The Bulletin of Symbolic Logic Volume 9, Number 3, Sept. 2003

COMPUTABLE AND CONTINUOUS PARTIAL HOMOMORPHISMS ON METRIC PARTIAL ALGEBRAS

VIGGO STOLTENBERG-HANSEN^∗ AND JOHN V. TUCKER^∗

Abstract. We analyse the connection between the computability and continuity of functions in the case of homomorphisms between topological algebraic structures. Inspired by the Pour-El and Richards equivalence theorem between computability and boundedness for closed linear operators on Banach spaces, we study the rather general situation of partial homomorphisms between metric partial universal algebras. First, we develop a set of basic notions and results that reveal some of the delicate algebraic, topological and effective properties of partial algebras. Our main computability concepts are based on numerations and include those of effective metric partial algebras and effective partial homomorphisms. We prove a general equivalence theorem that includes a version of the Pour-El and Richards Theorem, and has other applications. Finally, the Pour-El and Richards axioms for computable sequence structures on Banach spaces are generalised to computable partial sequence structures on metric algebras, and we prove their equivalence with our computability model based on numerations.

§1. Introduction. The connection between “computability” and “continuity” has been explored in Intuitionistic and Constructive Analysis, and in its classical alter ego Computable Analysis.

Early on, in 1923, Brouwer showed that constructive real functions on real numbers were locally uniformly continuous. His results on continuity are landmarks in the history of Intuitionism because they were fundamentally new theorems that were impossible to prove as classical results (see van Dalen [46], Section 10.2).

Turing [45] considered the concept of a computable real number in his seminal paper of 1936. The first to consider computability theory applied to Analysis were Banach and Mazur as seen from [2]. A real function f is said to be Banach-Mazur computable if f takes computable sequences to computable sequences. Mazur [26] proved that a Banach-Mazur function defined on an interval must be continuous on that interval. The concept of

Received October 23, 2001; revised June 22, 2003.

∗Partially supported by Swedish Research Council for Engineering Sciences, Project 221- 97-745.

© 2003, Association for Symbolic Logic 1079-8986/03/0903-0002/$4.60 299

300 VIGGO STOLTENBERG-HANSEN AND JOHN V. TUCKER

computable real function was further investigated in Grzegorczyk [17, 18], Lacombe [25], Goodstein [15], Klaua [21], for example. Depending upon the definition of a computable function on real numbers, the continuity of the function was easy or difficult to prove.

The most important analysis of the continuity of computable functions is that of Ceitin [6, 7]. In the framework of Markov’s constructivist programme, based on his theory of algorithms, Ceitin showed that effective functions on effective complete metric spaces are effectively continuous. In particular, Ceitin’s Theorem provides a detailed account of how the effective functions effectively map between certain families of open balls in the metric spaces.

Thus, from its beginnings, the property that computability implies continuity has been seen as essential for Computable Analysis.

1.1. Higher type computability theory. The computability-continuity connection was also found to be fundamental in the study of higher type functionals by Kleene [22] and Kreisel [23] and was exploited in generalised recursion theory and proof theory. It belongs to the theory of the Myhill- Shepherdson Theorem and the Kreisel-Lacombe-Shoenfield Theorem, results that also motivated Ceitin’s Theorem. Against this background of higher types, the computability-continuity connection was a basis for the development of domain theory by Scott [33] and Ershov [10]. One of the main messages of domain theory is that the essential structural features of computability are generalised by continuity. In domain theory, continuity is developed from an order-theoretic analysis of approximations and leads to a theory of continuous functions on certain T_0 spaces. Occasionally, over enthusiastic domain theorists have been known to make the identification

computability = continuity

which, of course, is a mistake. Computability has to be imposed on the domains and continuous functions through numberings and there is an appropriate effective domain theory (initially due to Scott and Ershov: see Stoltenberg-Hansen et al. [36]).

1.2. Representations and computable analysis. Not surprisingly perhaps, Computable Analysis developed independently from higher type recursion theory and domain theory. Theorems of analytical interest were obtained using specific concrete representations of spaces to introduce computability. Quite a body of results has been amassed since the 1950s. However, theorems are often proved using different models of computability whose theories are not always equivalent. See Pour El and Richards [32] and, for a convenient recent survey, Chapter 9 in Weihrauch [50].

Recently, there has been progress on unifying the subject through the development of very general approaches to introducing computability into the topological spaces and algebras of Analysis, and comparing their scope and limits. Here are some general frameworks for creating representations.

COMPUTABLE AND CONTINUOUS PARTIAL HOMOMORPHISMS 301

One can use numberings of countable spaces and study effective limits:

(i) effective metric spaces (Moschovakis [29]), (ii) effective topological spaces (Spreen [34, 35]).

One can use ordered structures to give an abstract theory of approximation. Here spaces are embedded in the maximal or total elements of the ordered structures, such as:

(iii) cpos (Weihrauch and Schreiber [51]), (iv) algebraic domains (Stoltenberg-Hansen and Tucker [37, 38, 39], Blanck [4]), and (v) continuous domains (Edalat; for a survey see [9]).

One can use numberings from Baire space N^N to build a systematic theory such as (vi) type two enumerability (TTE), starting in Weihrauch [49] and culminating in Weihrauch [50].

In Stoltenberg-Hansen and Tucker [41] there is a series of equivalence proofs between these approaches for certain spaces.

In each of these approaches, concrete representations of spaces are created, their effectiveness established, and effective functions are shown to be effectively continuous.

1.3. Partial algebras and computable analysis. Algebraic structures play an essential role in Analysis. Algebras specify (i) basic operations;

(ii) normal forms for the algebraic representation of elements, through bases;

(iii) structure-preserving operators (i.e., homomorphisms); (iv) approximations, through inner products, norms, metrics and topologies.

Algebras also have an essential role in Computable Analysis because they specify (v) operations and relations on which to base abstract computability models that are independent of concrete representations.

Typically, such abstract models use axioms or programs based on the operations and relations.

Continuous and smooth functions on spaces form algebras of different kinds, including topological groups, Banach spaces and algebras, Hilbert spaces, and C^∗ algebras.

The algebras commonly occurring in Analysis are examples of many sorted algebras equipped with topologies defined by metrics. The basic operations of the algebras are continuous in the topologies and, furthermore, they necessarily include partial functions.

302 VIGGO STOLTENBERG-HANSEN AND JOHN V. TUCKER

There are scores of familiar partial functions on the real numbers such as 1/x, log(x) and tan(x) and partial operators such as differentiation. However, there are some less obvious reasons for carrying partial functions as basic operations. In computing on the real numbers tests such as the Boolean valued functions

eq: R × R → B and less: R × R → B

are needed. Although these are total they must be turned into partial operations. To see this, recall that computable functions are continuous. These total operations are not continuous on R and so are not computable. However, the partial operations

eq(x, y) = { false if x ≠ y ↑ if x = y and

less(x, y) = true if x < y false if x > y ↑ if x = y.

are continuous and are acceptable as basic operations. Now, in general, continuous functions on connected spaces (such as the reals) into discrete spaces (such as the Booleans) are constant. Thus, total tests are of little use in Computable Analysis.

In the 1970s and 1980s, Pour-El and her co-workers discovered several exciting theorems, examples, and new methods in Computable Analysis, notably in the theory of differential equations. The algebraic structure of Banach spaces enabled Pour-El and Richards to present a new axiomatic approach to Computable Analysis. Using simple axioms for operating with computable sequences in a Banach space, the idea was to work with very limited assumptions about classical computability via recursive functions, and to banish codings as an object of interest. The new more abstract approach was presented in full in Pour-El and Richards [32].

Here are proved results about the computability-continuity connection, and for the first time a theorem, roughly of the form (in its positive direction): for closed linear operators on Banach spaces with computable sequence structures and a computable generating sequence “computability = continuity” (First Main Theorem, p. 101). This striking fact covers a rich collection of applications, including their earlier influential study of non-computable solutions to the Wave Equation (Pour-El and Richards [31]), and some recent developments in Weihrauch and Zong [52, 53, 54].

However, for students of Computable Analysis, who see representations of topological algebras as an essential object of interest, their axiomatic

COMPUTABLE AND CONTINUOUS PARTIAL HOMOMORPHISMS 303

approach hides a great deal. In fact some of the Pour-El and Richards’ theorems require re-investigation to isolate and make explicit their effective content, and to connect the axiomatic approach with the more representationfriendly concrete approaches mentioned earlier in Section 1.2. For example, in Stoltenberg-Hansen and Tucker [41] the equivalence between algebraic domains and the Pour-El Richards approach is proved for Banach spaces. We will not meet the abstract approach to Computable Analysis based on high-level programs over algebras. For information see Tucker and Zucker [42, 43, 44].

1.4. Homomorphisms. The algebraic basis of Computable Analysis has not been studied in much depth or even systematically. In this paper we analyse the computability-continuity connection in the general setting of homomorphisms of universal algebras equipped with a topology defined by a metric. Furthermore, we extend the usual setting by considering partial algebras, that is algebras whose operations may be partial, and partial homomorphisms between such algebras. This generalisation is necessary because partial functions play such an essential role in computing with topological algebras (see Section 1.3). The generalisation is also nontrivial, in particular in regard to effectivity, and necessitates a careful analysis of many basic concepts. We analyse thoroughly the general situation of an effective metric partial algebra. We prove the following theorem which establishes in an explicit way the effective content of partial homomorphisms (all unexplained terminology is defined later).

Theorem. Let A and B be metric partial Σ-algebras and let (X, α) and (Y, �) be effective metric partial Σ-subalgebras of A and B, respectively, such that X is generated algebraically by an α-computable partial sequence e : N → X . Let (X̄^A_{k,α} , ᾱ) and (Ȳ^B_{k,�} , ¯�) be the effective metric spaces of computable elements in A and B, respectively.

Suppose h : X̄^A_{k,α} → Ȳ^B_{k,�} is a partial function such that he(N) ⊆ Y , he : N → Y is a partial �-computable sequence, and h|_X : X → Y is a strong partial Σ-homomorphism. Then the following are equivalent.

(i) h is (ᾱ, ¯�)-computable.

(ii) h is (ᾱ, ¯�)-Ceitin continuous and dom(h) is ᾱ-semicomputable. (iii) h is (ᾱ, ¯�)-Lacombe continuous and dom(h) is ᾱ-semicomputable. (iv) h is ᾱ-effectively continuous and dom(h) is ᾱ-semicomputable.

We show how, as the general structure of the metric partial algebra is replaced by more specific algebraic structures, such as topological groups and Banach spaces, interesting results can be deduced as special cases. These applications concern the relationship between homomorphisms and effective uniform continuity. For topological groups, continuous homomorphisms are uniformly continuous. In the case of linear operators in Banach spaces,

304 VIGGO STOLTENBERG-HANSEN AND JOHN V. TUCKER

which are such homomorphisms, of course, bounded operators are precisely the effectively uniformly continuous operators.

The structure of the paper is as follows. In Section 2 we explain the basic properties of effective partial algebras and partial homomorphisms. In Section 3 we study the theory of effective metric spaces and partial continuous functions without reference to algebra. Ceitin’s theorem, which is fundamental for our main theorem, is presented. In Section 4 we introduce effective metric partial algebras and prove the main theorem stated in the introduction. We also give some applications to Banach spaces and topological groups. Finally, in Section 5 we present our generalisation of the Pour-El and Richards approach and prove an equivalence with effective metric partial algebras.

Further references for the topics treated in this paper are for computable analysis (Aberth [1], Kushner [24], Pour-El and Richards [32], and Weihrauch [50]), the theory of effective metric spaces (Ceitin [6, 7], Moschovakis [29]), effective and computable numberings (Ershov [11, 12, 13], Stoltenberg- Hansen and Tucker [39, 40]) and universal algebra (Grätzer [16], Wechler [48], and Meinke and Tucker [27]).

Our recursion theoretic notation is standard. We let �xy.⟨x, y⟩ be a primitive recursive pairing function, i.e., a primitive recursive bijection between N × N and N, extended in the usual way to more arguments. The e^{th} partial recursive function (in some standard enumeration) of n arguments is denoted by {e}^n , though the n will mostly be suppressed since the arity will be apparent. The e^{th} r.e. set is W_e = dom({e}^1). We will use a primitive recursive function �en.W^n_e approximating the r.e. sets, where W^n_e is a finite set, such that m ≤ n =⇒ W^m_e ⊆ W^n_e , and W_e = ⋃ n∈� W^n_e .

