The Bulletin of Symbolic Logic Volume 7, Number 2, June 2001

RELATIONS BETWEEN SOME CARDINALS IN THE ABSENCE OF THE AXIOM OF CHOICE

LORENZ HALBEISEN AND SAHARON SHELAH

Dedicated to the memory of Professor Hans Läuchli.

Abstract. If we assume the axiom of choice, then every two cardinal numbers are comparable. In the absence of the axiom of choice, this is no longer so. For a few cardinalities related to an arbitrary infinite set, we will give all the possible relationships between them, where possible means that the relationship is consistent with the axioms of set theory. Further we investigate the relationships between some other cardinal numbers in specific permutation models and give some results provable without using the axiom of choice.

§1. Introduction. Using the axiom of choice, Felix Hausdorff proved in 1914 that there exists a partition of the sphere into four parts, S = A ˙∪ B ˙∪ C ˙∪ E, such that E has Lebesgue measure 0, the sets A, B, C are pairwise congruent and A is congruent to B ˙∪ C (cf. [9] or [10]). This theorem later became known as Hausdorff’s paradox. If we want to avoid this paradox, we only have to reject the axiom of choice. But if we do so, we will run into other paradoxical situations. For example, without the aid of any form of infinite choice we cannot prove that a partition of a given set m has at most as many parts as m has elements. Moreover, it is consistent with set theory that the real line can be partitioned into a family of cardinality strictly bigger than the cardinality of the real numbers (see Fact 8.6).

Set theory without the axiom of choice has a long tradition and a lot of work was done by the Warsaw School between 1918 and 1940. Although, in 1938, Kurt Gödel proved in [5] the consistency of the axiom of choice with the other axioms of set theory, it is still interesting to investigate which results remain unprovable without using the axiom of choice (cf. [18]).

Received November 17, 1997; revised October 5, 2000. 1991 Mathematics Subject Classification. 03E35, 03E10, 03E25. Key words and phrases. Consistency results, cardinal numbers, permutation models. I would like to thank the Centre de Recerca Matemàtica (Barcelona) and the Swiss National Science Foundation for their support.

Partially supported by the Israel Basic Research Fund, founded by the Israel Academy; Publ. No. 699.

© 2001, Association for Symbolic Logic 1079-8986/01/0702-0004/$3.50 237

238 LORENZ HALBEISEN AND SAHARON SHELAH

In 1963, Paul Cohen proved with his famous and sophisticated forcing technique, that it is also consistent with the other axioms of set theory that the axiom of choice fails (cf. [3]). Also with a forcing construction, Thomas Jech and Antonín Sochor could show in [15] that one can embed the permutation models (these are models of set theory with atoms) into well-founded models of set theory. So, to prove consistency results in set theory, it is enough to build a suitable permutation model.

We will investigate the relationships between some infinite cardinal numbers. For four cardinal numbers—which are related to an arbitrary given one—we will give all the possible relationships between two of them; where possible means that there exists a model of set theory in which the relationship holds. For example it is possible that there exists an infinite set m such that the cardinality of the set of all finite sequences of m is strictly smaller than the cardinality of the set of all finite subsets of m. On the other hand, it is also possible that there exists an infinite set m^′ such that the cardinality of the set of all finite sequences of m^′ is strictly bigger than the cardinality of the power-set of m^′. In a few specific permutation models, like the basic Fraenkel model and the ordered Mostowski model, we will investigate also the relationships between some other cardinal numbers. Further we give some results provable without using the axiom of choice and show that some relations imply the axiom of choice.

§2. Definitions, notations and basic facts. First we want to define the notion of a cardinal number and for this we have to give first the definition of ordinal numbers.

Definition. A set α is an ordinal if and only if every element of α is a subset of α and α is well-ordered by ∈.

Now let V be a model for ZF (this is Zermelo-Fraenkel’s set theory without the axiom of choice) and let On := { α ∈ V : α is an ordinal }; then On is a proper class in V . It is easy to see that if α ∈ On, then also α + 1 := α ∪ {α} ∈ On. An ordinal α is called a successor ordinal if there exists an ordinal � such that α = � + 1 and it is called a limit ordinal if it is neither a successor ordinal nor the empty-set.

By transfinite recursion on α ∈ On we can define V_α as follows: V_∅ := ∅, V_{α+1} = P(V_α) and V_α := ⋃ �∈α V_� when α is a limit ordinal. Note that by the axiom of power-set and the axiom of replacement, for each α ∈ On, V_α is a set in V . By the axiom of foundation we further get V := ⋃ α∈On Vα (cf.

[16, Theorem 4.1]).

Let m be a set in V , where V is a model of ZF, and let C(m) denote the class of all sets x, such that there exists a one-to-one mapping from x onto m. We define the cardinality of m as follows.

RELATIONS BETWEEN CARDINALS IN THE ABSENCE OF AC 239

Definition. For a set m, let m := C(m) ∩ V_α, where α is the smallest ordinal such that V_α ∩ C(m) ≠ ∅. The set m is called the cardinality of m and a set n is called a cardinal number (or simply a cardinal) if it is the cardinality of some set.

Note that a cardinal number is defined as a set.

A cardinal number m is an aleph if it contains a well-ordered set. So, the cardinality of each ordinal is an aleph. Remember that the axiom of choice is equivalent to the statement that each set can be well-ordered. Hence, in ZFC (this is Zermelo-Fraenkel’s set theory with the axiom of choice), every cardinal is an aleph; and vice versa, if every cardinal is an aleph, then the axiom of choice holds.

If we have a model V of ZF in which the axiom of choice fails, then we have more cardinals in V than in a model M of ZFC. This is because all the ordinals are in V and, hence, the alephs as well.

Notation. We will use fraktur-letters to denote cardinals and ℵ’s to denote the alephs. For finite sets m, we also use |m| to denote the cardinality of m. Let N := {0, 1, 2, . . . } be the set of all natural numbers and let ℵ_0 denote its cardinality. We can consider N also as the set of finite ordinal numbers, where n = {0, 1, . . . , n − 1} and 0 = ∅. For a natural number n ∈ N, we will not distinguish between n as an ordinal number and the cardinality of n. Further, the ordinal number � denotes the order-type (with respect to <) of the set N.

Now we define the order-relation between cardinals.

Definition. We say that the cardinal number p is less than or equal to the cardinal number q if and only if for any x ∈ p and y ∈ q there is a one-to-one mapping from x into y.

Notation. If p is less than or equal to the cardinal number q, we write p ≤ q. We write p < q for p ≤ q and p ≠ q. If neither p ≤ q nor q ≤ p holds, then we say that p and q are incomparable and write p ‖ q. For x ∈ p and y ∈ q we write: x ≼ y if p ≤ q and x ⋠ y if p ≰ q (cf. also [16, p. 27]). Notice that x ≼ y if and only if there exists a one-to-one function from x into y.

Another order-relation which we will use at a few places and which was first introduced by Alfred Tarski (cf. [20]) is the following.

Definition. For two cardinal numbers p and q we write p ≤^∗ q if there are non-empty sets x ∈ p and y ∈ q and a function from y onto x.

Notice, that for infinite cardinals p and q, we must use the axiom of choice to prove that p ≤^∗ q implies p ≤ q (see, e.g., [7]). In general, if we work in ZF, there are many relations between cardinals which do not exist if we assume

240 LORENZ HALBEISEN AND SAHARON SHELAH

the axiom of choice (cf. [7]); and non-trivial relations between cardinals become trivial with the axiom of choice (see also [17] or [23]).

The main tool in ZF to show that two cardinals are equal is the Cantor-Bernstein Theorem. If p and q are cardinals with p ≤ q and q ≤ p, then p = q.

(For a proof see [14] or [1].)

Notice that for x ∈ p and y ∈ q we have x ≼ y ⋠ x is equivalent to p < q, and if x ≼ y ≼ x, then there exists a one-to-one mapping from x onto y.

A result which gives the connection between the cardinal numbers and the ℵ’s is

Hartogs Theorem. For every cardinal number m, there exists a least aleph, denoted by ℵ(m), such that ℵ(m) ≰ m.

(This was proved by Friedrich Hartogs in [8], but a proof can also be found in [14] or in [1].)

Now we will define “infinity”.

Definition. A cardinal number is called finite if it is the cardinality of a natural number, and it is called infinite if it is not finite.

There are some other degrees of infinity (cf., e.g., [6] or [26]), but we will use only “infinite” for “not finite” and as we will see, most of the infinite sets we will consider in the sequel will be Dedekind finite, where a cardinal number m is called Dedekind finite if ℵ_0 ≰ m.

There are also many weaker forms of the axiom of choice (we refer the reader to [12]). Concerning the notion of Dedekind finite we wish to mention five related statements.

AC : “The Axiom of Choice”;

2m = m : “For every infinite cardinal m we have 2m = m”; C (ℵ_0, ∞) : “Every countable family of non-empty sets has a choice function”;

C (ℵ_0, < ℵ_0) : “Every countable family of non-empty finite sets has a choice function”;

W_{ℵ0} : “Every Dedekind finite set is finite”. We have the following relations (for the references see [12]): AC =⇒ 2m = m =⇒ W_{ℵ0} =⇒ C (ℵ_0, < ℵ_0) and AC =⇒ C (ℵ_0, ∞) =⇒ W_{ℵ0} , but on the other hand have AC ⇐≠ 2m = m ⇐≠ W_{ℵ0} ⇐≠ C (ℵ_0, < ℵ_0)

RELATIONS BETWEEN CARDINALS IN THE ABSENCE OF AC 241 and AC ⇐≠ C (ℵ_0, ∞) ⇐≠ W_{ℵ0} ,

and further 2m = m =⇏ C (ℵ_0, ∞) =⇏ 2m = m.

