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1. Introduction and statement of results

A partition of a positive integer n is a non-increasing sequence of positive integers whose sum is n.
The partition function p(n) is defined to be the number of partitions of n. By convention, p(0) =1
and p(n) =0 for n < 0.

Euler showed that the partition function satisfies the following generating function relationship:
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An r-colored partition of a positive integer n is a partition of n, where one of r colors is assigned
to each integer in the sequence. The rth power of the partition function, p,(n), counts the number of
r-colored partitions of n. It satisfies a generating function relationship similar to that of p(n):

1
Zpr(n)q ]_[(1 o (1)

In his 1921 paper [13], Ramanujan proved the following beautiful and intriguing congruences,
which became known as the Ramanujan congruences

p(n—35,) =0 (mod €) ()

where £ =5,7,11, §; = 24 ,and n is any positive integer.

Since then, congruences similar to (2) have been extensively studied. Although Ahlgren and Boy-
lan showed in [2] that the Ramanujan congruences are the only ones of the form (2), Kiming and
Olsson [9] have shown that congruences like (2) exist for p,(n). They define these congruences as
follows.

Definition 1.1. Let ¢ > 5 be a prime number, r a positive integer with 1<r</{and r#¢—1,¢—3.
We say that ¢ is exceptional for r if there exists an integer a such that 0 <a < ¢ —1 with p,(¢n+a) =
0 (mod ¢) for all positive integers n.

In the same paper, Kiming and Olsson also proved the following theorem, which makes the Ra-
manujan congruences special cases of exceptional congruences

Theorem 1.2. (See [9, Thm. 1].) If £ > 5 is prime and exceptional for r, then 24a =r (mod ¢).

In 1960, Newman made the following conjecture about the distribution of the partition function
modulo a positive integer M.

Conjecture 1.3. (See [11].) If M is an integer, then for every integer s there are infinitely many non-negative
integers n such that p(n) = s (mod M).

Ahlgren and Boylan proved Conjecture 1.3 for M = ¢/, with £ > 5 a prime number and j a pos-
itive integer [3]. For certain M with multiple prime factors, conditions to check the validity of the
conjecture were obtained in [1].

Since p(n) is a special case of p;(n), we will consider the following generalization of Newman'’s
conjecture to p,(n).

Conjecture 1.4. If M and r are positive integers, then for every integer s there are infinitely many non-negative
integers n such that p.(n) = s (mod M).

Notice that for r =1, we have p,(n) = p(n) and recover Newman’s original conjecture. Using a
procedure similar to the one in [2], Kilbourn [8] proved Conjecture 1.4 for M = ¢/ when € >r +4 is
not exceptional for r and outlined a method to check the conjecture when ¢ is exceptional for r < 24.

In this paper, we will follow the procedure outlined in [8, §5] to verify Conjecture 1.4 for certain
M = ¢/ with ¢ a prime number and exceptional for r < 48. All the pairs (1, £) with ¢ exceptional for
r < 48 are listed in [6]. We will look at the pairs in the following set

S ={(r, )| ¢ exceptional for r, r <24}

. 24 —r -
U {(r, 0) ‘E exceptional for r, 24 <r <48 and < 7 ) = (—)}
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Throughout this paper we will use (}) to denote the Legendre symbol and set 6, = ‘522—21 and
2miz
q=e?”.

The main result of this paper is the following theorem.

Theorem 1.5. Let (1, £) € S and j a positive integer. Then for every integer s there are infinitely many non-
negative integers n such that p,(n) = s (mod ¢’).

The proof depends on the action of Hecke operators on certain modular forms whose coefficients
are congruent to p,(n) modulo a prime. First, we will construct a half-integral weight modular form
for each pair in S following a similar method in [4] using eta-quotients and twists of modular forms
by characters. We then compute the action of certain Hecke operators on those modular forms. Note
that the proof of Theorem 5 in [3] has demonstrated the cases for (r,¢) = (1,5), (1,7),(1,11), and
[8, §5] has a sketch for the case (r, £) = (3, 11).

