metric, and so B is Maharam, as in the proof of Theorem 3.2. ⊣

Remark. In [3] we proved that continuity of ∨ is itself sufficient for B to be a Maharam algebra. The condition can be stated as follows: For every U ∈ N there exists a V ∈ N such that V ∨ V ⊆ U . Compare this with the condition in Lemma 6.6 which holds for every weakly distributive B.

Proof of theorem 6.1. In view of Corollary 6.4 it suffices to prove the theorem under the assumption that B is weakly distributive; the proof of the general case combines the proof below with the proof of Corollary 6.4.

Thus assume that B is weakly distributive. Let D = ⋂ {cl(U ): U ∈ N }, d = ⋁ D and m = −d . D is closed and downward closed, and D = {U ∨ U : U ∈ N }. Now if a /∈ D, in particular if a ≤ m, then a /∈ U ∨ U for some U ∈ N . Hence U and a △ U are disjoint, and so (B ↾ m, �) is a Hausdorff space. Hence B ↾ m is a Maharam algebra.

We now show that in B ↾ d , every nonempty open set is topologically dense. We claim that D is closed under ∨. By Lemma 6.6, for every U ∈ N there is a V ∈ N such that V ∨ V ∨ V ⊆ U ∨ U , and therefore there is a V ∈ N such that V ∨V ∨V ∨V ⊆ U ∨U . Hence D = ⋂ {U ∨U : U ∈ N } = ⋂ {V ∨ V ∨ V ∨ V : V ∈ N } and so D ∨ D = D.

There is a sequence {a_n}_n in D such that d = lim(a_0 ∨ · · · ∨ a_n) and since D ∨ D = D and D is closed, we have d ∈ D. It follows that B ↾ d = D.

We finish the proof by showing that cl(G) ⊃ D for every nonempty open set G in B ↾ d . There exist an a ∈ D and some U ∈ N such that G ⊃ (a △ U ) ∩ D. Since cl(U ) ⊃ D, we have cl(a △ U ) ⊃ a △ D = D and so cl(G) ⊃ D. ⊣

§7. Maharam algebras. In this section we present a number of additional necessary and sufficient conditions for a complete ccc Boolean algebra B to carry a Maharam submeasure. It turns out that some of the properties are natural generalizations of the conditions for weak distributivity presented in section 5.

By the results of sections 3 and 6, each of the following is equivalent to being Maharam.

(B, �) is metrizable (Maharam [27]), (7.1) (B, �) is Hausdorff (Balcar, Główczyński, Jech [3]), (7.2) B is weakly distributive and (B, �) is first countable (7.3) (Maharam [27]), B is weakly distributive and (B, �) has the G_� property (7.4) (Balcar, Jech, Pazák [5]).

WEAK DISTRIBUTIVITY AND A PROBLEM OF VON NEUMANN 259

We remark that the assumption of weak distributivity in (7.3) is not necessary (but is necessary in (7.4)). Todorcevic’s paper [39] presents (7.3) and (7.4) from a different point of view.

Uniform weak distributivity and uniformly bounding forcing. The following two condition are uniform versions of the corresponding conditions 5.1(ii) and 5.9(ii) for weak distributivity.

Theorem 7.1. Let B be a complete ccc Boolean algebra. Either of the following is equivalent to B being Maharam:

(i) There exists a sequence of functions {F_n }_n such that for each maximal antichain A, F_n (A) is a finite subset of A, and if A_0, A_1, A_2, . . . are maximal antichains then lim_n ⋁ F_n (A_n) = 1.

(ii) There exists a sequence of functions {F_n }_n such that for each B-name ȧ for a natural number, F_n (ȧ) is a natural number, and if ḟ is a B-name for a function from � to �, then, letting g(n) = F_n(ḟ(n)), we have ‖ḟ < g‖ = 1.

Proof. As (ii) is reformulation of (i) in terms of Boolean-valued models, let us consider (i). If m is Maharam submeasure, let F_n (A) be a finite E ⊆ A so that m( ⋁ E) > 1 −^1_{2n} .

Conversely, if B satisfies (i), let U_n be for each n, the set of all ⋁ F_n(A), for all maximal antichains A. One verifies that 0 is an interior point of U_n, and that ⋂ U_n = {0}. Hence B has the G_� property and is weakly distributive since (i) implies 5.1(ii). ⊣ Strong diagonal property.

