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Abstract

Weproposea general methodthatparameterizesgeneral
surfaceswith complex (possiblebranching) topologyusing
Riemannsurfacestructure. Rather than evolve the sur-
facegeometryto a planeor sphere, weinsteadusethefact
that all orientablesurfacesare Riemannsurfacesand ad-
mit conformalstructures,which inducespecialcurvilinear
coordinatesystemson thesurfaces.We can thenautomat-
ically partition thesurfaceusinga critical graphthat con-
nectszero points in the global conformalstructure on the
surface. Thetrajectoriesof iso-parametriccurvescanoni-
cally partition a surfaceinto patches.Each of thesepatches
is eithera topological diskor a cylinderandcanbeconfor-
mallymappedto a parallelogrambyintegratinga holomor-
phic 1-form de�ned on the surface. Theresultingsurface
subdivisionand the parameterizationsof the components
are intrinsic andstable. For surfaceswith similar topology
and geometry, we showthat the parameterizationresults
are consistentandthesubdividedsurfacescanbematched
to each other usingconstrainedharmonicmaps. Thesur-
face similarity can be measured by direct computationof
distancebetweeneach pair of correspondingpointson two
surfaces.To illustrate the technique, we computedconfor-
mal structuresfor anatomicalsurfacesin MRI scansof the
brain and humanfacesurfaces.We foundthat the result-
ing parameterizationswereconsistentacrosssubjects,even
for branching structuressuch as the ventricles,which are
otherwisedif�cult to parameterize. Our methodprovidesa
surface-basedframework for statisticalcomparisonof sur-
facesand for generating grids on surfacesfor PDE-based
signalprocessing.

1. Intr oduction

Surface-basedmodelingis valuablefor shapeanalysis,
surfacematchingandobjectrecognition.For medicalimag-
ing applications,it is useful to help analyzeanatomical
shape,to statistically combineor compare3D anatomi-
cal modelsacrosssubjects,and to map functional imag-
ing parametersontoanatomicalsurfaces.Parameterization
of thesesurfacemodelsinvolvescomputinga smooth(dif-
ferentiable)one-to-onemappingof regular 2D coordinate
gridsontothe3D surfaces,sothatnumericalquantitiescan
be computedeasilyfrom the resultingmodels.Evenso, it
is oftendif�cult to smoothlydeforma complex 3D surface
to a sphereor 2D planewithout substantialangularor area
distortion. Herewe presenta new methodto parameterize
generalsurfacesbasedon their Riemannsurfacestructure.
By contrastwith variationalapproachesbasedonsurfacein-
�ation, ourmethodcanparameterizesurfaceswith arbitrary
complexity including branchingsurfacesnot topologically
homeomorphicto asphere(higher-genusobjects)while for-
mally guaranteeingminimal distortion.

1.1. PreviousWork

Thirion [14] usesthe extremal mesh to describe3D
smoothsurfaces. The extremal mesh is the graph of a
surfacewhoseverticesare the extremalpointsandwhose
edgesaretheextremallines. It is invariantwith respectto
rigid transformations.Davies et al. [1] describea method
for building statisticalshapemodelsby posingacorrespon-
denceproblemto identify a consistentparameterizationfor
eachshapein a trainingset.Severalrecentadvancesin sur-
faceparameterizationhavebeenbasedonsolvingadiscrete
Laplacesystem[11, 3]. Lévyetal. [10] describeatechnique
for �nding conformalmappingsby leastsquaresminimiza-



tion of the conformalenergy, and Desbrunet al. [2] for-
mulatea theoreticallyequivalentmethodfor discretecon-
formal parameterization.Sheffer et al. [13] give an angle-
based�attening method for conformal parameterization.
GuandYau[6] considerconstructionof aglobalconformal
structurefor a manifold of arbitrarytopologyby �nding a
basisfor holomorphicdifferential forms, basedon Hodge
theory.