We will be dealing with partial functions. Suppose f, g : A → B are partial functions and a ∈ A. Then we write

f(a) ≃ g(a)

if either both f(a) and g(a) are defined and equal or both are undefined. This is the Kleene equality or strong equality. We write f(a)↓ if f(a) is defined and f(a)↑ otherwise.

Suppose f: A → B and g : B → C are partial functions. Then

h(x) ≃ g(f(x))

means that h(x)↓ if, and only if, there is b ∈ B such that f(x) ≃ b and g(b)↓, and then h(x) ≃ g(b).

We thank the anonymous referee for many useful suggestions for improvements of the original version of the paper.

COMPUTABLE AND CONTINUOUS PARTIAL HOMOMORPHISMS 305

§2. Effective partial algebras and partial homomorphisms. In this section we present some basic notions and results about partial algebras and effective partial algebras. The topological or metric aspects of effective partial algebras are dealt with in later sections.

2.1. Preliminaries on partial algebras. We assume the reader knows the basic theory of universal algebras: we need the concepts of signature Σ, Σ-algebra, Σ-subalgebra, Σ-generating sequence, Σ-term, Σ-term evaluation, Σ-homomorphism etc. Although the theory is intended to work for many sorted universal algebras, we will for simplicity use single sorted partial algebras in our exposition. We refer to Grätzer [16], Wechler [48] and Meinke and Tucker [27] for background material on algebra.

We are going to consider partial algebras and partial homomorphisms between partial algebras. The literature on universal algebras almost exclusively deals with total algebras and total homomorphisms. There does not seem to be a consensus on what one should mean by a partial homomorphism between partial algebras or even a total homomorphism between partial algebras. For example, Grätzer [16] gives three definitions of total homomorphisms between partial algebras. Therefore we need to be precise about our choice of concepts and make some useful elementary observations.

Definition 2.1. Let Σ be a signature. A partial Σ-algebra A is a Σ-algebra whose operations are partial functions.

Note that if c ∈ Σ is a constant, i.e., a 0-ary operation, then the interpretation c_A of c in A is defined, i.e., an element of A.

Definition 2.2. Let A be a partial Σ-algebra. Then a non-empty set X ⊆ A constitutes a partial Σ-subalgebra of A if for each k-ary � ∈ Σ and x_1, . . . , x_k ∈ X ,

�_A(x_1, . . . , x_k)↓ ⇒ �_A(x_1, . . . , x_k) ∈ X.

We choose the following notion of partial Σ-homomorphism.

Definition 2.3. Let A and B be partial Σ-algebras. A partial map h: A → B is a partial Σ-homomorphism if for each k-ary � ∈ Σ and a_1, . . . , a_k ∈ A, if �_B (h(a_1), . . . , h(a_k))↓ then

h(�_A(a_1, . . . , a_k )) ≃ �_B (h(a_1), . . . , h(a_k )).

Note that if B is a total Σ-algebra then h is a partial Σ-homomorphism if for each k-ary � ∈ Σ, if a_1, . . . a_k ∈ dom(h) then

h(�_A(a_1, . . . , a_k )) ≃ �_B (h(a_1), . . . , h(a_k )).

Let C [0, 1] be the set of continuous functions from the unit interval into the reals R, and consider C [0, 1] as a total Σ-algebra with addition and a

306 VIGGO STOLTENBERG-HANSEN AND JOHN V. TUCKER

unary operation for each a ∈ R corresponding to scalar multiplication by a. Let D : C [0, 1] → C [0, 1]

be the differentiation operator. Then D is a partial Σ-homomorphism.

Another example of a partial Σ-homomorphism is

log : (R, ·) → (R, +).

If h : A → B is a partial Σ-homomorphism then c_A ∈ dom(h) for each constant c ∈ Σ and its image im(h) is a partial Σ-subalgebra of B, but its domain dom(h) need not be a partial Σ-subalgebra of A. However, if B is a total Σ-algebra then dom(h) is a total Σ-subalgebra of A.

Let V = {v_i : i ∈ N} be a set of distinct variables. Let T (Σ, V ) be the Σ-term algebra with variables from V ; this is a total Σ-algebra.

By an easy induction on terms we obtain Lemma 2.4. Let A and B be partial Σ-algebras and let h : A → B be a partial Σ-homomorphism. Then for any t(v_1, . . . , v_k) ∈ T (Σ, V ) and a_1, . . . , a_k ∈ A, if t^B (h(a_1), . . . , h(a_k))↓ then

h(t^A(a_1, . . . , a_k )) ≃ t^B (h(a_1), . . . , h(a_k)).

In our main theorem we need a stronger form of partial homomorphism working on certain subalgebras.

Definition 2.5. Let A and B be partial Σ-algebras. A partial map h: A → B is a strong partial Σ-homomorphism if for each k-ary � ∈ Σ and a_1, . . . , a_k ∈ A

h(�_A(a_1, . . . , a_k )) ≃ �_B (h(a_1), . . . , h(a_k )).

In case h is total the above notion is that of strong Σ-homomorphism in Grätzer [16].

Lemma 2.6. Let A and B be partial Σ-algebras and let h : A → B be a strong partial Σ-homomorphism. Then for any t(v_1, . . . , v_k) ∈ T (Σ, V ) and a_1, . . . , a_k ∈ A

h(t^A(a_1, . . . , a_k )) ≃ t^B (h(a_1), . . . , h(a_k)).

Proof. By induction on terms. The lemma is true for constants and variables. Suppose t(⃗v) = �(t_1(⃗v), . . . , t_s (⃗v)), where s ≥ 1. Then inductively, for ⃗a ∈ A and 1 ≤ i ≤ s, h(t^A_i (⃗a)) ≃ t^B_i (h(⃗a)). We claim

h(�_A(t^A_1 (⃗a), . . . , t^A_s (⃗a))) ≃ �_B (h(t^A_1 (⃗a)), . . . , h(t^A_s (⃗a))). (1)

Suppose t^A_i (⃗a)↓ for each i. Then (1) holds since h is a strong partial Σhomomorphism. Now suppose t^A_i (⃗a)↑ for some i. Then h(t^A_i (⃗a))↑ and

COMPUTABLE AND CONTINUOUS PARTIAL HOMOMORPHISMS 307

hence both sides of (1) are undefined. Thus (1) holds also in this case. Combining this with the induction hypothesis we obtain

h(t^A(⃗a)) ≃ h(�_A(t^A_1 (⃗a), . . . , t^A_s (⃗a))) ≃ �_B (t^B_1 (h(⃗a)), . . . , t^B_s (h(⃗a))) ≃ t^B (h(⃗a)). ⊣

Let A be a partial Σ-algebra and let e : N → A be a partial sequence. We define the term evaluation map TE_e : T (Σ, V ) → A inductively as follows:

TE_e(c) ≃ c_A c ∈ Σ constant TE_e(v_i ) ≃ e(i) v_i ∈ V TE_e(�(t_1, . . . , t_k)) ≃ �_A(TE_e (t_1), . . . , TE_e (t_k )) � ∈ Σ k-ary.

From its definition we see that TE_e is a strong partial Σ-homomorphism. Note that dom(TE_e ) need not be a partial Σ-subalgebra but the image im(TE_e ) is a partial Σ-subalgebra, the partial Σ-subalgebra generated by the elements of the partial sequence e.

Notation. The Σ-subalgebra im(TE_e ), the Σ-subalgebra generated by e, is denoted by ⟨e⟩.

Lemma 2.7. Let A be a partial Σ-algebra and B a total Σ-algebra and let e : N → A be a partial sequence. If h : A → B is a partial Σ-homomorphism such that im(e) ⊆ dom(h) then h|_{⟨e⟩} : ⟨e⟩ → B is a strong total Σ-homo-morphism.

Proof. It suffices to show that ⟨e⟩ ⊆ dom(h). Suppose x ∈ ⟨e⟩. Thus x = t^A(e(i_1), . . . , e(i_k )) for some term t where e(i_j )↓ for j = 1, . . . , k. Then h(x)↓ by Lemma 2.4. ⊣ 2.2. Effective partial algebras. First we define the notion of a numbered set, effective subsets of a numbered set, and effective partial functions between numbered sets.

Definition 2.8. A numbered set is a nonempty set X together with a numbering α, i.e., a surjective total function α : Ω_α → X , where Ω_α ⊆ N. The set X with the numbering α is denoted by (X, α).

Definition 2.9. Let (X, α) be a numbered set.

(i) A subset S of X is α-semicomputable if there is an r.e. set W ⊆ N such that

α^{−1}(S) = Ω_α ∩ W.

(ii) A subset S of X is α-computably enumerable if there is an r.e. set V such that V ⊆ Ω_α and α(V ) = S.

Equivalently, (i) is simply: the set α^{−1}(S) is r.e. in Ω_α . This notion is called listable in Moschovakis [30].

308 VIGGO STOLTENBERG-HANSEN AND JOHN V. TUCKER

Definition 2.10. Let (X, α) and (Y, �) be numbered sets and let f: X → Y be a partial function.

(i) f is (α, �)-computable if there is a partial recursive function f̄: N → N such that for each n ∈ Ω_α , (a) f̄(n)↓ =⇒ f̄(n) ∈ Ω_� ; and (b) f(α(n)) ≃ �(f̄(n)).

(ii) f is weakly (α, �)-computable if there is a partial recursive function f̄: N → N such that

f(α(n))↓ =⇒ f(α(n)) ≃ �(f̄(n)).

A function f̄ asserted to exist for f in the definition is said to be a tracking function for f.

For a partial sequence e : N → X we say e is (weakly) α-computable for e being (weakly) (id, α)-computable, i.e., the set N is numbered by the identity function.

Note that if S ⊆ X and f is (weakly) (α, �)-computable then f|_S : S → Y is (weakly) (α^′, �)-computable where Ω_α′ = α^{−1}(S) and α^′ is the restriction of α to Ω_α′ .

Lemma 2.11. Let (X, α) and (Y, �) be numbered sets. A set S ⊆ X is αsemicomputable if, and only if, there is an (α, �)-computable partial function f: X → Y such that dom(f) = S.

Proof. Suppose f: X →Y is a partial (α, �)-computable function tracked by a partial recursive function f̄. Then it follows that

α^{−1}(dom(f)) = Ω_α ∩ dom(f̄).

Conversely, suppose S ⊆ X is α-semicomputable. Let W be an r.e. set such that α^{−1}(S) = Ω_α ∩ W . Let n_0 ∈ Ω_� and define a partial function f: X → Y by f(x) ≃ �(n_0) ⇐⇒ x ∈ S. Then f is (α, �)-computable, tracked by the partial recursive function f̄(n) ≃ n_0 ⇐⇒ n ∈ W . ⊣ In fact the two concepts of computability are connected by the semicomputability of the domain.

Lemma 2.12. Let (X, α) and (Y, �) be numbered sets and let f: X → Y be a partial function. Then f is (α, �)-computable if, and only if, f is weakly (α, �)-computable and dom(f) is α-semicomputable.

Proof. For the if direction let W be an r.e. set witnessing that dom(f) is α-semicomputable. Let f̄ be a partial recursive tracking function for f. We may assume f̄(n)↓ =⇒ n ∈ W . Suppose n ∈ Ω_α . If f̄(n)↓ then n ∈ W so f(α(n))↓ and hence f(α(n)) ≃ �(f̄(n)). In particular, f̄(n) ∈ Ω_� . Furthermore, if f(α(n))↑ then n /∈ W so f̄(n)↑ and (b) holds. The converse is similar. ⊣ Thus for total functions computable and weakly computable coincide.

COMPUTABLE AND CONTINUOUS PARTIAL HOMOMORPHISMS 309

We now define the notion of an effective partial Σ-algebra by requiring the partial operations to be effective.

Definition 2.13. Let X be a partial Σ-algebra and let α be a numbering of X .

(i) (X, α) is an effective partial Σ-algebra if each k-ary partial operation � of X is (α^k, α)-computable, where α^k is the product numbering of X^k obtained from α.

(ii) (X, α) is a weakly effective partial Σ-algebra if each k-ary partial operation � of X is weakly (α^k, α)-computable.