Theorem 7.2. Let B be a complete ccc Boolean algebra. B is a Maharam algebra if and only if there exists a family S of sequences converging to 0 such that every sequence with limit 0 has a subsequence in S, and if {a^n_k }_{k∈�} , n = 0, 1, 2, . . . are members of S, then lim_n a^n_n = 0.

Proof. If m is a Maharam submeasure, let S be the set of all sequences {a_n }_n such that m(a_n) <^1_{2n} , for each n.

Conversely, if B has the strong diagonal property, let U_n be, for each n, the set of all x such that x is below the n^{th} term of some sequence s ∈ S. One verifies that 0 is an interior point of each U_n and that ⋂ U_n = {0}. Hence B has the G_� property (and is weakly distributive because it has the diagonal property). ⊣ Hausdorff variations. We consider three related properties of the space (B, �). The first one is a reformulation of Hausdorffness.

Theorem 7.3. Let B be a complete ccc Boolean algebra. Each of the following properties is equivalent to B carrying a Maharam submeasure. (i) Every a ≠ 0 has an open neighborhood G such that 0 /∈ cl(G). (ii) Every a ≠ 0 has an open neighborhood G such that G ∩ X is finite, for every X with limit 0 (i.e., X ∈ I see Definition 5.4).

260 BOHUSLAV BALCAR AND THOMAS JECH

(iii) Every a ≠ 0 has an open neighborhood G such that every antichain A ⊆ G is finite.

Proof. (i) states that (B, �) is a Hausdorff space, and (i) implies (ii) implies (iii). It suffices to show that (iii) implies (i).

Thus assume that the space is not Hausdorff. By the Decomposition Theorem 6.1 there exists a d ≠ 0 such that in B ↾ d , any two nonempty open sets intersect. We claim that every open neighborhood of d includes an infinite antichain.

Let G be any open neighborhood of d . Since {x ≤ d : x ∈ G} and {x ≤ d : d − x ∈ G} intersect, we find disjoint nonzero a_1 ∈ G and a_2 ∈ G below d . Continuing this, we produce an infinite antichain in G. ⊣ Fragmentations. The next three properties involve a decomposition of B^+ into countably many parts (fragmentations) and are related to the three preceding conditions. The first one is a reformulation of the G_� property, while the third one is the �-finite chain condition of Horn and Tarski (thus Theorem 7.4 (iii) proves Todorcevic’s Theorem 4.9).

Theorem 7.4. Let B be a complete ccc Boolean algebra. If B is weakly distributive then each of the following conditions is equivalent to B being a Maharam algebra: (i) B^+ = ⋃ n S_n such that for each n, S_n is closed.

(ii) B^+ = ⋃ n S_n such that for each n, S_n ∩ X is finite for every X ∈ I.

(iii) B^+ = ⋃ n S_n such that for each n, S_n ∩ A is finite for every antichain A.

Proof. Every Maharam algebra has these properties (let S_n = {a: m(a) ≥^1_n }) and clearly, (i) implies (ii) implies (iii). It suffices to show that (iii) implies 7.3(iii).

Let {S_n }_n be as in (iii); we may assume that each S_n is upward closed. Letting U_n = B − S_n, we have ⋂ n U_n = {0}, and so ⋂ n cl(U_n) = {0} by 5.8(ii), because B is weakly distributive. It follows that every a ≠ 0 is an interior point of some S_n, and 7.3(iii) follows. ⊣ Infinite games. Finally, we show that strategic versions of weak distributivity are equivalent to carrying a Maharam submeasure. We consider three games, one for each of the properties 5.2(iii), 5.3(i) and 5.9(ii) from section 5. The weak distributive game is Fremlin’s modification of a game introduced by Jech in 1980 (cf. [18]) and by Charles Gray in his dissertation [14]. The diagonal game and the bounding game are our reformulations. In December 2004 Fremlin proved Theorem 7.5 below for the weak distributivity game, cf. [12].

Each of the following game is an infinite game of two players. Players I and II take turns to successively produce two infinite sequences of moves. We consider the properties of B stated in terms of winning strategies.

Weak distributivity game. I plays maximal antichains A_0, A_1, A_2, . . . , and II plays finite subsets E_n ⊆ A_n. II wins if and only if lim_n ⋁ E_n = 1.