§3. Cardinals related to a given one. Let m be an arbitrary set and let m denote the cardinality of m. In the following we will define some cardinalities which are related to the cardinal number m.

Let [m]^2 be the set of all 2-element subsets of m and let [m]^2 denote the cardinality of the set [m]^2.

Let fin(m) denote the set of all finite subsets of m and let fin(m) denote the cardinality of the set fin(m).

For a natural number n, fin(m)^n denotes the set

{ ⟨e_0, . . . , e_{n−1}⟩ : ∀i < n (e_i ∈ fin(m)) }

and fin(m)^n denotes its cardinality.

For a natural number n, fin^{n+1}(m) denotes the set fin(fin^n(m)), where fin^0(m) := m, and fin^{n+1}(m) denotes its cardinality.

Let m^2 := m × m = { ⟨x_1, x_2⟩ : ∀i < 2 (x_i ∈ m) } and let m^2 = m · m denote the cardinality of the set m^2.

Let seq^{1 1}(m) denote the set of all finite one-to-one sequences of m, which is the set of all finite sequences of elements of m in which every element appears at most once, and let seq^{1 1}(m) denote the cardinality of the set seq^{1 1}(m).

Let seq(m) denote the set of all finite sequences of m and let seq(m) denote the cardinality of the set seq(m).

Finally, let P(m) denote the power-set of m, which is the set of all subsets of m, and let 2^m denote the cardinality of P(m).

In the sequel, we will investigate the relationships between these cardinal numbers.

§4. Cardinal relations which imply the axiom of choice. First we give some cardinal relations which are well-known to be equivalent to the axiom of choice. Then we show that also a weakening of one of these relations implies the axiom of choice.

The following equivalences are proved by Tarski in 1924. For the historical background we refer the reader to [21, 4.3].

Proposition 4.1. The following conditions are equivalent to the axiom of choice:

(1) m · n = m + n for every infinite cardinal m and n. (2) m = m^2 for every infinite cardinal m. (3) If m^2 = n^2, then m = n.

(4) If m < n and p < q, then m + p < n + q. (5) If m < n and p < q, then m · p < n · q.

242 LORENZ HALBEISEN AND SAHARON SHELAH

(6) If m + p < n + p, then m < n. (7) If m · p < n · p, then m < n.

(The proofs can be found in [27], in [1] or in [23].)

As a matter of fact we wish to mention that Tarski observed that the statement

If 2m < m + n, then m < n

is equivalent to the axiom of choice, while the proposition:

If 2m > m + n, then m > n

can be proved without the aid of the axiom of choice (cf. [23, p. 421]).

To these cardinal equivalences mentioned above, we will now add two more:

Proposition 4.2. The following conditions are equivalent to the axiom of choice:

(1) For every infinite cardinal m we have [m]^2 = m. (2) For every infinite cardinal m we have [m]^2 = m or m^2 = m. Proof. The proof is essentially the same as Tarski’s proof that the axiom of choice follows if m^2 = m for all infinite cardinals m (cf. [27]).

Tarski proved in [27] (cf. also [23]) the following relation for infinite cardinals m:

m + ℵ(m) = m · ℵ(m) implies m < ℵ(m).

Notice that m < ℵ(m) implies that every set m ∈ m can be well-ordered. Therefore it is sufficient to show that (2), which is weaker than (1), implies that for every infinite cardinal number m we have m < ℵ(m).

First we show that for two infinite cardinal numbers m and n we have m + n ≤ m · n. For this, let m_1 and n_1 be such that m = m_1 + 1 and n = n_1 + 1. Now we get

m · n = (m_1 + 1) · (n_1 + 1) = m_1 · n_1 + m_1 + n_1 + 1 ≥ 1 + m_1 + n_1 + 1 = m + n.

It is easy to compute, that

[m + ℵ(m)]^2 = [m]^2 + mℵ(m) + [ℵ(m)]^2, and (m + ℵ(m))^2 = m^2 + 2mℵ(m) + ℵ(m)^2.

Now we apply the assumption (2) to the cardinal m+ℵ(m). If [m+ℵ(m)]^2 = m+ℵ(m), we get mℵ(m) ≤ m+ℵ(m) which implies (by the above, according to the Cantor-Bernstein Theorem) mℵ(m) = m + ℵ(m). By the result of Tarski mentioned above we get m < ℵ(m). The case when (m + ℵ(m))^2 = m + ℵ(m) is similar. So, if the assumption (2) holds, then we get m < ℵ(m)

RELATIONS BETWEEN CARDINALS IN THE ABSENCE OF AC 243

for every cardinal number m and therefore, each set m can be well-ordered, which is equivalent to the axiom of choice. ⊣

§5. A few relations provable in ZF. In this section we give some relationships between the cardinal numbers defined in section 3 which are provable without using the axiom of choice.

The most famous one is the Cantor Theorem. For any cardinal number m we have m < 2^m. (This is proved by Georg Cantor in [2], but a proof can also be found in [14] or [1].)

Concerning the relationship between “≤^∗” and “≤”, it is obvious that p ≤ q implies p ≤^∗ q. The following fact gives a slightly more interesting relationship.

Fact 5.1. For two arbitrary cardinals n and m we have n ≤^∗ m → 2^n ≤ 2^m. (For a proof see, e.g., [23] or [1].)

The following two facts give a list of a few obvious relationships. Fact 5.2. For every cardinal m we have: (1) m^2 ≤ fin^2(m). (2) seq^{1 1}(m) ≤ fin^2(m). (3) seq^{1 1}(m) ≤ seq(m).

(4) If m is infinite, then 2^{ℵ0} ≤ 2^{fin(m)}.

Proof. First take an arbitrary set m ∈ m. For (1) note that a set ⟨x_1, x_2⟩ ∈ m^2 corresponds to the set {{x_1}, {x_1, x_2}} ∈ fin^2(m). For (2) note that a finite one-to-one sequence ⟨a_0, a_1, . . . , a_n⟩ of m can always be written as {{a_0}, {a_0, a_1}, . . . , 0{a_0, . . . , a_n}}, which is an element of fin^2(m). The relation (3) is trivial. For (4) let E_n := { e ⊆ m : |e| = n }, where n ∈ N. Because m is assumed to be infinite, every x ⊆ N corresponds to a set F_x ∈ P(fin(m)) defined by F_x := ⋃ { E_n : n ∈ x }. ⊣ Fact 5.3. ℵ_0 = ℵ^2_0 = fin(ℵ_0) = fin^2(ℵ_0) = seq^{1 1}(ℵ_0) = seq(ℵ_0) < 2^{ℵ0} . Proof. The only non-trivial part is ℵ_0 < 2^{ℵ0} , which follows by the Cantor Theorem. ⊣ Three non-trivial relationships are given in the following Proposition 5.4. For any infinite cardinal m we have: (1) fin(m) < 2^m. (2) seq^{1 1}(m) ≠ 2^m. (3) seq(m) ≠ 2^m.

(These three relationships are proved in [7].)

§6. Permutation models. In this section we give the definition of permutation models (cf. also [13]). We will use permutation models to derive relative consistency results. But first we have to introduce models of ZFA, which is

244 LORENZ HALBEISEN AND SAHARON SHELAH

set theory with atoms (cf. [13]). Set theory with atoms is characterized by the fact that it admits objects other than sets, namely atoms, (also called urelements). Atoms are objects which do not have any elements but which are distinct from the empty-set. The development of the theory ZFA is very much the same as that of ZF (except for the definition of ordinals, where we have to require that an ordinal does not have atoms among its elements). Let S be a set; then by transfinite recursion on α ∈ On we can define P^α(S) as follows: P^∅(S) := S, P^{α+1}(S) := P^α(S) ∪ P(P^α (S)) and P^α(S) := ⋃ �∈α P^α(S) when α is a limit ordinal. Further let P^∞(S) := ⋃ α∈On P

α(S). If M is a model of ZFA and A is the set of atoms of M, then we have M := P^∞(A). The class M_0 := P^∞(∅) is a model of ZF and is called the kernel. Note that all the ordinals are in the kernel.

The underlying idea of permutation models, which are models of ZFA, is the fact that the axioms of ZFA do not distinguish between the atoms, and so a permutation of the set of atoms induces an automorphism of the universe. The method of permutation models was introduced by Adolf Fraenkel and, in a precise version (with supports), by Andrzej Mostowski. The version with filters is due to Ernst Specker in [25].

In the permutation models we have a set of atoms A and a group G of permutations (or automorphisms) of A (where a permutation of A is a oneto-one mapping from A onto A). We say that a set F of subgroups of G is a normal filter on G if for all subgroups H , K of G we have: (A) G ∈ F;

(B) if H ∈ F and H ⊆ K, then K ∈ F; (C) if H ∈ F and K ∈ F, then H ∩ K ∈ F; (D) if � ∈ G and H ∈ F, then �H�^{−1} ∈ F; (E) for each a ∈ A, { � ∈ G : �a = a } ∈ F.

Let F be a normal filter on G. We say that x is symmetric if the group

sym_G (x) := { � ∈ G : �x = x }

belongs to F. By (E) we have that every a ∈ A is symmetric.

Let V be the class of all hereditarily symmetric objects; then V is a transitive model of ZFA. We call V a permutation model. Because every a ∈ A is symmetric, we get that the set of atoms A belongs to V.

