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Abstract. These notes are loosely written to accompany a couple of talks at the
UCLA participating analysis seminar. We will address the problem of proving global
well-posedness of 2D cubic NLS below the energy norm H1 as a prototype of the more
general problem in the title. Despite the fact that there is more than one strategy to
get global well-posedness below the energy norm, we will-due to time restrictions- only
restrict our attention to the first of which, namely the so-called “Fourier Truncation”
Argument of Bourgain.

1. Introduction and Setting up the problem

The general idea behind the argument is rather simple. We are dealing with a problem
that is supercritical w.r.t. to energy norm H11, the critical regularity is sc = 0. We are
also trying to prove global well-posedness at a regularity s that is also supercritical w.r.t.
energy, i.e. s < 1. As a result of this the energy of the solution is usually infinite and
hence one cannot exploit the Hamiltonian conservation directly to get results (Energy
conservation is enough to give GWP for H1 data). However, if we truncate the initial
data in frequency at N , then the low frequency component is in H1 and hence we can
flow it by our equation globally. Bourgain observed that if we flow the low frequency
component non-linearly and flowed the high frequency component via the unitary linear
flow, then the difference between their sum and the real solution is in H1 and we can
obtain polynomial bounds on the H1 norm of this difference.

To be concrete let us consider the cubic NLS on R2:

i∂tu(t, x) + ∆u(t, x) =|u(t, x)|2u(t, x), (t, x) ∈ R× R2 (1.1)

u(0, x) =φ ∈ Hs (1.2)

The equation is locally well-posed for s > 0 in a subcritical manner, i.e. the time of
existence guaranteed by the local theory depends only on the Hs norm of the initial
data rather than its profile 2

The equation enjoys the following conservation laws:

1The reference norm need not be H1, in fact [CS] use the mass conservation to get GWP results for
KdV equation for negative Sobolev exponents, whose local well-posedness was proved for s > −3/4 by
Kenig, Ponce, and Vega [KPV] in the non-periodic case and s > −1/2 in the periodic case

2The equation is locally wellposed in L2, however the local wellposedness result we have depends on
the profile of the initial data in addition to its size in L2.
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• Conservation of mass

M [u](t) :=

∫
Rd
|u(t, x)|2dx = M [u](0) (1.3)

• Conservation of momentum

−→p [u](t) = =
∫

R2

∇u(t, x) ¯u(t, x)dx = −→p [u](0) (1.4)

• Conservation of the Hamiltonian

E[u](t) :=

∫
Rd
|∇u(t, x)|2 +

1

p
|u(t, x)|pdx = E[u](0) (1.5)

These are easily checked formally and can be justified for more general strong solution
by usual limiting arguments (see [T]).

The conservation of the Hamiltonian above gives instantly global well-posedness in H1.
Standard persistence of regularity arguments give global wellposedness in Hs for all
s > 1.

Bourgain’s Fourier Truncation argument which we present below was the first GWP
result in Hs for 0 < s < 1. One should note that global well-posedness for s = 0 is still
open (in fact it would imply GWP for all s > 0) and is widely regarded as a relatively
difficult problem3.

As mentioned above, the rough idea is to write φ = φN + φN where φN = P6Nφ and
φN = φ−φN = P>NφN where P6N denotes the “usual” Littlewood-Paley projection on
frequencies |ξ| . N and N is to be chosen later depending of the time of existence T
which is fixed but arbitrary. We will flow φN using the nonlinear equation (1.1) to get
u0(t) which is exists globally since φN ∈ H1 and flow φN using the linear equation:

i∂tu+ ∆u = 0 (1.6)

to get eit∆φN which is in Hs and ||eit∆φ||Hs = ||φN ||Hs . While the sum of those two
solutions is far from being a solution to (1.1), the difference between the real solution
u and the sum of these two solutions u0(t) + eit∆φN can be shown to be smoother, in
fact in H1, which means that ||u(t)||Hs cannot blowup on [0, T ]. Since T was arbitrary,
we get global wellposedness in Hs. This shows among other things that the power-type
nonlinearity has some sort of a smoothing effect and that the only part of the solution
that is in Hs rather than H1 is the linear flow of high frequency components.

While this rough idea works directly for some equations like the string equation [B], the
argument for the 2D cubic NLS is more involved.

The theorem we will prove is the following:

3Conservation of mass does not directly give GWP as with the Hamiltonian because the local well-
posedness at s = 0 is critical, i.e. depends on the profile of the data rather than solely on its L2

norm.
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Theorem 1.1. [B1] The equation (1.1),(1.2) for s > 2/3 is globally wellposed and
satisfies u(t)− eit∆φ ∈ H1. In fact,

||u(t)− eit∆φ||H1(R2) . (1 + |t|)
1−s+
3s−2 (1.7)

Technical refinements which we won’t present here (see [B1]) allow one to weaken the
assumption s > 2/3 to s > 3/5.

One should mention that after Bourgain results, Colliander, Keel, Staffilani, Takaoka,
and Tao [CKSTT] were able to push the exponent down to s > 4/7 using the so-called
“I-method”. Several attempts succeeded at pushing the exponent closer to s = 0 using
improvements on the I-method. I think that the record now is due to Dodson [D] at
s > 1/4.

