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¸íá êÜôù öñÜãìá

Èåþñçìá (van den Dries, ÃÍÌ)

Áí ï áëãüñéèìïò � áðïöáóßæåé ôç ó÷Ýóç ôçò £ó÷åôéêÞò
ðñùôüôçôáò¤ (coprimeness) x⊥⊥y óôï N = {0; 1; : : :} áðü ôá
äïóìÝíá ≤;+;−· ; iq; rem, ôüôå ãéá Üðåéñá ôï ðëÞèïò æåýãç a; b

cs�(a; b) >
1

10
log log(max(a; b)) (*)

[Ç (*) éó÷ýåé ãéá üëåò ôéò ëýóåéò ôçò åîßóùóçò ôïõ Pell, a2 = 1 + 2b2]

I iq(x ; y); rem(x ; y) åßíáé ôï ðçëßêï êáé ôï õðüëïéðï
I Ç cs�(x ; y) ìåôñÜ ôéò åöáñìïãÝò ôùí äïóìÝíùí óôïí õðïëïãéóìü
I Éó÷õñéóìüò: Ôï áðïôÝëåóìá éó÷ýåé ãéá üëïõò ôïõò

áëãüñéèìïõò áðü ôá äïóìÝíá
I Ï Åõêëåßäåéïò áëãüñéèìïò " áðïöáóßæåé ôç ó÷Ýóç x⊥⊥y (áðü

ôçí rem ìüíï) ìå ðïëõðëïêüôçôá

cs" (a; b) ≤ 2 log(min(a; b)) (min(a; b) ≥ 2)
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Ðåñßëçøç

Slogan: Ôá êáèïëéêÜ êÜôù öñÜãìáôá åßíáé
ôá ãåãïíüôá áíáðïêñéóéìüôçôáò ãéá åðéëýóéìá ðñïâëÞìáôá

. . . êáé èá Ýðñåðå ç ëïãéêÞ íá Ý÷åé êÜôé íá ðåé ãé' áõôÜ!

(1) ÌéêñÞ åðÝìâáóç óôç ëïãéêÞ, Ýôóé ðïõ íá åöáñìüæåôáé
åýêïëá óôç èåùñßá õðïëïãéóìïý

(2) Ôñßá (áðëÜ) áîéþìáôá ãéá áëãüñéèìïõò (óôï óôõë ôçò
áöçñçìÝíçò ìïíôåëïèåùñßáò)

(3) ÊÜôù öñÜãìáôá áðü ôá áîéþìáôá

Is the Euclidean algorithm optimal among its peers? (with vDD, 2004)
Arithmetic complexity (with vDD, to appear)
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ÌåñéêÝò Üëãåâñåò, åìöõôåýóåéò êáé õðïÜëãåâñåò

I (ÌåñéêÞ) Üëãåâñá åßíáé ç ôõ÷áßá äïìÞ M = (M ; 0; 1;ΦM)

üðïõ 0; 1 ∈ M , ôï Φ åßíáé óýíïëï óõíáñôçóéáêþí óõìâüëùí

êáé ΦM = {�M}�∈Φ, ìå �
M : Mn� * M ãéá êÜèå � ∈ Φ

I Åìöýôåõóç � : U�M áðü ìéá Φ-Üëãåâñá óå ìéáí Üëëç åßíáé
ç ôõ÷áßá 1-1 óõíÜñôçóç � : U � M ôÝôïéá ðïõ

�(0U) = 0M; �(1U) = 1M;

êáé ãéá êÜèå � ∈ Φ; x1; : : : ; xn;w ∈ U ,

�U(x1; : : : ; xn) = w =⇒ �M(�x1; : : : ; �xn) = �w

I U ⊆p M áí ç ôáõôïôéêÞ I : U � M åßíáé åìöýôåõóç
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Ðåñéïñéóìïß

N" = (N; 0; 1; rem), ç Üëãåâñá ôïõ Åõêëåßäåéïõ
Nu = (N; 0; 1; S ;Pd) (unary numbers)
Nb = (N; 0; 1;Parity; iq2; (x 7→ 2x); (x 7→ 2x + 1)), (binary numbers)

Ãéá M = (M ; 0; 1;ΦM) êáé {0; 1} ⊆ U ⊆ M , èÝôïõìå

M�U = (U ; 0; 1;ΦU);

