1. Consider the Hamilton-Jacobi equation w; + H(V,u) = 0, where H depends only on
Vot = (Ugyy Uggy -+ 5 Us,, ).

(a) Obtain the characteristic equations;

(b) Verify that u(z,t) =a-x —tH(a) + b is a complete integral.

(c) Use envelopes to generate a solution of u; + |Vu|? = 0 which is not linear in x and ¢.

Solution: Let
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then the original equaiton is just F(Z,Zz,p) = pny1 + H(p) and the characteristic equations

are @:D5F2<VH@))7 (1)
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If we identify 7 as ¢, then the characteristic equation is
dx dp dz
— =VH — =0 — = H(p)— H 4
o= VHp). =0, = =p VH(p) - H(p) (4)

(b) Since for u(z,t;a,b) =a-x —tH(a)+ b,
u =—H(a), V,u=a.
Substituting it into the equation, we have
u+ H(V,u) = —H(a) + H(a) = 0.

Hence u(z, t; a,b) solves the PDE.
Moreover, we have

Dyu Dgu Dyu \ ([ x—tVH(a) I —VH(a)
Dbu Dbl,u Dbtu N 1 0 0

The rank of above matrix is obviously n + 1. Therefore, u(x,t;a,b) is a complete integral.
(c) Taking the derivative of u(x,t; a, b) with respect to a, we find that

0=x—tVH(a) =z —2ta

This gives a == x/(2t). Substituting it back to u(z,t;a,b) (we can choose any b, say b = 0)
then we have the solution
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2. (a) Solve the following equation, using characteristics,
Uy + uty = 0, u(z,0) = asinz,

where ¢ > 0 is a constant. Determine the first time when a shock forms.
(b) Now consider
Up + uty + cu =0

with the same initial data and a positive constant ¢. How large does ¢ need to be in order to
prevent shock formation?
Solution: (a) The characteristic equations are
dx du
—=u, —=0
dt dt
with the initial condition
2(y,0) =y, u(y,0) =asiny.
The solution is simplily given by
x(y,t) =y +atsiny, wu(y,t)=asiny
Then the solution is given implicitly by
u = asin(z — ut)
The shock forms when z,(y,t) =0, i.e 1 + atcosy = 0. Then first time it forms is
1 1
T°"= min — = —
cosy<0 —acosy a
(b) Similarly, the characteristic equation is

dx du
priai
with initial condtion
z(y,0) =y, wu(y,0)=asiny.
The solution to the equation for w is
u(y,t) = ae"“siny,

and therefore the equation for z is

dx

pri

ae “siny.

The solution for z is .
—c

2(y,t) =y + ———asiny.
c
There is no shock only if
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for any y and any ¢ > 0. Since 1 — e~ > 0, the possible shock forms only at cosy = —1 and
thus only for ¢ at which

The above equation has a solution for ¢ if and only if ¢ < a. In another word, ¢ has to be at
least a to prevent shock formation.



3. Determine the type of the equation and then find its general solution

2
T Uy + 2TYUgy + Uyy = Uy.

Solution: Let characteristics is the solution of the equation

dy\’ d
ol —Qxy—y +1=0, (Notice the minus sign)
dx dx

or

dy y+y*-1

dx T

Therefore, the equation is elliptic when |y| < 1, parabolic when |y| = 1 and hyperbolic when
ly| > 1. We are going to find the general solution only for hyperbolic equations. Without
loss of generality, we assume y > 1. Then we have to use the following change of variable
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where the two vairables are chosen to be the integration constant of the characteristic equa-

tion.
Since
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2
& can be written explicitly as
2 V-1 1
lenx—% —%Jréln(er\/yQ—l).
Similarly

I
nzlnx—y—+u—§ln(y+\/y2—l).
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It is easy to see that
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Moreover, by chain rule, we have
Uy = Uy + Uyl
Uy = u§§y2+ UnTly )
Une = e+ Qg+t + s+ gt
Upy = Uff%gy + ugn(Eamy + €y772a:) + U2l + Uebay + Unlay
Uyy = Ugeky, + 2ugnytly + Unytly + Ueyy + UnTlyy (6)

3



Then the original equation can be transformed into an equation in £ and 7, i.e

a? (%éi + 2ugn&ans + urmnfc + Ueoz + Unlaz)

+22y (uge€ay + ten(Ealy + EyNi) + UnyMay + Uelay + UnTay)

+u55§§ + 2ugyyny + urmn; + Uelyy + UnTlyy

—ugly — uyny =0 (7)

Above equation can be simplified as

Y SO Y SO
—4y2u§n+(—2—7p+y+ y2—1)u§+(—2+ﬁ+y— y2—1)un:O

We need to transform the coefficients which is a function of y, into function of ¢ and 7. But
it seems there is no explicit formula for this.

Remark: There is a typo (2z instead of 2zy for the coefficient of u,, in the problem.
You can the solution from the book at Page 53, Partial differential equations: methods and
applications, 2nd edition.

4.Consider the one-dimensional wave equation with dissipation

Uy — A yu+ auy =0, (8)
u(r,0) = g(x), w(x,0)=h(x) (9)

where g and h have compact support, ¢ > 0 and o > 0 are constant. (a) Show that the energy
E(t) = 5 [ (U} + *|V,ul*)dx is non-increasing in ¢ > 0; (b) Use the energy method to prove
that solutions are uniquely determined by their Cauchy data.

Solution: (a) We can take the time derivative of the energy,

d
EE@) = /(ututt+02vxuvmut)daz

= / (uy (P Au — auy) + AV,uV u,)de

= —a/ ufdaz+/ V - (uVu)dz

= —a/ urdr <0 (10)
R’ﬂ
Therefore the energy is non-increasing in time.
(b) If u; and wusy are two solutions of the same equation with the initial condition, then
let w = uy — uy, then w satisfies the equation

Wyt — C2AU} + aw; = 0

and the zero initial condition, w(x,0) = 0 and w(x,0) = 0. If we define the same kind of

energy

1
E(t) = 5/ (wi + | V,w|?)dz

then £(0) = 0 and E(t) < E(0) = 0. This implies that w; = 0 and Vw = 0. From the initial
condition, we have w = 0 and the solution is unique.



