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ABSTRACT

Using spherical harmonics of an inverse conformal map, we-co
pared hippocampal surfaces of sixteen Alzheimer (AD) andtézn
control subjects. Hippocampal surfaces were conformakymped

to a sphere. Maps were regularly sampled and exact, higreeleg

spherical harmonic transforms of the inverse maps were otedp
Using the transforms shape descriptors correspondingetderee
of the harmonics and invariant to translation, rotatiorl scale were
obtained and normalized against sample mean. Two-dineaisie
sualizations of the shape descriptors were indicativeaif@las well
as local shape features of hippocampal surfaces. Thesepesc
are potentially useful for visual detection of global patteand cre-
ation of population-based, probabilistic, disease-$jmedigital at-
lases, especially for comparison of global shape features.

1. INTRODUCTION

Recent studies have confirmed a long-observed correlagen b
tween changes in hippocampal shape and volume, and Alzheim

disease. Csernansky et al. [1] have found shape analysiodset
that could potentially predict the onset of symptoms usiiui fali-
mensional diffeomorphic transformations of a neuroanatahtem-
plate. Goldman et al. [2] have found that some patients wotir ¢

firmed Alzheimer sometimes show few or no symptoms through-

out much of their lives. Thus, changes in hippocampal shape c
acteristic of Alzheimer may take place years before patishow
symptoms. Others [3] have even suggested the possibilitiruaf
treatments capable of preventing or significantly slowing pro-
gression of the disease. All these studies suggest a fuaae for
accurate methods of analyzing local as well as global featof

hippocampal shape. In our study, we compared the shapesleft 14

and 14 right hippocampi of control subjects with 16 left afdrigyht
hippocampi of Alzheimer subjects using spherical harmaorains-
form applied to surface conformal mapping. The procedunet\ae
follows: (1) Triangulation meshes were reconstructed @D T1
weighted SPGR (spoiled gradient) MRI images, by using aivect
surface algorithm that deforms a mesh onto the hippocanuptzice
[4]. (2) The meshes were then conformally mapped to a 2-spher
cording to [5] and regularly sampled using linear intergiola thus
creating a spherical parameterization of the mesh. (3) Bsfalseri-
cal harmonic transform algorithm (FST) was then performedhe
regularly sampled meshes according to [6]. (4)Lastly, tiotally
invariant shape descriptors were calculated, normalieeédsy vi-

sual analysis and plotted iR%. We hope these two-dimensional

visualizations of global shape descriptors will serve asiideyfor
future statistical analysis similar to that in [1] and theation of
disease-specific brain atlases as in [7].

2. PREVIOUSWORK

Various methods have been employed in the field of brain sub-

manifold shape analysis. Gerig et al. [8] used sphericainbar
ics to compute mean squared distance between lateral clestof
twins as a measure of pairwise shape difference by normglizp-
efficients with respect to volume and applying Parsevalisaégn.
Although mathematically elegant, this method involves maem-
putational error due to irregularity of sample points. Thisbe-
cause spherical harmonic coefficients are approximated) asieast
squares solution. Another method is a high dimensionagaiiffor-
phic map directly from a subject manifold onto an exemplages
manifold following Miller [9]. With this method, manifoldare di-
vided into subregions and an overall mean transformatidvwesn
all subjects and the target manifold is found for each of &ligu
many thousands of points. Then, using the mean transfarmatie
mean manifold is constructed. Thus, the perpendiculatatispnent
between each subject’s surface and the overall mean forsedhk-
ion is calculated as a measure of shape variation. Cseshenl.
] have employed this method in their study of Alzheimer's.