Normally Σ is finite. However we also allow Σ to be infinite in which case we require a recursive enumeration �_i of the operations in Σ along with a recursive enumeration of their arities k_i . Then we require in Definition 2.13 that a tracking function for �_i is obtained uniformly from i. A typical example is a vector space over, say, the field of rational numbers Q, where each q ∈ Q determines a unary operation on the abelian group of vectors, viz., scalar multiplication. All our arguments in the sequel are uniform in Σ.

Notice that the code set Ω_α equipped with the restrictions of the partial recursive tracking functions ¯� to Ω_α form a partial Σ-algebra of numbers. If (X, α) is a weakly effective partial Σ-algebra then α : Ω_α → X is a (total) Σ-homomorphism. If (X, α) is an effective partial Σ-algebra then α is a strong Σ-homomorphism.

Recursive real numbers. Recall the definition of the set R_k of recursive real numbers in terms of computable Cauchy sequences of rational numbers (for example, see Pour-El and Richards [32]). Each recursive real is represented by codes for a recursive sequence of rationals and a recursive modulus of convergence. Such a coding is a standard numbering � : Ω_� → R_k. R_k is a subfield of the field R of real numbers and the field operations, including the partial operation of inverse, can be recursively tracked in the coding defined by �. In particular, for the partial recursive tracking function f̄ of the inverse we have for any n ∈ Ω_�,

f̄(n)↓ ⇐⇒ �(n) ≠ 0.

Proposition 2.14. (R_k, �) is an effective partial algebra, a field. Furthermore the relation < is �-semicomputable.

It is a fact that the set {0} is not �-semicomputable. Consider the partial function f: R_k → R_k taking 0 to 0 and being undefined elsewhere. Then f is an example of a weakly (�, �)-computable function which is not (�, �)- computable.

Notation. In order to simplify notation we will not syntactically distinguish between, e.g., + on R and a tracking function for + with respect to �. Similarly < will denote the less than relation on R or its r.e. tracking relation.

310 VIGGO STOLTENBERG-HANSEN AND JOHN V. TUCKER

Often we also write a natural or rational number in its usual notation and mean its �-index. What is meant is easily seen from the context.

Standard numberings. Let � be a standard computable numbering or encoding of the total term algebra T (Σ, V ), where V = {v_i : i ∈ N} (see [39]). We will often follow the common convention that ⌜t⌝ is the �-index for the term t ∈ T (Σ, V ). The standard numbering ensures that ⌜t⌝ is effectively found from t.

Let X be a partial Σ-algebra. For a partial sequence e : N → X we let TE_e : T (Σ, V ) → X be the corresponding term evaluation map. Then we define the partial function �_e : N → X by

�_e(n) ≃ TE_e (�(n)).

Letting Ω_e = dom(�_e ) we obtain �_e : Ω_e → ⟨e⟩, the standard numbering of the partial Σ-subalgebra generated by e. By an easy induction on terms we see that

�_e (⌜t(v_{i1} , . . . , v_{ik} )⌝) ≃ t^X (e(i_1), . . . , e(i_k )).

Clearly (⟨e⟩, �_e ) is a numbered set.

Lemma 2.15. A partial sequence e : N → ⟨e⟩ is weakly �_e -computable and TE_e : T (Σ, V ) → ⟨e⟩ is weakly (�, �_e)-computable.

Proof. A tracking function ē for e is defined by ē(i) = ⌜v_i ⌝. The identity function tracks TE_e . ⊣ Note that we thus far have made no effectivity requirement on e. Nonetheless we have

Lemma 2.16. (⟨e⟩, �_e ) is a weakly effective partial Σ-algebra. Proof. Let � ∈ Σ be an k-ary operation for k ≥ 1, and suppose

�_X (�_e (⌜t_1⌝), . . . , �_e (⌜t_k ⌝))↓.

Recall that �_e (⌜t⌝) ≃ TE_e (t). By the homomorphism property,

�_X (TE_e (t_1), . . . , TE_e (t_k )) ≃ TE_e (�(t_1, . . . , t_k)) ≃ �_e (⌜�(t_1, . . . , t_k)⌝).

Let ¯� be the recursive tracking function for � on T (Σ, V ) with respect to �, i.e., ¯�(⌜t_1⌝, . . . , ⌜t_k ⌝) = ⌜�(t_1, . . . , t_k)⌝. Then ¯� tracks � showing that �_X is weakly (�^k_e , �_e)-computable. ⊣ By Lemma 2.12, (⟨e⟩, �_e ) is effective if, and only if, dom(�_X |_{⟨e⟩}) is �_esemicomputable for each � ∈ Σ. In particular, if X is a total Σ-algebra then (⟨e⟩, �_e) is an effective Σ-algebra.

Similarly, the strong partial Σ-homomorphism TE_e is (�, �_e )-computable if, and only if, Ω_e is r.e. In fact, Ω_e being r.e. settles matters for �_e .

Proposition 2.17. Let X be a partial Σ-algebra and let e : N → X be a partial sequence. Then Ω_e is r.e. if, and only if, e is �_e -computable and (⟨e⟩, �_e) is effective.

COMPUTABLE AND CONTINUOUS PARTIAL HOMOMORPHISMS 311

Proof. Note that e is �_e -computable if, and only if, the set {i : e(i)↓} is r.e. To prove the if direction let W_� be an r.e. relation witnessing that dom(�) is �^k_e -semicomputable for k-ary � ∈ Σ. Define by the second recursion theorem an r.e. set W by

n ∈ W ⇐⇒ (n = ⌜t⌝ ∈ Ω_� ) ∧ [ (t = c; c ∈ Σ a constant symbol) ∨ (t = v_i ∧ e(i)↓) ∨ (t = �(t_1, . . . , t_k) ∧ ∀i.⌜t_i ⌝ ∈ W ∧ (⌜t_1⌝, . . . , ⌜t_k ⌝) ∈ W_� ; � ∈ Σ, k-ary) ] . We show ⌜t⌝ ∈ W =⇒ TE_e (t)↓ by induction on terms t. The cases t = c or t = v_i are trivial so consider the case t = �(t_1, . . . , t_k) ∈ W . Then ⌜t_i ⌝ ∈ W for each i, so, inductively, TE_e (t_i )↓. Now TE_e(�(t_1, . . . , t_k)) ≃ �_X (TE_e (t_1), . . . , TE_e (t_k )) ≃ �_X (�_e (⌜t_1⌝), . . . , �_e(⌜t_k ⌝)) and the latter is defined since (⌜t_1⌝, . . . , ⌜t_k ⌝) ∈ W_� . The converse implication is similar, thus showing W = Ω_e .

For the only if direction suppose Ω_e is r.e. Then e(i)↓ ⇐⇒ TE_e (v_i )↓ ⇐⇒ ⌜v_i ⌝ ∈ Ω_e so e is �_e -computable. Let � ∈ Σ be k-ary. Then, by the strong homomorphism property of TE_e W_� = { (⌜t_1⌝, . . . , ⌜t_k ⌝): ⌜�(t_1, . . . , t_k )⌝ ∈ Ω_e } is an r.e. relation witnessing that � is (�^k_e , �_e)-computable. ⊣ Lemma 2.18. Let h : X → Y be a strong partial homomorphism between the partial Σ-algebras X and Y and let e : N → X be a partial sequence. Then h|_{⟨e⟩} : ⟨e⟩ → ⟨he⟩ is weakly (�_e , �_{he} )-computable.

Proof. Note that for a Σ-term t(v_{i1} , . . . , v_{ik} ), �_e (⌜t(v_{i1} , . . . , v_{ik} )⌝) ≃ t^X (e(i_1), . . . , e(i_k )) and similarly for �_{he} and Y . We claim that the identity tracks h. For suppose h(�_e (⌜t(v_{i1} , . . . , v_{ik} )⌝))↓. Then e(i_j )↓ for each j = 1, . . . , k and hence, by Lemma 2.6, h(t^X (e(i_1), . . . , e(i_k ))) ≃ t^Y (he(i_1), . . . , he(i_k )) ≃ �_{he} (⌜t(v_{i1} , . . . , v_{ik} )⌝).

This shows that h is weakly (�_e , �_{he})-computable. ⊣ We finally consider the case when we are given an effective partial Σ-algebra (X, α).

312 VIGGO STOLTENBERG-HANSEN AND JOHN V. TUCKER

Theorem 2.19. Let (X, α) be an effective partial Σ-algebra and let e : N → X be an α-computable partial sequence. Then the following hold. (i) TE_e is (�, α)-computable. (ii) Ω_e is r.e.

(iii) (⟨e⟩, �_e) is an effective partial Σ-algebra. (iv) The inclusion � : ⟨e⟩ → X is (�_e , α)-computable.

Proof. For each constant symbol c ∈ Σ let c̄ be an α-index for c_X . For each k-ary operation symbol � ∈ Σ let ¯� be a partial recursive function witnessing that �_X is (α^k , α)-computable. Finally let ē be a partial recursive tracking function for the α-computable partial sequence e. To prove (i) define via the second recursion theorem a partial recursive function f by

f(⌜t⌝) ≃ c̄ if t = c c a constant ē(i) if t = v_i ¯�(f(⌜t_1⌝), . . . , f(⌜t_k ⌝)) if t = �(t_1, . . . , t_k) � k-ary.

It is straight forward, by induction on terms t, to show that f is a tracking function for TE_e being (�, α)-computable. It follows from Lemma 2.12 that Ω_e is r.e. and hence, by Proposition 2.17, that (⟨e⟩, �_e ) is effective. The inclusion mapping � : ⟨e⟩ → X is also tracked by f. ⊣ We close this section by considering invariance via reductions and equivalences between numberings.

Definition 2.20. Let X be a set numbered by α and �. Then α recursively reduces to �, denoted α ≤ �, if there is a partial recursive function g : N → N such that for n ∈ Ω_α we have α(n) ≃ �(g(n)). Furthermore, α is recursively equivalent to �, denoted α ∼ �, if α recursively reduces to � and � recursively reduces to α.

The following is straight forward to prove.

Lemma 2.21. Let X be numbered by α and α^′ and let Y be numbered by � and �^′. Assume α ≤ α^′ and �^′ ≤ �.

(i) If S ⊆ X is α^′-semicomputable then S is α-semicomputable. (ii) If f: X → Y is a (weakly) (α^′, �^′)-computable partial function then f is (weakly) (α, �)-computable.

Lemma 2.22. Let (X, α) be an effective partial Σ-algebra and let e : N → X be a partial sequence. Then e is α-computable if, and only if, e is �_e -computable and �_e ≤ α|_α−1_{(⟨e⟩)}.

Proof. Suppose e is α-computable. Then dom(e) is r.e. and hence e is �_e -computable with a tracking function

ē(i) ≃ { ⌜v_i ⌝ if e(i)↓ ↑ otherwise.

Furthermore �_e ≤ α|_α−1_{(⟨e⟩)} by Theorem 2.19. The converse is trivial. ⊣

COMPUTABLE AND CONTINUOUS PARTIAL HOMOMORPHISMS 313

§3. Effective metric spaces and partial continuous functions. The typical metric algebra A is uncountable and we will approximate it with some countable metric subalgebra X which is effective. From X we will construct a set X̄^A_k consisting of those elements of A that can be computably approximated by elements of X . In this section we concentrate on effective metric spaces and partial functions on effective metric spaces. In the following sections we apply these results to the special case of effective metric partial algebras and partial homomorphisms between effective metric partial algebras.

3.1. Effective completion. Let R_k be the space of recursive reals and let � : Ω_� → R_k be a standard numbering of R_k. This means that the metric on R is �-computable. We also consider some computable numbering of the ordered field of rationals Q, i.e., a numbering � : N → Q such that the field operations are �-computable and the ordering ≤ is �-decidable. Such a numbering of Q is recursively unique. We also fix a (�, �)-computable embedding of Q into R_k. We will, in the usual manner, not make this numbering and embedding explicit.

Definition 3.1. A metric space (X, d ) is effective (or recursive) if there is a numbering α : Ω_α → X such that (i) d : X × X → R_k; and (ii) d is (α, �)-computable.

The effective metric space with numbering α is denoted by (X, α).

We now consider the case when (A, d ) is a metric space, X is a subspace of A and (X, α) is effective. A sequence x : N → X is a fast α-computable Cauchy sequence if x is α-computable and

m ≥ n =⇒ d (x(m), x(n)) < 2^{−n}.

