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"Eva xdtey @pdypa
Oedpnua (van den Dries, TNM)
Av 0 adydpibuog o amopaciler ) oyéon g «oxeTIXIG
rowtétnTagy (coprimeness) x Ly oto N = {0,1,...} and ta
Soouéva <, +,~,iq,rem, téte yia dneipe To nArifog fedyn a, b

¢ (a, b) > 11—0 log log(max(a, b)) (*)

[H (*) toyUet yia SAeg tig Aboets g eéiowong tov Pell, 8% = 1 + 2b?]

» iq(x,y), rem(x, y) eivou to mnAixo xou to vrdlotno
» H cl(x,y) petpd tg e@oppoyés twy Soopéveny GToY UTOAOYIGHS
> loyvpiopdg: To amotéAecpa Loy el yiow GAoug Toug
ahydptBpoug and ta doopéva
» O Euxleidetog alybpibpog e anogacilet ) oyéon x Ly (and
™Y rem wévo) pe molumhoxdtnta

¢ (a, b) < 2log(min(a, b)) (min(a,b) > 2)
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MepiAngn

Slogan: Ta xaboAuxd xdtw gpdypate sival
T YEYOVOTA AvaAmoXPIGILSTNTAS Yia emAUGIue mooPATiuaTa

oxon B émpeme M Aoyixr va el xdTL Yo el YL auTd!

(1) Muxpn} enépPacn otn hoyixt|, €Tl mov va eappéletat
gixoha ot Bewpio vLOAOYIGHLOY

(2) Tpia (amhd) agidpata yia akydptbpoug (6To GTUA NG
apnenuévns povteAofewpiag)

(3) Katw gpaypota and to atdpoto

Is the Euclidean algorithm optimal among its peers? (with vDD, 2004)
Arithmetic complexity (with vDD, to appear)
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Mepixég dhyeBpeg, epputedoelg xan vodhyePpeg

> (Mepuey) dhyeBpa eivon 1 Toyada Sopy M = (M, 0,1, ®M)
6mov 0,1 € M, to ® eivaw GHvoAo GuvapTNGLAXKGDY GUMBEAWY

xou OM = (oM}, pe oM 1 M™ — M yio %602 ¢ € O
> Epgotevon ¢ U — M and o -dhyePpa o puay dhAy sivon
N toyaia 1-1 cuvdptnomn ¢ : U — M tétola mov
oYy =oM ,(aY%) =M
no yloL x@bs @ € .o xy,...,x,, w € U,
V(1. xa) =w = M(x1, ... 1) = W

» UC, Mavy tawrotued /1 U— M eivou epgpitevon
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[Neptopiopot

N. = (N,0,1, rem), n dAyePpa tov Evxheidelov
N, = (N,0,1,5,Pd) (unary numbers)
N, = (N, 0,1, Parity, ig,, (x — 2x), (x — 2x + 1)), (binary numbers)

Mo M = (M,0,1,&M) xau {0,1} C U C M, 6étoupe
M|U = (U,0,1,0Y),
émov yia ¢ € P,
MR =w = ZwelU& M) =w

Mo nenepacpévo U C N, q N, [U eivan nenepacpév,
yyfiota-pepu) vrodhyeppa tng N
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YrodhyePpeg mov mapdyovtar and tny eicodo
M = (M7 07 17 q)M)
Mo X =x1,...,xp € M, Bétoupe

GO(;) = {0,1,X1,...,Xn}
Gmi1(X) = Gm(X) U{M (@) | ¢ € ®,0 € Gm(X) xeu oM (@) | }

¢tol mov

Gm(X) = {tM[x1,...,xa] € M| o t(v1,...,Vvn) clvau Spog BdBoug < m}

’ M | G (X) eivou 1 vnodiyeBpa Pdboug m nov mapdyeton and Tny ?‘

(MTU,, Gm(X) eivaw  vrodhyePpa mov mapdyetal and ™y X)
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| Agiwpa Touxdttag § Lyetuxomnoinong (Locality)