In Section 2, we will give some facts about modular forms modulo ¢ and eta-quotients as
in [10,14,15] and [12]. We will describe the construction of the modular form in Section 3 and prove
Theorem 1.5 in Section 4.

2. Preliminaries
Let My(I") and Si(I") denote the space of modular forms and cusp forms of weight k and level

I respectively for I" C SL,(Z) a congruence subgroup. If f(z) =52 ,a(m)q" € My(SL2(Z)) NZ[q], let

7(23:: >lo a(n)q" be the coefficient-wise reduction of f(z) modulo ¢. Note that we fix ¢ in this
section so the reductions are always assumed modulo ¢ unless otherwise noted. Define

Mi(SL22) = {F @) | f(2) € M(SLa(D)) }
as the space of weight k modular forms reduced modulo £.

Let f(z) € M(SL2(Z)) have nonzero reduction modulo ¢. If g(z) € Z[q] has the property that
2(2) = f(2) (mod ¢), then define the filtration w;(g) of g(z) modulo ¢ by

we(g) :==min{k" | there exists TeMy (SL2(2)) st f= g}

Note that one clearly has w¢(g) <k. If g(z) =0 (mod ¢), then we set w(g) =
Recall the Ramanujan operator for f(z) =Y 2 ,a(n)q" € Mg(SL2(Z)) N Z[[q]] is deﬁned as

O(f):= ) _namq".

n=1

From [12, Prop. 2.44] we know that (sf/f) € IVI,{HH(SLZ (Z)). In addition, we have the following facts
about filtrations and the effect of the theta operator on filtrations from [14] and [15].

Lemma 2.1. Let £ > 5 be a prime number and f(z) € My(SLy(Z)) N Z[q] with 7 #0. Then
1. we(f)=k (mod ¢ —1);

2. we(fY =iwe(f) for all integers i;
3. we(O(f)) <we(f) + €+ 1 with equality if and only if we(f) # 0 (mod ¢).

Let d be a positive integer. We define the U-operator and V -operator by
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(Xﬁw&)wm:ﬁ)@mﬂ (3)

n>ng nzng
(deﬂMW=de“ (4)
n>ng nz=ngp

Unlike the Ramanujan operator, both U(d) and V (d) transform modular forms to modular forms in
the following manner.

Lemma 2.2. (See [12, Prop. 2.22].) Suppose that f(z) € My(Io(N), x) and d is a positive integer dividing N.
Then

f@IUWM) e Mi(To(N), ).
f@|V(d) € Mi(Io(@dN), x).
Moreover, if f(z) is a cusp form, so are f(z)|U(d) and f(z)|V (d).

Recall Dedekind’s eta function and its g-expansion:

18

n@=q%[[(1-q". (5)

Il
-

n

We have that 1(24z) € S1/2(I9(576), x12) where x12 = (?). One also has that every integral weight
modular form on SLy(Z) and every half-integral weight modular form on IH(4) can be expressed as
a rational function in 1(z), (2z), and 1(4z) (see [12, Thm. 1.67] or [10, §4.2]). In particular, n?4(z) =
A(z) € S12(SLa(Z)) is the cusp form with the smallest integral weight. Thus it is easy to see that
n(z) is an important building block for both integral and half-integral weight modular forms. Here
are some facts about eta-quotients.

Theorem 2.3. (See [12, Thms. 1.64, 1.65].)

L If f(2) =[5y n(82)" is an eta-quotient with k = 3 5y rs € Z and with the additional properties that

Zér(; =0 (mod?24)
SIN

and

N
> ST =0 (mod 24),
SIN

then f(z) satisfies

az+by\ K
f(cz+d>_X(d)(CZ+d) f@

for every (‘C1 Z) € I'o(N). Here the character y is defined by x (d) := (#), where s =[5y 8.
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2. Let c,d and N be positive integers with d|N and gcd(c,d) = 1. If f(z) is an eta-quotient satisfying the
conditions above for N, then the order of vanishing of f (z) at cusp § is

N Z ged(d, 8)%rs

- —.
24 SN ged(d, 5)ds

Proposition 2.4. Let t be a positive integer. Define the eta-quotient E, ((z) as

n‘ 2
nitz)’

E¢(2) =

t_
One has E¢¢(z) € M ;e_y (I(£Y), xo.t) Where xor = (w). Furthermore, E, (z) vanishes at every
=

cusp not equivalent to co under I'y(¢£Y). Also, E ft’;fl (2) =1 (mod £™) for every positive integer m.