The α-computable completion of X in A is the set X̄^A_{k,α} consisting of all elements in A which are limits of fast α-computable sequences in X . We let Ω^A_ᾱ be the set of indices for fast α-computable sequences which converge to elements in A. Then we define a numbering ᾱ : Ω^A_ᾱ → X̄^A_{k,α} by

ᾱ(x̄) = lim_{n→∞}x(n)

where x is the fast α-computable Cauchy sequence with index x̄.

The following is well known and easy to prove.

Lemma 3.2. Let (X, α) be an effective metric space and suppose X is a subspace of the metric space A. Then (X̄^A_{k,α} , ᾱ) is an effective metric space. Furthermore, the inclusion mapping � : X → X̄^A_{k,α} is (α, ᾱ)-computable.

A limit algorithm takes a fast computable Cauchy sequence to its limit, if it exists. To make this precise, let (X, α) be an effective metric space and let Cauchy_α (X ) be the set of fast α-computable Cauchy sequences. Let

314 VIGGO STOLTENBERG-HANSEN AND JOHN V. TUCKER Ω_{c,α} be the set of indices for fast α-computable Cauchy sequences and let α_c : Ω_{c,α} → Cauchy_α (X ) be defined by α_c (x̄) = �n.α({x̄}(n)).

Thus (Cauchy_α (X ), α_c ) is a numbered set. Let lim: Cauchy_α (X ) → X be the partial function defined by lim(x) ≃ lim_{n→∞} x(n).

Definition 3.3. The effective metric space (X, α) has a limit algorithm if lim is weakly (α_c , α)-computable.

This is condition (A) in Moschovakis [29].

Lemma 3.4. Let (X, α) be an effective metric space and suppose X is a subspace of the metric space A. Then (X̄^A_{k,α} , ᾱ) has a limit algorithm.

Proof. Let lim be a primitive recursive function such that for each m, n ∈ N, {lim(m)}(n) ≃ {{m}(n + 2)}(n + 2).

Now suppose x̄ ∈ Ω_{c,ᾱ} and lim(ᾱ_c (x̄)) ≃ x ∈ A. We will show that lim tracks lim, i.e., ᾱ(lim(x̄)) ≃ x.

For each m, �n.α({{x̄}(m)}(n)) is a fast α-computable Cauchy sequence on X converging to x_m ∈ A. Let x_{mn} = α({{x̄}(m)}(n)). Then clearly x_{nn} → x as n → ∞. Thus �n.α({lim(x̄)}(n)) = �n.x_{n+2,n+2} is an αcomputable Cauchy sequence on X converging to x. In fact, it is fast since for m ≥ n, letting y_n = α({lim(x̄)}(n)),

d (x_{m+2,m+2}, x_{n+2,n+2}) ≤ d (x_{m+2,m+2}, x_{m+2}) + d (x_{m+2}, x_{n+2}) + d (x_{n+2}, x_{n+2,n+2}) ≤ 2^{−m−2} + 2^{−n−2} + 2^{−n−2} < 2^{−n}.

It follows that lim(x̄) ∈ Ω^A_ᾱ and ᾱ(lim(x̄)) ≃ x. ⊣ Suppose X is a subset of a metric space (A, d ). Then for x ∈ A and r ∈ N we define B^X (a, 2^{−r} ) = {x ∈ X : d (a, x) < 2^{−r} }, the ball in X around a of radius 2^{−r} . If the superscript is deleted we mean the ball with respect to the whole space A.

Definition 3.5. Let (X, α) be an effective metric space. A subset Y ⊆ X is α-effectively dense if there is a partial recursive function g : N × N → N such that given any n ∈ Ω_α and r ∈ N, then g(n, r)↓, g(n, r) ∈ Ω_α and α(g(n, r)) ∈ B^Y (α(n), 2^{−r} ).

Definition 3.6. An effective metric space (X, α) is α-effectively separable if it contains an α-computably enumerable set Y that is dense in X .

COMPUTABLE AND CONTINUOUS PARTIAL HOMOMORPHISMS 315

Note that a dense α-computably enumerable set is α-effectively dense. Lemma 3.7. Let X be a subspace of the metric space A and suppose (X, α) is an effective metric space. Then X is ᾱ-effectively dense in X̄^A_{k,α} .

Proof. Define a partial recursive function g by

g(x̄, r) ≃ {x̄}(r + 1)

where r ∈ N. Clearly, α(g(x̄, r)) ∈ B^X (ᾱ(x̄), 2^{−r} ) when x̄ ∈ Ω^A_ᾱ . Using the computable embedding of (X, α) into (X̄^A_{k,α} , ᾱ) we obtain the result. ⊣ Reductions between effective numberings on completions are determined by reductions on effectively dense subspaces.

Lemma 3.8. Let X be a metric space and let Y ⊆ X . Suppose X is numbered effectively as a metric space by α and � such that � has a limit algorithm, Y is α-effectively dense, and α reduces recursively to � on Y . Then α reduces recursively to � on X .

Proof. Let f be a partial recursive function witnessing α ≤ � on Y . Using the α-effective density of Y there is a partial recursive function h(n, t) such that if n ∈ Ω_α then

y_t = α(h(n, t))

is a fast α-computable Cauchy sequence in Y . But then (y_t ) is a fast �- computable Cauchy sequence tracked by f(h(n, t)). Note that a �_c -index for (y_t ) is obtained uniformly in n. Now, using the limit algorithm we compute a �-index for α(n). Thus α ≤ � on X . ⊣ In particular, if α and � both have limit algorithms, Y is both α- and �-effectively dense, and α is recursively equivalent to � on Y , then α is recursively equivalent to � on X .

A useful result (Kushner [24]) is that, for important spaces, effective separability is inherited by semicomputable sets. We prove it here in our setting. The proof is an example of the “capture method”, previously used by Ceitin. It is a simple but beautiful method combining effective separability with a limit algorithm. The substance of one version of the method is contained in the following lemma.

Lemma 3.9. Let (X, α) be an effective metric space with a limit algorithm and let x ∈ X . Suppose V ⊆ Ω_α is an r.e. set so that x ∈ α(V ), the closure of α(V ). Then there is a total recursive function cap, obtained uniformly from x and V , such that { e /∈ W_e =⇒ α(cap(e)) = x e ∈ W_e =⇒ α(cap(e)) ∈ α(V ).

Proof. Since x ∈ α(V ) we obtain, uniformly in x and V , an α-computable fast Cauchy sequence (x_n) converging to x, where x_n ∈ α(V ) for each n.

316 VIGGO STOLTENBERG-HANSEN AND JOHN V. TUCKER

Define v by v(e) ≃ least k[e ∈ W^k_e ] and let f: N × N → X be the total α-computable function defined by

f(e, k) = { x_k if e /∈ W^k_e x_{v(e)} if e ∈ W^k_e .

Note that �k.f(e, k) is an α-computable fast Cauchy sequence for each e, with an index s(e) obtained uniformly from e. Now define cap by cap(e) = lim(s(e)). ⊣ Theorem 3.10. Let (X, α) be an effective metric space with a limit algorithm. If S ⊆ X is α-semicomputable and D ⊆ X is α-computably enumerable and dense in X then D ∩ S is α-computably enumerable and dense in S.

In particular, if (X, α) has a limit algorithm and is effectively separable then every α-semicomputable set S ⊆ X is α-effectively separable.

Proof. Let W be an r.e. set such that α^{−1}(S) = Ω_α ∩ W , and let V ⊆ Ω_α be an r.e. set such that α(V ) is dense in X . We will prove that α(W ∩ V ) is dense in S.

Let x ∈ S and suppose we are given k ∈ N. We need to show the existence of n ∈ W ∩ V such that d_X (x, α(n)) < 2^{−k} . Let cap be the function from Lemma 3.9 for x and V and consider the set U = { e ∈ N: d_X (α(cap(e)), x) < 2^{−k} ∧ cap(e) ∈ W } . Let e be an r.e. index for U . If e /∈ U then α(cap(e)) = x so e ∈ U by the definition of U . Thus e ∈ U , cap(e) ∈ W , α(cap(e)) ∈ α(V ), and d_X (α(cap(e)), x) < 2^{−k} . It follows that there is n ∈ W ∩ V such that α(cap(e)) = α(n). ⊣ Observe that an α-index for the α-computably enumerable set D ∩ S is obtained uniformly from an α-index of the α-semicomputable set S and an α-index for the α-computably enumerable set D.

Corollary 3.11. Let (X, α) and (Y, �) be effective metric spaces and suppose X is α-effectively separable and has a limit algorithm. If h : X → Y is a partial (α, �)-computable function then dom(h) is α-effectively separable.

The corollary follows since dom(h) is α-semicomputable. Note that the corollary fails for weakly computable functions.

3.2. Ceitin’s theorem. Ceitin [6, 7] proved that a computable function between effective metric spaces, which satisfy certain conditions, is effectively continuous. In this section we use his theorem to study the relationship between computability and continuity in our setting.

There are several notions of effective continuity in the literature. Ceitin’s theorem involves a particularly strong notion of effective continuity which we here call Ceitin continuity. It implies Lacombe continuity, which is the notion considered in the corresponding theorem in Moschovakis [29].

COMPUTABLE AND CONTINUOUS PARTIAL HOMOMORPHISMS 317

In the following definition we list the notions of effective continuity that we consider in this paper.

Definition 3.12. Let (X, α) and (Y, �) be effective metric spaces with metrics d_X and d_Y , respectively. Let h : X → Y be a partial function. (i) h is α-effectively continuous if there is a partial recursive function r : N × N → N such that if x = α(n) ∈ dom(h) then r(n, N )↓ and for each y ∈ dom(h),

d_X (x, y) < 2^{−r(n,N )} =⇒ d_Y (h(x), h(y)) < 2^{−N} .

(ii) h is (α, �)-Lacombe continuous if there is a partial recursive function f: N × N → N such that if m ∈ Ω_� then f(m, N )↓ and

h^{−1}(B(�(m), 2^{−N} )) = ⋃ ⟨n,r⟩∈W_{f(m,N )}

B^{dom(h)}(α(n), 2^{−r} ).

It is implicitly assumed that if m ∈ Ω_� and ⟨n, r⟩ ∈ W_{f(m,N )} then n ∈ Ω_α .

(iii) h is (α, �)-Ceitin continuous if there is a partial computable function � : N × N → N and a partial �-computable function � : N × N → Y , with dom(�) = dom(�) = W ⊆ Ω_α × N, such that the following hold: (a) {C (n, r): (n, r) ∈ W } is an open cover of dom(h), where C (n, r) = {x ∈ X : d_X (α(n), x) < 2^{−�(n,r)}};

(b) {D(n, r): (n, r) ∈ W } is an open cover of h(X ), where D(n, r) = {y ∈ Y : d_Y (�(n, r), y) < 2^{−r} };

(c) For each (n, r) ∈ W , h(C (n, r)) ⊆ D(n, r);

(d) For each r ∈ N and x ∈ dom(h) there is n ∈ N such that (n, r) ∈ W and x ∈ C (n, r).

(iv) h is effectively uniformly continuous if there is a total recursive function r : N → N such that for all x, y ∈ dom(h),

d_X (x, y) < 2^{−r(N )} =⇒ d_Y (h(x), h(y)) < 2^{−N} .

Obviously every effectively uniformly continuous function is effectively continuous.

Ceitin continuity is an interesting and strong notion. It implies both Lacombe continuity and effective continuity.

Lemma 3.13. Let (X, α) and (Y, �) be effective metric spaces and let h : X → Y be a partial function. If h is (α, �)-Ceitin continuous then h is (α, �)-Lacombe continuous and α-effectively continuous.

Proof. Assume h is (α, �)-Ceitin continuous. We use the notation given in Definition 3.12 (iii). To show that h is α-effectively continuous let x = α(n) ∈ dom(h) and N ∈ N. To compute r(n, N ) first compute an m such that x ∈ C (m, N +1) and then compute an s such that d_X (α(m), x)+2^{−s} <

318 VIGGO STOLTENBERG-HANSEN AND JOHN V. TUCKER

2^{−(N +1)}. The function r computed this way is a witness for the α-effective continuity of h.