WEAK DISTRIBUTIVITY AND A PROBLEM OF VON NEUMANN 261

Diagonal game. I plays sequences {a^n_k }_{k∈�} , n = 0, 1, 2, . . . each converging to 0, and II plays integers k(0), k(1), k(2), . . . . II wins if and only if lim_n a^n_{k(n)} = 0.

Bounding game. I plays B-names ḟ(0), ḟ(1), ḟ(2), . . . for integers, and II plays integers g(0), g(1), g(2), . . . . II wins if and only if ‖ḟ < g‖ = 1.

These games correspond to properties in Theorems 5.2(iii), 5.3(i) and 5.9(ii), and for complete ccc algebras are mutually equivalent, i.e., I (respectively II) has a winning strategy in one game if and only if I (respectively II) has a winning strategy in either game. One can show that if B is a complete ccc algebra then B is weakly distributive if and only if player I does not have a winning strategy, cf. [18].

Theorem 7.5 (Fremlin [12]). Let B be a complete ccc Boolean algebra. B is a Maharam algebra if and only if Player II has a winning strategy in either of the three games.

Proof. Let us consider the diagonal game. If m is a Maharam submeasure, then II has the following winning strategy: at move n, II plays k(n) so that m(a^n_{k(n)}) <^1_{2n} .

Conversely if II has a winning strategy, then B has the diagonal property and so is weakly distributive. We show that (B, �) is a Hausdorff space. If not, then by Decomposition Theorem 6.1 there exists some d ≠ 0 such that in B ↾ d , any two nonempty open sets intersect. Without loss of generality we assume that d = 1 (because II has a winning strategy in B ↾ d ).

Let �_0 be a winning strategy for player II in the diagonal game, and let �_1 be a winning strategy for II in a related game where I plays sequences converging to 1 and II tries to construct a diagonal sequence with limit 1. Let X_0 and Y_0 be, respectively, the sets of all elements of B given by the first moves of player II using �_0 (respectively using �_1). More precisely, X_0 = {x_{k(0)} : k(0) = �_0({x_i }_{i∈�} ) where lim_i x_i = 0} and Y_0 = {y_{k(0)} : k(0) = �_1({y_i }_{i∈�}) and lim_i y_i = 1}. We claim that 0 is an interior point of X_0 (and 1 is an interior point of Y_0). If not, there is a sequence {a_n }_n outside X_0 that converges to 0. But if k(0) = �_0({a_n }_n), then a_{k(0)} ∈ X_0, a contradiction.

Hence X_0 ∩ Y_0 is nonempty and let a_0 ∈ X_0 ∩ Y_0. There exists sequences {x^0_n }_n and {y^0_n }_n such that a_0 = x^0_{k(0)} = y^0_{l(0)}, where k(0) = �_0({x^0_n }_n) and l(0) = �_1({y^0_n }_n). Let X_1 and Y_1 be, respectively, the set of all elements of B given by the second moves of player II, using �_0 and �_1 respectively, with the first move of I being {x^0_n }_n and {y^0_n }_n, respectively. Again, 0 and 1 are, respectively, interior points of X_1 and Y_1; therefore X_1 ∩ Y_1 ≠ ∅ and so there exists sequences {x^1_n}_n and {y^1_n }_n such that a_1 = x^1_{k(1)} = y^1_{l(1)}, where k(1) = �_0({x^0_n }_n, {x^1_n }_n) and l(1) = �_1({y^0_n }_n, {y^1_n }_n). We continue in this fashion and construct a sequence a_0, a_1, a_2, . . . . Since both �_0 and �_1 are winning strategies, we have simultaneously lim_n a_n = 0 and lim_n a_n = 1, a contradiction. ⊣

262 BOHUSLAV BALCAR AND THOMAS JECH

§8. Consistency of the von Neumann–Maharam problem. We prove Theorem 4.8 and then discuss some examples. The proof uses a general consistency result of S. Todorcevic and one of the equivalences presented in section 7.

P-ideal Dichotomy (Todorcevic). Let S be an infinite set. Then for every P-ideal I ⊆ [S]^�, either (i) ∃Y ⊆ S uncountable such that [Y ]^� ⊆ I , or (ii) S = ⋃ n∈� S_n such that for each n, S_n ∩ X is finite, for every X ∈ I .

Theorem 8.1 (Todorcevic [38]). The P-ideal dichotomy is consistent with ZFC.