Fig. 1. Low-Pass Filtering: (a) through (d) are hippocampal sur-

faces reconstructed from harmonics up to degree 10, 20,6324
respectively. (e) is the original hippocampus

Use of spherical harmonic shape descriptors as initiabseprta-
tion of shape is advantageous to methods involving neutoarieal
templates in that the transform is independent of any pdipala
based averages and that it describes global shape feata@diiion
to locally detailed features. Figure 1 illustrates thispany: lower-
order spherical harmonics correspond to the major shaperésaof
a hippocampus, while those of higher order correspond teerenid
local features. Further, the analogue of a template in tethod is a
fixed target space, the sphere, which eliminates error duartabil-
ity of subject-based templates. As shown in [5], the confdrmap
onto the sphere is invariant to the specifics of triangufatind rota-
tion. That spherical harmonics-based shape descriptei@so rota-
tionally invariant in effect guarantees rotational ineace through-
out the entire procedure of our method. In addition, the gy
of sampled grid points allows for a fast calculation of sptarhar-
monic coefficients which are exact up to numerical error ciased



with floating-point implementation. cients, implying that linear transformations (scalingation, trans-
lation) in the object space alter an object’s spectrum. Tfursher

3. CONFORMAL MAPPING ONTO THE 2-SPHERE registration is needed to make each individual coefficiemmetely
invariant to linear transformations. While translatiomadariance is

achieved easily, rotational invariance will be the subgg#dhe con-

In this section we give the idea behind the conformal mapping|,ding section. For now, we have achieved a limited rotestion-
algorithm following X. Gu, Y. Wang, et al. [5]. The idea is tosfi  \/5riance by simplifying the spectrum as described below.
find a homeomorphisny : M — S2? (monomorphism between two
topological spaces that is continuous in both directions)then op-
timize it by minimizing harmonic energy. Het¥ is the manifold
represented by a triangulation mesh of the object surfadedded
in R®, defined by ,(K,g) where K is a simplicial complex and
g : |K| — R? is a function mapping the vertices &f to R® . For
simplicity, consider a scalar piecewise-linear contirmidunction
f:M — R.Letu,v € K be vertices{u, v} € K the edge formed
by u,v. (Here, we approximate all functions dd by continuous . . , , P Y S
piecewise linear (PL) functions. Thus, the range-spacketonfor- ! (frequency) ‘
mal map is also a triangulation mesh.) Define the inner prodoc
the space of PL functions by f,9 >= 532, ,1ex Ku,o(f(u) —
f())(g(u) — g(v)), wherek, , is string energy. By choosing Fig. 2. Rotational invariance: A hippocampal surface was rotated
the correct string energy constants, harmonic energy isetefoy 45 degrees around each axis, mapped conformally and deseghpo
E(f) =< f,f >= ¥ (s syex kuollf(w) = F(0)[[*. Vector func-  into new spherical harmonics. The plot shows the relatiffeuince
between the new and the original descriptofs(l) — s(I")]/s(l)
versus degreé Error is within 1%.

Relative Energy Difference

tions on M to are defined b7 = (f1, f2, fs) . Vector harmonic
energy isE(?) = Y | E(f;). Minimizing the harmonic en-
ergy ensures that the map is harmonic i.e. that the laplasian
equal to zero. That the map is harmonic guarantees its coafity.
Here, the initial homeomorphism used is the Gauss map deffiped 5. SPHERICAL HARMONIC ANALYSISAND THE

(v) = T (v),v € M. For details on the algorithm minimizing SURFACE CONFORMAL MAP
harmonic energy and additional constraints placed on thetifon
to ensure convergence as well as an explanation in a moreajene Let? : M C R® - S?be a conformal homeomorphism defined

setting, see [5]. discretely by f = (f1, fz, f), as described in section (3), where
M is a mesh representing the object. LEt! : S — R® be the
4. SPHERICAL HARMONICS inverse map from the sphere onto the hippocampal surfatiegde

by the isomorphic property of the homeomorphism. We regular

A function f : S* — C is a spherical harmonic if it is the eigen- sample f ~! = (f7', f5° ', f5 ') using a matching area algorithm