Proof. From Theorem 2.3, we know that E, (z) transforms correctly under I'p(¢') with weight K[T’]
Also, one easily checks that E(z) is holomorphic at every cusp and vanishes at every cusp not
equivalent to oo under I'p(¢h).

To show that Efi";l (2)=1 (mod ¢™), notice E;+(z) has the following expansion

M2, —gh”

P @ = =y

(6)

By the binomial theorem, we have (1 —q)® = (1 —q%) (mod ¢) and Eq. (6) implies that Evi(2) =
1 (mod ¢). Now with an induction on m, we see that for every positive integer m

E =1 (mod ™). O (7)
3. Construction

We assume throughout this section that £ > 5 is a prime number that is exceptional for r. This
allows us to assume that r is odd by work of Kiming and Olsson [9]. We define

—6r
ér.( - (T)

We begin this section by proving the existence of a half-integral weight modular form F; ¢ ;(z)
whose coefficients are congruent to values of p, modulo ¢/. One can see [4, Thm. 2.1] for the state-
ment in terms of the partition function.

Lemma 3.1. Let £ > 5 be prime and j a positive integer. If (r, £) € S, then there is a modular form F; ¢ j(2) €
Sies—1 (I'n(576€3), xe.3X¢ X12) N Z[q] such that

n+r ;
Frej(2) = Z Pr(j)qn (mod &),
(H=—()

((7])(/%71)/2”
L]

where A, ¢ j is an integer, x, = (%), Xet = ), and x12 = (%).
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Proof. Consider the following eta-quotient

n‘(ez) )

fre(@) = ( )

From Theorem 2.3 we know that f; ¢(z) € Mre-1 (I9(£), x¢) where we have used that x; = x, since
r is necessarily odd. Using Eqgs. (1), (5) and the fact that f ((z) vanishes at co, we can write

fre@ = (Zpr(n)q”+’5‘> [Ta—-¢" Zar/z(n)q 8)

n=0 n=1

Given a modular form f and a character y, we denote the twist of f by x as f ® x. Consider the
function

g0 = fre(@) — € fre@ @ xe=Y_(1—€r o xe(m)ar e (mq™.

n=1

Standard facts (cf. [10, §3.3]) imply that g; ¢(z) € M re-1 (I'o(£3), x¢). Since all of the exponents of the
2

q’s in the product [](1 —q®™)™ are divisible by ¢, we can conclude that

gr,e(2)=< o opmgttr 42 Y pr(n)q””‘”)]_[ 1—q")". 9)

Eintrd, ("75“ Y=—6r¢

Consider f; ((2)|[U@)|V () = Zf;] aryg(Zn)q’Z”. By Lemma 2.2, we know that fr¢(2)|U)|V(¥) €
M re—1y (I0(€2), x¢). Since £ divides the exponent of every term in the g-expansion of fr ¢|U(£)|V (£)
2

in Eq. (8), it has the following g-expansion:
fr,e<z)|U<1z)|V<fz>=( > pr(n)q”+r5‘> H 1—-¢")". (10)
£in+rd, n=1

Now we are able to show that for sufficiently large m the following function has the desired
property

041 EL D@ = fr@UOIV O)IV @4
2 0"t (24¢2)

Frejm(2) = (11)

(In particular, we require that m > j.) Using Egs. (7), (9) and (10), we can compute the g-expansion
of Fr ¢ jm(z) modulo ¢/ (using m > j)

41 i o1 n4r
Fr,e,j,m(z)zT<2 > prmg* T)z 5 (2 > pr< N )q)

(e, (H=-()

= Z pr(nz——zr>q" (mod ¢/).