2. The Argument

Fix a time T > 0. φ = φN + φN as above where N is to be chosen later depending on
T . We will first flow φN using the nonlinear equation (1.1). Indeed, if we denote this
flow by u0, then:

i∂tu0(t, x) + ∆u0(t, x) = |u0(t, x)|2u0(t, x) (2.1)

u0(0, x) = φN =: φ0 (2.2)

Since ||φN ||H1 . N1−s||φN ||Hs . N1−s, u0(t, x) exists globally and satisfies thanks to
the conservation of mass and energy ||u0(t)||L2 . 1 and ||u0(t)||H1 . N1−s.

Now we will restrict our attention to an interval I = [0, δ] such that ||u0||L4
t,x(I) = o(1).

In fact, since ||u0(t)||4 . ||u(t)||1/22 ||u(t)||1/2H1 . N
1−s
2 we just need to take δ � N−2(1−s)

say δ ∼ N−2(1−s)−. This actually implies that u(t) ∈ C0
tH

s([0, δ]×R2), since δ � ||φ||−2
Hs .

For t ∈ I, write u(t) = u0(t) + v(t). Then v(t) satisfies the difference equation given by:

i∂tv + ∆v = 2|u0|2v + u2
0v + u0v

2 + 2u0|v|2 + |v|2v (2.3)

v(t) = φN (2.4)

By Duhamel’s formula we have:

v(t) = eit∆φN + w (2.5)

where:
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w(t) = i

∫ t

0

ei(t−s)∆
(
2|u0|2v + u2

0v + u0v
2 + 2u0|v|2 + |v|2v

)
(2.6)

and hence:
u(t) = u0(t) + eit∆φN + w(t) (2.7)

Thus we have written u as the sum of the nonlinear flow of φN , the linear flow of φN ,
plus an error w(t). As mentioned in our description of the strategy, we will show that
this error is actually smooth, in fact in H1. This will allow us to define for t1 = δ:

φ1 = u0(t1) + w(t1) (2.8)

and repeat the above replacing φ0 = φN with φ1 and ψ0 = φN with ψ1 = eit1∆ψ0.
However, in order to be able to do that we need to make sure that φ1 satisfies the same
type of estimates that φ0 did. This will be the case if we are able to prove the following:

Proposition 2.1. w satisfies the following for all t ∈ I:

(i) w(t) ∈ H1

(ii) ||w(t)||L2 . N−s

(iii) ||w(t)||H1 . N1−2s+

Notice that this proposition can be interpreted by saying that (1.1) acts on the high
frequency components almost linearly which is a manifestation of the smoothing effect
of the nonlinearity.

In fact, with this proposition we are guaranteed that we can run the second iteration
for a time interval of length δ since ||φ1||2 . 1 and ||φ1||H1 . N1−s. Actually, we will
be iterate the process as long as we can guarantee this. After, ∼ T/δ iterations, the
L2 norm of the φi increases by ∼ T

δ
N−s . TN2(1−s)+N−s = TN2−3s+ whereas the H1

norm increases by an amount TN2(1−s)+N1−2s+ = TN3−4s+ which is still � N1−s as

long as s > 2/3 and N is taken to be equal to N ∼ T
1

3s−2− . One can also calculate the
increase in the Hamiltonian at each step of the iteration:

H(φ1)−H(φ0) =H(u0(t1) + w(t1))−H(u0(t1))

.(||u0(t1)||H1 + ||w(t1)||H1)||w(t1)||H1 + ||(|u0(t1)|3 + |w(t1)|3)w(t1)||L1

.N1−sN1−2s+ + (||u0(t1)||3L4||w(t1)||L4 + ||w(t1)||3L4||w(t1)||L4)

.N2−3s+ +N
3(1−s)

2
||w(t1)||1/2

L2 ||w(t1)||1/2
H1

.N2−3s+ +N
3(1−s)

2 N−s/2N
1−2s+

2 . N2−3s+

As a result of this calculation, we get that after ∼ T/δ = TN2(1−s)+ iterations, the
Hamiltonian has become possibly as large as TN2(1−s)+N2−3s+ = TN4−5s+ which is still
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. N2(1−s) (which is the condition that guarantees the repetition of the process) as long

as TN2−3s+ � 1 which means that we can take N ∼ T
1

3s−2− . Finally, as a result of this

||u(t)− eit∆φ||1H(R2) . T
1−s

3s−2− which completes the proof of the theorem.

3. Proof of Proposition 2.1

In this section we will prove proposition 2.1. The key estimate will be Proposition 3.1
below which is a key to proving the smoothing effect of the nonlinearities appearing in
(2.6).

