MASS CRITICAL NLS BELOW ENERGY NORM

ZAHER HANI

ABSTRACT. These notes are loosely written to accompany a couple of talks at the
UCLA participating analysis seminar. We will address the problem of proving global
well-posedness of 2D cubic NLS below the energy norm H'! as a prototype of the more
general problem in the title. Despite the fact that there is more than one strategy to
get global well-posedness below the energy norm, we will-due to time restrictions- only
restrict our attention to the first of which, namely the so-called “Fourier Truncation”
Argument of Bourgain.

1. INTRODUCTION AND SETTING UP THE PROBLEM

The general idea behind the argument is rather simple. We are dealing with a problem
that is supercritical w.r.t. to energy norm H'', the critical regularity is s, = 0. We are
also trying to prove global well-posedness at a regularity s that is also supercritical w.r.t.
energy, i.e. s < 1. As a result of this the energy of the solution is usually infinite and
hence one cannot exploit the Hamiltonian conservation directly to get results (Energy
conservation is enough to give GWP for H' data). However, if we truncate the initial
data in frequency at N, then the low frequency component is in H! and hence we can
flow it by our equation globally. Bourgain observed that if we flow the low frequency
component non-linearly and flowed the high frequency component via the unitary linear
flow, then the difference between their sum and the real solution is in H' and we can
obtain polynomial bounds on the H! norm of this difference.

To be concrete let us consider the cubic NLS on R?:

i0u(t, r) + Au(t, z) =|u(t, z)*u(t, z), (t,r) € R x R? (1.1)
u(0,2) =¢ € H® (1.2)

The equation is locally well-posed for s > 0 in a subcritical manner, i.e. the time of
existence guaranteed by the local theory depends only on the H*® norm of the initial
data rather than its profile 2

The equation enjoys the following conservation laws:

IThe reference norm need not be H', in fact [CS] use the mass conservation to get GWP results for
KdV equation for negative Sobolev exponents, whose local well-posedness was proved for s > —3/4 by
Kenig, Ponce, and Vega [KPV] in the non-periodic case and s > —1/2 in the periodic case

>The equation is locally wellposed in L?, however the local wellposedness result we have depends on
the profile of the initial data in addition to its size in L2.
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e Conservation of mass

Mlu|(t) = /Rd lu(t, z)|*dx = MTu)(0) (1.3)
e Conservation of momentum
Pht) =9 . Vu(t, z)u(t, z)dx = P [u](0) (1.4)

e Conservation of the Hamiltonian

Elu)(t) = /]Rd |Vu(t,z)|* + %]u(t,xﬂpdx = E[ul(0) (1.5)

These are easily checked formally and can be justified for more general strong solution
by usual limiting arguments (see [T]).

The conservation of the Hamiltonian above gives instantly global well-posedness in H*.
Standard persistence of regularity arguments give global wellposedness in H* for all
s> 1.

Bourgain’s Fourier Truncation argument which we present below was the first GWP
result in H® for 0 < s < 1. One should note that global well-posedness for s = 0 is still
open (in fact it would imply GWP for all s > 0) and is widely regarded as a relatively
difficult problem?.

As mentioned above, the rough idea is to write ¢ = ¢y + ¢ where ¢ = Pcy¢ and

N =¢— ¢y = Ponyon where Pcy denotes the “usual” Littlewood-Paley projection on
frequencies |£| < N and N is to be chosen later depending of the time of existence T
which is fixed but arbitrary. We will flow ¢, using the nonlinear equation (1.1) to get

ug(t) which is exists globally since ¢y € H' and flow ¢" using the linear equation:

i+ Au =0 (1.6)

to get @Y which is in H* and ||e*?¢||gs = ||¢™||zzs. While the sum of those two
solutions is far from being a solution to (1.1), the difference between the real solution
u and the sum of these two solutions wug(t) + e**¢" can be shown to be smoother, in
fact in H', which means that ||u(#)||zs cannot blowup on [0, T]. Since T was arbitrary,
we get global wellposedness in H®. This shows among other things that the power-type
nonlinearity has some sort of a smoothing effect and that the only part of the solution
that is in H* rather than H' is the linear flow of high frequency components.

While this rough idea works directly for some equations like the string equation [B], the
argument for the 2D cubic NLS is more involved.