(H==(F)
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The fact that 77(24¢z) € M (I'9(576¢), x12) with xq3 := (?) gives that F; ¢ j m(2) transforms cor-
L ,
rectly under I'p(576¢3) with weight %
at the cusps, consider the function

— % and character X 3 )¢ x12. To check that it vanishes

E24" " (2)(8re (@) — Fre@IU OV (£)*
AT (£2)

h(z) := , (12)

where A(z) is the unique normalized cusp form on SL(Z) of weight 12.
Clearly, h(z) transforms correctly under I'p(£3). At co, we can use (9) and (10) to obtain the g-
expansion for gr¢(z) — fr¢(2)|UW@)|V (£):

oo

gr,((z)_fr,Z(Z)|U(E)|V(Z)=(2 > pr(n)q”““‘f) (1—¢™)". (13)

—_

n+rs, n
(Tl )=—¢€r¢

When r < 24, the first term in the summation of Eq. (13) has order at least 1+ r§, since (%) =

€r¢ # —€rg. When 24 <1 <48 and r € S, the first two terms, with n =0 and 1, have the property

that
0+r1dy 1+471é
= =€r¢# —€re.
n n

by the definition of S. So it has order at least 2 + r§,. Since E; 3(z) is holomorphic at oo, we see
from Eq. (12) that orde (h(2)) > 24(1 +18¢) — r£? and ordeo (h(2)) > 24(2 4+ 18¢) — r¢2 for r < 24 and
24 < r < 48 respectively. In both cases, we have ordy, (h(z)) > 0. Since Efj'; (z) will vanish at cusps
not equivalent to co under Ip(¢3), we can choose m large enough so that h(z) also vanishes at those
cusps.

By Lemma 2.2, h(24z) = h(2)|V (24) is a cusp form, hence vanishes at all cusps. Since F; j(2) =
”T“(h(24z))2]_4, it also vanishes at all the cusps. Thus, F, j(z) € S)Lryl.j_%(ro(576ﬁ3),)(g,g)(g)(u),

_ (@371)(57“71
_ 2

where Ay ¢ j is an integer. (Note that it may look odd to have a dependence on j on
the left-hand side but the right-hand side in terms of m. We write it this way to emphasize that the
m can be arbitrary as long as it is large enough to ensure cuspidality and m > j.) O

We now construct a modular form P;(z) such that its level is not divisible by ¢ and P, (z) =
Fy ¢ j(z) (mod £). The construction for r =1 is carried out in [5] and an analogous result is sketched
for r <24 in [8, §5].

Lemma 3.2. Suppose (r, £) € S. Then there is a cusp form Py ¢(z) € S ,2_,_; (Iv(576), x12) N Z[q] such that

2

Pri(2)=Fryj(z) (mod o).
Proof. Let fr¢(z) = Y ;2 ar¢(n)q" be defined as in Lemma 3.1. By considering its g-expansion in

Eq. (8) and applying the binomial theorem, we have f; ((z) = A" (z) (mod £). Now Lemma 2.1 im-
plies that

we(fr.0) = g (A™) = 18ew¢ (D).

The fact that My(SLy(Z)) is either O or a one-dimensional vector space for k < 12 allows one to easily
2
check that w,(A) =12. Thus w,(fr¢) = “52—71)
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Since "¢ 1) +k(+1)=£0 (mod ¢) for k=0,1,..., 21 we can apply the Ramanujan operator
1 times and conclude from Lemma 2.1(3) that

(r+1)(132—1)

(07 (fr.0) = —— (14)
By considering the g-expansion of o7 (fr.e(2)), we have
- . /n
o7 (fre@) = Z(Z>ar,e(n)q" (mod £). (15)
n=1
Combining Eqgs. (14) and (15), we know that there is a cusp form Q; ¢(2) € S ;;1)2_1, (SL2(Z)) such
that ’

ad n [

Qre(2) = ;(Z)ar,e(n)q” =fre(@® (E) (mod ¢). (16)