üðïõ ãéá � ∈ Φ,

�U(~x) = w ⇐⇒ ~x ;w ∈ U & �M(~x) = w

Ãéá ðåðåñáóìÝíï U ⊂ N, ç Nu �U åßíáé ðåðåñáóìÝíç,
ãíÞóéá-ìåñéêÞ õðïÜëãåâñá ôçò Nu
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ÕðïÜëãåâñåò ðïõ ðáñÜãïíôáé áðü ôçí åßóïäï

M = (M ; 0; 1;ΦM)

Ãéá ~x = x1; : : : ; xn ∈ M , èÝôïõìå

G0(~x) = {0; 1; x1; : : : ; xn}
Gm+1(~x) = Gm(~x) ∪ {�M(~u) | � ∈ Φ; ~u ∈ Gm(~x) êáé �M(~u)↓}

Ýôóé ðïõ

Gm(~x) = {tM[x1; : : : ; xn] ∈ M | ï t(v1; : : : ; vn) åßíáé üñïò âÜèïõò ≤ m}

M�Gm(~x) åßíáé ç õðïÜëãåâñá âÜèïõò m ðïõ ðáñÜãåôáé áðü ôçí ~x

(M�
⋃

m Gm(~x) åßíáé ç õðïÜëãåâñá ðïõ ðáñÜãåôáé áðü ôçí ~x)
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I Áîßùìá Ôïðéêüôçôáò Þ Ó÷åôéêïðïßçóçò (Locality)

ÊÜèå áëãüñéèìïò � ðëåéïìÝëåéáò n ôçò Üëãåâñáò
M = (M ; 0; 1;ΦM) êáèïñßæåé óå êÜèå õðïÜëãåâñá U ⊆p M ìßá
n-ìåëÞ ìåñéêÞ óõíÜñôçóç

�U : Un * U

I Ïé M-áëãüñéèìïé £õðïëïãßæïõí ìåñéêÝò óõíáñôÞóåéò¤, êáé
åñìçíåýïíôáé óå ôõ÷áßåò õðïÜëãåâñåò ôçò M

×ñçóéìïðïéïýìå ôï óõìâïëéóìü

U |= �(~x) = w ⇐⇒ ~x ∈ Un;w ∈ U and �U(~x) = w
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II Áîßùìá Åìöýôåõóçò (Embedding)

Áí ï � åßíáé n-ìåëÞò áëãüñéèìïò ôçò M, U;V ⊆p M, êáé
� : U� V åßíáé åìöýôåõóç, ôüôå

U |= �(~x) = w =⇒ V |= �(�~x) = �w (x1; : : : ; xn;w ∈ U)

Åéäéêüôåñá, áí U ⊆p M, ôüôå �U ⊆ �M

I Ïé áëãüñéèìïé ÷ñçóéìïðïéïýí ôá äïóìÝíá ôçò M ùò ìáíôåßá:
æçôïýí ôéìÝò �M(~y) êáé ôéò ÷ñçóéìïðïéïýí (áí ôïõò äïèïýí)
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III Áîßùìá Ðåñáôüôçôáò (Finiteness)

Ãéá êÜèå n-ìåëÞ áëãüñéèìï � ôçò M êáé üëá ôá ~x ;w,

M |= �(~x) = w =⇒ õðÜñ÷åé êÜðïéïò m ôÝôïéïò ðïõ ~x ;w ∈ Gm(~x)

êáé M�Gm(~x) |= �(~x) = w

Åéäéêüôåñá,
�M(~x)↓ =⇒ �(~x) ∈

⋃
m Gm(~x)

I £Ï õðïëïãéóìüò¤ ôçò ôéìÞò �M(~x) ãßíåôáé ìÝóá óôçí
õðïÜëãåâñá ôçò M ðïõ ðáñÜãåôáé áðü ôçí åßóïäï, êáé åßíáé
ðåðåñáóìÝíïò: ôï m åßíáé áñêåôÜ ìåãÜëï Ýôóé ðïõ êÜèå y
ðïõ £÷ñçóéìïðïéåßôáé óôïí õðïëïãéóìü¤ áíÞêåé óôçí Gm(~x)
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¼ëïé ïé ãíùóôïß áëãüñéèìïé éêáíïðïéïýí ôá áîéþìáôá É { ÉÉÉ