The theorem we will prove is the following:

3Conservation of mass does not directly give GWP as with the Hamiltonian because the local well-
posedness at s = 0 is critical, i.e. depends on the profile of the data rather than solely on its L2
norm.
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Theorem 1.1. [B1] The equation (1.1),(1.2) for s > 2/3 is globally wellposed and
satisfies u(t) — e¢ € HL. In fact,

[lu(t) = €*2llmge) < (1+[t]) == (1.7)

Technical refinements which we won’t present here (see [B1]) allow one to weaken the
assumption s > 2/3 to s > 3/5.

One should mention that after Bourgain results, Colliander, Keel, Staffilani, Takaoka,
and Tao [CKSTT] were able to push the exponent down to s > 4/7 using the so-called
“I-method”. Several attempts succeeded at pushing the exponent closer to s = 0 using
improvements on the I-method. I think that the record now is due to Dodson [D] at
s> 1/4.

2. THE ARGUMENT

Fix a time T > 0. ¢ = ¢n + ¢ as above where N is to be chosen later depending on
T. We will first flow ¢ using the nonlinear equation (1.1). Indeed, if we denote this
flow by wug, then:

i0puo(t, ) + Aug(t,z) = |uo(t, z)|Puo(t, ) (2.1)
up(0, ) = ON =: ¢

Since ||on||m < NY78||on|las < N5 ug(t, z) exists globally and satisfies thanks to

~Y

the conservation of mass and energy ||ug(t)||z: <1 and |Jug(t)||g S N

Now we will restrict our attention to an interval I = [0, 6] such that ||uo|[.s (1) = o(1).
In fact, since |[uo(t)|ls < |Ju(®)||5?[Ju()||4i < N'2" we just need to take § < N~

say § ~ N~2=5)= This actually implies that u(t) € C?H*([0, 6] x R?), since § < ||8|| .

For t € I, write u(t) = uo(t) + v(t). Then v(t) satisfies the difference equation given by:

10w + Av = 2ug|*v + udv + ugv? + 2up|v|? + |v|?v (2.3)
olt) = o (2.4)

By Duhamel’s formula we have:

v(t) = "N +w (2.5)

where:
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t
w(t) = z/ e =8 (2]uo[*v + udv + TWgv® + 2ug|v]? + |v]*v) (2.6)
0

and hence:
u(t) = ug(t) + ™Y + w(t) (2.7)

Thus we have written u as the sum of the nonlinear flow of ¢y, the linear flow of ¢,
plus an error w(t). As mentioned in our description of the strategy, we will show that
this error is actually smooth, in fact in H*'. This will allow us to define for t; = §:

gf)l = Uo(tl) + w(tl) (28)

and repeat the above replacing ¢y = ¢y with ¢, and 1y = ¢V with ¢, = e1%4).
However, in order to be able to do that we need to make sure that ¢; satisfies the same
type of estimates that ¢y did. This will be the case if we are able to prove the following:

Proposition 2.1. w satisfies the following for allt € I:

(i) w(t) € H
() fJu(t)]le < N~
(1) [Jw(®)][m S N'T2F

Notice that this proposition can be interpreted by saying that (1.1) acts on the high
frequency components almost linearly which is a manifestation of the smoothing effect
of the nonlinearity.

In fact, with this proposition we are guaranteed that we can run the second iteration
for a time interval of length 4 since ||¢1||o S 1 and ||| < NP5, Actually, we will
be iterate the process as long as we can guarantee this. After, ~ T'/§ iterations, the
L? norm of the ¢; increases by ~ TN=¢ < TN21=9F N=¢ = TN?735% whereas the H'
norm increases by an amount TN2(1=9)+ N1=2s+ — T N3-4s+ which is still < N'° as
long as s > 2/3 and N is taken to be equal to N ~ T5=2=. One can also calculate the
increase in the Hamiltonian at each step of the iteration:

H(¢1) — H(¢o) =H (uo(t1) +w(t1)) — H(uo(t1))
S () + w(ED) ) |[w(E) a4 1[(uo(t)]? + [w(ts)[P)w(t)]]
SNTENT2 4 (o (8) 74| [w () s + [Jw ()4l [w(t1)]] o)
1/2

3(1—s 1/2
<N 4 N 22 o)l 5 o)l

1—2s+4

§N2_3S+ + NWN—S/QN 5 5 N2—3s+

As a result of this calculation, we get that after ~ T/§ = TN?(=5)F iterations, the
Hamiltonian has become possibly as large as TN2(1=9)+ N2=3s+ — T N4-55+ which is still
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< N2(=9) (which is the condition that guarantees the repetition of the process) as long
1
as TN?73" < 1 which means that we can take N ~ T5-2=. Finally, as a result of this
. 1—s
[|u(t) — e*®¢||};(R?) < Ts—2= which completes the proof of the theorem.