In [38] it is shown that the P-ideal dichotomy follows from the Proper Forcing Axiom (PFA), but is also consistent with GCH. For PFA and its consistency, we refer the reader to [32], [7] or [19].

Theorem 4.8 is now a consequence of the following.

Theorem 8.2 (Balcar, Jech, Pazák [5]). Assuming the P-ideal dichotomy, every weakly distributive complete ccc Boolean algebra carries a Maharam submeasure.

Proof. Let B be a weakly distributive complete ccc Boolean algebra, and let I be the convergence ideal for B. By Theorem 5.6, I is a P-ideal. Note that condition (ii) for I in the P-ideal Dichotomy is exactly the condition (ii) in Theorem 7.4, which implies that B is a Maharam algebra.

Thus it is enough to show that condition (i) in P-ideal dichotomy fails for I. This is proved in the following lemma, completing the proof of Theorem 8.2.

Lemma 8.3. Let B be a complete ccc Boolean algebra. For every uncountable Y ⊆ B^+ there exists a countable X ⊆ Y such that lim sup X > 0.

Proof. It suffices to prove this for Y of cardinality ℵ_1, so let Y = {a_α : α < �_1}. For each α < �_1, let b_α = ⋁ �≥α a_�. Since the b_α are decreasing and B satisfies ccc, there exists an α_0 such that b_α = b_{α0} for all α ≥ α_0. Let b = b_{α0} .

For each α ≥ α_0 there exists an f(α) > α such that b = ⋁ �≥α a_� = ⋁ α≤�<f(α) a� (again using ccc). Let αn+1 = f(αn ) for each n, and α� =

lim_n α_n. Letting X = {a_� : α_0 ≤ � < α_� } we have lim sup X = b. ⊣ We shall conclude the article with a discussion on the independence of the von Neumann–Maharam problem. In Section 3 we presented one counterexample, the Suslin algebra. It is an �-distributive complete ccc Boolean algebra that is not a Maharam algebra, and it is consistent that one exists. We present two other consistent examples of weakly distributive complete ccc algebras that are not Maharam.

Theorem 8.4 (Główczyński [13]). Let κ be a regular uncountable cardinal that carries a �-saturated �-ideal I containing all singletons and assume that

WEAK DISTRIBUTIVITY AND A PROBLEM OF VON NEUMANN 263

2^{ℵ0} > κ and that Martin’s Axiom holds. Then P(κ)/I is a weakly distributive complete ccc Boolean algebra and is not a Maharam algebra.

The assumptions in Theorem 8.4 are consistent: they can be obtained by forcing over a model with a measurable cardinal. Note also that this example shows that the assumption of PFA in Theorem 8.1 cannot be weakened to MA.

Let B = P(κ)/I . B is an atomless complete ccc algebra; to show that it has the desired properties, we look first at the atomic algebra P(κ). It is well known that P(κ) has the diagonal property if κ < b, and (P(κ), �) is sequentially compact if κ < s (cf. [3] for details as well definitions of the cardinal invariants b and s). As a consequence of MA we have b = s = 2^{ℵ0} > κ, and so P(κ) has the diagonal property and is sequentially compact.

It is easy to see that these two properties are preserved under quotients by a �-ideal. Thus B has the diagonal property and (B, �) is sequentially compact. Thus B is weakly distributive, and we claim that B is not a Maharam algebra.

Assume that B is a Maharam algebra. Then (B, �) is metrizable, and because it is sequentialy compact, it is a compact metric space. By [5], B is isomorphic to P(�), a contradiction.

In his Problem List [11] D. Fremlin asked the following question: ‘Suppose that every completely countably generated subalgebra of a given complete Boolean algebra B is measurable. Must B be measurable?’

A consequence of Theorem 8.2 is that the P-ideal dichotomy implies the affirmative answer to Fremlin’s question:

Assume that every weakly distributive complete ccc Boolean algebra is Maharam, and let B be a complete Boolean algebra such that every complete subalgebra is a measure algebra. B is ccc and weakly distributive because every countably generated subalgebra is. Hence B is a Maharam algebra. Then B is a measure algebra, by the following observation of Fremlin:

Lemma 8.5. If B is a Maharam algebra such that every countably generated complete subalgebra is a measure algebra then B is a measure algebra.