Now every � ∈ G induces an ∈-automorphism of the universe V, which we denote by ^� or just �.

Because ∅ is hereditarily symmetric and for all ordinals α the set P^α(∅) is hereditarily symmetric too, the class V := P^∞(∅) is a class in V which is equal to the kernel M_0.

Fact 6.1. For any ordinal α and any � ∈ G we have �α = α. (This one can see by induction on α, where �∅ = ∅ is obvious.) Since the atoms x ∈ A do not contain any elements, but are distinct from the empty-set, the permutation models are not models of ZF. However, with

RELATIONS BETWEEN CARDINALS IN THE ABSENCE OF AC 245

the Jech-Sochor Embedding Theorem (cf. [15], [13] or [14]) one can embed arbitrarily large fragments of a permutation model in a well-founded model of ZF:

Jech-Sochor Embedding Theorem. Let M be a model of ZFA + AC, let A be the set of all atoms of M, let M_0 be the kernel of M and let α be an ordinal in M. For every permutation model V ⊆ M (a model of ZFA) there exists a symmetric extension V ⊇ M_0 (a model of ZF) and an embedding x → x̃ of V in V such that

(P^α(A))^V is ∈-isomorphic to (P^α(Ã))^V .

Most of the well-known permutation models are of the following simple type: Let G be a group of permutations of A. A family I of subsets of A is a normal ideal if for all subsets E, F of A we have: (a) ∅ ∈ I ;

(b) if E ∈ I and F ⊆ E, then F ∈ I ; (c) if E ∈ I and F ∈ I , then E ∪ F ∈ I ; (d) if � ∈ G and E ∈ I , then �E ∈ I ; (e) for each a ∈ A, {a} ∈ I . For each set S ⊆ A, let

fix_G (S) := { � ∈ G : �s = s for all s ∈ S };

and let F be the filter on G generated by the subgroups { fix_G (E) : E ∈ I }. Then F is a normal filter. Further, x is symmetric if and only if there exists a set of atoms E_x ∈ I such that

fix_G (E_x ) ⊆ sym_G (x).

We say that E_x is a support of x.

§7. Consistency results derived from a few permutation models. In this section we will give some relationships between the cardinals defined in section 3 which are consistent with ZF. We will do this by investigating the relations between certain sets in a few permutation models. Let V be a permutation model with the set of atoms A and let m be a set in V. Let C(m) := { x ∈ V : V |= x ≼ m ≼ x }; then C(m) is a class in V. The cardinality of m in the model V (denoted by m) is defined by m := C(m) ∩ P^α(A) ∩ V, where α is the smallest ordinal such that C(m) ∩ P^α (A) ∩ V ≠ ∅. Note that if m and n are two arbitrary sets in a permutation model V and we have for example V |= m ≼ n ⋠ m (and therefore V |= m < n), then by the Jech-Sochor Embedding Theorem there exists a well-founded model V of ZF such that V |= m̃ ≼ ñ ⋠ m̃ and therefore V |= m < n, where m and n are the cardinalities of the sets m̃ and ñ. Hence, since every relation between sets in a permutation model can be translated to a well-founded model, to prove that a relation between some cardinals is consistent with ZF, it is enough to find a permutation model in which the desired relation holds

246 LORENZ HALBEISEN AND SAHARON SHELAH

between the corresponding sets. In the sequel we will frequently make use of this method without always mention it.

7.1. The basic Fraenkel model. First we present the basic Fraenkel model (cf. [13]).

Let A be a countable infinite set (the atoms), let G be the group of all permutations of A and let I_{fin} be the set of all finite subsets of A. Obviously, I_{fin} is a normal ideal.

Let V_F (F for Fraenkel) be the corresponding permutation model, the so called basic Fraenkel model. Note that a set x is in V_F if and only if x is symmetric and each y ∈ x belongs to V_F , too.

Now we will give two basic facts involving subsets of A. Lemma 7.1.1. Let E ∈ I_{fin}; then each S ⊆ A with support E is either finite or co-finite (which means A ∖ S is finite). Further, if S is finite, then S ⊆ E; and if S is co-finite, then A ∖ S ⊆ E.

Proof. Let S ⊆ A with support E. Because E is a support of S, for all � ∈ fix(E) and every a ∈ A we have �a ∈ S if and only if a ∈ S. If S is neither finite nor co-finite, the sets (A ∖ E) ∖ S and (A ∖ E) ∩ S are both infinite and hence we find a � ∈ fix(E) such that for some s ∈ S, �s /∈ S. Now, if S is finite, then S must be a subset of E because otherwise we have S ∖ E ≠ ∅ and we find again a � ∈ fix(E) such that for some s ∈ S, �s /∈ S. The case when S is co-finite is similar. ⊣ Lemma 7.1.2. Let A be the set of atoms of the basic Fraenkel model and let m denote its cardinality; then V_F |= ℵ_0 ≰ 2^m.

Proof. Assume there exists a one-to-one function f : N → P(A) which belongs to V_F . Then, because f is symmetric, there exists a finite set E_f ⊆ A (a support of f) such that fix_G(E_f ) ⊆ sym_G (f). Now let n ∈ N be such that fix_G (f(n)) ⊈ fix_G(E_f ) and let � ∈ fix_G (E_f) be such that �f(n) ≠ f(n). With the fact 6.1 we get that �n = n and therefore f(�n) = f(n). So, E_f cannot be a support of f, which implies that the function f does not belong to V_F . ⊣ The following proposition gives the relationships in the basic Fraenkel model between some of the cardinals defined in section 3, where m denotes the cardinality of the set of atoms of V_F .

Proposition 7.1.3. Let m denote the cardinality of the set of atoms A of V_F . Then the in the model V_F we have the following: (1) fin(m) ‖ seq^{1 1}(m). (2) fin(m) ‖ seq(m). (3) seq^{1 1}(m) ‖ 2^m. (4) seq(m) ‖ 2^m.

Proof. (1) Assume first that there exists a function f ∈ V_F from fin(A) into seq^{1 1}(A) and let E_f ∈ I_{fin} be a support of f. Choose two arbitrary

RELATIONS BETWEEN CARDINALS IN THE ABSENCE OF AC 247

distinct elements a_0 and a_1 of A ∖ E_f such that

U := { x ∈ A : x occurs in f({a_0, a_1} ∪ E_f ) } ⊈ E_f

and put E^∗_f := {a_0, a_1} ∪ E_f . Choose a y ∈ U ∖ E_f and a permutation � ∈ fix_G (E_f ) such that �y ≠ y and �a_i = a_{1−i} (for i ∈ {0, 1}). Now, �E^∗_f = E^∗_f but �f(E^∗_f ) ≠ f(E^∗_f ), which implies either that f is not a function or that E_f is not a support of f. In both cases we get a contradiction to our assumption.

The fact that seq^{1 1}(m) ≰ fin(m) we get by fin(m) < 2^m (see Proposition 5.4 (1)) and by seq^{1 1}(m) ≰ 2^m (which will be shown in (3)).

(2) Because seq^{1 1}(m) ≤ seq(m), by (1) it remains to show that fin(A) ⋠ seq(A). Assume there exists a function g ∈ V from fin(A) into seq(A) and let E_g ∈ I_{fin} be a support of it.

If for each p ∈ [A ∖ E_g ]^2 we have fix_G (E_g ) ⊆ sym_G (g(p)), then we find {a_0, a_1} and {b_0, b_1} in [A ∖ E_g ]^2 with {a_0, a_1} ∩ {b_0, b_1} = ∅, and a permutation � ∈ fix_G(E_g ) such that �a_i = b_i and �b_i = a_i (for i ∈ {0, 1}). Now we get �g({a_0, a_1}) = g({a_0, a_1}) and �{a_0, a_1} = {b_0, b_1}, which contradicts our assumption.

Otherwise, there exists a set {a_0, a_1} ∈ [A ∖ E_g ]^2 with

fix_G (E_g ) ⊈ sym_G(g({a_0, a_1})),

hence we find in the sequence g({a_0, a_1}) an element y ∈ A which does not belong to E_g . Now let � ∈ fix_G (E_g ) be such that �a_i = a_{1−i} (for i ∈ {0, 1}) and �y ≠ y; then �g({a_0, a_1}) ≠ g({a_0, a_1}) and �{a_0, a_1} = {a_0, a_1}, which contradicts again our assumption.

(3) Because m is infinite we have (by Proposition 5.4 (1)) fin(m) < 2^m, which implies (by (1)) that 2^m ≰ seq^{1 1}(m) and it remains to show that seq^{1 1}(A) ⋠ P(A). Assume there exists a function h ∈ V_F from seq^{1 1}(A) into P(A) and let E_h ∈ I_{fin} be a support of h with |E_h | ≥ 4. Consider seq^{1 1}(E_h ), then, because |E_h | ≥ 4, it is easy to compute that |seq^{1 1}(E_h )| > 2·2^{|Eh |}, which implies (by Lemma 7.1.1) that there exists an s_0 ∈ seq^{1 1}(E_h ) such that E_h is not a support of h(s_0). Let E_0 := ⋂ { E ∈ I_{fin} : E is a support of h(s_0) };

then E_0 is a support of h(s_0), too. Choose a y ∈ E_0 ∖ E_h and a permutation � ∈ fix_G (E_h ) such that �y ≠ y. Now, because � ∈ fix_G (E_h ) and s_0 ∈ seq^{1 1}(E_h ) we have �s_0 = s_0, and by construction we get �h(s_0) ≠ h(s_0). This implies either that h is not a function or that E_h is not a support of h and in both cases we get a contradiction to our assumption.