To prove that h is (α, �)-Lacombe continuous define for each y ∈ Y and N ∈ N the set

V_{y,N} = { (n, r) ∈ W : d_Y (y, �(n, r)) + 2^{−r} < 2^{−N} } . We show that

h^{−1}(B(y, 2^{−N} )) = ⋃ (n,r)∈V_{y,N}

C (n, r) ∩ dom(h).

If x is an element of the right hand side for some (n, r) ∈ V_{y,N} then h(x) ∈ D(n, r) and d_Y (y, �(n, r)) + 2^{−r} < 2^{−N} . Hence, by the triangle inequality, d_Y (y, h(x)) < 2^{−N} .

For the converse inclusion let x be an element of the left hand side. Choose r such that d_Y (y, h(x))+2^{−r} < 2^{−N} , and then choose n such that (n, r) ∈ W and x ∈ C (n, r). Then h(x) ∈ D(n, r), so d_Y (h(x), �(n, r)) < 2^{−r} . Again by the triangle inequality, (n, r) ∈ V_{y,N} proving the inclusion.

To complete the proof set W_{y,N} = {⟨n, �(n, r)⟩ : (n, r) ∈ V_{y,N} }. ⊣ To prove that Lacombe continuity implies effective continuity we seem to need some extra condition.

Lemma 3.14. Let (X, α) and (Y, �) be effective metric spaces and assume (Y, �) is �-effectively separable. If the partial function h : X → Y is (α, �)- Lacombe continuous then h is α-effectively continuous.

Proof. Let f be the partial recursive function witnessing that h is (α, �)- Lacombe continuous and let V ⊆ Ω_� be an r.e. set such that �(V ) is dense in Y . Define r(n, N ) by

r(n, N ) ≃ some t [ (∃m ∈ V ) ( ∃⟨k, s⟩ ∈ W_{f(m,N +1)} ) ( d_X (α(n), α(k)) + 2^{−t} < 2^{−s} ) ] . Then r(n, N ) is a partial recursive function by using, as usual, the partial recursive tracking functions for d_X and +, and the r.e. tracking relation for <. Suppose x = α(n) ∈ dom(h) and let m ∈ V be such that d_Y (h(x), �(m)) < 2^{−N −1}. Then x ∈ B(α(k), 2^{−s} ) for some ⟨k, s⟩ ∈ W_{f(m,N +1)} so r(n, N )↓. Suppose further that y ∈ dom(h) and d_X (α(n), y) < 2^{−r(k,N )}. Let m and ⟨k, s⟩ be witnesses to r(n, N ) ≃ t. Then

y ∈ B^{dom(h)}(x, 2^{−t} ) ⊆ B^{dom(h)}(α(k), 2^{−s} )

and hence h(x), h(y) ∈ B^Y (�(m), 2^{−N −1}), i.e., d_Y (h(x), h(y)) < 2^{−N} . ⊣ We now state Ceitin’s theorem in our language. We omit the involved but beautiful proof and refer the reader to the original paper Ceitin [7] or to the book by Kushner [24].

COMPUTABLE AND CONTINUOUS PARTIAL HOMOMORPHISMS 319

Theorem 3.15 (Ceitin). Let (X, α) and (Y, �) be effective metric spaces and suppose X is α-effectively separable and has a limit algorithm. Then every partial (α, �)-computable function h : X → Y is (α, �)-Ceitin continuous.

§4. Continuity and computability of partial homomorphisms. Now we combine algebra, topology and effectivity to prove the main theorem stated in the introduction and to indicate some of its applications.

4.1. Effective metric partial Σ-algebras. In this section we make some initial remarks on the effective content of combining the metric with the algebraic structure.

Definition 4.1. A metric partial Σ-algebra is a partial Σ-algebra A equipped with a metric d : A × A → R such that each partial operation of A is continuous in the topology defined by the metric.

We have the following easy lifting result. Its effective analogue, which we do not consider in this paper, is much more subtle.

Lemma 4.2. Let A be a metric partial Σ-algebra such that dom(�) is open for each operation � of A. Let X be a metric partial Σ-subalgebra of A. Then the closure X̄^A of X in A is a metric partial Σ-subalgebra of A containing X .

We add effectivity in the obvious way.

Definition 4.3. A metric partial Σ-algebra X is (weakly) effective with a numbering α if (i) (X, α) is a (weakly) effective partial Σ-algebra; (ii) (X, α) is an effective metric space.

The following proposition shows that if e is an α-computable generating sequence of (X, α) then �_e suffices for the effective completion, i.e., ¯�_e ∼ ᾱ.

Proposition 4.4. Let A be a metric partial Σ-algebra and let X be a metric partial Σ-subalgebra of A. Let α be a numbering of X such that (X, α) is an effective metric partial Σ-algebra. Suppose e : N → X is a partial αcomputable sequence such that ⟨e⟩ is dense in X . Then the following hold: (i) (⟨e⟩, �_e) is an effective metric partial Σ-subalgebra of X and Ω_e is r.e. (ii) The inclusion � : ⟨e⟩ → X is (�_e , α)-computable. (iii) (X̄^A_{k,α} , ᾱ) is effectively separable.

(iv) ⟨e⟩^A_{k,�e} = X̄^A_{k,α} . (v) ¯�_e ∼ ᾱ.

Proof. (i) and (ii) follows from Theorem 2.19, noting that �_e ≤ α so that the metric on ⟨e⟩ is �_e -computable. Let ¯�_1 and ¯�_2 be tracking functions showing that the inclusions �_1 : ⟨e⟩ → X and �_2 : X → X̄^A_{k,α} are (�_e , α)- computable and (α, ᾱ)-computable, respectively. Then ¯�_2 ¯�_1(Ω_e ) is an r.e. set witnessing that X̄^A_{k,α} is ᾱ-effectively separable.

320 VIGGO STOLTENBERG-HANSEN AND JOHN V. TUCKER

We prove the non-trivial inclusion in (iv) using an informal description of an algorithm. It is routinely formalised to also prove (v). Given x ∈ X̄^A_{k,α} we effectively obtain (an index for) an α-computable fast Cauchy sequence (x_n) converging to x. For each n find effectively some k_n ∈ Ω_e such that

d_X (�_e (k_n), x_{n+2}) < 2^{−(n+2)}.

Thus we obtain a �_e -computable sequence (y_n) in ⟨e⟩, where y_n = �_e(k_n ). By the triangle inequality,

d_A(x, y_n) ≤ d_A(x, x_n) + d_A(x_n, y_n) < 2^{−(n−1)}

proving that y_n → x. It is easily seen that (y_n) is a fast �_e -computable Cauchy sequence which shows x ∈ ⟨e⟩^A_{k,�e} . ⊣ 4.2. Equivalence theorem. In this section we prove the main result connecting computability and continuity for partial homomorphisms between metric partial Σ-algebras. We assume throughout that A and B are metric partial Σ-algebras and that X and Y are metric partial Σ-subalgebras of A and B, respectively.

Our first result only deals with effective metric spaces.

Lemma 4.5. Suppose (X, α) and (Y, �) are effective metric spaces and (X, α) is effectively separable. Let h : X̄^A_{k,α} → B be a partial function such that h(X ) ⊆ Y and dom(h) is ᾱ-semicomputable. If h is ᾱ-effectively continuous and h|_X : X → Y is weakly (α, �)-computable then h is (ᾱ, ¯�)-computable. In particular, h(X̄^A_{k,α} ) ⊆ Ȳ^B_{k,�} .

Proof. Let V be an r.e. set such that α(V ) is dense in X and let W be an r.e. set such that ᾱ^{−1}(dom(h)) = W ∩ Ω_ᾱ .

We first show that dom(h) is α-effectively separable. Let �_X : X → X̄^A_{k,α} be the (α, ᾱ)-computable embedding of Lemma 3.2 with partial recursive tracking function ¯�_X . Define an r.e. set Z by

Z = {n ∈ V : ¯�_X (n) ∈ W }.

We claim that α(Z) is a dense subset of dom(h). The set V̄ = ¯�_X (V ) ⊆ Ω_ᾱ is r.e. and ᾱ(V̄ ) is dense in X̄^A_{k,α} . By Theorem 3.10, ᾱ(V̄ ∩ W ) is dense in dom(h). But ¯�_X (Z) = V̄ ∩ W and α(n) = ᾱ(¯�_X (n)) for each n ∈ Z. Thus α(Z) is dense in dom(h).

Let the partial recursive function r witness the ᾱ-effective continuity of h. We may assume r(x̄, N ) is strictly increasing in N , when ᾱ(x̄) ∈ dom(h). Define a partial recursive function s which for x̄ ∈ Ω^A_ᾱ satisfies

s(x̄, N ) ≃ (some n ∈ Z) [ d_{X̄} A_{k,α} ( ᾱ(x̄), �_X (α({x̄}(n))) ) < 2^{−r(x̄,N +1)} ] . Let t be a primitive recursive function such that

{t(x̄)} (N ) ≃ ¯�_Y (h̃({x̄}(s(x̄, N )))),

COMPUTABLE AND CONTINUOUS PARTIAL HOMOMORPHISMS 321

where h̃ is a partial recursive tracking function for h|_X and ¯�_Y is a partial recursive tracking function for �_Y . Then we define the partial recursive function h̄ by

h̄(x̄) ≃ lim(t(x̄)),

where lim is a partial recursive function witnessing the limit algorithm for Ȳ^B_{k,�} with respect to fast ¯�-computable sequences (by Lemma 3.4).

To show that h̄ tracks h assume x̄ ∈ Ω^A_ᾱ , ᾱ(x̄) = x, and x ∈ dom(h). Then r(x̄, N )↓ and α({x̄}(s(x̄, N )))↓ for each N ∈ N. Let x_N = α({x̄}(s(x̄, N ))). Then d_A(x, x_N ) < 2^{−r(x̄,N +1)} and hence d_B (h(x), h(x_N )) < 2^{−N −1}. It follows that (h(x_N )) is a fast ¯�-computable sequence converging to h(x) by continuity. Thus

h(ᾱ(x̄)) ≃ ¯�(h̄(x̄)). ⊣

We now state and prove our main theorem.

Theorem 4.6. Let A and B be metric partial Σ-algebras and assume that (X, α) and (Y, �) are effective metric partial Σ-algebras such that X and Y are metric partial Σ-subalgebras of A and B, respectively. Let e : N → X be a partial α-computable sequence such that ⟨e⟩ is dense in X .

Suppose h : X̄^A_{k,α} → Ȳ^B_{k,�} is a partial function such that he(N) ⊆ Y , he : N → Y is a partial �-computable sequence, and h|_{⟨e⟩} : ⟨e⟩ → Y is a strong partial Σ-homomorphism. Then the following are equivalent:

(i) h is (ᾱ, ¯�)-computable;

(ii) h is (ᾱ, ¯�)-Ceitin continuous and dom(h) is ᾱ- semicomputable; (iii) h is (ᾱ, ¯�)-Lacombe continuous and dom(h) is ᾱ-semicomputable; (iv) h is ᾱ-effectively continuous and dom(h) is ᾱ-semicomputable.

Proof. Note that (X̄^A_{k,α} , ᾱ) has a limit algorithm by Lemma 3.4 and is effectively separable by Proposition 4.4. Furthermore h(⟨e⟩) = ⟨he⟩ by Lemma 2.6.

(i) =⇒ (ii): If h is (ᾱ, ¯�)-computable then dom(h) is ᾱ-semicomputable and, by Ceitin’s Theorem 3.15, (ᾱ, ¯�)-Ceitin continuous.

(ii) =⇒ (iii): This is Lemma 3.13.

(iii) =⇒ (iv): Assume (iii). Let ~� be the restriction of ¯� to ¯�^{−1}(im(h)). Then h is also (ᾱ, ~�)-Lacombe continuous. Hence, by Lemma 3.14, it suffices to show that (im(h), ~�) is effectively separable. The set Ω_{he} is r.e. since he is a partial �-computable sequence. Using the (�, ~�)-computable embedding �_{⟨he⟩} : ⟨he⟩ → im(h) it therefore suffices to show that ⟨he⟩ is dense in im(h).

Let m ∈ Ω_{~�} and N ∈ N and suppose B( ~�(m), 2^{−N} ) ∩ im(h) ≠ ∅. Let f be the partial recursive function witnessing that h is (ᾱ, ~�)-Lacombe

322 VIGGO STOLTENBERG-HANSEN AND JOHN V. TUCKER

continuous. Then

h^{−1} ( B (~ �(m), 2^{−N} )) = ⋃ ⟨n,r⟩∈W_{f(m,N )}

B^{dom(h)}(α(n), 2^{−r} ).