Proof. Let m be a Maharam submeasure on B. For every countably generated subalgebra C , the restriction of m to C is an exhaustive submeasure, and since C is a measure algebra, m is uniformly exhaustive, by [21]. It follows that m is uniformly exhaustive, and by [21] again, B is a measure algebra. ⊣ The following recent example proves the consistency of the negative answer to Fremlin’s question:

Theorem 8.6 (Farah, Velickovic [8]). Assume there is a cardinal � such that �^{ℵ0} = �, 2^� = �^+ and □_� holds. Then there is a complete Boolean algebra B of size �^+ such that B is not a Maharam algebra but every subalgebra of size ≤ � is a measure algebra.

264 BOHUSLAV BALCAR AND THOMAS JECH

Under the given assumptions, one constructs B as the union of a chain {B_α : α < �^+} of measure algebras, each of size at most �, in such a way that B is not a measure algebra. Since B is the union of such a chain, it satisfies ccc and is weakly distributive. By Lemma 8.5, B is not a Maharam algebra.

The assumptions of Theorem 8.6 hold unless there exists an inner model with a measurable cardinal κ of Mitchell order κ^{++}. It follows that the consistency of the von Neumann–Maharam Problem (Theorem 4.8) implies the consistency of a measurable cardinal κ of Mitchell order κ^{++}.

A final comment: the consistency of the von Neumann-Maharam problem for small algebras does not require large cardinals. This is because for complete Boolean algebras of cardinality at most 2^{ℵ0} the P-ideal dichotomy is consistent with ZFC alone, cf. [1].

REFERENCES

[1] U. Abraham and S. Todorčević, Partition properties of �_1 compatible with CH, Fundamenta Mathematicae, vol. 152 (1997), pp. 165–181.

[2] B. Balcar, F. Franek, and J. Hruška, Exhaustive zero-convergence structures on Boolean algebras, Acta Universitatis Carolinae. Mathematica et Physica, vol. 40 (1999), no. 2, pp. 27–41.

[3] B. Balcar, W. Główczyński, and T. Jech, The sequential topology on complete Boolean algebras, Fundamenta Mathematicae, vol. 155 (1998), no. 1, pp. 59–78.

[4] B. Balcar, T. Jech, and T. Pazák, Complete ccc Boolean algebras, the order sequential topology and a problem of von Neumann, Preprint, http://arxiv.org/abs/math.LO/

0312473, December 2003.

[5] , Complete ccc Boolean algebras, the order sequential topology and a problem of von Neumann, The Bulletin of the London Mathematical Society, vol. 37 (2005), pp. 885–898.

[6] S. Banach and K. Kuratowski, Sur une Géneralisation du Problème de la Mesure, Fundamenta Mathematicae, vol. 14 (1929), pp. 127–131.

[7] J. E. Baumgartner, Iterated forcing, Surveys in set theory, London Mathematical Society Lecture Note Series, vol. 87, Cambridge University Press, Cambridge, 1983, pp. 1– 59. [8] I. Farah and B. Velickovic, Von Neumann’s problem and large cardinals, The Bulletin of the London Mathematical Society, to appear.

[9] D. H. Fremlin, Measure algebras, Handbook of Boolean algebras, vol. 3, North- Holland Publishing Company, Amsterdam, 1989, pp. 877–980.

[10] , Measure theory, vol. 1–4, Torres Fremlin, Colchester, 2000—2004. [11] , Problems, Unpublished notes, January 2004. [12] , Maharam algebras, Unpublished notes, December 2004. [13] W. Główczyński, Measures on Boolean algebras, Proceedings of the American Mathematical Society, vol. 111 (1991), no. 3, pp. 845–849.

[14] C. Gray, Iterated forcing from the strategic point of view, PhD Thesis, Berkeley, 1982. [15] E. Hewitt and K. A. Ross, Abstract harmonic analysis, vol. I, Springer-Verlag, Berlin, 1979.

[16] A. Horn and A. Tarski, Measures in Boolean algebras, Transactions of the American Mathematical Society, vol. 64 (1948), pp. 467–497.

[17] T. Jech, Non-provability of Souslin’s hypothesis, Commentationes Mathematicae Universitatis Carolinae, vol. 8 (1967), pp. 291–305.