(4) By fin(m) < 2^m and fin(m) ≰ seq(m) we get 2^m ≰ seq(m), and the inequality seq(m) ≰ 2^m follows from seq^{1 1}(m) ≰ 2^m and seq^{1 1}(m) ≤ seq(m). ⊣ 7.2. The ordered Mostowski model. Now we shall construct the ordered Mostowski model (cf. also [13]).

248 LORENZ HALBEISEN AND SAHARON SHELAH

Let the infinite set of atoms A be countable, and let <^M be a linear order on A such that A is densely ordered and does not have a smallest or greatest element (thus A is isomorphic to the rational numbers). Let G be the group of all order-preserving permutations of A, and let again I_{fin} be the ideal of the finite subsets of A.

Let V_M (M for Mostowski) be the corresponding permutation model (given by G and I_{fin}), the so called ordered Mostowski model.

Because all the sets in the ordered Mostowski model are symmetric, each subset of A has a finite support. By similar arguments as in the proof of Lemma 7.1.2 one can show

Lemma 7.2.1. Let A be the set of atoms of the ordered Mostowski model and let m denote its cardinality; then V_M |= ℵ_0 ≰ 2^m.

For a finite set E ⊆ A, one can give a complete description of the subsets of A with support E and one gets the following

Fact 7.2.2. If E ⊆ A is a finite set of cardinality n, then there are 2^{2n+1} sets S ⊆ A (in V_M ) such that E is a support of S.

(For a proof see [7, p. 32].)

In the following we investigate the relationships between some of the cardinals defined in section 3 in the ordered Mostowski model, where m will be cardinality of the set of atoms of V_M .

Let m denote the cardinality of the set of atoms A (of the ordered Mostowski model). In Theorem 1 of [7] it is shown that 2^m ≤^∗ fin(m). Now, by Fact 5.1, we get 2^{2m} ≤ 2^{fin(m)} which implies (by the Cantor-Bernstein Theorem, as fin(m) ≤ 2^m) that the equation 2^{2m} = 2^{fin(m)} holds in the ordered Mostowski model.

Unlike in the basic Fraenkel model, all the simple cardinalities defined in section 3 are comparable in the ordered Mostowski model:

Proposition 7.2.3. Let m denote the cardinality of the set of atoms of V_M . Then the following holds in V_M :

m < fin(m) < 2^m < seq^{1 1}(m) < seq(m).

Proof. Let A be the set of atoms A of the ordered Mostowski model. m < fin(m): It is obvious that the function f : A → fin(A), defined by f(a) := {a}, is a one-to-one function from A into fin(A). Now assume that there exists also a one-to-one function g from fin(A) into A. Let a_0 := g(∅) and a_{n+1} := g({a_0, . . . , a_n}) (for n ∈ N). The �-sequence ⟨a_0, a_1, . . . , a_n, . . .⟩ is a one-to-one sequence of A, which implies that ℵ_0 ≤ m, but this is a contradiction to Lemma 7.2.1.

fin(m) < 2^m: Because A is infinite, by Proposition 5.4 (1) we have fin(m) < 2^m.

2^m < seq^{1 1}(m): For a set S ⊆ A, let

supp(S) := ⋂ { E ∈ I_{fin} : E is a support of S };

RELATIONS BETWEEN CARDINALS IN THE ABSENCE OF AC 249

then supp(S) is a support of S, too; in fact, it is the smallest support of S. Using the order-relation “<^M ” on the set of atoms A, we can define an ordering on the set of finite subsets of A as follows. For two finite sets {a_0, . . . , a_n} and {b_0, . . . , b_m} of A, where a_i <^M a_{i+1} and b_j <^M b_{j+1} (for i < n and j < m), let {a_0, . . . , a_n}<_{fin}{b_0, . . . , b_m} if and only if either n < m or for n = m we have ∃i ≤ n ∀j < i (a_j = b_j ∧ a_i <^M b_i )). The ordering “<_{fin}” on the finite subsets of A induces an ordering on the power-set of A (because every subset of A has a well-defined smallest finite support). Further, the order-relation “<^M ” induces in a natural way an ordering on the set of all permutations of a given finite subset of A and we identify a permutation � of a finite subset {c_0 <^M . . . <^M c_{n−1}} with ⟨�(c_0), �(c_1), . . . , �(c_{n−1})⟩ ∈ seq^{1 1}(A). Now we choose 20 distinct atoms c_0 <^M c_1 <^M . . . <^M c_{19} of A and define a function f from P(A) into seq^{1 1}(A) as follows. For S ⊆ A with | supp(S)| ≥ 11, let f(S) be the kth permutation of supp(S), where S is the kth subset of A with smallest support supp(S) (this we can do because for | supp(S)| ≥ 11 we have | supp(S)| ! ≥ 2^{2| supp(S)|+1}). If supp(S) = {a_0, . . . , a_l } for l ≤ 9 (where a_i < a_{i+1}), then we choose the first 10 elements (with respect to <^M ) of {c_0, . . . , c_{19}} which are not in supp(S), say {d_0, . . . , d_9} and put f(S) = ⟨a_0, . . . , a_l , d_{�0} , . . . , d_{�9} ⟩, where d_{�0} . . . d_{�9} is the (10! − k)th permutation of d_0 . . . d_9 and S is the kth subset of A with smallest support supp(S). By Lemma 7.2.2, the function f is a well-defined one-to-one function from P(A) into seq^{1 1}(A). If there exists a one-to-one function from seq^{1 1}(A) into P(A), then, because n! > 2^{2n+1} + 2 for n ≥ 10, we can build an one-to-one �-sequence of A, which is a contradiction to Lemma 7.2.1.

seq^{1 1}(m) < seq(m): Because each one-to-one sequence of A is a sequence of A, we have seq^{1 1}(A) ≼ seq(A). Now assume that there exists also a one-to-one function g from seq(A) into seq^{1 1}(A). Choose an arbitrary atom a ∈ A and let s_n := g(⟨a, a, . . . , a⟩_n), where ⟨a, a, . . . , a⟩_n denotes the sequence of {a} of length n. Because for every n ∈ N, the sequence s_n is a one-to-one sequence of A, for every n ∈ N there exists a k > n and a b ∈ A such that b occurs in s_k but for i ≤ n, b does not occur in s_i . Because a sequence is an ordered set, with the function g we can build an one-to-one �-sequence of A, which contradicts Lemma 7.2.1. ⊣

Let again m denote the cardinality of the set of atoms of the ordered Mostowski model. Using some former facts and some arithmetical calculations, by similar arguments as is the proof of Proposition 7.2.3 one can show that the following sequence of inequalities holds in the ordered Mostowski model:

m < [m]^2 < m^2 < fin(m) < 2^m < seq^{1 1}(m) < fin^2(m)

< seq^{1 1}(fin(m)) < fin(2^m) < fin^3(m) < fin^4(m)

< · · · < fin^n(m) < seq(m) < 2^{fin(m)} = 2^{2m} .

250 LORENZ HALBEISEN AND SAHARON SHELAH

7.3. A custom-built permutation model. In the proof of Theorem 2 of [7], a permutation model V_s (s for sequences) is constructed in which there exists a cardinal number m such that V_s |= seq(m) < fin(m) and hence, V_s |= seq^{1 1}(m) < fin(m). Specifically, m is the cardinality of the set of atoms of V_s .

The set of atoms of V_s is built by induction, where every atom contains a finite sequence of atoms on a lower level. We will follow this idea, but instead of finite sequences we will put ordered pairs in the atoms. The model we finally get will be a model in which there exists a cardinal m, such that m^2 < [m]^2 (this is in fact a finite version of Theorem 2 of [7]).

We construct by induction on n ∈ N the following: (α) A_0 is an arbitrary countable infinite set. (�) G_0 is the group of all permutations of A_0.

(�) A_{n+1} := A_n ˙∪ {(n + 1, p, ε) : p ∈ A_n × A_n ∧ ε ∈ {0, 1} }. (�) G_{n+1} is the subgroup of the group of permutations of A_{n+1} containing all permutations h such that for some g_h ∈ G_n and ε_h ∈ {0, 1} we have

h(x) = { g_h (x) if x ∈ A_n, (n + 1, g_h (p), ε_h +_2 ε_x ) if x = (n + 1, p, ε_x ),

where g_h (p) = ⟨g_h (p_1), g_h (p_2)⟩ for p = ⟨p_1, p_2⟩ and +_2 is the addition modulo 2.

Let A := ⋃ { A_n : n ∈ N } and let Aut(A) be the group of all permutations of A; then

G := { H ∈ Aut(A) : ∀n ∈ N (H |_{An} ∈ G_n }

is a group of permutations of A. Let F be the normal filter on G generated by { fix_G (E) : E ⊆ A is finite }, and let V_p (p for pairs) be the class of all hereditarily symmetric objects.

Now we get the following Proposition 7.3.1. Let m denote the cardinality of the set of atoms A of V_p. Then we have V_p |= m^2 < [m]^2.

Proof. First we show that V_p |= m^2 ≤ [m]^2. For this it is sufficient to find a one-to-one function f ∈ V_p from A^2 into [A]^2. We define such a function as follows. For x, y ∈ A let

f(⟨x, y⟩) := {(n + m + 1, ⟨x, y⟩, 0), (n + m + 1, ⟨x, y⟩, 1)},

where n and m are the smallest numbers with x ∈ A_n and y ∈ A_m, respectively. For any � ∈ G and x, y ∈ A we have �f(⟨x, y⟩) = f(⟨�x, �y⟩) and therefore, the function f is as desired and belongs to V_p.