We start by proving the second part of the proposition which is the easiest. By Strichartz
estimates, we have:

||w||L∞t L2
x(I×R2) . ||

(
2|u0|2v + u2

0v + u0v
2 + 2u0|v|2 + |v|2v

)
||
L

4/3
t,x

. ||u0||2L4
t,x
||v||L4

t,x
+ ||u0||L4

t,x
||v||2L4

t,x
+ ||v||3L4

t,x

Also by Strichartz, we have:

||v||L4
t,x

. ||φN ||L2 + ||u0||2L4
t,x
||v||L4

t,x
+ ||u0||L4

t,x
||v||2L4

t,x
+ ||v||3L4

t,x

since ||φN ||L2 . N−s and ||u0||L4
t,x

= o(1), we get that ||v||L4
t,x

. N−s, which gives when

substituting in the ||w||L∞t L2
x

inequality that ||w||L∞t L2
x

6 N−s.

In order to prove the rest of the proposition, we will need to use Xs,b norms. We define
Xs,b as the closure of Schwartz functions under the norm:

||u||Xs,b =

(∫
R

∫
R2

〈ξ〉2s〈τ + |ξ|2〉2b|u(τ, ξ)|2dτdξ
)1/2

(3.1)

Most often Xs,b is used as a restriction norm to a time interval of finite length, i.e. we
define ||u||Xs,b

I
= inf ||ψ||Xs,b where the infimum is taken over all ψ that agree with u

on I.

The solution u0 of (2.1) satisfies:

||u0||X0,1/2+
I

. 1 and ||u0||X1,1/2+
I

. ||φ0||H1 . N1−s (3.2)

which gives by interpolation:

||u0||X1/2+,1/2+ . N (1−s)/2+ (3.3)
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Similarly, one can show using standard arguments:

||v||X0,1/2+ . N−s and ||v||Xs,1/2+ . 1 (3.4)

The key point in being able to prove that w ∈ H1 and the more general theme that
power-type nonlinearity is somehow smoothing is the following refinement of Strichartz
estimate:

Proposition 3.1. Let ψ1, ψ2 ∈ L2(R2) and suppose that their Fourier transforms are
supported on |ξ| ∼ N1 and |ξ| ∼ N2 for some dyadic integers N1 6 N2. Then

||eit∆ψ1e
it∆ψ2||L2(R×R2) .

N1

N2

||ψ1||L2(R2)||ψ2||L2(R2) (3.5)

Note that old Strichartz does not give the factor of N1

N2
. An immediate corollary of this

proposition is the following:

Corollary 3.2. (i) For 0 6 s < 1/2:

||Ds
x

(
eit∆ψ1e

it∆ψ2

)
||L2(R×R2) . ||ψ1||sH ||ψ2||2L (3.6)

(ii) For 1/2 6 s:

||Ds
x

(
eit∆ψ1e

it∆ψ2

)
||L2(R×R2) . ||ψ1||sH ||ψ2||2L + ||ψ1||1/2+

H ||ψ2||s−1/2
H (3.7)

(iii)

||D1/2−
x u1u2||2L(I) . ||u1||1/2,1/2+

X ||u2||X0,1/2− (3.8)

(iv)

||D1/2+
x u1u2||2L(I) . ||u1||1/2+,1/2+

X ||u2||X0+,1/2+ (3.9)

The proof of this corollary is done by decomposing into Littlewood-Paley pieces and
using Cauchy-Schwartz quite often. In order to prove the third part on need to use the
estimate ||u||L4

tL
2
x

. ||u||X0,1/4 which results from Hausdorff-Young.

With these estimates at hand we are ready to complete the proof of proposition 2.1.

sup
06t6δ

||w||H1 . ||w||
X

1,1/2+
δ

. ||
(
2|u0|2v + u2

0v + u0v
2 + 2u0|v|2 + |v|2v

)
||X1,−1/2+

= sup
||W ||

X0,1/2−

〈Dx

(
2|u0|2v + u2

0v + u0v
2 + 2u0|v|2 + |v|2v

)
,W 〉

It turns out that the hardest terms to bound are the ones that are linear in v. Others
are bounded similarly making use of the fact that their smallness.

〈Dx(|u0|2v),W 〉 = 〈Dxu0v, u0W 〉+ 〈Dx(u0v), u0W 〉
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The first term above is bounded easily as follows:

|〈Dxu0v, u0W 〉| 6 ||Dxu0||L4 ||v||L4 ||u0||L4+||W ||L4− . ||u0||X1,1/2+||v||X0,1/2+||u0||X0+,1/2+||W ||X0,1/2−

where in the last inequality we have used Strichartz estimates and Sobolev embedding to
get that ||u0||L4+ . ||u0||L4+

t W 0+,q
x

6 ||u0||X0+,1/2+ where q = 4− is chosen so that (4+, q)

is Schrodinger admissible. As for the bound on W , we just interpolated Strichartz
estimates with the trivial X0,0 = L2 equality. Hence, we get:

|〈Dxu0v, u0W 〉| . N1−sN−sN0+ = N1−2s+

For the second term, we have:

〈Dx(u0v), u0W 〉 = 〈D1/2+
x (u0v), D1/2−

x u0W 〉
. ||u0||X1/2+,1/2+||v||X0+,1/2+ ||u0||X1/2,1/2+ 6 N1−2s+

where we have used Corollary 3.2 and interpolated the two estimates of (3.4). The
bounds on the other terms are done similarly.
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