Let Ex(z) be the normalized Eisenstein series of weight k. Using the fact that E;_1(z) =1 (mod ¢),
we can define the cusp form Ry ¢ in S, 4)2_;, (SL2(Z)) NZ[q] as
2

41
Rre(2) = A"(2)E, 2, (2) — €0 Qr 0 (2).

Using Eq. (16), we can calculate the g-expansion of R; ¢(z) as

Rr.e(z>z< Y prn—rsg"+2 Y pr(n—rae>q")]'[1—q " (mod 0).
n=1

n=0 (mod ¢) (Pr=—ers

When ¢ is exceptional for r, we can find an integer a such that p,(¢n +a) =0 (mod ¢) for every
integer n. If £|n, then we can deduce from Theorem 1.2 that n — r§; =a (mod ¢). So we can write
n—ré; = £m+ a for some integer m. Since £ is exceptional for r, p,(n —ré;) =0 (mod ¢) whenever ¢
divides n. Thus the g-expansion of R; ;(z) modulo ¢ is as follows:

Rr,z<z>zz< > m(n)q"*rsf)]'[(l—q”)“z (mod £). (17)

FED=—(p) n=1

Define

041 Rye(242)

PI’,[(Z) = 2 nrgz (242) :

From Eq. (17), we see that Py ¢(2) = Fr ¢ j(z) (mod ¢). To check that it is a cusp form, consider
the space S ,,12_y (SLa(Z)). It is generated by E}(2)AJ(2) with 4i +12j = (r“)gﬁ Also, the first

2
nonzero term of R;(z) has exponent at least r§, + 1 for r <24 and rd, + 2 for 24 <r < 48 by
construction. So we can write

Rre(2) = A" (2)C1(2)
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with C1(2) € M 2_55 (SLp(Z)) for r <24 and

2

Rre(2) = A2 (2)Ca(2)

with C2(2) € M 2_49 (SL2(Z)) for 24 <1 < 48. In either case, P; ¢(z) is the product of some power of

2
1(24z) and another modular form. (See Appendix A for some examples of expressing P, ((z) explicitly
in terms of 17(24z) and E4(24z).) Hence we have Py ¢(z) € S 2_,_; (I0(576), x12) NZ[q]. O
=1

4. Proof of main theorem

The proof of Theorem 1.5 is similar to that of [3, Thm. 5] and the sketch in [8, §5]. First, we need
the following definition from [3].

Definition 4.1. Let M be a positive integer and F(z) a half-integral weight modular form with

F(z) = Za(n)q”.

n=1
The coefficients of F(z) are said to be well-distributed modulo M if for every integer s, we have

X
#1<n<X|am) =s (mod M)} >y | PeX if r#0 (mod M),

X if r=0 (mod M).

Clearly, if the form F, ; j(z) constructed in the previous section is well-distributed modulo M = o,
then Conjecture 1.4 is true for p,(n) modulo M = ¢J. Furthermore, we would have a lower bound for
how often p,(n) falls into each congruence class of M = ¢J. The following lemma, which is a direct
consequence of [3, Thm. 1], gives a condition on when F; ¢ j(2) is well-distributed modulo M = 25

Lemma 4.2. Let Fr ¢ j(z) = Y o2 ar ¢, j(n)q" be defined as in Lemma 3.1. If M = ¢J is the power of a prime
number and r is a positive integer with (r, £) € S, then at least one of the following is true:

(1) Fr.r,j(2) is well-distributed modulo M = ¢/;

(2) There are finitely many square-free integers ny, ny, ..., n; for which
t [e’e) 5
Frej(2) = Z Z ar,g,j(nimz)q”fm (mod £). (18)
i=1m=1

One should note here that conditions (1) and (2) can be simultaneously satisfied. The point here
is that if condition (2) fails, then we must have the validity of condition (1).