Now assume that there exists a one-to-one function g ∈ V_p from [A]^2 into A^2 and let E_g be a finite support of g. Without loss of generality we may assume that if (n + 1, ⟨x, y⟩, ε) ∈ E_g , then also x, y ∈ E_g . Let k := |E_g | and for x, y ∈ A let g({x, y}) = ⟨t^0_{{x,y}}, t^1_{{x,y}}⟩. Let r := k + 4

RELATIONS BETWEEN CARDINALS IN THE ABSENCE OF AC 251

and let N := Ramsey(2, r^2, 3), where Ramsey(2, r^2, 3) is the least natural number such that for every coloring � : [Ramsey(2, r^2, 3)]^2 → r^2 we find a 3-element subset H ⊆ Ramsey(2, r^2, 3) such that �|_{[H ]}2 is constant. (If p, r, m are natural numbers such that p ≤ m and r > 0, then by the Ramsey Theorem (cf. [22, Theorem B]), Ramsey(p, r, m) is well-defined.) Choose N distinct elements x_0, . . . , x_{N −1} ∈ A_0 ∖ E_g , let X = {x_0, . . . , x_{N −1}} and let c_h (h < k) be an enumeration of E_g . We define a coloring � : [X ]^2 → r × r as follows. For {x_i , x_j } ∈ [X ]^2 such that i < j let �({x_i , x_j }) = ⟨�_0({x_i , x_j }), �_1({x_i , x_j })⟩ where for l ∈ {0, 1} we define

�_l ({x_i , x_j }) := h if t^l_{{xi ,xj }} = c_h , k if t^l_{{xi ,xj }} = x_i , k + 1 if t^l_{{xi ,xj }} = x_j , k + 2 if t^l_{{xi ,xj }} ∈ A_0 ∖ ({x_i , x_j } ∪ E_g ), k + 3 if t^l_{{xi ,xj }} ∈ A ∖ (A_0 ∪ E_g ).

By the definition of N we find 3 elements x_{�0} , x_{�1} , x_{�2} ∈ X with �_0 < �_1 < �_2 such that for l ∈ {0, 1}, �_l is constant on [{x_{�0} , x_{�1} , x_{�2} }]^2. So, for {x_{�i} , x_{�j} } ∈ [{x_{�0} , x_{�1} , x_{�2} }]^2 with i < j and for l ∈ {0, 1}, we are at least in one of the following cases:

(1) t^l_{{x�i ,x�j }} = c_{h0} and t^{1−l}_{{x�i ,x�j }} = c_{h1} ,

(2) t^l_{{x�i ,x�j }} = c_h and t^{1−l}_{{x�i ,x�j }} = x_{�i} ,

(3) t^l_{{x�i ,x�j }} = c_h and t^{1−l}_{{x�i ,x�j }} = x_{�j} ,

(4) t^l_{{x�i ,x�j }} = x_{�i} and t^{1−l}_{{x�i ,x�j }} = x_{�j} ,

(5) t^l_{{x�i ,x�j }} ∈ A_0 ∖ (E_g ∪ {x_{�i} , x_{�j} }),

(6) t^l_{{x�i ,x�j }} ∈ A ∖ (E_g ∪ A_0).

If we are in case (1) or (2), then g({x_{�0} , x_{�1} }) = g({x_{�0} , x_{�2} }), and therefore g is not a one-to-one function. If we are in case (3), then g is also not a one-to-one function because g({x_{�0} , x_{�2} }) = g({x_{�1} , x_{�2} }).

If we are in case (4), let � ∈ fix(E_g ) be such that �x_{�0} = x_{�1} and �x_{�1} = x_{�0} . Assume g({x_{�0} , x_{�1} }) = ⟨x_{�0} , x_{�1} ⟩ (the case when g({x_{�0} , x_{�1} }) = ⟨x_{�1} , x_{�0} ⟩ is symmetric). Then we have �{x_{�0} , x_{�1} } = {x_{�0} , x_{�1} }, but �g({x_{�0} , x_{�1} }) = ⟨x_{�1} , x_{�2} ⟩ ≠ ⟨x_{�0} , x_{�1} ⟩, and therefore g is not a function in V_p.

If we are in case (5), let l ∈ {0, 1} be such that t^l_{{x�0 ,x�1 }} ∈ A_0 ∖ (E_g ∪ {x_{�0} , x_{�1} }) and let a := t^l_{{x�0 ,x�1 }}. Take an arbitrary a^′ ∈ A_0 ∖ (E_g ∪ {a, x_{�0} , x_{�1} }) and let � ∈ fix(E_g ∪{x_{�0} , x_{�1} }) be such that �a = a^′ and �a^′ = a. Then we get �{x_{�0} , x_{�1} } = {x_{�0} , x_{�1} } but �g({x_{�0} , x_{�1} }) ≠ g({x_{�0} , x_{�1} }), and therefore g is not a function in V_p.

252 LORENZ HALBEISEN AND SAHARON SHELAH

If we are in case (6), let l ∈ {0, 1} be such that t^l_{{x�0 ,x�1 }} ∈ A∖(E_g ∪A_0), thus

t^l_{{x�0 ,x�1 }} = (n +1, p, ε) for some (n +1, p, ε) ∈ A. Let � ∈ fix(E_g ∪{x_{�0} , x_{�1} }) be such that �(n + 1, p, ε) = (n + 1, p, 1 − ε). Then we have �{x_{�0} , x_{�1} } = {x_{�0} , x_{�1} } but �g({x_{�0} , x_{�1} }) ≠ g({x_{�0} , x_{�1} }), and therefore g is not a function in V_p.

So, in all the cases, g is either not a function or it is not one-to-one, which contradicts our assumption and completes the proof. ⊣ 7.4. On sequences and the power-set. The Theorem 2 of [7] states that the relation seq(m) < fin(m) is consistent with ZF. If we consider the permutation model V_s (s for sequences) constructed in the proof of this theorem, we see that even more is consistent with ZF, namely

Proposition 7.4.1. It is consistent with ZF that there exists a cardinal number m, such that seq^{1 1}(m) < seq(m) < fin(m) < 2^m.

Proof. Let m denote the cardinality of the set of atoms of the permutation model V_s constructed in the proof of Theorem 2 of [7]. Then in V_s we have seq^{1 1}(m) < seq(m) < fin(m) < 2^m:

The inequality seq(m) < fin(m) is Theorem 2 of [7] and because m is infinite, by Proposition 5.4 (1), we also get fin(m) < 2^m.

To see that also seq^{1 1}(m) < seq(m) holds in V_s , assume that there exists (in V) a one-to-one function from seq(m) into seq^{1 1}(m). Such a one-to-one function would generate a function f ∈ V from ℵ_0 into m, but because f—as an element of V—has a finite support, this is impossible. ⊣ In the remainder of this section we show that it is consistent with ZF that there exists a cardinal number m such that seq^{1 1}(m) < 2^m < seq(m). For this we construct a permutation model V_c (c for categorical) where m will be the cardinality of the set of atoms of V_c .

Let L be the signature containing the binary relation symbol “<” and for each n ∈ N an (n + 1)-ary relation symbol R_n. Let T_0 be the following theory:

(α) < is a linear order, (�) for each n ∈ N,: R_n(z_0, . . . , z_n) → ⋀ l≠m(zl ≠ zm).

Let K = { N : N is a finitely generated structure of T_0 }; then K ≠ ∅ and further we have the following fact (cf. also [11, p. 325]).

Fact 7.4.2. K has the amalgamation property.

Proof. If N_0 ⊆ N_1 ∈ K, N_0 ⊆ N_2 ∈ K and N_1 ∩ N_2 = N_0, then we can define an N ∈ K such that dom(N ) = dom(N_1) ∪ dom(N_2), N_1 ⊆ N , N_2 ⊆ N , <^{N1} ∪ <^{N2} ⊆<^N and for any n ∈ N we have R^{N1}_n ∪ R^{N2}_n = R^N_n . ⊣ As a consequence of Fact 7.4.2 we get the Lemma 7.4.3. There exists (up to isomorphism) a unique structure M of T_0 such that the cardinality of dom(M ) is ℵ_0, each structure N ∈ K can be

RELATIONS BETWEEN CARDINALS IN THE ABSENCE OF AC 253

embedded in M and every isomorphism between finitely generated substructures of M (between two structures of K) extends to an automorphism of M .

Proof. For a proof see, e.g., Theorem 7.1.2 of [11]. ⊣ Therefore, Th(M ) is ℵ_0-categorical and, because every isomorphism between finitely generated substructures of M extends to an automorphism of M , the structure M has non-trivial automorphisms.

Now we construct the permutation model V_c as follows. The set dom(M ) constitutes the set of atoms A of V_c and G is the group of all permutations � of A such that: M |= x <^M y if and only if M |= �x <^M �y and for each n ∈ N, M |= R_n(z_0, . . . , z_n) if and only if M |= R_n(�z_0, . . . , �z_n). In fact, the group G is the group of all automorphisms of M . Further, let F be the normal filter on G generated by { fix(E)_G : E ⊆ A is finite } and let V_c be the class of all hereditarily symmetric objects.

Notation. If i + k = n and ȳ = ⟨y_0, . . . , y_{n−1}⟩, then we write R_{i,k}(x, ȳ) instead of R_n(y_0 . . . , y_{i−1}, x, y_i , . . . y_{i+k−1}). If i = 0, we write just R_n(x, ȳ).