So there is ⟨n, r⟩ ∈ W_{f(m,N )} such that B^{dom(h)}(α(n), 2^{−r} ) ≠ ∅. By assumption, dom(h) is ᾱ-semicomputable. Furthermore X̄^A_{k,α} is ᾱ-effectively separable under the dense set ⟨e⟩. It follows by Theorem 3.10 that ⟨e⟩ ∩ dom(h) is dense in dom(h). Thus there is an x ∈ ⟨e⟩ ∩ dom(h) ∩ B(α(n), 2^{−r} ). For such x,

h(x)↓ ∈ h(⟨e⟩) ∩ B (~ �(m), 2^{−N} ) = ⟨he⟩ ∩ B (~ �(m), 2^{−N} ) , that is ⟨he⟩ is dense in im(h).

(iv) =⇒ (i): It suffices to consider (⟨e⟩, �_e) by Proposition 4.4. We therefore apply Lemma 4.5 with (⟨e⟩, �_e) in place of (X, α). Lemma 2.18 says that h|_{⟨e⟩} : ⟨e⟩ → ⟨he⟩ is weakly (�_e , �_{he})-computable and hence weakly (�_e , �)- computable since �_{he} ≤ �. Thus all hypotheses in Lemma 4.5 are satisfied so h is ( ¯�_e , ¯�)-computable. Then h is (ᾱ, ¯�)-computable by Proposition 4.4. ⊣

Remark 4.7.

(i) The theorem is uniform in its data.

(ii) Note that in the case B is a total Σ-algebra and h : A → B is a partial Σ-homomorphism such that im(e) ⊆ dom(h), then ⟨e⟩ ⊆ dom(h) and h|_{⟨e⟩} is a strong homomorphism.

(iii) In mathematical applications (e.g., topological groups or Banach spaces) it is often the case that homomorphisms from A to B are continuous if, and only if, they are uniformly continuous. Recall that, in the notation above, if h is effectively uniformly continuous on A then h is ᾱ-effectively continuous on X̄^A_{k,α} and hence (when h is a strong partial homomorphism on ⟨e⟩ and dom(h) is ᾱ-semicomputable) h is (ᾱ, ¯�)- computable.

(iv) Suppose h : A → B is a partial Σ-homomorphism which is strong on ⟨e⟩ and such that he is a partial �-computable sequence in Y . If h|_{X̄} A_{k,α} is ᾱ-effectively continuous and dom(h|_{X̄} A_{k,α} ) is ᾱ-semidecidable

then h(X̄^A_{k,α} ) ⊆ Ȳ^B_{k,�} , i.e., h takes computable elements to computable elements.

From the proof of the theorem and Proposition 4.4 we see that the role of α was only to ensure that Ω_e is r.e. and that the metric on ⟨e⟩ is �_e-computable. Recall that, by Proposition 2.17, if Ω_e is r.e. then e is �_e -computable and (⟨e⟩, �_e) is an effective partial Σ-algebra.

Here is a reformulation of the main theorem in terms of �_e.

COMPUTABLE AND CONTINUOUS PARTIAL HOMOMORPHISMS 323

Theorem 4.8. Let A and B be metric partial Σ-algebras and let e : N → A be a partial sequence such that Ω_e is r.e. and the metric on ⟨e⟩ is (�_e , �)- computable.

Suppose h : A → B is a partial function such that h|_{⟨e⟩} : ⟨e⟩ → B is a strong partial homomorphism, Ω_{he} is r.e., and the metric on ⟨he⟩ is (�_{he} , �)- computable. Then the following are equivalent: (i) h is ( ¯�_e , ¯�_{he} )-computable;

(ii) h|_{⟨e⟩}A_{k,�e} is ¯�_e-effectively continuous and its domain dom(h|_{⟨e⟩}A_{k,�e} ) is ¯�_e-

semicomputable.

4.3. Applications. In this section we briefly consider applications of our main theorem. First we apply it to Banach spaces and illuminate its relationship to the First Main Theorem of Pour-El and Richards [32]. Then we consider certain topological groups.

4.3.1. Banach spaces. Consider the main theorem in case A and B are real Banach spaces. (Complex Banach spaces are treated similarly.) A Banach space is, strictly speaking, a many sorted algebra, containing a space X and the field of real numbers R. Given the single sorted version of the general theory we will give a single sorted treatment of Banach spaces as follows.

For real Banach spaces we consider the signature

Σ = {+, 0, r : r ∈ Q},

where + is addition on the space, 0 is the additive identity, and r is the unary operation for scalar multiplication, operating on elements in the space. We restrict the scalars in the signature Σ to Q in order to obtain an effective theory. Note that, due to the restriction to Q, we have a uniform enumeration of T (Σ, V ).

A partial Σ-homomorphism T : A → B is a partial operator linear with respect to addition and the scalars in Q, i.e., a Q-linear map. In particular, partial R-linear operators are partial Σ-homomorphisms.

Recall that a partial linear operator T : A → B is continuous if, and only if, T is bounded, i.e., there is a constant M such that for each x ∈ dom(T )

‖T (x)‖ ≤ M ‖x‖.

In this case

‖T (x) − T (y)‖ = ‖T (x − y)‖ ≤ M ‖x − y‖.

It follows that T is effectively uniformly continuous on its domain when bounded.

We use the convention that a partial linear operator T is bounded on A if it is bounded on dom(T ).

We will now state our version of the first main theorem in Pour-El and Richards [32].

324 VIGGO STOLTENBERG-HANSEN AND JOHN V. TUCKER

Theorem 4.9. Let A and B be Banach spaces with the signature Σ. Let (X, α) and (Y, �) be effective Σ-subalgebras of A and B respectively such that their norms are (α, �)-computable and (�, �)-computable, respectively. Suppose e : N → X is a partial α-computable sequence such that ⟨e⟩ is a dense Σ-subalgebra of A.

Let T : A → B be a partial linear operator such that im(e) ⊆ dom(T ) and Te : N → Y is a partial �-computable sequence. Then the following are equivalent.

(i) T is (ᾱ, ¯�)-computable on X̄^A_{k,α} ; and (ii) T is bounded on X̄^A_{k,α} and dom(T ) ∩ X̄^A_{k,α} is ᾱ-semicomputable.

Proof. (X, α) and (Y, �) are effective metric spaces since their norms are computable. By Remark 4.7 (i), T |_{⟨e⟩} is a strong Σ-homomorphism. Furthermore, T is bounded if, and only if, T is effectively uniformly continuous if, and only if, T is effectively continuous. Now apply Theorem 4.6 ⊣ An immediate observation is that, under the conditions of the theorem, a total bounded operator takes computable elements to computable elements, uniformly.

Corollary 4.10. If the linear operator T : A → B is closed then T is (ᾱ, ¯�)- computable if, and only if, T is bounded. Furthermore, if T is computable then T is total.

Proof. The subalgebra ⟨e⟩ is dense in A and ⟨e⟩ ⊆ dom(T ). Then, by the closed graph theorem, T is total in case T is bounded, and hence dom(T ) ∩ X̄^A_{k,α} is trivially ᾱ-semicomputable. ⊣

Remark 4.11. Pour-El and Richards prove more than the above for closed linear operators, namely that (under the conditions above) if T is closed and unbounded then there is an x ∈ X̄^A_{k,α} such that T (x) /∈ Ȳ^B_{k,�} . However, this result depends very much on the particular nature of linear operators on Banach spaces and does not generalise to our setting of metric algebras.

We can reduce the dependence on numberings α and � by working with canonical numberings derived from e : N → X . This is natural in applications where e typically is a basis and ⟨e⟩ is a computable Σ-algebra under �_e .

Theorem 4.12. Let A and B be Banach spaces with signature Σ. Let e : N → A be a partial sequence such that Ω_e is r.e. and ‖ · ||: ⟨e⟩ → R is (�_e , �)-computable. Let T : A → B be a partial linear operator such that Ω_{Te} is r.e., ‖ · ‖: ⟨Te⟩ → R is (�_{Te} , �)-computable and im(e) ⊆ dom(T ). Then the following are equivalent.

(i) T is ( ¯�_e , ¯�_{he} )-computable; and (ii) T is bounded on ⟨e⟩^A_{k,�e} and dom(T ) ∩ ⟨e⟩^A_{k,�e} is ¯�_e -semicomputable.

Proof. Follows as above from Theorem 4.8. ⊣

COMPUTABLE AND CONTINUOUS PARTIAL HOMOMORPHISMS 325

Consider the Banach space C [0, 1] of continuous functions from the unit interval [0, 1] into R with the uniform norm. The sequence e(n) = X^n generates the subalgebra ⟨e⟩ of polynomials with rational coefficients and this algebra is dense in C [0, 1]. It is rather straight forward to verify that (⟨e⟩, �_e) is an effective Σ-subalgebra and that the norm on ⟨e⟩ is (�_e, �)-computable. Many important partial linear operators are closed and defined on im(e). Therefore such operators are computable (and hence take computable elements to computable elements) precisely when they are bounded. Thus, for example, integration on C [0, 1] is computable while differentiation is not.

4.3.2. Topological groups. Consider the main theorem in the simpler case that the partial algebras A and B are topological groups. A topological group is a group equipped with a topology in which its operations (including inverse) are continuous. Topological groups are used in geometrical investigations, and they occur in topological vector spaces and, hence, in many kinds of function spaces. Each Banach space is also an abelian topological group under addition, and each partial linear operator is also a partial group homomorphism. It turns out that some of the computabilitycontinuity properties of linear operators seen in Section 4.3.1 are true of group homomorphisms in general.

The existence of a continuous group structure has a profound effect on a topological space. For example, it makes the space homogeneous, and continuous homomorphisms are uniformly continuous. The basic facts about topological groups can be found in many books, e.g., Husain [20], Bourbaki [5], Berberian [3] and the survey Comfort [8].

Our Main Theorem 4.6 is about metric algebras so we will focus on metric groups. To fix the notation, we let the signature Σ of a group contain the identity element 1, composition · and inverse^{−1}. As usual we write xy for x·y. A group is a total Σ-algebra. It follows that for a partial homomorphism h between groups, dom(h) and im(h) are subgroups.

Definition 4.13.

(i) A metric group is a topological group whose topology is given by a metric.

(ii) A metric d on a group G is left invariant if

d (gx, gy) = d (x, y)

for all g, x, y ∈ G; the notion of right invariant is defined similarly.

Metrics have a natural and important role in computing on a topological group, as indicated by the following fundamental fact:

Theorem 4.14. (Birkhoff-Kakutani) A topological group G is metrizable if, and only if, it is Hausdorff and the identity element 1_G has a countable fundamental system of neighbourhoods. The metric can be taken to be left or right invariant.

326 VIGGO STOLTENBERG-HANSEN AND JOHN V. TUCKER

There exist metric groups that do not possess a metric that is both right and left invariant.

Lemma 4.15. Let G and H be metric groups with left invariant metrics d_G and d_H , respectively. Let h : G → H be a partial group homomorphism. If h is continuous at 1_G then h is uniformly continuous on G. Furthermore, if h is effectively continuous at 1_G then h is effectively uniformly continuous.

Proof. We show the last statement. Suppose there is a total recursive function m : N → N such that for any x ∈ dom(h) and N ∈ N,

d_G (1_G , x) < 2^{−m(N )} =⇒ d_H (1_H , h(x)) < 2^{−N} .

It is easy to check that m is a recursive modulus of continuity for all dom(h). For let x, y ∈ dom(h) and assume d_G (x, y) < 2^{−m(N )}. Then, by the left invariance of d_G ,

d_G (x, y) = d_G (x^{−1}x, x^{−1}y) = d_G (1_G , x^{−1}y) < 2^{−m(N )}.

By the effective continuity of h at 1_G , we conclude that d_H (1_H , h(x^{−1}y)) < 2^{−N} . Since h is a group homomorphism, and d_H is left invariant,

d_H (1_H , h(x^{−1}y)) = d_H (1_H , h(x)^{−1}h(y)) = d_H (h(x), h(y)) < 2^{−N} .

Note that all the above is defined since dom(h) and im(h) are subgroups. Thus, m is a uniform modulus of continuity. ⊣ With this lemma we can deduce an equivalence theorem for metric groups from our Main Theorem 4.6.