I Ñçôüò õðïëïãéóìüò: �U(~x) = tU[~x ], üðïõ ï t(~v) åßíáé
Φ-üñïò

I �U åßíáé ç ìåñéêÞ óõíÜñôçóç ðïõ õðïëïãßæåôáé áðü Ýíá
áíáäñïìéêü ðñüãñáììá óôï ëåîéëüãéï Φ

I Ç �U õðïëïãßæåôáé áðü ìéá ìç÷áíÞ RAM áðü ôá äïóìÝíá ΦU

I Ç �U õðïëïãßæåôáé óôç ãëþóóá ðñïãñáììáôéóìïý PCF ôïõ
Plotkin, £åðÜíù¤ áðü ôçí Üëãåâñá U

I Ç �U õðïëïãßæåôáé áðü áíáéôéïêñáôéêÝò åêäï÷Ýò ôùí
ðáñáðÜíù

• Ìç÷áíÝò Turing (êáé ðáñáðëÞóéá ðïëý áðëïúêÜ ìïíôÝëá
õðïëïãéóìïý) ðñïóïìïéþíïíôáé ðéóôÜ áðü áëãüñéèìïõò ðïõ
éêáíïðïéïýí ôá É { ÉÉÉ, Ýôóé ðïõ ôá êáèïëéêÜ êÜôù öñÜãìáôá ðïõ
óõíÜãïíôáé áðü ôá áîéþìáôá éó÷ýïõí êáé ãé' áõôÝò.
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Áîéþìáôá ãéá áðëïýò (ðñùôïâÜèìéïõò) áëãüñéèìïõò
I É Áîßùìá Ôïðéêüôçôáò:

ÊÜèå áëãüñéèìïò � ðëåéïìÝëåéáò n ôçò Üëãåâñáò
M = (M ; 0; 1;ΦM) êáèïñßæåé óå êÜèå õðïÜëãåâñá U ⊆p M

ìßá n-ìåëÞ ìåñéêÞ óõíÜñôçóç

�U : Un * U

I II Áîßùìá Åìöýôåõóçò:

Áí ï � åßíáé n-ìåëÞò áëãüñéèìïò ôçò M, U;V ⊆p M, êáé
� : U� V åßíáé åìöýôåõóç, ôüôå

U |= �(~x) = w =⇒ V |= �(�~x) = �w (x1; : : : ; xn;w ∈ U)

I III Áîßùìá Ðåñáôüôçôáò:

Ãéá êÜèå n-ìåëÞ áëãüñéèìï � ôçò M,

M |= �(~x) = w =⇒ õðÜñ÷åé êÜðïéïò m ôÝôïéïò ðïõ ~x ;w ∈ Gm(~x)

êáé M�Gm(~x) |= �(~x) = w
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Ç ðïëõðëïêüôçôá åìöýôåõóçò åíüò áëãüñéèìïõ

Ãéá ôõ÷áßï áëãüñéèìï � ôçò M, áí M |= �(~x) = w , èÝôïõìå

c ��(~x) = ï åëÜ÷éóôïò m ôÝôïéïò ðïõ M�Gm(~x) |= �(~x) = w

Ï ïñéóìüò äéêáéïëïãåßôáé áðü ôï Áîßùìá Ðåñáôüôçôáò

I ÄéáéóèçôéêÜ, áí m = c ��(~x), ôüôå êÜèå õëïðïßçóç ôïõ � èá
÷ñåéáóôåß £íá äåé¤ (÷ñçóéìïðïéÞóåé) êÜðïéï u ∈ M âÜèïõò m;
êáé åðïìÝíùò èá ÷ñåéáóôåß ôïõëÜ÷éóôïí m âÞìáôá ãéá íá
êáôáóêåõÜóåé áõôü ôï u áðü ôçí åßóïäï ìå ôá äïóìÝíá

I Áí �(~x) = tM[~x ], ôüôå c ��(~x) ≤ depth(t(~v))

I Ç ðïëõðëïêüôçôá c �� åßíáé ìéêñüôåñç áðü üëåò ôéò
óõíçèéóìÝíåò óõíáñôÞóåéò ðïëõðëïêüôçôáò ÷ñüíïõ óôá
ãíùóôÜ õðïëïãéóôéêÜ ìïíôÝëá
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Ç ðïëõðëïêüôçôá åìöýôåõóçò (õðïëïãßóéìçò) óõíÜñôçóçò

