
1. Consider the Hamilton-Jacobi equation ut + H(∇xu) = 0, where H depends only on
∇xu = (ux1

, ux2
, · · · , uxn

).
(a) Obtain the characteristic equations;
(b) Verify that u(x, t) = a · x − tH(a) + b is a complete integral.
(c) Use envelopes to generate a solution of ut + |∇u|2 = 0 which is not linear in x and t.

Solution: Let

x̃ =




x1

x2

...
xn

t




=

(
x
t

)
, p̃ =




ux1

ux2

...
uxn

ut




=

(
p

pn+1

)
, z̃ = u

then the original equaiton is just F (x̃, z̃, p̃) = pn+1 + H(p) and the characteristic equations
are

dx̃

dτ
= DepF =

(
∇H(p)

1

)
, (1)

dp̃

dτ
= −DexF − p̃DezF = 0, (2)

dz̃

dτ
= p̃ · DepF = p · ∇H(p) + pn+1. (3)

If we identify τ as t, then the characteristic equation is

dx

dt
= ∇H(p),

dp

dt
= 0,

dz

dt
= p · ∇H(p) − H(p). (4)

(b) Since for u(x, t; a, b) = a · x − tH(a) + b,

ut = −H(a), ∇xu = a.

Substituting it into the equation, we have

ut + H(∇xu) = −H(a) + H(a) = 0.

Hence u(x, t; a, b) solves the PDE.
Moreover, we have

(
Dau Daxu Datu
Dbu Dbxu Dbtu

)
=

(
x − t∇H(a) I −∇H(a)

1 0 0

)

The rank of above matrix is obviously n + 1. Therefore, u(x, t; a, b) is a complete integral.
(c) Taking the derivative of u(x, t; a, b) with respect to a, we find that

0 = x − t∇H(a) = x − 2ta

This gives a == x/(2t). Substituting it back to u(x, t; a, b) (we can choose any b, say b = 0)
then we have the solution

u(x, t; x/(2t), 0) =
|x|2

2t
− t

|x|2

4t2
=

|x|2

4t
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2. (a) Solve the following equation, using characteristics,

ut + uux = 0, u(x, 0) = a sin x,

where a > 0 is a constant. Determine the first time when a shock forms.
(b) Now consider

ut + uux + cu = 0

with the same initial data and a positive constant c. How large does c need to be in order to
prevent shock formation?

Solution: (a) The characteristic equations are

dx

dt
= u,

du

dt
= 0

with the initial condition
x(y, 0) = y, u(y, 0) = a sin y.

The solution is simplily given by

x(y, t) = y + at sin y, u(y, t) = a sin y

Then the solution is given implicitly by

u = a sin(x − ut)

The shock forms when xy(y, t) = 0, i.e 1 + at cos y = 0. Then first time it forms is

T ∗ = min
cos y<0

1

−a cos y
=

1

a

(b) Similarly, the characteristic equation is

dx

dt
= u,

du

dt
= −cu.

with initial condtion
x(y, 0) = y, u(y, 0) = a sin y.

The solution to the equation for u is

u(y, t) = ae−ct sin y,

and therefore the equation for x is

dx

dt
= ae−ct sin y.

The solution for x is

x(y, t) = y +
1 − e−ct

c
a sin y.

There is no shock only if

xy(y, t) = 1 +
1 − e−ct

c
a cos y 6= 0

for any y and any t > 0. Since 1− e−ct ≥ 0, the possible shock forms only at cos y = −1 and
thus only for t at which

1 =
1 − e−ct

c
a

The above equation has a solution for t if and only if c < a. In another word, c has to be at
least a to prevent shock formation.
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3. Determine the type of the equation and then find its general solution

x2uxx + 2xyuxy + uyy = uy.

Solution: Let characteristics is the solution of the equation

x2

(
dy

dx

)2

−2xy
dy

dx
+ 1 = 0, (Notice the minus sign)

or
dy

dx
=

y ±
√

y2 − 1

x
.