Theorem 4.16. Let G and H be metric groups and assume that (X, α) and (Y, �) are effective metric subgroups of G and H , respectively. Let e : N → X be a partial α-computable sequence such that ⟨e⟩ is a dense subgroup of X .

Suppose that h : G → H is a partial group homomorphism such that im(e) ⊆ dom(h) and he : N → Y is a partial �-computable sequence. Then the following are equivalent: (i) h is (ᾱ, ¯�)-computable on X̄^A_{k,α} ;

(ii) h is effectively continuous at the identity 1_G and dom(h) ∩ X̄^A_{k,α} is ᾱsemicomputable;

(iii) h is effectively uniformly continuous on G and dom(h) ∩ X̄^A_{k,α} is ᾱsemicomputable.

Consider the additive group R = (R; 0, +, −) of real numbers with the standard metric d (x, y) = |x − y|, for x, y ∈ R. Then R is a metric group. Let (r_n ) be a standard recursive enumeration of all rational numbers. Then the sequence e(n) = r_n generates (in fact enumerates) the subgroup Q of rational numbers. Clearly (Q, �_e) is a computable group, with a (�_e , �)- computable metric, that is dense in R. The effective closure Q̄_{k,�e} is the subgroup R_k of recursive real numbers, and ¯�_e ∼ �.

There is a tremendous range of total homomorphisms h : R → R. There is a homomorphism h : R → R such that for any open interval (a, b) in R,

COMPUTABLE AND CONTINUOUS PARTIAL HOMOMORPHISMS 327

h|_{(a,b)} : (a, b) → R is surjective (see Comfort [8]). It is easy to check that for any total homomorphism h : R → R and all r ∈ Q,

h(r) = h(1) · r.

Now suppose that h is �-computable on R_k. Then h is continuous on R_k (since (i) implies (iii)) and, by density of Q in R_k, we have

h(x) = c · x where c = h(1)

for x ∈ R_k. Now, a homomorphism h : R → R is (�, �)-computable on R_k if, and only if, c ∈ R_k . (This argument works as well for homomorphisms for the additive group R^n of n-dimensional vectors.)

Constructions with the space R of real numbers are at the heart of the theory of topological groups. Among the most important topological groups are the classical matrix groups contained in GL(n, R), and abelian groups such as the sphere S^n and torus T^n, all of which are simple constructions with R^n. One may investigate computability using the above methods and results; indeed, for many metric groups G one can find a finite e such that ⟨e⟩ is a computable group dense in G.

§5. Partial computability structures for metric partial algebras. In this final section we turn to the axiomatic approach of Pour-El and Richards [32]. We generalise their axiomatic approach from Banach spaces to metric partial Σ-algebras. Mori, Tsujii and Yasugi [28, 55] have generalised their axioms to metric spaces, and Washihara [47] to Frechet spaces. A study of representations of topological groups using these methods is Ge and Richards [14].

5.1. Axioms and basic properties of partial computability structures. Given a (real or complex) Banach space X , Pour-El and Richards [32] provided axioms for a computability structure on X . A computability structure on X is a set of total sequences on X satisfying their axioms.

A Banach space is a two sorted metric algebra, which can be viewed as a single sorted metric Σ-algebra as described in Section 4.3.1. Here we generalise their axioms to metric partial Σ-algebras. In particular it is natural, a priori, to consider partial sequences.

Before stating the axioms we need to make precise what we mean by a converging partial sequence on a metric space (A, d_A).

Definition 5.1.

(i) Let x : N → A be a partial sequence and let y ∈ A. Then x converges to y (denoted x(n) → y) if dom(x) is infinite and

∀N ∃m ( n ≥ m ∧ x(n)↓ =⇒ d_A(x(n), y) < 2^{−N} ) . (ii) An effective modulus for a partial sequence x : N → A converging to y ∈ A is a total recursive increasing function m such that

(∀n ≥ m(N )) ( x(n)↓ =⇒ d_A(x(n), y) < 2^{−N} ) .

328 VIGGO STOLTENBERG-HANSEN AND JOHN V. TUCKER

Here is the generalisation of Pour-El and Richards’ computability structures to partial sequences in partial algebras.

Definition 5.2. Let A be a metric partial Σ-algebra and let C_A be a nonempty set of partial sequences on A. Then C_A is a partial computability structure on A if the four axioms below hold.

Axiom 1 (Term evaluation). If x ∈ C_A and (t_n) is a partial �-computable sequence of terms from T (Σ, V ) then (t^A_n (x)) ∈ C_A.

Axiom 2 (Double sequence). Let (x_{nk}) ∈ C_A be a partial double sequence. Suppose W is an r.e. set and m(n, N ) a partial recursive function such that

n ∈ W =⇒ x_{nk} → x_n ∈ A with effective modulus �N.m(n, N ).

Then the partial sequence (x_n) is in C_A.

Axiom 3 (Metric). If (x_n), (y_n) ∈ C_A then (d_A(x_n, y_m)) is a �-computable partial double sequence in R.

Axiom 4 (Merge). If (x_n), (y_n) ∈ C_A then (x_0, y_0, x_1, y_1, . . . ) ∈ C_A.

Axiom 3 is a key axiom here, in that it tightly links the axiomatic approach to the approach via numberings, as we shall show in the next section. This is also true in Pour-El and Richards’ original Banach space axiomatisation. As a simple illustration we have the following lemma.

Lemma 5.3. Let C_A be a computability structure over A. Then dom(x) is r.e. whenever x ∈ C_A.

Proof. The partial sequence (d_A(x(n), x(n))) is a partial �-computable sequence in R by Axiom 3. It follows that dom(x) is an r.e. set. ⊣ From Axiom 1, independently of Σ, we see that C_A is closed under partial recursive permutations.

Lemma 5.4. Let C_A be a computability structure over A and let r : N → N be a partial recursive function. If (x_n) ∈ C_A then (x_{r(n)}) ∈ C_A.

Proof. Let x = (x_n) ∈ C_A and consider the partial �-computable sequence (v_{r(n)}) of variables in T (Σ, V ). Then ( x_{r(n)} ) = ( v_{r(n)}(x) ) ∈ C_A

by Axiom 1. ⊣ Axiom 4 is provable in the usual situation of a computable generating sequence. However, the axiom is necessary in order to prove the equivalence of our formulation with that of Pour-El and Richards for Banach spaces.

For real Banach spaces we consider, as usual, the signature Σ = {0, +, r : r ∈ Q}. Thus a real Banach space is a total Σ-algebra.

Proposition 5.5. Let X be a real Banach space and let C_X be a set of total sequences of X . Then C_X is a computability structure on X in the sense of

COMPUTABLE AND CONTINUOUS PARTIAL HOMOMORPHISMS 329

Pour-El and Richards if, and only if, there is a partial computability structure C^′_X on X with respect to Σ such that

C_X = { (x_n) ∈ C^′_X : (x_n) is a total sequence } . We refer to [32] for the exact formulation of the Pour-El and Richards axiomatisation. The proof is rather straight forward noting that the Pour- El and Richards Axiom 1 can be obtained using Axiom 4, Axiom 1 and Axiom 2, and effective Cauchy sequences of rationals for the recursive reals involved. The converse uses Lemma 5.4.

Examples.

(i) Consider the field R as a metric partial algebra with constants 0 and 1 and the total operations of addition, subtraction and multiplication, and the partial inverse operation. Let C_R be the set of partial �-computable sequences on R. It is easily verified that C_R is a computability structure on R.

(ii) Let (X, α) be an effective metric space with a limit algorithm. Let C_X be the set of partial α-computable sequences. Then C_X is a computability structure on X .

(iii) Let A be a metric space and X ⊆ A. Suppose (X, α) is an effective metric space. Let C_{X̄} A_{k,α} be the set of all partial ᾱ-computable sequences on X̄^A_{k,α} . Then C_{X̄} A_{k,α} is a computability structure on A. Axiom 2 holds

since (X̄^A_{k,α} , ᾱ) has a limit algorithm.

We now present a computability structure in the setting of the previous sections.

Proposition 5.6. Let A be a metric partial Σ-algebra and assume (X, α) is an effective metric partial Σ-algebra such that X is a metric partial Σsubalgebra of A. Suppose e : N → X is a partial α-computable sequence such that ⟨e⟩ is dense in X . Suppose further that (X̄^A_{k,α} , ᾱ) is an effective partial Σ-algebra. Let C_{X̄} A_{k,α} be the set of partial ᾱ-computable sequences. Then C_{X̄} A_{k,α} is a computability structure on the metric partial Σ-algebra A.

Proof. Axiom 1 holds since we have assumed that (X̄^A_{k,α} , ᾱ) is an effective Σ-algebra. Axiom 2 holds since (X̄^A_{k,α} , ᾱ) has a limit algorithm by Lemma 3.4. Axiom 3 holds since (X̄^A_{k,α} , ᾱ) is an effective metric space, and Axiom 4 trivially holds. ⊣ Observe that the hypothesis that (X̄^A_{k,α} , ᾱ) is an effective partial Σ-algebra is necessary in the proof above but that this hypothesis does not appear in Theorem 4.6. Thus our main theorem is more general than the corresponding theorem below for computability structures.

5.2. Models and the representation theorem. In this section we show that every computability structure is (essentially) characterised by Proposition

330 VIGGO STOLTENBERG-HANSEN AND JOHN V. TUCKER

5.6. The key property is the Effective Density Lemma. First we have the following observation.

Lemma 5.7. Let A be a metric partial Σ-algebra and let C_A be a computability structure over A. Suppose e : N → A is a partial sequence such that e ∈ C_A. Then (⟨e⟩, �_e) is an effective metric partial Σ-algebra. Furthermore, there is a partial �_e -computable sequence (p_n) ∈ C_A enumerating all of ⟨e⟩.

Proof. Define p_n by p_n ≃ TE(�(n), e) ≃ �_e(n). Then ⟨e⟩ = {p_n : p_n ↓ ∧ n ∈ N}. It follows from Axiom 1 that (p_n) ∈ C_A and hence, by Lemma 5.3, that Ω_e is r.e. Then (⟨e⟩, �_e ) is an effective partial Σ-algebra by Proposition 2.17. Furthermore (p_n ) is a �_e -computable partial sequence, again since Ω_e is r.e., tracked by the identity function. Axiom 3 asserts that (d_A(p_n , p_m)) is a partial �-computable double sequence. This implies that d_A|_{⟨e⟩}2 is (�_e , �)- computable, i.e., (⟨e⟩, �_e) is effective as a metric space. ⊣ Lemma 5.8 (Effective Density Lemma). Let A be a metric partial Σ-algebra with a computability structure C_A. Suppose e : N → A is a partial sequence such that e ∈ C_A and ⟨e⟩ is dense in A. Then the following are equivalent. (i) (x_n) ∈ C_A.

(ii) There is a partial double sequence (p_{nk} ) ∈ C_A such that

• (p_{nk} ) → (x_n) effectively (as in Axiom 2); • (p_{nk} ) is a partial �_e -computable double sequence.

Proof. (ii) =⇒ (i) is just Axiom 2. We now prove the converse. Let (p_n) be the �_e -computable sequence from Lemma 5.7 enumerating ⟨e⟩. Suppose we are given (x_n) ∈ C_A. Axiom 3 guarantees that (d_A(x_n, p_m)) is a partial �-computable double sequence. Thus we may define a partial recursive function i(n, k) by

i(n, k) ≃ some m [ x_n↓ ∧ p_m↓ ∧ d_A (x_n, p_m) < 2^{−k} ] . Note that i(n, k)↓ ⇐⇒ x_n↓ since ⟨e⟩ is dense in A. Now set p_{nk} ≃ p_{i(n,k)}. Then (p_{nk} ) is a partial �_e -computable double sequence and (p_{nk} ) ∈ C_A by Lemma 5.4. Let W = {n : x_n↓}. Then W is r.e. and �k.p_{nk} is total for n ∈ W . Clearly the function m(n, N ) = N is an effective modulus showing that (p_{nk} ) → (x_n) effectively. ⊣ The stability theorem is a corollary of the effective density lemma. Corollary 5.9 (Stability). Let A be a metric partial Σ-algebra and let e : N → A be a partial sequence such that ⟨e⟩ is dense in A. Suppose C_A and C^′_A are computability structures over A such that e ∈ C_A and e ∈ C^′_A. Then C_A = C^′_A.