H åìöýôåõóç � :M�Gm(~x) �M óÝâåôáé ôçí f : Mn → M óôï ~x áí

f (~x) ∈ Gm(~x) & �(f (~x)) = f (�(~x))

ËÞììá

Áí êÜðïéïò áëãüñéèìïò õðïëïãßæåé ôçí f óôçí M, ôüôå ãéá êÜèå
~x, õðÜñ÷åé êÜðïéïò m ôÝôïéïò ðïõ êÜèå åìöýôåõóç
� :M�Gm(~x) �M óÝâåôáé ôçí f óôï ~x

Áðüäåéîç ¸óôù m = c ��(~x) ãéá êÜðïéïí � ðïõ õðïëïãßæåé ôçí f

c �f (~x) = ï åëÜ÷éóôïò m, ô.ð. êÜèå � :M�Gm(~x) �M óÝâåôáé ôçí f óôï ~x

Áí ï � õðïëïãßæåé ôçí f óôçí M, ôüôå c �f (~x) ≤ c ��(~x)

I Ãéá íá äåßîïõìå üôé ï m åßíáé êáèïëéêü êÜôù öñÜãìá ãéá ôïí

õðïëïãéóìü ôçò f (~x), åßôå äåß÷íïõìå üôé f (~x) =∈ Gm(~x) , åßôå

êáôáóêåõÜæïõìå � :M�Gm(~x) �M ô.ð., �f (~x) 6= f (�~x)
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Outline of a proof

Èåþñçìá (van den Dries, ynm)

For the algebra M = (N; 0; 1;≤;+;−· ; iq; rem) and the relation of
coprimeness x⊥⊥y,

a2 = 1 + 2b2 =⇒ c �⊥⊥(a; b) >
1

10
log log(a) (*)

So if � decides coprimeness in M, then (*) holds with c ��(a; b)

I If 22
4m+6 ≤ a, then every X ∈ Gm(a; b) can be written uniquely as

X =
x0 + x1a + x2b

x3
with xi ∈ Z; |xi | ≤ 22

4m

and we can de�ne � :M�Gm(a; b) �M using � = 1 + a!,

�(X ) =
x0 + x1�a + x2�b

x3
; so (�(a); �(b)) = (�a; �b)
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M = (N; 0; 1;Parity; iq2;≤; +;−· ;Presburger functions)

I (van den Dries, ynm) If R(x) is one of the relations

x is prime; x is a perfect square; x is square free;

then for some r > 0 and in�nitely many a, c �R(a) > r log(a)

I (van den Dries, ynm) For some r > 0 and in�nitely many a; b,

c �⊥⊥(a; b) > r log(max(a; b))

I (Joe Busch) If R(x ; p) ⇐⇒ x is a square mod p,
then for some r > 0 and a sequence (an; pn) with pn →∞,

c �R(an; pn) > r log(pn)

In the last two examples, the results match up to a multiplicative
constant the known binary algorithms, so these are optimal
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Primality in M = (N; 0; 1;Parity; iq2;≤; +;−· ;Presburger)

Èåþñçìá (van den Dries, ynm)

If Prime(p) ⇐⇒ p is prime, then in M, for some r > 0 and all
primes p,

c �Prime(p) > r log p (*)

So if � decides primality in M, then (*) holds with c ��(p)

I If 22m+2 ≤ a, then every X ∈ Gm(a) can be written uniquely as

X =
x0 + x1a

2m
with |xi | ≤ 22m;

and we can de�ne � :M�Gm(a) �M by

�(X ) =
x0 + x1�a

2m
; with � = 1 + 2m; so �(a) = �a
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Primality in binary

I If Prime(p) ⇐⇒ p is prime, then in

Nb = (N; 0; 1;Parity; iq2; (x 7→ 2x); (x 7→ 2x + 1))

for some r > 0 and all primes p,

c �Prime(p) ≥ r log p (*)

I This should follow trivially from number-theoretic results,
because it takes at least i applications of the primitives of Nb

to read i bits of the input; we should have r = 1

I Theorem (Tao). For in�nitely many primes p, if p′ is
constructed by changing any bit in the binary expansion of p
except the highest, then p′ is not prime

I Tao found subsequently that this result is implicit in a paper of
Cohen and Selfridge from 1975 and explicitly noted in a 2000
paper by Sun, and he obtained more general results
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