The following lemma follows from the fact that every isomorphism between two structures of K extends to an automorphism of M and from the fact that Th(M ) is ℵ_0-categorical (cf. also [11, Theorem 7.3.1]).

Lemma 7.4.4. For every set S ⊆ A in V_c there exists a unique smallest support supp(S) and for each finite set E ⊆ A, the set

{ S ⊆ A : S ∈ V_c ∧ supp(S) = E }

is finite.

Proof. For n ∈ N let E = {e_0, . . . , e_{n−1}} ⊆ A be a finite set of atoms. Further, let Θ_E the set of all atomic L-formulas φ_i (x) such that we have φ_i (x) is either the formula x = e_j (for some j < n) or x <^M e_j (for some j < n) or R_{i,k}(x, ē) (for i + k ≤ n and ē ∈ seq^{1 1}(E)). For an atom a ∈ A let

ϑ_E (a) := { φ_i (x) ∈ Θ_E : M |= φ_i (a) };

thus, ϑ_E (a) is the set of all atomic formulas in Θ_E such that φ_i (a) holds in M . Take an arbitrary S ⊆ A in V_c and let E be a support of S. If s, t ∈ A are such that ϑ_E (t) = ϑ_E (s), then we find (by construction of M and G) a permutation � ∈ fix_G(E) such that �s = t and therefore we have s ∈ S if and only if t ∈ S. Hence, the set S is determined by {ϑ_E (s) : s ∈ S}, which is a finite set of finite sets of atomic formulas.

Now we show that if E_1 and E_2 are two distinct supports of a set S ⊆ A, then E_1 ∩E_2 is also a support of S. If E_1 ⊆ E_2 or E_2 ⊆ E_1, then it is obvious that E_1 ∩ E_2 is a support of S. So, assume that E_1 ∖ E_2 and E_2 ∖ E_1 are both non-empty and let E_0 := E_1 ∩ E_2. Take an arbitrary s_0 ∈ S and let ϑ_0 := ϑ_{E0} (s_0). Let t ∈ A be any atom such that ϑ_{E0} (t) = ϑ_0. We have to show that also t ∈ S. If x = e_j belongs to ϑ_0 (and thus e_j ∈ E_0), then

254 LORENZ HALBEISEN AND SAHARON SHELAH

s_0 = t = e_j and we have t ∈ S. So, assume that x = e_j does not belong to ϑ_0 (for any e_j ∈ E_0). If x = e_i does not belong to ϑ_{E1} (t), let t^′ := t. Otherwise, if x = e_i belongs to ϑ_{E1} (t), because ϑ_{E0} (t) = ϑ_0 and E_0 = E_1 ∩ E_2 we have e_i ∈ E_1 ∖ E_2. By construction of M we find a t^′ ∈ A such that t^′ /∈ E_1 and ϑ_{E2} (t^′) = ϑ_{E2} (t), hence, t^′ ∈ S ⇐⇒ t ∈ S. Now let Ξ_2 := {ϑ_{E2} (s) : s ∈ S ∧ ϑ_{E2} (s) ∩ ϑ_{E0} (s) = ϑ_0}.

Because t^′ /∈ E_1 we find (again by construction of M ) a t^{′′} ∈ A such that ϑ_{E1} (t^{′′}) = ϑ_{E1} (t^′) and ϑ_{E2} (t^{′′}) ∈ Ξ_2. Now, by ϑ_{E2} (t^{′′}) ∈ Ξ_2 we have t^{′′} ∈ S, by ϑ_{E1} (t^{′′}) = ϑ_{E1} (t^′) we have t^{′′} ∈ S ⇐⇒ t^′ ∈ S, and because t^′ ∈ S ⇐⇒ t ∈ S we finally get t ∈ S.

Hence, supp(S) := ⋂ { E : E is a support of S } is a support of S and by construction it is unique. ⊣ Now we are ready to prove the Proposition 7.4.5. Let m denote the cardinality of the set of atoms of V_c ;

then we have V_c |= seq^{1 1}(m) < 2^m < seq(m).

Proof. First we show V_c |= seq^{1 1}(m) < 2^m. For ȳ = ⟨y_0, . . . , y_{n−1}⟩ ∈ seq^{1 1}(A) let Φ(ȳ): { x ∈ A : M |= R_n(x, ȳ) }.

By the construction of V_c , the function Φ belongs to V_c and is a one-to-one mapping from seq^{1 1}(A) to P(A). Hence, V_c |= seq^{1 1}(m) ≤ 2^m and because (by Proposition 5.4 (2)) seq^{1 1}(m) ≠ 2^m is provable in ZF, we get V_c |= seq^{1 1}(m) < 2^m.

To see that V_c |= 2^m < seq(m), notice first that by Proposition 5.4 (3), the inequality seq(m) ≠ 2^m is provable in ZF, and therefore it is enough to find a one-to-one function from P(A) into seq(A) which lies in V_c . For each finite set E ⊆ A, let �_E be an enumeration of the set Θ_E . (The function E → �_E exists as <^M is a linear order on the finite set E.) Then by the Lemma 7.4.4 and its proof, for each finite set E ⊆ A, �_E induces a mapping from {S ⊆ A : supp(S) = E} into k, for some k ∈ N. Now fix two distinct atoms a, b ∈ A and let Ψ: P(A) −→ seq(A) S −→ ⟨e_0, . . . , e_{n−1}, a, b, . . . , b⟩

be defined as follows: E = {e_0, . . . , e_{n−1}} := supp(S) such that e_0 <^M · · · <^M e_{n−1} and the length of the sequence Ψ(S) is equal to n + 1 + l, where �_E maps S to l. The function Ψ is as desired, because it is a one-to-one function from P(A) into seq(A) which lies in V_c . ⊣

Remark. Because the relation <^M is a dense linear order on the set of atoms of V_c , with similar arguments as in the proof of the Proposition 7.2.3 one can show that V_c |= fin(m) < seq^{1 1}(m) (where m denotes the cardinality of the atoms of V_c ).

RELATIONS BETWEEN CARDINALS IN THE ABSENCE OF AC 255

§8. Cardinals related to the power-set. In this section we compare the cardinalities of some sets which are related to the power-set. First we consider the power-set itself and afterwards we give some results involving the set of partitions.

The following fact can be found also in [20] or [23, VIII 2 Ex. 9]. However, we want to give here a combinatorial proof of this fact.

Fact 8.1. If ℵ_0 ≤ 2^m, then 2^{ℵ0} ≤ 2^m.

Proof. Take an arbitrary m ∈ m. Because ℵ_0 ≤ 2^m, we find an one-to-one �-sequence ⟨p_0, p_1, . . . , p_n, . . .⟩ of P(m). Define an equivalence relation on m by

x ∼ y if and only if ∀n ∈ N (x ∈ p_n ↔ y ∈ p_n),

and let [x] := { y ∈ m : y ∼ x }. For x ∈ m let g[x] := { n ∈ N : x ∈ p_n }; then, for every x ∈ m, we have g[x] ⊆ N and g[x] = g[y] if and only if [x] = [y]. We can consider g[x] as an �-sequence of {0, 1} by stipulating g[x](n) = 0 if x ∈ p_n and g[x](n) = 1 if x /∈ p_n. Now we define an ordering on the set { g[x] : x ∈ m } as follows:

g[x] <_g g[y] if and only if ∃n ∈ N (g[x](n) < g[y](n) ∧ ∀k < n (g[x](k) = g[y](k))).

This is a total order on the set { g[x] : x ∈ m }. Let P^0_n := { g[x] : g[x](n) = 0 }; then for each n ∈ N the set P^0_n is a set of �-sequences of {0, 1}. The order relation <_g defines an ordering on each P^0_n and we must have one of the following two cases:

Case 1. For each n ∈ N, P^0_n is well-ordered by <_g .

Case 2. There exists a least n ∈ N such that P^0_n is not well-ordered by the relation <_g .

If we are in case 1, then we find a well-ordering on ⋃ n∈N P^0_n. Let the ordinal α denote its order-type; then α ≥ � (otherwise the �-sequence ⟨p_0, p_1, . . .⟩ would not be one-to-one) and therefore we can build a oneto-one �-sequence ⟨g[x_0], g[x_1], . . .⟩ of { g[x] : x ∈ m }. If we define q_i := { x ∈ m : g[x] = g[x_i ] }, then the set Q := { q_i : i ∈ N } is a set of pairwise disjoint subsets of m of cardinality ℵ_0. Therefore, the cardinality of P(Q) is 2^{ℵ0} and because for q ⊆ Q the function φ(q) := ⋃ q ⊆ m is a one-to-one function, we get 2^{ℵ0} ≤ 2^m.

If we are in case 2, let n be the least natural number such that P^0_n is not wellordered by <_g . Let S_0 := ⋃ { s ⊆ P^0_n : s has no smallest element }. Then S_0 ⊆ P^0_n has no smallest element, too. For k ∈ N we define S_{k+1} as follows. If S_k ∩ P^0_{n+k+1} = ∅, then S_{k+1} := S_k; otherwise, S_{k+1} := S_k ∩ P^0_{n+k+1}. By construction, for every k ∈ N, the set S_k is not the empty set and it is not well-ordered by <_g . Thus, for every k ∈ N there exists an l > k such that

256 LORENZ HALBEISEN AND SAHARON SHELAH

S_l is a proper subset of S_k. Now let ⟨S_{k0} , S_{k1} , . . .⟩ be such that for all i < j we have S_{ki} ∖ S_{kj} ≠ ∅ and let q_i := { x ∈ m : g[x] ∈ (S_{ki} ∖ S_{ki+1} }. Then the set Q := { q_i : i ∈ N } is again a set of pairwise disjoint subsets of m of cardinality ℵ_0 and we can proceed as above. ⊣

Fact 8.2. If ℵ_0 ≰ 2^m, then for every natural number n we have n · 2^m < (n + 1) · 2^m and if ∅ /∈ m we also have 2^{n·m} < 2^{(n+1)·m}.