Proof. Let (p_n ) be the �_e -computable sequence from Lemma 5.7 enumerating ⟨e⟩. Note that (p_n ) is in C_A and in C^′_A by Axiom 1. Suppose (x_n) ∈ C_A. Then by the Effective Density Lemma 5.8, there is a partial double sequence

COMPUTABLE AND CONTINUOUS PARTIAL HOMOMORPHISMS 331

(p_{nk} ), a partial recursive permutation of (p_n), such that

(p_{nk} ) → (x_n)

effectively. But (p_{nk} ) ∈ C^′_A by Lemma 5.4, and hence (x_n) ∈ C^′_A by Axiom 2. ⊣ Theorem 5.10. Let A be a metric partial Σ-algebra and let e : N → A be a partial sequence such that ⟨e⟩ is dense in A. Suppose C_A is a computability structure over A and that e ∈ C_A. Then

(x_n) ∈ C_A ⇐⇒ (x_n) is ¯�_e -computable.

Proof. Assume (x_n) ∈ C_A. The proof of the effective density lemma is uniform. Thus from the partial �-computable double sequence (d_A(x_n, p_m)) we obtain a partial �_e-computable double sequence (p_{nk} ) and a recursive modulus function such that

(p_{nk} ) → (x_n)

as in Axiom 2. Note that when x_n↓ then x_n ∈ ⟨e⟩^A_{k,�e} . Using the (�_e , ¯�_e)- computable embedding of ⟨e⟩ into ⟨e⟩^A_{k,�e} and the ¯�_e-computable limit algorithm we see that (x_n) is ¯�_e -computable.

For the converse we first note that any partial recursive permutation (p_{r(n)}) of (p_n) is in C_A by Lemma 5.7 and Lemma 5.4, and hence every �_ecomputable sequence is in C_A. Let (x_n) be a partial ¯�_e -computable sequence. Then there is a �_e -computable partial double sequence which converges to (x_n) effectively. Axiom 2 now guarantees that (x_n) ∈ C_A. ⊣ Here is a generalisation of the First Main Theorem of Pour-El and Richards to partial computability structures over metric partial Σ-algebras.

Theorem 5.11. Let A and B be partial metric Σ-algebras and let C_A and C_B be computability structures on A and B, respectively. Let e : N → A be a partial sequence such that e ∈ C_A.

Suppose h : A → B is a partial Σ-homomorphism such that he ∈ C_B and h is a strong partial Σ-homomorphism on ⟨e⟩. Then h|_{⟨e⟩}A_{k,�e} is ( ¯�_e , ¯�_{he} )-computable

if, and only if, h|_{⟨e⟩}A_{k,�e}is effectively ¯�_e -continuous and its domain dom(h|_{⟨e⟩}A_{k,�e}) is ¯�_e -semicomputable.

Proof. From Lemmas 5.3 and 5.7 we see that the hypotheses of Theorem 4.8 are satisfied. ⊣

REFERENCES

[1] O. Aberth, Computable analysis, McGraw-Hill, New York, 1980. [2] S. Banach and S. Mazur, Sur les fonctions calculables, Ann. Soc. Pol. de Math., vol. 16 (1937), p. 223.

332 VIGGO STOLTENBERG-HANSEN AND JOHN V. TUCKER

[3] S. K. Berberian, Lectures in functional analysis and operator theory, Springer-Verlag, New York, 1974.

[4] J. Blanck, Domain representability of metric spaces, Annals of Pure and Applied Logic, vol. 83 (1997), pp. 225–247.

[5] N. Bourbaki, Elements of mathematics: General topology, Parts 1 and 2, Addison- Wesley, 1966.

[6] G. S. Ceitin, Algorithmic operators in constructive complete separable metric spaces, Doklady Akademii Nauk SSSR, vol. 128 (1959), pp. 49–52, in Russian.

[7] , Algorithmic operators in constructive metric spaces, Trudy Matematicheskogo Instituta Imeni V. A. Steklova, vol. 67 (1962), pp. 259–361, in Russian; English translation in American Mathematics Society Translations vol. 64 (1967), pp. 1–80.

[8] W. W. Comfort, Topological groups, Handbook of set-theoretic topology (K. Kunen and J. E. Vaughan, editors), North-Holland, 1984, pp. 1143–1263.

[9] A. Edalat, Domains for computation in mathematics, physics and exact real arithmetic, this Bulletin, vol. 3 (1997), pp. 401–452.

[10] Y. L. Ershov, Computable functionals of finite type, Algebra and Logic, vol. 11 (1972), pp. 203–242.

[11] , Theorie der Numerierungen I, Zeitschrift für Mathematische Logik und Grundlagen der Mathematik, vol. 19 (1973), pp. 289–388.

[12] , Theorie der Numerierungen II, Zeitschrift für Mathematische Logik und Grundlagen der Mathematik, vol. 21 (1975), pp. 473–584.

[13] , Theorie der Numerierungen III, Zeitschrift für Mathematische Logik und Grundlagen der Mathematik, vol. 23 (1977), pp. 289–371.

[14] X. Ge and J. I. Richards, Computability in unitary representations of compact groups, Logical methods, in honour of A. Nerode, Birkhauser, Basel, 1993, pp. 386–421.

[15] R. L. Goodstein, Recursive analysis, Constructivity in mathematics (A. Heyting, editor), North-Holland, Amsterdam, 1959, pp. 37–42.

[16] G. Grätzer, Universal algebra, Springer-Verlag, Berlin, 1979.

[17] A. Grzegorczyk, Computable functionals, Fundamenta Mathematicae, vol. 42 (1955), pp. 168–202.

[18] , On the definitions of computable real continuous functions, Fundamenta Mathematicae, vol. 44 (1957), pp. 61–71.

[19] P. Hertling, Effectivity and effective continuity of functions between computable metric spaces, Combinatorics, complexity and logic (D. Bridges et al., editors), Springer, 1997, pp. 264–275.

[20] T. Husain, Introduction to topological groups, W. B. Saunders Co., Philadelphia, 1966. [21] D. Klaua, Konstruktive Analysis, Deutscher Verlag der Wissenschaften, Berlin, 1961. [22] S. C. Kleene, Countable functionals, Constructivity in mathematics (A. Heyting, editor), North-Holland, 1959, pp. 81–100.

[23] G. Kreisel, Interpretation of analysis by means of constructive functionals of finite types, Constructivity in mathematics (A. Heyting, editor), North-Holland, 1959, pp. 101– 128.

[24] B. A. Kushner, Lectures on constructive mathematical analysis, Translations of mathematical monographs, vol. 60, American Mathematical Society, Providence, 1984.

[25] D. Lacombe, Extension de la notion de fonction récursive aux fonctions d’une ou plusieurs variables réelles I, II, III, Comptes Rendus de l’Académie des Sciences, Série A, vol. 240, pp. 2478–2480 and vol. 241, pp. 13–14, 151–153 (1955).

[26] S. Mazur, Computable analysis, Razprawy Matematyczne Warsaw, vol. 33 (1963). [27] K. Meinke and J. V. Tucker, Universal algebra, Handbook of logic in computer science (S. Abramsky et al., editors), vol. I, Oxford University Press, 1995, pp. 189–411.

COMPUTABLE AND CONTINUOUS PARTIAL HOMOMORPHISMS 333

[28] T. Mori, Y. Tsujii, and M. Yasugi, Computability structures on metric spaces, Combinatorics, complexity and logic, proceedings of DMTCS’96 (Bridges et al., editors), Springer, 1996, pp. 352–362.

[29] Y. N. Moschovakis, Recursive metric spaces, Fundamenta Mathematicae, vol. 55 (1964), pp. 215–238.

[30] , Notation systems and recursive ordered fields, Composito Mathematica, vol. 17 (1966), pp. 40–71.

[31] M. B. Pour-El and J. I. Richards, Computability and noncomputability in classical analysis, Transactions of the American Mathematical Society, vol. 275 (1983), pp. 539–560.

[32] , Computability in analysis and physics, Perspectives in Mathematical Logic, Springer-Verlag, Berlin, 1989.

[33] D. S. Scott, Outline of a mathematical theory of computation, Technical monograph, PRG-2, Oxford University, Oxford, November 1970.

[34] D. Spreen, On effective topological spaces, The Journal of Symbolic Logic, vol. 63 (1998), pp. 185–221.

[35] , Representatons versus numberings: on the relationship of two computability notions, Theoretical Computer Science, vol. 263 (2001), pp. 473–499.

[36] V. Stoltenberg-Hansen, I. Lindström, and E. R. Griffor, Mathematical theory of domains, Cambridge University Press, 1994.

[37] V. Stoltenberg-Hansen and J. V. Tucker, Complete local rings as domains, CTCS Report 1.85, University of Leeds, 1985.

[38] , Complete local rings as domains, The Journal of Symbolic Logic, vol. 53 (1988), pp. 603–624.

[39] , Effective algebra, Handbook of logic in computer science (S. Abramsky et al., editors), vol. IV, Oxford University Press, 1995, pp. 357–526.

[40] , Computable rings and fields, Handbook of computability theory (E. R. Griffor, editor), Elsevier, 1999, pp. 363–447.

[41] , Concrete models of computation for topological algebras, Theoretical Computer Science, vol. 219 (1999), pp. 347–378.

[42] J. V. Tucker and J. Zucker, Computation by while programs on topological partial algebras, Theoretical Computer Science, vol. 219 (1999), pp. 379–421.

[43] , Computable functions and semicomputable sets on many sorted algebras, Handbook of logic for computer science (S. Abramsky et al., editors), vol. V, Oxford University Press, 2000, pp. 317–523.

[44] , Abstract versus concrete computation on metric partial algebras, ACM Transactions on Computational Logic, (in press).

[45] A. M. Turing, On computable numbers, with an application to the entscheidungsproblem, Proceedings of the London Mathematical Society, Ser. 2, vol. 42, 1936, pp. 230–265.

[46] D. van Dalen, Mystic, geometer, and intuitionist. The life of L. E. J. Brouwer. Volume 1: The dawning revolution, Oxford University Press, 1999.

[47] M. Washihara, Computability and Frechet spaces, Mathematica Japonica, vol. 42 (1995), pp. 1–13.

[48] W. Wechler, Universal algebra for computer scientists, EATCS Monographs on Theoretical Computer Science 25, Springer-Verlag, Berlin, 1991.

[49] K. Weihrauch, Computability, EATCS Monographs on Theoretical Computer Science 9, Springer-Verlag, Berlin, 1987.

[50] , Computable analysis, An introduction, Springer-Verlag, Berlin, 2000. [51] K. Weihrauch and U. Schreiber, Embedding metric spaces into cpo’s, Theoretical Computer Science, vol. 16 (1981), pp. 5–24.

[52] K. Weihrauch and N. Zhong, The wave propagator is Turing computable, Automata, languages and programming, 26th colloquium, 1999 (J. Wiedermann, Peter van Emde Boas,

334 VIGGO STOLTENBERG-HANSEN AND JOHN V. TUCKER

and M. Nielsen, editors), Springer Lecture Notes in Computer Science, vol. 1644, Springer- Verlag, Berlin, 1999, pp. 697–706.

[53] , Is the linear Schrödinger propagator Turing computable?, Computability and complexity in analysis, 2000 (J. E. Blanck, V. Brattka, and P. Hertling, editors), Springer Lecture Notes in Computer Science, vol. 2064, Springer-Verlag, Berlin, 2001, pp. 369–377.

[54] , Is wave propogation computable or can wave computers beat the Turing machine?, Proceedings of London Mathematical Society, vol. 85 (2002), pp. 312–332.

[55] M. Yasugi, T. Mori, and Y. Tsujii, Effective properties of sets and functions in metric spaces with computability structure, Theoretical Computer Science, vol. 219 (1999), pp. 467– 486.

DEPARTMENT OF MATHEMATICS UPPSALA UNIVERSITY

BOX 480

S-75106 UPPSALA, SWEDEN E-mail: viggo@math.uu.se

DEPARTMENT OF COMPUTER SCIENCE UNIVERSITY OF WALES SWANSEA SINGLETON PARK SWANSEA, SA2 8PP, WALES E-mail: j.v.tucker@swansea.ac.uk