Brain surfaceparameterizationhasbeenstudiedinten-
sively. Schwartz et al. [12] computequasi-isometric�at
mapsof thecerebralcortex. HurdalandStephenson[8] re-
port a discretemappingapproachthatusescircle packings
to produce“�attened” imagesof cortical surfaces. Haker
et al. [7] implementa �nite elementapproximationfor pa-
rameterizingbrainsurfacesvia conformalmappings.Gu et
al. [4] proposea methodto �nd a uniqueconformalmap-
ping betweenany two genuszeromanifoldsby minimiz-
ing theharmonicenergy of themap.They demonstratethis
methodby conformally mappingthe cortical surfaceto a
sphere.

1.2 Theoretical Background and De�nitions

A manifold of dimension � is a connectedHausdorff
space

�

for which every point hasa neighborhood� that
is homeomorphicto anopensubset� of ��� . Suchahome-
omorphism�	�
���
� is calleda coordinatechart. An
atlasis a family of charts������������� for which ��� constitute
anopencoveringof

�

(Figure1). Suppose������������� and
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Figure 1. The Structure of a Manif old. An
atlas is a famil y of char ts that jointl y form an
open covering of the manif old.
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! . An atlas������������� onamanifoldis calleddif-
ferentiableif all charttransitionsaredifferentiableof class
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. A chartis calledcompatiblewith adifferentiableatlas
if addingthis chart to the atlasstill yields a differentiable
atlas.Thesetof all chartscompatiblewith agivendifferen-

tiableatlasyieldsadifferentiablestructure. A differentiable
manifoldof dimension� is a manifoldof dimension� to-
getherwith a differentiablestructure.
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formalatlasfor
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. A chart �������<����� is compatiblewith an
atlas3 , if theunion 3>=?�����������/� is still aconformalatlas.

Two conformalatlasesare compatibleif their union is
still a conformalatlas. Eachconformalcompatibleequiv-
alenceclassis a conformalstructure. A 2-manifold with
a conformalstructureis calleda Riemannsurface. It has
beenproventhatall metricorientablesurfacesareRiemann
surfaces.

Holomorphicandmeromorphicfunctionsanddifferen-
tial formscanbegeneralizedto Riemannsurfacesby using
thenotionof conformalstructure.For example,a holomor-
phic 1-form @ is a complex differentialform, suchthat in
eachlocal frame A��

(
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For agenusP closedsurface,all holomorphic1-formsform
areal Q�P dimensionallinearspace.
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Accordingto the Riemann-Rochtheorem,in generalthere
are Q[P�\]Q zeropointsfor a holomorphic1-formde�ned on
asurfaceof genusP .

A holomorphic 1-form induces a special system of
curveson a surface,the so-calledconformalnet. A curve
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is calledahorizontaltrajectoryof @ , if @
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similarly, ^ is a vertical trajectory if @��
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X . The
horizontalandvertical trajectoriesform a web on the sur-
face. The trajectoriesthat connectzero points, or a zero
pointwith theboundaryarecalledcritical trajectories. The
critical horizontaltrajectoriesform a graph,which is called
the critical graph. In general,the behavior of a trajectory
may be very complicated,it may have in�nite lengthand
maybe denseon thesurface. If thecritical graphis �nite,
then all the horizontal trajectoriesare �nite. The critical
graphpartitionsthe surfaceinto a set of non-overlapping
patchesthat jointly cover thesurface,andeachpatchis ei-
thera topologicaldiskor a topologicalcylinder. Eachpatch
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canbemappedto thecomplex planeusingthefol-
lowing formulae. Supposewe pick a basepoint R�e;S
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and any path ^ that connectsR�e to R . Then if we de�ne
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@ , the map � is conformal,and �
�

d

! is a par-
allelogram.We say � is theconformalparameterizationof

�

inducedby @ . � mapsthe vertical and the horizontal
trajectoriesto iso-uandiso-vcurvesrespectively on thepa-
rameterplane. The structureof the critical graphandthe
parameterizationsof thepatchesaredeterminedby thecon-
formalstructureof thesurface.If two surfacessharesimilar



topologiesandgeometries,they cansupportconsistentcrit-
ical graphsandsegmentations(i.e. surfacepartitions),and
theparameterizationsareconsistentaswell. Therefore,by
matchingtheir parameterdomains,the entiresurfacescan
be directly matchedin 3D. This generalizesprior work in
medicalimaging that hasmatchedsurfacesby computing
a smoothbijection to a singlecanonicalsurface,suchasa
sphereor disk.