Proof. We will give the proof only for the former case, since the proof of the latter case is similar. Let n be an arbitrary natural number. It is obvious that we have n · 2^m ≤ (n + 1) · 2^m. So, for an m ∈ m, let us assume that we also have a one-to-one function f from (n + 1) × P(m) into n × P(m). For k ≥ 1 let ⟨s_0, . . . , s_{k−1}⟩_k be a one-to-one k-sequence of P(m) and let U_k := { s_i : i < k }. We can order the set (n + 1) × U_k as follows: ⟨l_i , s_i ⟩ <_U ⟨l_j , s_j ⟩ if and only if either i < j or i = j and l_i < l_j . Because |(n + 1) × U_k | = (n + 1) · k and k ≥ 1, we have (n + 1) · k > n · k and hence there exists a first ⟨l_i , s_i ⟩ (with respect to <_U ), such that the second component of f(⟨l_i , s_i ⟩) does not belong to U_k. Now we define s_k := f(⟨l_i , s_i ⟩) and the (k + 1)-sequence ⟨s_0, . . . , s_k⟩_{k+1} is a one-to-one sequence of P(m). Repeating this construction, we finally get an one-to-one �-sequence of P(m). But this is a contradiction to ℵ_0 ≰ 2^m. So, our assumption was wrong and we must have n · 2^m < (n + 1) · 2^m. ⊣

Because it is consistent with ZF that there exists an infinite cardinal number m such that ℵ_0 ≰ 2^m (see Lemma 7.1.2), it is also consistent with ZF that there exists an infinite cardinal m such that 2^m < 2^m + 2^m. Concerning 2^{2m} , Hans Läuchli proved in ZF that for every infinite cardinal number m we have 2^{2m} + 2^{2m} = 2^{2m} (see [17]). In particular, he got this result as a corollary of the following: It is provable in ZF that for any infinite cardinal m we have ( 2^{fin(m)}

)_{ℵ0}

= 2^{fin(m)} (cf. [17]). Now, because 2^m = fin(m) + q (for some q), we have 2^{2m} = 2^{fin(m)+q} = 2^{fin(m)} · 2^q, and therefore, 2^{2m} = ( 2^{fin(m)}

)_{ℵ0} · 2^q ≥ 2^{fin(m)} ·2^{fin(m)} ·2^q ≥ 2·2^{fin(m)+q} = 2^{2m} +2^{2m} , and the equation 2^{2m} +2^{2m} = 2^{2m} follows by the Cantor-Bernstein Theorem.

Now we give some results concerning the set of partitions of a given set. A set p ⊆ P(m) is a partition of m if p is a set of pairwise disjoint, non-empty sets such that ⋃ p = m. We denote the set of all partitions of a set m by part(m) and the cardinality of part(m) by part(m). Because each partition of m is a subset of the power set of m, we obviously have part(m) ≤ 2^{2m} . It is also easy to see that if m has more than 4 elements, then 2^m ≤ part(m). If we assume the axiom of choice, then for every infinite set m we have 2^m = part(m) (cf. [23, XVII.4 Ex. 3]). But it is consistent with ZF that there exists an infinite set m such that 2^m < part(m). Moreover we have the following

Proposition 8.3. If m ≥ 5 and ℵ_0 ≰ 2^m, then 2^m < part(m).

RELATIONS BETWEEN CARDINALS IN THE ABSENCE OF AC 257

Proof. For a finite m ≥ 5, it is easy to compute that 2^m < part(m). So, let us assume that m is infinite and take m ∈ m. Because m has more than 4 elements we have P(m) ≼ part(m). Now let us further assume that there exists a one-to-one function f from part(m) into P(m). First we choose 4 distinct elements a_0, a_1, a_2, a_3 from m. Let c_i := {a_i } (for i < 4) and c_4 := m ∖ ⋃ { c_i : i < 4 }; then P_5 := { c_i : i ≤ 4 } is a partition of m with |P_5| = 5.

Let S_h = ⟨X_0, . . . , X_{h−1}⟩_h be a one-to-one sequence of P(m) of length h. With respect to the sequence S_h we define an equivalence relation on m as follows. x ∼ y if and only if for all i < h: x ∈ X_i ⇐⇒ y ∈ X_i . For x ∈ m let [x] := { y ∈ m : y ∼ x } and let �_x : h → {0, 1} be such that �_x (i) = 0 if and only if x ∈ X_i . Notice that we have �_x = �_y if and only if x ∼ y. We define an ordering on the set of equivalence classes by stipulating [x] <_� [y] if there exists an i < h such that �_x(i) < �_y (i) and for all j < i we have �_x (j) = �_y (j). Further, for k = |{ [x] : x ∈ m }|, let P_k = C(S_h ) := { [x] : x ∈ m }; then P_k is a partition of m with |P_k| = k.

Let us assume that, for some k ≥ 5, we already have constructed a partition P_k = {c_0, . . . , c_{k−1}} ∈ part(m) with |P_k| = k, where P_k = C(S_h ) and S_h = ⟨X_0, . . . , X_{h−1}⟩_h ∈ seq^{1 1}(P(m)) (for some h). Every partition of k induces naturally a partition of m, and thus we get a one-to-one mapping � from part(k) into part(m). Since k is a natural number, part(k) can be ordered canonically, and because k ≥ 5, we have | part(k)| > |P(k)|. Hence, we find a first partition q of k (first in the sense of the ordering on part(k)) such that the set f(�(q)) is not the union of elements of P_k. We define X_h := f(�(q)), S_{h+1} := ⟨X_0, . . . , X_h ⟩_{h+1} and P_k′ := C(S_{h+1}), where k^′ = |C(S_{h+1})|. Repeating this construction, we finally get a one-to-one �-sequence of P(m). But this is a contradiction to ℵ_0 ≰ 2^m and therefore we have part(m) ⋠ P(m) and by P(m) ≼ part(m) we get 2^m < part(m). ⊣ One can consider a partition of a set m also as a subset of [m]^2. To see this, let f : part(m) → P([m]^2) be such that for p ∈ part(m) we have {i, j} ∈ f(p) if and only if ∃b ∈ p ({i, j} ⊆ b). Therefore, for any cardinal m we have part(m) ≤ 2^{[m]2} and as a consequence we get

Fact 8.4. If m ≥ 4 and ℵ_0 ≰ 2^m, then 2^m < 2^{[m]2} .

Proof. This follows from the Fact 8.3 and the fact that part(m) ≤ 2^{[m]2} . ⊣ Let CH(m) be the following statement: If n is a cardinal number such that m ≤ n ≤ 2^m, then n = m or n = 2^m. Specker showed in [24] that if CH(m) holds for every infinite cardinal m, then we have the axiom of choice.

Concerning the set of partitions we get the following easy Fact 8.5. If m is infinite and CH(m) holds, then part(m) = 2^m. Proof. Note that m ≤ [m]^2 ≤ fin(m) < 2^m and therefore, by CH(m), we must have m = [m]^2, and by 2^m ≤ part(m) ≤ 2^{[m]2} we get part(m) = 2^m. ⊣

258 LORENZ HALBEISEN AND SAHARON SHELAH

The assumption in Fact 8.5 is of course very strong. For example it is also consistent with ZF that there exists an infinite set m such that [m]^2 > m; e.g., let m be the set of atoms in the basic Fraenkel model or in the model V_p). Moreover, in the second Cohen model constructed in [13, 5.4]—which is a symmetric model—there exists a set m such that ℵ_0 ≤ [m]^2, ℵ_0 ≰ m and ℵ_0 ≤^∗ m.

One cannot expect that the cardinality of a partition p ∈ part(m) is very large: If p is a partition of m and p its cardinality, then p ≤^∗ m and (by Fact 5.1) we get 2^p ≤ 2^m, which implies p < 2^m. On the other hand, for p ∈ part(m) we can have p > m. To see this, take any two cardinal numbers n and m such that n < m and m ≤^∗ n (examples for such cardinals can be found, e.g., in [7]). Now take m ∈ m and n ∈ n, then by the definition of ≤^∗ there exists a function f from n onto m and the set p := { { x ∈ n : f(x) = y } : y ∈ m } is a partition of n of cardinality m.

Moreover, this can also happen even if we partition the real line:

Fact 8.6. It is consistent with ZF that the real line can be partitioned into a family p, such that p > 2^{ℵ0} , where 2^{ℵ0} is the cardinality of the set of the real numbers.

Proof. Specker showed in [25, II 3.32] that if the real numbers are the countable union of countable sets, then ℵ_1 and 2^{ℵ0} are incomparable. Furthermore, Henri Lebesgue gave in [19] a proof that ℵ_1 ≤^∗ 2^{ℵ0} (see also [23, XV 2]). Therefore we can decompose effectively the interval (0, 1) into ℵ_1 disjoint non-empty sets and obtain a decomposition of the real line into ℵ_1 + 2^{ℵ0} disjoint non-empty sets. If ℵ_1 ≰ 2^{ℵ0} , then 2^{ℵ0} < ℵ_1 + 2^{ℵ0} . Hence, in the model of Solomon Feferman and Azriel Levy (cf. [4])—in which the real numbers are the countable union of countable sets—we find a decomposition of the real line into more than 2^{ℵ0} disjoint non-empty sets (see also [23, p. 372]). ⊣

§9. Summary. First we summarize the results we got in the sections 5 and 7 by listing all the possible relationships between the cardinal numbers m, fin(m), seq^{1 1}(m), seq(m) and 2^m, where the cardinal number m is infinite, in Table 1.