WEAK DISTRIBUTIVITY AND A PROBLEM OF VON NEUMANN 265

[18] , More game-theoretic properties of Boolean algebras, Annals of Pure and Applied Logic, vol. 26 (1984), pp. 11–29.

[19] , Set theory, the third millennium edition, Springer Monographs in Mathematics, Springer-Verlag, Berlin, 2002.

[20] S. Kakutani, Über die Metrisation der topologischen Gruppen, Proceedings of the Imperial Academy, Tokyo, vol. 12 (1936), pp. 82–84.

[21] N. J. Kalton and J. W. Roberts, Uniformly exhaustive submeasures and nearly additive set functions, Transactions of the American Mathematical Society, vol. 278 (1983), pp. 803– 816.

[22] L. V. Kantorovič, B. Z. Vulikh, and A. G. Pinsker, Functional analysis in partially ordered spaces, 1950, in Russian.

[23] J. L. Kelley, Measures on Boolean algebras, Pacific Journal of Mathematics, vol. 9 (1959), pp. 1165–1177.

[24] S. Koppelberg, Handbook of Boolean algebras, vol. 1, North-Holland Publishing Company, Amsterdam, 1989.

[25] D. Kurepa, Ensembles ordonnés et ramifiés, Publicationes Mathematicae, University of Belgrade, vol. 4 (1935), pp. 1–138, Zbl. 014.39401.

[26] D. Maharam, On homogeneous measure algebras, Proceedings of the National Academy of Sciences of the United States of America, vol. 28 (1942), pp. 108–111.

[27] , An algebraic characterization of measure algebras, Annals of Mathematics. Second Series, vol. 48 (1947), pp. 154–167.

[28] D. Mauldin (editor), The Scottish Book, Birkhäuser Boston, Massachusetts, 1981. [29] E. W. Miller, A note on Souslin’s problem, American Journal of Mathematics, vol. 65 (1943), pp. 673–678.

[30] J. D. Monk (editor), Handbook of Boolean algebras, North-Holland Publishing Company, Amsterdam, 1989.

[31] S. Quickert, CH and the Sacks property, Fundamenta Mathematicae, vol. 171 (2002), no. 1, pp. 93–100.

[32] S. Shelah, Proper forcing, Lecture Notes in Mathematics, vol. 940, Springer-Verlag, Berlin, 1982.

[33] R. M. Solovay and S. Tennenbaum, Iterated Cohen extensions and Souslin’s problem, Annals of Mathematics. Second Series, vol. 94 (1971), pp. 201–245.

[34] M. Suslin, Problème 3, Fundamenta Mathematicae, vol. 1 (1920), p. 223. [35] E. Szpilrajn (Marczewski), Remarques sur les fonctions complètement additives d’ensemble et sur les ensembles jouissant de la propriété de Baire, Fundamenta Mathematicae, vol. 22 (1934), pp. 303–311.

[36] M. Talagrand, Maharam’s problem, Manuscript in preparation, January 2006. [37] S. Tennenbaum, Souslin’s problem, Proceedings of the National Academy of Sciences of the United States of America, vol. 59 (1968), pp. 60–63.

[38] S. Todorcevic, A dichotomy for P-ideals of countable sets, Fundamenta Mathematicae, vol. 166 (2000), no. 3, pp. 251–267.

[39] , A problem of von Neumann and Maharam about algebras supporting continuous submeasures, Fundamenta Mathematicae, vol. 183 (2004), pp. 169–183.

[40] B. Velickovic, CCC forcing and splitting reals, Israel Journal of Mathematics, vol. 147 (2005).

[41] D. A. Vladimirov, Boolean algebras in analysis, Mathematics and its Applications, vol. 540, Kluwer Academic Publishers, Dordrecht, 2002, Translated from the Russian manuscript, Foreword and appendix by S. S. Kutateladze.

[42] J. von Neumann, Continuous geometry, The Institute for Advanced Study, 1936– 1937, Notes by L. Roy Wilcox on lectures given during 1935–36 and 1936–37 at the Institute for Advanced Study.

266 BOHUSLAV BALCAR AND THOMAS JECH

[43] , Continuous geometry, Princeton University Press, Princeton, New Jersey, 1960.

MATHEMATICAL INSTITUTE, AS CR ZITNA 25 CZ–115 67 PRAHA 1 CZECH REPUBLIC E-mail: balcar@cts.cuni.cz E-mail: jech@math.cas.cz