A Riemannianmetric is a differentialquadraticform on
a differential manifold. On eachchart ���
���<���/� , it can
be representedas Iji �

(lk
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�rB �ED !OI Ds� . A specialconformalstructurecanbe chosen,
suchthatthelocalparametricrepresentationof Riemannian
metric is Isi �
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Y In this case,the local
coordinatesof eachchartarealsocalledisothermalcoordi-
nates, and t
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A harmonicmap � minimizesthe harmonicenergy. Intu-
itively, wecanimagine

d

7

is madeof rubberanddeformed
onto

d

�

. Any mapwill introducean elasticstretchingen-
ergy, but harmonicmapsarethosethatminimizethestretch-
ing energy (asde�nedby thefunctional)amongall possible
mappings.

This papertakesthe advantageof conformalstructures
of surfaces,consistentlysegmentsthemandparameterizes
the patchesusing a holomorphic1-form. The parametric
domainsarethenmatchedusingharmonicmaps.

Wecall theprocessof �nding critical graphandsegmen-
tationastheholomorphic�ow segmentation, which is com-
pletely determinedby the geometryof the surfaceandthe
choiceof the holomorphic1-form. (Note that this differs
from thetypicalmeaningof segmentationin medicalimag-
ing, andis concernedwith the segmentation,or partition-
ing, of ageneralsurface).Computingholomorphic1-forms
is equivalentto solvingelliptic differentialequationson the
surfaces,and in general,elliptic differentialoperatorsare
stable. Thereforethe resultingsurfacesegmentationsand
parameterizationsareintrinsic andstable,andareapplica-
ble for matchingnoisy surfacesderived from medicalim-
ages.

2. Holomorphic Flow Segmentation

To computetheholomorphic�o w segmentationof asur-
face,�rst we computethe conformalstructureof the sur-
face;thenweselectoneholomorphicdifferentialform, and
locatethe zeropointson it. By tracing horizontaltrajec-
tories through the zero points, the critical graph can be
constructedandthesurfaceis dividedinto severalpatches.
Eachpatchcanthenbeconformallymappedto aplanarpar-
allelogramby integratingtheholomorphicdifferentialform.

In our work, surfaces are representedas triangular
meshes,namelypiecewise polygonalsurfaces. The com-
putationswith differentialformsarebasedonsolvingellip-
tic partialdifferentialequationson surfacesusingthe�nite
elementmethod.

2.1 Computing Conformal Structur es
A methodfor computingthe conformalstructureof a

surfacewasintroducedin [5]. Suppose
�

is aclosedgenus
PH€

X surfacewith a conformalatlas 3 . The conformal
structure3 inducesholomorphic1-forms;all holomorphic
1-formsform a linearspace
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! of dimensionQ�P which
is isomorphicto the �rst cohomologygroupof thesurface
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! . The set of holomorphic1-forms determines
the conformalstructure. Therefore,computingconformal
structureof

�

is equivalentto �nding a basisfor
d

�

�
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Theholomorphic1-form basis �‚@,ƒ„�J…
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�<QZ�‚ˆhˆ‚ˆ‰�<Q�PŠ� is
computedasfollows: computethehomologybasis,�nd the
dual cohomologybasis,diffusethecohomologybasisto a
harmonic1-form basis,and then convert the harmonic1-
form basisto holomorphic1-formbasisby usingtheHodge
staroperator. The detailsof the computationaregiven in
[5]. In termsof datastructure,a holomorphic1-form is
representedasavector-valuedfunctionde�nedontheedges
of themesh@

ƒ
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2.2 Selectingthe Optimal Holomorphic 1-form
Given a Riemannsurface

�

, thereare in�nitely many
holomorphic1-forms, but eachof them can be expressed
as a linear combinationof the basiselements. We de-
�ne a canonicalconformalparameterizationasany linear
combinationof the setof holomorphicbasisfunctions @.ƒ ,
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is theKroneckersymbol.Then
we computea canonicalconformalparameterization@
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Weselectaspeci�c parameterizationonethatmaximizes
the uniformity of the inducedgrid over the entiredomain
usingthe algorithmsintroducedin [9], for the purposeof
locatingzeropointsin thenext step.