Kdbe aAdydpiBuos o mAeiopédetag n e dAyefpas
M = (M,0,1,®M) xabfopife: e xdbe vrodAyefoa U C, M pia
n-ueAtj pepixtj cuvdptnon

av U~ U

> Ot M-ahyéptBpot «umoloyifouy Peptnés GUVRPTHGELG, XAl
eppnvevovtal ce Tuyaieg umodAyePpeg g M

XpnoiponotoVpe 10 GURBOAGS

UEa(X)=w < XcU"weUanda’(X)=w
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Il Agiwpa Epgpdtevong (Embedding)

Ay o « givou n-ueArc adydpibuos tng M, U,V C, M, xa
t: UV eivar supitevon, téte

UEaX)=w = VEalx)=w (x1,..., X, we )

Ewduétepa, av U C, M, téte @V C aM

> Ou ahyéptBpol ypnotponotody ta docpéva e M wg pavreia:
Intooy tpés dM(¥) xou tig xpmoipomnotody (ay toug Sobouy)
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Il Agiwpa Mepatédtntag (Finiteness)

la xdabe n-peAij akydpifuo o g M xau SAe ta X, w,

M E a(X) = w = vundpyet xdroto¢ m 1£€tol0¢ mov X, w € Gpy(X)
xt M| Gnp(X) Fa(X) =w

Edixdrepa,
a"(X)] = a(%) € Uy, Gm(X)

> «O urohoytopdgr TG Tpfig aV(X) yivetou péoa oty
vrodAyefpa g M mov mapdyston and Ty cicodo, xal civou
TEMEPAGILEVOG: TO M elvan apxeTd peydAo £tot mou xdbe y
OV «YPMGLLOTOLEITAL GTOY UTOAOYLGHSN avijxet 6Ty Gm(X)
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‘O)ot ot Yvwatol akydpiBpol ixavomotody ta agidpata | — [l

> Pntég umohoytopdg: al(X) = tY[¥], 6mov o (V) eiva
®-6pog

> @V eivow 1 pepuet| GuvapTNoM Tou LTOAoYILeTow amd Evar

avadpopixd mpdypoppa 6to Aegidéyto ¢
» HaY vrohoyietow améd pie pnyoviy RAM ané ta Soopéva dY

» HaY vroloyiletu o1 YAdooa npoypappaticpod PCF tov
Plotkin, «emdvon and tny dAyefpa U

» HaY vnoAoyiletal and avartioxpatinés exdoyég Twy
TOLPATLAY )

e Mnyavéc Turing (%o mapamhijcla okl amhoixd povtéhe
UTOAOYLGPOY) mpocopoldvovtal moTd and ahySplBpoug mov
cavorotody Tt | — I, €1l mou ta xafoAud xdTw Qpdypate Tov
cuVAYOYTHL TS T AGLAUATH LGYBOUY KAt YU QUTEG.
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Adidpata yla artholg (npwtoPabioug) akydptbpoug
> | Adiwpa Tomxdtnrag:
Kafe adydpifuog o mAciopédeiag n g dAyefpag
M = (M, 0,1, ®M) xafopile: oe xdbe vnodryefpoa U C, M
pia n-peAr peptxtj cuvdptnon
al:un—vu
> |l AZiopa Epgpitevong:

Ay o « givou n-ueArc adydpibuos tng M, U,V C, M, xa
t: U — V elvar gupitevon, téte

UEaX)=w = VEa(lx)=w (x,...,x,we )
> I AGiopa Mepatdtag:
[a xdbe n-peAtj adydpifuo o g M,

M = @(X) = w = vundpyet xdnotog m tétoiog mov X, w € Gp(X)
xu M| Gn(X) Ea(X) =w
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H moAumAoxdtnta eppiteveng evég akySpibpov

Mo toyaio ahydéptbpo a tg M, av M = a(X) = w, 8étoupe

’c&(i’) = 0 ehdylotog m tétolog mou M| Gp(X) FE a(X) = w‘

O optopée Sixarohoyeitan and to Adiwpa Mepatdtntag

> Atustnuxd, av m = ¢, (X), téte xdbe vionoinon tov o Ha
xpetactel «va de (ypnoiponorioet) xdnoto u € M Babouvg m;
xot emopéveg Ba ypetaotel TovAdytotoy m Pripnata yio vo
XATAGKEVAGEL avTd TO U and TNy cicodo pe ta Socpéva