function of the Laplacian operatakf = Af where\ is a scalar and linear interpolation, and apply the FST to each scalapcment
multiplier. A countable set of spherical harmonics progidm or-  of the inverse map. This amounts to projecting the inverskeélis-
thonormal basis for the space of square-integrable fumetim the  crete conformal map onto a finite-dimensional subspade”¢$?).
sphereL?(S?). If we parameterize the sphere with a latitudinal co- The result is a set of vector spherical harmonic coefficien€
ordinate ¢ and a colatitudinal coordinate p, spherical loaios are

expressed explicily: {71 0m) = (7 @m), J5 (), Fi7 (m)jm] <1< BY)
_ ' R . . . e .
Y0, ) = QI+ 'm).le(coso)em¢ , where B is the bandwidth. The spectrum simplification neces-
4(1 +m)! sary for rotational invariance comes from two key obseorati

One is that the norm of a function ii*(S?) does not change
with rotatilon. lIPe oth?r is that for a spherical functipn €
m o m Al N . Span{Y,”",Y,”""" ..., Y, }, given an element of the rotation group
Pl (cost) = S (1-2%) % 2255 («? —1)!, which is a solution g € {56(3) ‘and its aés}ociated operatar(g), the transformed
to the associated Legendre differential equation.fLee inL*(S*)  function remains in the same subspaceIs{S?) : A(g)(p;) €
. For a given grdet and degreen, a spherical harmonic coefficient Span{Yl_’, Yl—z+17 . le} _Thus,
is defined byf(l,m) =< f,Y;™ >, where< f,¢g > is the usual
L? inner product in spherical coordinates. ThAe spherical barm o ) ) ) ! )
expansion is the serigi(d, ¢) = >°° S Fl,mYy"(8,4). 2 Gm)P =llpllz = 1A @)l = D A9 @) m)|
The set of all coefficientg?(l7 m) is called the spherical harmonic m=st m=st
transform of f. In practice, the transform is computed with a fast
algorithm described in [6], which relies on regular mesh glamg.
The transform is only computed up to a certain degreeB, where
the limit B is called the bandwidth. i)
A consequence of Parseval's equation is that any function ilarmonic shape descriptosgl) = >7_, S0 __/[|fi (I, m)
L?(S?) is uniquely determined by its spherical harmonic coeffi-to be the squared Euclidean norms of squdr&shorms of the vector

for the degred and orderm, wherel andm are integers with
|m| < 1. Here, P/"(cos#) is the associated Legendre polynomial

Further, the linearity ofA(g) implies f(8,¢) = Y2, ' =
Ag)[f(0,9)] = {3:‘01 A(g)(p1). This motivates the following

definition. Returning to our original notation, we define epbal
I*



inverse maps. In view of the three observations above, thesaip-
tors should be invariant to rotation, as each of the innerssartheo-
retically invariant. Itis also possible to make the coefits transla-
tionally invariant by simply disregarding the degree-zeuvefficient,

which is alone responsible for translation. Thus, we preduquasi-
unique multi-resolution global shape representation. Nawface
comparison is possible directly in the simplified spectruomein

without registration.

6. EXPERIMENTAL RESULTS

Our experimental results confirm rotational invariance (& 2)
up to discretization and sampling error. Relative error tua ran-

"df” stands for "degrees of freedom,” "F” is the value frometlf-
distribution (a continuous distribution which arises wieemparing
variances between two samples) based on sums of squares’and ”
is the tail of the distributin at the given F-value. When ekaing the
ANOVA, we found that frequencies 2, 6, 8, 12, 14 and 15 give the
most significant interaction between diagnosis and hereigph\e
computed the average of frequency-wise differences inrifgsc
magnitude between the right and left hemispheres for edsfecu
only for the frequencies above. An independent samplest bfahe
differences average between cntrol and AD subjects confingis
significance: (df=28,t=-2.692, P=.012). In particular, maed that
while the average was slightly higher among AD subjectséritht
hemisphere, it was significantly lower in the left comapreddn-
trol subjects. This is consistent with [1], where significeeduction

dom rotation is within 1%. Although the initial descriptors are not in surface area was found specifically in the lateral zonéefieft
based on any population averages, here we use sample-based rhippocampus.