2.3 Locating Zero Points
For surface with genus P–€

† , any holomorphic1-
form @ has Q�P—\cQ zeropoints. Thehorizontaltrajectories
throughthe zeropointswill partition the surfaceinto sev-
eral patches.Eachpatchis either a topologicaldisk or a
cylinder, andcanbeconformallyparameterizedby @ using

�
�

R
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(˜f
g

@ .

Estimating the Conformal Factor Supposewe already
have a global conformal parameterization,inducedby a
holomorphic1-form @ . Thenwe canestimatethe confor-
mal factorateachvertex, usingthefollowing formulae:
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where� is thevalenceof vertex D .

Locating Zero Points We�nd theclusterof verticeswith
relatively small conformal factors (the lowest µ]\·¶j¸ ).
Thesearecandidatesfor zeropoints.Weclusterall thecan-
didatesusing the metric on the surface. For eachcluster,
we pick the vertex that is closestto the centerof gravity
of the cluster, using the surfacemetric to de�ne geodesic
distances.

Becausethetriangulationis �nite andthecomputationis
anapproximation,thenumberof zeropointsmaynotequal
theEuler number. In this case,we re�ne the triangulation
of theneighborhoodof thezeropoint candidateandre�ne
theholomorphic1-form @ .

2.4. Holomorphic Flow Segmentation
Tracing Horizontal Trajectories Once the zero points
arelocated,thehorizontaltrajectoriesthroughthemcanbe
traced.

First we choosea neighborhood�

› of a vertex D repre-
sentinga zeropoint, �

› is a setof neighboringfacesof D ,
thenwemapit to theparameterplaneby integrating@ . Sup-
posea vertex ¹“S>�

› , anda pathcomposedby a sequence
of edgeson themeshis ^ , thentheparameterlocationof ¹

is �
�

¹
!

(˜fhg

@ .
Themap �

�
¹

! is a piecewiselinearmap. Thenthehor-
izontal trajectoryis mappedto thehorizontalline º

(nX in
the plane. We slice �

�
�

›

! using the line º

(�X by edge
splitting operations.Supposetheboundaryof �

�
�

›

! inter-
sectsº

(»X atapoint Dj¼ , thenwechooseaneighborhoodof
Ds¼ andrepeattheprocess.

Eachtime we extend the horizontal trajectoryand en-
counteredgesintersectingthetrajectory, we insertnew ver-
ticesat the intersectionpoints,until the trajectoryreaches
anotherzeropoint or theboundaryof themesh.We repeat
thetracingprocessuntil eachzeropointconnects½ horizon-
tal trajectories.
Critical Graph Givena surface

�

andaholomorphic1-
form @ on

�

, we de�ne thegraph
q

�

�

�O@
!

(

�[���

k

�<o—� ,
asthecritical graphof @ . Here � is thesetof zeropoints
of @ , k is thesetof horizontaltrajectoriesconnectingzero
pointsor theboundarysegmentsof

�

, and o is thesetof
surfacepatchessegmentedby k .

Given two surfaceswith similar topologiesandgeome-
tries,by choosingappropriateholomorphic1-forms,wecan
obtain isomorphiccritical graphs,which will be usedfor
patch-matchingdescribedin thenext section.

3. Experimental Results

We testedour algorithmon varioussurfaces,including
a syntheticgeometricexample,humanfacesurfacesand
anatomicsurfacesextracted from 3D MRI scansof the
brain. Figure2(a)-(d)shows a closedgenus2 surface.We

Figure 2. Holomorphic �o w segmentation re-
sults on a synthetic surface and a surface
model of the face . With two cuts intr o-
duced (e), the face surface becomes an open
boundar y genus 2 surface . (a) and (f) are
conf ormal parameterizations of the two sur -
faces. (b) and (g) sho w horizontal trajecto-
ries. (d) and (h) are the two rectangles to
whic h two segments in (c) and (g) are con-
formall y mapped, respectivel y.