The following proposition gives us a way to check the validity of condition (2) in Lemma 4.2 for
each pair (r, £) € S. It combines the results [3, Lem. 4.1] and [7, Thm. 1].

Proposition 4.3. Suppose Pr¢(2) = Y oo, ar o(M)q" € SMH% (I'(576), x12) can be written in the form of

Eq. (18) and ar,g(mm%) # 0 (mod ¢) for some positive integers my and n; € {ny, ..., n;}. Without loss of
generality we assume i = 1. Then the following condition is true

-1 Are
ar.e(p*nim?) — (%) <( p) )Xlz(P)PM"ar,e(nlm%) =0 (mod?Y), (19)

where p is a prime number with p 1 576¢nymy and p # 1 (mod ¢).
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Table 1
Table for values of p, ny, and (r, ¢) € S.
(r,£)eS p ny Eq. (19) (r,)eS D ny Eq. (19)
1,5) 7 23 120 mod 5 (15, 29) 5 33 27 %0 mod 29
1,7) 5 23 40 mod 7 (17, 23) 5 7 11 %0 mod 23
(1, 11) 5 23 40 mod 11 (19, 23) 7 5 20 mod 23
(3, 11) 5 93 40 mod 11 (21, 29) 5 123 6 0 mod 29
(3,17) 5 21 110 mod 17 (21, 31) 5 3 7% 0 mod 31
(5, 11) 5 67 100 mod 11 (21, 47) 5 3 40 mod 47
(5, 23) 5 19 1220 mod 23 (25, 29) 5 47 6 0 mod 29
(7, 11) 5 17 80 mod 11 (25, 31) 5 47 29 0 mod 31
(7, 19) 7 17 18 20 mod 19 (27, 31) 5 21 2520 mod 31
(9,17) 7 39 16 %0 mod 17 (27, 41) 5 21 122 0 mod 41
(9, 19) 5 39 162 0 mod 19 (33, 41) 7 15 36 0 mod 41
(9, 23) 7 39 90 mod 23 (39, 47) 7 57 370 mod 47
(13, 17) 5 1 100 mod 17 (39, 61) 7 33 460 mod 61
(13, 19) 5 59 40 mod 19 (43, 47) 5 29 90 mod 47
(13, 23) 5 59 18 % 0 mod 23 (45, 53) 7 195 3330 mod 53
(15, 23) 5 33 11 0 mod 23 (45, 59) 5 3 42 %0 mod 59
Proof. By [3, Lem. 4.1] there exist primes pq,...,ps distinct from ¢ and p, and a modular form
Gre(2) €S, 1 (ID(576pt - p3), X12) N Z[q] with
s 2
2
Gre@= > are(mm?)g"™ £0 (mod ¢). (20)

m=1
ged(m,[]pi)=1

Now we can study the action of the Hecke operator T (p2, Are, X12) on Gy ¢(2). Recall the Hecke op-
erator T(p?, A, x) acts on a half-integral weight modular form F(z) = Zﬁ‘;l a(n)q" € MH% (Io(N), x)

by

o0

F@)IT(p*, %, x) = Z(a(pzn) + (%)x*m)p**la(n) + x*(p)p””a(n/pz))q", (21)

n=0
where x*(p) = (‘1) x(p) and a(n/p*) =0 if p{n.

By the choices of py,..., ps, we have ged(¢, 576p?--- p?) =1 and p{576p? - p2¢. Using Eq. (20),
we can write Gy ¢(z) in the following form

Gre@= Y.  aremq" (mod o).
(1)e0,(5h)

Applying [7, Thm. 1], we have

(P — DGre@IT (P Are, X12) = (";1) X @ (P +p* ) (p — DGre(z) (mod 0).  (22)

Since p2 fmm% and p #1 (mod ¢), we can combine Egs. (21) and (22) to obtain Eq. (19). O