> Av a(x) = tM[¥], t6te ¢, (X) < depth(t(V))

» H molumhoxdtyta ¢, sivou pixpdtepn and dieg tig
cuINOLopéveg GuvapTicelg ToAuTAoXSTNTAG XPOYOU TR
YV®GOTE UTOAOYLGTIXGE LOVTEAR
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H noAvmhoxdtnta eppitevong (vmoloyloung) cuvdptnong

H epgpitevon ¢ : M| Gp(X) — M céBetar v f: M" — M 610 X av
f(X) € Gm(X) & «(f(X)) = F((X))

Mipprt

Ay xdnotos aAdydpifuog vrmodoyiler v f oty M, té1e yiee xdfe
X, vrdpyel xdnolog m TETolo¢ mov xdfe epupUTevaT)

t: M[Gn(X) — M céBetar Tpv f o0 X

Anédeidn ‘Eotw m = ¢/ (X) yio xdnolov a mov unoloyilet v

cf(X) = o ehdytotog m, T.m. xdbe ¢t : M| Gp(X) — M céPetou ™y f 610 )?‘

Av o o vmoroyilet vy f oty M, téte cp(X) < ¢, (X)

> o vau Seigovpe 6t 0 m eivau %aBoAind xdtw Ppdypa yro Tov
vroroytopd ¢ f(X), eite delyvoupe 6t | F(X) ¢ Gm(X) | elte

xataoxevdfoupe ¢ 1 M| Gp(X) — M t.r., [of(X) # F(LX)
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Outline of a proof

©edpnpa (van den Dries, ynm)

For the algebra M = (N, 0,1, <,+, —iq,rem) and the relation of
coprimeness x 1Ly,

1
2 _ 2
a®=1+2b" = ¢ (a,b) > 10 log log(a) *)

So if « decides coprimeness in M, then (*) holds with c.,(a, b)

> 1f 22" < 3, then every X € Gm(a, b) can be written uniquely as

X0+ x1a+ xob
= o

X with x; € Z, |x| < 22"

and we can define ¢ : M[Gp(a, b) — M using A =1+ al,

X0 + x3Aa + xoA\b .
X3 ’

X)) =

o (1(a), (b)) = (Aa, \b)
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M = (N, 0, 1, Parity, iqy, <, +, —, Presburger functions)
» (van den Dries, ynm) If R(x) is one of the relations
X Is prime, Xx is a perfect square, x is square free,
then for some r > 0 and infinitely many a, cg(a) > rlog(a)
» (van den Dries, ynm) For some r > 0 and infinitely many a, b,
¢y (a, b) > rlog(max(a, b))

» (Joe Busch) If R(x,p) <= x is a square mod p,
then for some r > 0 and a sequence (an, pn) with p, — 0,

cr(an, pn) > rlog(pn)

In the last two examples, the results match up to a multiplicative
constant the known binary algorithms, so these are optimal
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Primality in M = (N, 0, 1, Parity, iqy, <, +, —, Presburger)

Ocdpnpa (van den Dries, ynm)

If Prime(p) <= pis prime, then in M, for some r > 0 and all
primes p,
Prime(P) > rlog p (*)

So if « decides primality in M, then (*) holds with ct,(p)
> If 22m+2 < 3, then every X € Gp(a) can be written uniquely as

_ Xo +Xx1a
= —m

and we can define ¢ : M[Gp(a) — M by

X with |x;| < 22,

Xp + x1Aa

() =22

, with A =142 50 «(a) = Aa
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Primality in binary
» If Prime(p) <= pis prime, then in
N, = (N, 0,1, Parity, ig,, (x — 2x), (x — 2x + 1))

for some r > 0 and all primes p,

Chrime(P) > rlogp (*)

» This should follow trivially from number-theoretic results,
because it takes at least i applications of the primitives of Ny
to read i bits of the input; we should have r =1

» Theorem (Tao). For infinitely many primes p, if p’ is
constructed by changing any bit in the binary expansion of p
except the highest, then p' is not prime

» Tao found subsequently that this result is implicit in a paper of
Cohen and Selfridge from 1975 and explicitly noted in a 2000
paper by Sun, and he obtained more general results
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