malization constant€’(l) = + SN S°P 7' si(k)/si(1), where
N is the total number of meshes,(k) is the kth degree descriptor

7. CONCLUSION AND FUTURE WORK

of the ith mesh and B is the bandwidth of the transform (nog& th

the degree-zero coefficient is omitted). Normalized shagseip-

torsn(l) = s(I1)C(I) provide a measure of the ratio of the size of ~ Our spherical harmonic shape descriptors were found to be a
major features to smaller protrusions and highly localifeatures  good means of quantifying shape features in hippocampéds.

of an object against the sample mean. For example, the first dg’hese rotationally and translationally invariant dedorip have
gree harmonics form the "main ellipsoid” of the object (s&6]].  potential to be quite useful in creating population-baseskase-
Supposen(1) of a particular hippocampus is smaller in comparisonspecific brain atlases. Further, an advantage of usingrspediased
with its lower degreeu (1) for I # 1. We conclude that as compared descriptors lies in their ability to quantify aspects ofgabshape un-

to the sample mean, this hippocampus has more major curdes adetectable with region-by-region comparison to popurasicerages.

large protrusions with respect to its "main body.” Shapecdptors
are normalized further with respect to a fixed lower-degescdp-
tor for scale invariance. Thus, the main novelty of our mdtischat
it provides an invariant multiresolution representatidnileszmaking
comparisons across populations and frequencies meahikdgure
3illustrates 2-D visualizations of normalized shape desars sim-
ilar to the example above. Figure 4 shows the original hippgu
described by the visualizations in Figure 3.
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relative magnitude in lower frequency descriptors of thidsine
indicates a greater presence of low-frequency curves icahéol
hippocampus.

We ran a 3-way ANOVA on normalized descriptors with hemi-

sphere, diagnosis and frequency as factors. Only desgipfoto
frequency 15 were considered, as they generate ovét 88 hip-

In experiments, our global metric was found to have comparsdm-
sitivity to local deformations as some localized metricsatidbed
above, giving purpose to future refinements of our method.

Fig. 4. Two original hippocampal surfaces: () is a left hippocamp
of a female Alzheimer subject and (b) is a left hippocampus: of

female control subject, corresponding to Figure 3.
Fig. 3. Plots of normalized descriptors for two hippocampi: highe

To further develop use of spherical harmonics as a meangpésh
representation in the future, we would like to:

(1)Develop a direct registration method via spherical sros
correlation

(2)Develop a spherical harmonic representation whichtigisi-
cally optimal with respect to the conformal structure of theface,

thus integrating the theory of spherical harmonics withoglacon-

pocampal harmonic energy. Further, because only a subgbeof formal mapping

normalized spectrum was used, the sample-based constardb-a
jective. Most notably, the test yielded significant restittsdiag-

(3)Develop a better understanding of the interplay betvepber-
ical harmonic shape representation and moments exprassamuiis

nosis (df=1, F=4.061¢=.044), and interaction between diagnosis of shape characteristics, as can be analogously done férEhease

and hemisphere (df=1, F=7.5207.006). Other significant factors
include hemisphere (df=1, F=6.4287.011), and interaction be-
tween frequency and hemisphere (df=14, F=2.684.001). Here,

[10].
(4)Test more hippocampal surfaces with our method. The Labo
ratory on Neuro Imaging at UCLA has kindly provided us withnmo



than 122 new hippocampal models. To make the first step irdthis [14] M. Kazhdan, T. Funkhouser, S. Rusinkiewicz "Rotatiawdri-

rection, we are currently transforming the models into nfesmat. ant Spherical Harmonic Representation of 3D Shape Descrip-
tors” Proc. of Symposium on Geometry Processing pp. 167-175
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