3. PROOF OF PROPOSITION 2.1

In this section we will prove proposition 2.1. The key estimate will be Proposition 3.1
below which is a key to proving the smoothing effect of the nonlinearities appearing in
(2.6).

We start by proving the second part of the proposition which is the easiest. By Strichartz
estimates, we have:

W]z r2xee) S 11 (2Juol*v + ug0 + Tov® + 2uolv]” + [0*v) || /s

< N2y ol + luolles, oliZy . + 1ol

Also by Strichartz, we have:

lolls, < 16V ez + ol [lollzs, + lhuollza [loliZy + 110l

since ||p™ |2 S N7% and ||u||zs = o(1), we get that [[v]|;s < N~%, which gives when
substituting in the |[w|[z=r2 inequality that [|w||perz < N7°.

In order to prove the rest of the proposition, we will need to use X** norms. We define
X*" as the closure of Schwartz functions under the norm:

[lul

wo= ([ [ 0t i utrepanae) 3.1)

Most often X*? is used as a restriction norm to a time interval of finite length, i.e. we
define [|u|yse = inf|[)||xs» where the infimum is taken over all 1/ that agree with u
I

on /.

The solution wug of (2.1) satisfies:

||U0||Xj,)*1/2+ S 1 and ||U0||X}’1/2+ < lléollm S N (3.2)

~Y ~Y

which gives by interpolation:

ol | 172024 S NU2F (3.3)

~Y
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Similarly, one can show using standard arguments:

||U||X0,1/2+ SJ N~% and ||U||Xs,1/2+ 5 1 (34)
The key point in being able to prove that w € H' and the more general theme that
power-type nonlinearity is somehow smoothing is the following refinement of Strichartz
estimate:

Proposition 3.1. Let 11,1y € L*(R?) and suppose that their Fourier transforms are
supported on || ~ Ny and || ~ Ny for some dyadic integers Ny < No. Then

|21 || 2mrz) S N, ||?/J1||L2 ®2)|[¥2]|2re) (3.5)
Note that old Strichartz does not give the factor of . An immediate corollary of this
proposition is the following:
Corollary 3.2. (i) For 0 < s <1/2:
1D5 ("2 4h1e™ o) || 2mxrz) S | ll3l¢a]17 (3.6)

(ii) For1/2 <
s 7 7 1/2 s—1/2
D2 (e pre®™ o) || 2 gaxrz) S [l 9bal[2 + o]l |l 5 (3.7)

1/2,1/2
DY ugus|[2(1) < ][5 sl x01/2- (3.8)
(iv)

I DY* ugus|2(1) S (|20 || xos 1/ (3.9)

The proof of this corollary is done by decomposing into Littlewood-Paley pieces and
using Cauchy-Schwartz quite often. In order to prove the third part on need to use the
estimate ||u|[ 172 S [|uf|x01/4 which results from Hausdorff-Young.

With these estimates at hand we are ready to complete the proof of proposition 2.1.

sup HwHHl 5 HwHX;’1/2+

\t\
S| (2Juol*v + ugt + wgv® + 2uo|vf* + [v]*0) || x1.-1/2+
= sup (D, (2fuol*v + u§v + v® + 2ue|v]* + |v[*v) , W)
W1l o,1/2-

It turns out that the hardest terms to bound are the ones that are linear in v. Others
are bounded similarly making use of the fact that their smallness.

(Da(Juol*v), W) = (Datigv, uW) + (Dy (uov), W)
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The first term above is bounded easily as follows:

[{(Daov, uoW) | < |[Daio]| sl 0] ol [wol [Lar [[W [ o= S Tluol Lxravas [0l o2+ [ [uol Lxor.arz+ [[W ][ xo/2-

where in the last inequality we have used Strichartz estimates and Sobolev embedding to
get that [Jug|[ra+ < [[uollps+y0e0 < [luol|xor/2+ where ¢ = 4—is chosen so that (4+, ¢)
is Schrodinger admissible. As for the bound on W, we just interpolated Strichartz
estimates with the trivial X%° = L? equality. Hence, we get:

(Dyugv, ugW)| < NSNS N0+ = N2+

For the second term, we have:
(Da(ugv), wW) = (Dy/** (ugv), Dy/* wW)
< Mol xrzeare| vl xorare] [uol | xr20/2e < N'T2F

where we have used Corollary 3.2 and interpolated the two estimates of (3.4). The
bounds on the other terms are done similarly.
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