One has to read Table 1 from the left to the right and upwards. The number over a relation refers to the section where the relation was mentioned.

For any infinite cardinal number m, if seq^{1 1}(m), seq(m) and 2^m are all comparable, the only relations between these three cardinals which are consistent with ZF are the following:

(i) seq^{1 1}(m) = seq(m) < 2^m (this is true for m = ℵ_0) (ii) seq^{1 1}(m) < seq(m) < 2^m (see section 7.4) (iii) seq^{1 1}(m) < 2^m < seq(m) (see section 7.4) (iv) 2^m < seq^{1 1}(m) < seq(m) (see section 7.2).

RELATIONS BETWEEN CARDINALS IN THE ABSENCE OF AC 259

m fin(m) seq^{1 1}(m) seq(m) 2^m

m =^5=^{7.2}<^5=^{7.2}<^5=^{7.2}<^5<

fin(m) =^{7.3}>^5=^{7.2}<^{7.1}‖^{7.3}>^5=^{7.2}<^{7.1}‖^5<

seq^{1 1}(m) =^5=^{7.2}<^{7.2}>^5≠^5<^{7.1}‖

seq(m) =^{7.2}>^5≠^5<^{7.1}‖

2^m =

Table 1

To see this, remember that by Proposition 5.4 (2) and (3), the inequalities seq^{1 1}(m) ≠ 2^m and seq(m) ≠ 2^m are both provable in ZF, and further notice that seq^{1 1}(m) = seq(m) implies ℵ_0 ≤ m which implies 2^m ≰ seq^{1 1}(m) (cf. [7, Lemma]). So, in ZF it is provable that there exists no cardinal m such that 2^m ≤ seq^{1 1}(m) = seq(m).

Some other relationships which are provable without the axiom of choice are the following.

1. m^2 > ℵ_0 → m > ℵ_0 (see [23, VIII 2 Ex. 5]).

2. 2^m < 2^{ℵ0} → m < ℵ_0 (this means that m is finite) (see [23, VIII 2 Ex.

3]).

3. (m ≮ ℵ_0 ∧ m ≤ 2^{ℵ0} ) → 2^{ℵ0} ≤ 2^m (see [23, VIII 2 Ex. 2]). 4. ℵ_0 ≤ 2^m → 2^{ℵ0} ≤ 2^m (see [23, VIII 2 Ex. 9] or Fact 8.1). 5. ℵ_0 ≤ 2^m → 2^m ≰ fin(m)^n (where n ∈ N) (see [7, p. 36]). 6. ℵ_0 ≤ 2^m → 2^m ≰ fin^n(m) (the proof is similar to the proof of the previous fact 9).

7. n × fin(m) = 2^m → n = 2^k (where n, k ∈ N) (see [7, p. 36]). 8. ℵ_0 ≤ 2^m → 2^m ≰ seq^{1 1}(m) (see [7, Lemma]).

9. ℵ_0 ≤ m → 2^m ≰ seq(m) (the proof is similar to the proof of the Lemma of [7]).

10. 2^{2m} ≠ 2^{ℵ0} (see [23, VIII 2 Ex. 7]). 11. ( 2^{fin(m)}

)_{ℵ0}

= 2^{fin(m)} (see [17]).

12. For every n ∈ N we have ℵ_0 ≰ 2^m → n · 2^m < (n + 1) · 2^m (see section 8). 13. 2^{2m} + 2^{2m} = 2^{2m} (see [17] or section 8).

260 LORENZ HALBEISEN AND SAHARON SHELAH

For each of the following statements we find a permutation model in which there exists an infinite set m witnessing the corresponding result, and therefore, by the Jech-Sochor Embedding Theorem, the following statements are consistent with ZF.

14. n × fin(m) = 2^m (for any n ∈ N of the form n = 2^{k+1}) (see [7]). 15. ℵ_0 ≤ 2^{2m} = 2^{fin(m)} (see [7, Theorem 1]). 16. m^2 < [m]^2 (see section 7.3).

17. fin(m) < seq^{1 1}(m) < 2^m < seq(m) (see section 7.4). 18. seq^{1 1}(m) < seq(m) < fin(m) < 2^m (see section 7.4).

REFERENCES

[1] Heinz Bachmann, Transfinite Zahlen, Springer-Verlag, Berlin, Heidelberg, New York, 1967.

[2] Georg Cantor, Über eine elementare Frage der Mannigfaltigkeitslehre, Jahresbericht der Deutschen Mathematiker-Vereinigung, vol. 1 (1891), pp. 75–78.

[3] Paul J. Cohen, Set theory and the continuum hypothesis, Benjamin, New York, 1966. [4] Solomon Feferman and Azriel Lévy, Independence results in set theory by Cohen’s method II, Notices of the American Mathematical Society, vol. 10 (1963), p. 593.

[5] Kurt Gödel, The consistency of the axiom of choice and of the generalized continuumhypothesis, Proceedings of the National Academy of Sciences (U.S.A.), vol. 24 (1938), pp. 556– 557.

[6] Martin Goldstern, Strongly amorphous sets and dual Dedekind infinity, Mathematical Logic Quarterly, vol. 43 (1997), pp. 39–44.

[7] Lorenz Halbeisen and Saharon Shelah, Consequences of arithmetic for set theory, The Journal of Symbolic Logic, vol. 59 (1994), pp. 30–40.

[8] Friedrich Hartogs, Über das Problem der Wohlordnung, Mathematische Annalen, vol. 76 (1915), pp. 438–443.

[9] Felix Hausdorff, Bemerkung über den Inhalt von Punktmengen, Math. Ann., vol. 75 (1914), pp. 428–433.

[10] , Grundzüge der Mengenlehre, de Gruyter, Leipzig, 1914 (reprint: Chelsea, New York, 1965).

[11] Wilfried Hodges, Model theory, Cambridge University Press, Cambridge, 1993. [12] Paul Howard and Jean E. Rubin, Consequences of the axiom of choice, Mathematical Surveys and Monographs, vol. 59, American Mathematical Society, 1998.

[13] Thomas Jech, The axiom of choice, North-Holland, Amsterdam, 1973. [14] , Set theory, Pure and Applied Mathematics, Academic Press, London, 1978. [15] Thomas Jech and Antonín Sochor, Applications of the �-model, Bulletin de l’Académie Polonaise des Sciences, Série des Sciences Mathématiques, Astronomiques et Physiques, vol. 14 (1966), pp. 351–355.

[16] Kenneth Kunen, Set theory, an introduction to independence proofs, Studies in Logic and the Foundations of Mathematics, North Holland, Amsterdam, 1983.

[17] Hans Läuchli, Ein Beitrag zur Kardinalzahlarithmetik ohne Auswahlaxiom, Zeitschrift für mathematische Logik und Grundlagen der Mathematik, vol. 7 (1961), pp. 141–145.

[18] , Auswahlaxiom in der Algebra, Commentarii Mathematici Helvetici, vol. 37 (1962), pp. 1–18.

[19] Henri Lebesgue, Sur les fonctions représentables analytiquement, Journal de Mathématiques Pures et Appliquées (6ème série), vol. 1 (1905), pp. 139–216.

RELATIONS BETWEEN CARDINALS IN THE ABSENCE OF AC 261

[20] Adolf Lindenbaum and Alfred Tarski, Communication sur les recherches de la théorie des ensembles, Comptes Rendus des Séances de la Société des Sciences et des Lettres de Varsovie, Classe III, vol. 19 (1926), pp. 299–330.

[21] Gregory H. Moore, Zermelo’s axiom of choice, Springer-Verlag, Berlin · New York, 1982.

[22] Frank P. Ramsey, On a problem of formal logic, Proceedings of the London Mathematical Society, Ser. II, vol. 30 (1929), pp. 264–286.

[23] Wacław Sierpiński, Cardinal and ordinal numbers, Państwowe Wydawnictwo Naukowe, Warszawa, 1958.

[24] Ernst Specker, Verallgemeinerte Kontinuumshypothese und Auswahlaxiom, Archiv der Mathematik, vol. 5 (1954), pp. 332–337.

[25] , Zur Axiomatik der Mengenlehre (Fundierungs- und Auswahlaxiom), Zeitschrift für mathematische Logik und Grundlagen der Mathematik, vol. 3 (1957), pp. 173–210.

[26] Ladislav Spišiak and Peter Vojtáš, Dependences between definitions of finiteness, Czechoslovak Mathematical Journal, vol. 38 (113) (1988), pp. 389–397.

[27] Alfred Tarski, Sur quelques théorèmes qui équivalent à l’axiome du choix, Fundamenta Mathematicae, vol. 5 (1924), pp. 147–154.

DEPARTMENT OF PURE MATHEMATICS QUEEN’S UNIVERSITY BELFAST

BELFAST BT7 1NN, NORTHERN IRELAND and DEPARTMENT OF MATHEMATICS UNIVERSITY OF CALIFORNIA AT BERKELEY BERKELEY, CALIFORNIA 94720, USA E-mail: halbeis@math.berkeley.edu

INSTITUTE OF MATHEMATICS

THE HEBREW UNIVERSITY JERUSALEM JERUSALEM 91904, ISRAEL E-mail: shelah@math.huji.ac.il