visualizedtheconformalstructureby projectinga checker-
boardimagebackontothesurface(Figure2(a)).Thereis a
zeropoint shown in Figure2(a). Anotherzeropoint is on
the backof the ”�gure-eight” shapedsurfaceand is sym-
metricto this zeropoint. Thetracedhorizontalandvertical
trajectoriesareshown in Figure2(c). From the computed
conformalstructure,the ”�gure-eight” surfacecanbe seg-
mentedinto two patches(Figure2(c)). Eachpatchcanthen
be conformallymappedto a rectangle(Figure2(d)). Fig-
ure 2(e)-(g) shows experimentalresultsfor a humanface
surface.Thesurfacewasbuilt with a high resolution,real-
time 3D faceacquisition[15]. For a detailedstudiesof ge-
ometricaldifferencesbetweenfaces(e.g. for facetracking
andrecognitionapplications),we canoptimizetheconfor-
malparameterizationby modifyingthetopologyof theface
model. We introducetwo cutson the tip of the noseand
mouth (the blue lines in (e)), so a humanfacemodel be-
comesan open-boundarygenustwo surface. (f) shows its
conformalstructureand thereis a zeropoint betweenthe
noseandmouthillustratedby theblackdot. Thehorizontal
trajectorycurvesareshown in (g). Wecanconformallymap
thefacesurfaceto two rectangles(h). Comparedwith other
facesurfaceparameterizationmethods,ourmethodcanrep-
resentthesurfacewith minimal distortion.

Shapeanalysisof the lateral ventricles- a structurein
the brain - is of great interestin the study of psychiatric
illnesses,includingschizophrenia,andin degenerativedis-



Figure 3. Surface parameterization results
for the lateral ventric les. The upper row
sho ws models parameteriz ed using holomor -
phic 1-forms, for a 65-year-old subject with
HIV/AIDS and the lower row sho ws the same
maps computed for a health y 21-year-old
contr ol subject. The left column sho ws that µ

cuts are intr oduced and they conver t the lat-
eral ventricular surface into a genus 4 sur -
face . The computed conf ormal structure ,
holomorphic �o w segmentation and their as-
sociated parameter domains are also sho wn.

easessuchasAlzheimer'sdisease.Thesestructuresareof-
tenenlargedin diseaseandcanprovide sensitive measures
of diseaseprogression.For thelateralventricularsurfacein
eachbrainhemisphere,we introduce� ve cuts. Sincethese
cuttingpositionsareat theendsof thefrontal,occipital,and
temporalhornsof theventricles,they canpotentiallybelo-
catedautomatically. The left columnin Figure3 shows 5
cuts introducedon two subjectsventricularsurfaces. Af-
ter the cutting, the surfacesbecomeopenboundarygenus
4 surfaces. The restof Figure3 shows parameterizations
of the lateralventriclesof thebrain. Theupperrow shows
theresultsof parameterizinga ventricularsurfacefor a 65-
year-old patientwith HIV/AIDS (note the disease-related
enlargement)and the lower row shows the resultsfor the
ventricularmodelof a21-year-old controlsubject.Thesur-
facesareinitially generatedby usinganunsupervisedtissue
classi�er to isolatea binary mapof thecerebrospinal�uid
in theMR image,andtiling thesurfaceof the largestcon-
nectedcomponentinsidethe brain. Therearea total of 3
zeropointsoneachof theventricularsurfaces.Two of them
arelocatedat themiddlepartof thetwo ”arms” (wherethe
temporalandoccipitalhornsjoin at theventricularatrium),
asshown by the large black dots in the secondrow. The
third zeropoint is locatedin themiddleof themodel,where
the frontal hornsare closestto eachother. Basedon the

computedconformalstructure,we canpartitionthesurface
into 6 patches.Eachpatchcanbeconformallymappedto a
rectangle.Althoughthetwo brainventricleshapesarevery
different,thesegmentationresultsareconsistentin that the
surfacesarepartitionedinto patcheswith thesamerelative
arrangementandconnectivity.