Since P;¢(z) = Fr 4, j(z) (mod £), we can use Proposition 4.3 to check that condition (2) in
Lemma 4.2 does not hold by finding p, ny and m; that do not satisfy Eq. (19). In Table 1, we list
the choices of p, ny for each pair (r,¢) € S. For simplicity, we choose m; =1 in all cases. Since
Eq. (19) does not hold, condition (1) of Lemma 4.2 is true, and Theorem 1.5 is proved.
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Appendix A

Here are some examples of expressing P; ¢(z) in terms of 7(24z) and E4(24z) for some (r,¢) € S.
These examples have less than 20 terms in their summation. Note: Pq5(z), P1.7(z) and P 11(z) ap-
peared as Eqgs. (5.4), (5.5) and (5.6) in [3].

P15(2) = 0> (242),
P1.7(2) = 0 (242)E3(242) + 3nY (242),

P111(2) = n**(242)E}? (242) + 50" (242) E5 (242) + 40”1 (242) E§ (242) + n°° (242) E} (242) + 8010 (242),
P3.11(2) = 90 (242)ES(24z) + 61°%°(242) E§ (242) + 7Tn*3(242) E3 (242) + 617 (242),

P3.17(2) = 301 (242) E3> (242) + n*(242) E3° (242) 4 21%°(242)E¥ (242)
+ 1579 (242)E24(242) + 510"V (242) E31 (242) + Tn'¥1 (242)E1® (242)
410115 (242)EY (242) 4 9n'%9 (242) E}? (242) + 8113 (242)E (242)

+ 14057 (242)E§ (24z) + 14n*%1 (242) E3 (242) + 141°% (242),
Ps.11(2) = 10n%7 (242) E§ (242) 4 n°1(242) E3 (242) + 50 (242),

P7.11(2) = 70" (242) E}? (242) + 3n*! (242) E5 (242) + 10n°° (242) E§ (242)

+2n%9(242)E3 (242) + 8113 (242),

P7.10(2) = 70" (242) E3*(242) + 11n*1 (242) E3° (242) + 21 (242) E3° (242) + 5% (242)E3? (242)
+ 5117 (242)E37 (242) + 16101 (242) E3* (242) + 1718°(242) E2' (242)
+67°%(242)E}® (242) + 187°% (242) E} (242) + 40> (242)E ) (242)

+ 901 (242) E5 (242) + 171> (242) E§ (242) + 140>%° (242) E3 (242) + 141°>3 (242),

Py 17(2) = 3n°°(242)E3"(242) + 51 (242)E}’ (242) + 6n% (242)E3* (242)
+6n'"(242)E3' (242) + 517 (242) E;} (242) + 30" (242)E}> (242)
16027 (242) ES (242) + 3n*1 (242) E§ (242) + 81?5 (242)E; (242)
+ 11777 (242),

P9 19(2) = 161> (242) E3° (242) + 30°° (242) E3° (242) + 4n®' (242) E’ (242)
+ 60" (242)E}° (242) + 31'° (242) ]’ (242) + 13n"° (242)E5* (242)
+4n'3(242)EZ' (242) + 81”7 (242)E 2 (242) + 5171 (242) E (242)
+ 50755 (242) E2 (242) + 51n°7° (242) ES (242) 4 21°% (242) ES (242)
+ 41?7 (242)E3 (242) + 177> 242),
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P13.17(2) = 130" (242) E3 (242) + 161> (242) E3°(242) + 121 (242) E’ (242)
+9n%3(242)E2* (242) + 311 (242) E B (242) + 11015 (242)EL (242)
+30179(242) EL? (24z) 4 Tn*%3 (242) E5 (242) + n**" (242) ES (242)

+ 13071 (242) E3 (242) + 40?7 (242),

P13,19(2) = 107°° (242) E3° (242) + 1373 (242) E3> (242) + 81" (242) E3° (242)
+14n'31(242) E2 (242) 4 9035 (242)E2* (242) + 4n'7° (242) E3' (242)
+30%7 (242)E (242) + 13n?7%(242) E3 (242) + 150*%° (242) E§ (242)

1107323 (242) E3 (242) + 140> (242).
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