Therefore, the equation is elliptic when |y| < 1, parabolic when |y| = 1 and hyperbolic when
|y| > 1. We are going to find the general solution only for hyperbolic equations. Without
loss of generality, we assume y > 1. Then we have to use the following change of variable

ξ = lnx −

∫
dy

y +
√

y2 − 1
, η = ln x −

∫
dy

y −
√

y2 − 1
.

where the two vairables are chosen to be the integration constant of the characteristic equa-
tion.

Since
∫

dy

y +
√

y2 − 1
=

∫
(y −

√
y2 − 1)dy

=
y2

2
−

y
√

y2 − 1

2
+

1

2
ln(y +

√
y2 − 1) (5)

ξ can be written explicitly as

ξ = ln x −
y2

2
−

y
√

y2 − 1

2
+

1

2
ln(y +

√
y2 − 1).

Similarly

η = ln x −
y2

2
+

y
√

y2 − 1

2
−

1

2
ln(y +

√
y2 − 1).

It is easy to see that

ξx =
1

x
, ξy = −y −

√
y2 − 1, ξxx = −

1

x2
, ξxy = 0, ξyy = −1 −

y√
y2 − 1

.

ηx =
1

x
, ηy = −y +

√
y2 − 1, ηxx = −

1

x2
, ηxy = 0, ξyy = −1 +

y√
y2 − 1

.

Moreover, by chain rule, we have

ux = uξξx + uηηx

uy = uξξy + uηηy

uxx = uξξξ
2

x + 2uξηξxηx + uηηη
2

x + uξξxx + uηηxx

uxy = uξξξxξy + uξη(ξxηy + ξyηx) + uηηηxηy + uξξxy + uηηxy

uyy = uξξξ
2

y + 2uξηξyηy + uηηη
2

y + uξξyy + uηηyy (6)
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Then the original equation can be transformed into an equation in ξ and η, i.e

x2(uξξξ
2

x + 2uξηξxηx + uηηη
2

x + uξξxx + uηηxx)
+2xy(uξξξxξy + uξη(ξxηy + ξyηx) + uηηηxηy + uξξxy + uηηxy)
+uξξξ

2

y + 2uξηξyηy + uηηη
2

y + uξξyy + uηηyy

−uξξy − uηηy = 0 (7)

Above equation can be simplified as

−4y2uξη + (−2 −
y√

y2 − 1
+ y +

√
y2 − 1)uξ + (−2 +

y√
y2 − 1

+ y −
√

y2 − 1)uη = 0

We need to transform the coefficients which is a function of y, into function of ξ and η. But
it seems there is no explicit formula for this.

Remark: There is a typo (2x instead of 2xy for the coefficient of uxy in the problem.
You can the solution from the book at Page 53, Partial differential equations: methods and

applications, 2nd edition.

4.Consider the one-dimensional wave equation with dissipation

utt − c2∆xu + αut = 0, (8)

u(x, 0) = g(x), ut(x, 0) = h(x) (9)

where g and h have compact support, c > 0 and α ≥ 0 are constant. (a) Show that the energy
E(t) = 1

2

∫
Rn

(u2
t + c2|∇xu|

2)dx is non-increasing in t > 0; (b) Use the energy method to prove
that solutions are uniquely determined by their Cauchy data.

Solution: (a) We can take the time derivative of the energy,

d

dt
E(t) =

∫

Rn

(ututt + c2∇xu∇xut)dx

=

∫

Rn

(ut(c
2∆u − αut) + c2∇xu∇xut)dx

= −α

∫

Rn

u2

tdx +

∫

Rn

∇ · (ut∇u)dx

= −α

∫

Rn

u2

tdx ≤ 0 (10)

Therefore the energy is non-increasing in time.
(b) If u1 and u2 are two solutions of the same equation with the initial condition, then

let w = u2 − u1, then w satisfies the equation

wtt − c2∆w + αwt = 0

and the zero initial condition, w(x, 0) = 0 and wt(x, 0) = 0. If we define the same kind of
energy

E(t) =
1

2

∫

Rn

(w2

t + c2|∇xw|2)dx

then E(0) = 0 and E(t) ≤ E(0) = 0. This implies that wt ≡ 0 and ∇w ≡ 0. From the initial
condition, we have w ≡ 0 and the solution is unique.
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