Not only areour resultsconsistenton two differentven-
tricle meshes,thebijectiveconformalmappingof eachsur-
facepatchto rectanglesin the parameterdomaininduces
a parametricgrid onto eachsurface,providing a way for
direct surfacematchingbetweenthe two ventricles. One
way to do this is to usea constrainedharmonicmap, �¾�

�

�

�

�

7

, where
�

7

and
�

�

aretwo surfacesto bematched.
Thebasicpipelineis asfollows: �rst wemanuallylabelthe
correspondingfeaturepoints. Thenwe Delaunaytriangu-
late one segmentbasedon the featurepoints, and induce
thesametriangulationfor thecorrespondingsegmentof the
secondsurface.By usingapiecewiseaf�ne transformation,
we mapthesecondsegmentto the �rst oneanddenotethe
resultingmappingby �

e . We improve themappingby us-
ing a constrainedharmonicmap using the heatdiffusion
method, ¿
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e . After that, we re-

samplethemeshesusingaregulargrid in theparameterdo-
mainandconstructnew mesheswith thesameconnectivity
for thetwo segments.

It is dif�cult to �nd � directly, but insteadwe caneasily
�nd a harmonicmapbetweentheparameterdomains.Sup-
posethetheconformalparameterizationof
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(ÈX , where Á is the Laplacianoperatorde-
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areconformal,Ä

is harmonic,andtherefore� is harmonic.
Oncewe get � , we canexplicitly computethe distance

betweentwo surfacesbasedon thesurfacecorrespondence
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With Equation2, we computeda surfacedistancebe-
tweenvariousexamplesof lateralventricleandhumanface
models. The upperrow in Figure4 shows threeleft brain
lateralventricularsurfaces.Theleft two arefor controlsub-
jectsandtheright oneis for anHIV/AIDS patient.For each
surface,we introducethreecutsandturn theminto genusQ

surfaceandconformallymapthemto two rectangles.The
distancebetweenthe left two surfaceis †{XZY X

µ andthedis-
tancebetweenthe right two is †hÑZY Ò

µ . It demonstratesthe
intra-classdistancefor control subjectsis far lessthanthe
inter-classdistancebetweencontrolandHIV/AIDS classes.
Thusour techniqueis useful to combineandcompare3D
anatomicalmodelsacrosssubjectsor mapfunctionalimag-



Figure 4. The brain lateral ventricular sur -
face classi�cation and face recognition re-
sults using our parameterization. The �r st
row sho ws three left lateral ventricular sur -
faces in the brain. The left and mid dle sur -
faces are from contr ol subjects and the right
one is from an HIV/AIDS patient. On the sec-
ond row, the left and mid dle faces are from
the same person, with diff erent expressions.

ing parametersontoanatomicalsurfaces.
Thelowerrow in Figure4 showsthreefacesurfaces.The

left two show thesamepersonwith differentfacialexpres-
sions. The secondand third are two different individuals
with a similar facial expression.For eachface,we turn it
into a genus2 openboundarysurfaceandconformallymap
themto two rectangles(asshown in Figure2). Thedistance
betweentheleft two facesis X"Y X+ÑFÒ andthedistancebetween
the right two is XZY XFÓ+X . The distancebetweeninstancesof
thesamepersonis muchlessthanthedistancebetweentwo
differentpersons.This relative expression-invarianceis an
importantrequirementfor metricsusedin facerecognition
systems.

4. Conclusionand Future Work

In this paper, we presenteda surfaceparameterization
methodthat invokestheRiemannsurfacestructureto gen-
erateconformalgrids on surfacesof arbitrary complexity
(including branchingtopologies).We appliedit to human
brain and faceapplications,assurfacematchingprovides
metricsfor anatomicalcomparisonsin brain mappingand
facerecognition.For high genussurfaces,a globalconfor-
malparameterizationinducesacanonicalsegmentation,i.e.
thereis a discretepartitionof thesurfaceinto conformally
parameterizedpatches.Eachpartition is eithera topolog-
ical disk or a cylinder andcanbe conformallymappedto
a rectanglein theparameterdomain.We demonstratedthe
parameterizationfor both closedand openboundarysur-
faces.The grid generationalgorithmis intrinsic (i.e. does

notdependonany initial choiceof surfacecoordinates)and
is stable,asshown by grids inducedon ventriclesof var-
ious shapesand sizes. Our work may introducelessdis-
tortion thanother approachesandmay be especiallycon-
venient for other post-processingwork suchas landmark
matching. Our future work will focus on signal process-
ing on generalsurfaces,aswell assurfaceregistrationand
shapeandasymmetryanalysis.
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