Homework 5 Solutions

Igor Yanovsky (Math 151A TA)

Problem 1: Using Taylor expansion, show that

F(zo) = f($0+h})l_f($0) . gf//(£)7

for some £ lying in between xy and xzg + h.

Solution: We expand the function f in a first order Taylor polynomial around xg:

Fe) = o) + (@ - o) f(ao) + (@ — )T,
where £ is between x and zg. Let x = zg + h:
h2
flxo+h) = flxzo)+ hf'(xo) + gf“(é’)-
Solving for f'(zg), we obtain:
h) — h
f/(:EO) — f(:EO + }1 f(:EO) o Ef//(é) \/



Problem 2: Derive an O(h?) five-point formula to approximate f’(xq) using nodes
rog—h, x9, zo+h, xo+2h, x0+ 3h.

Solution: Consider the expression

f'(xo) = af(wo—h)+0bf(xo) + cf (xo+ h) + df (zo + 2h) + ef (zo + 3h). (1)

We will expand the right hand side in fourth order Taylor polynomial. Then, we will
equate coefficients to obtain a, b, ¢, d, e.

/ / h? 1" h? " ht (4) (5)
Flao) = aff(a0) = f o)+ o e0) = 2 7 an) + 2O ) - e
+ b|f(eo)]
h? h3 ht
+ C[f x0) 4 hf' (o) + 5 — f"(wo) + Ffm(!ﬂo) + ﬂf“ (zo) + ﬁf(5 (&2 )}
2h)? , 2h)3 ,, 2h
4 (o) + 208 (o) + 05 () 4 LD a4 L 0 g o B g e,
3n)% , 3n)% 3h)*
4 e[+ 307 @) + B prag) + B gy o G pen ) o BI o)
= (a+b+c+d+e) f(xo)
+ (—a+c+2d+3e)h f(x)
2
+ (a+c+4d+9e) % f" (o)
3
+ (—a-+c+8d+ 27e) % " (z0)
4
+ (a+c+16d+8le) 2—4 D (o)
5
b (= af () + efO (&) + 82 (&) +243¢/O(E1)) o
Thus, we have the following 5 equations in 5 unknowns:
a+b+c+d+e = 0,
(—a+c+2d+3e)h = 1,
2
(a+c+4d—|—9e)% = 0,
h3
(—a—l—c—|—8d—|—27e)€ = 0,
h4
(a+c+16d+8le)7; =
Solving this linear system, we obtain coefficients a = —%, b= 112%, c= 112%” d= 12h’
e = 137, and we plug these into (1) to get:
! = 5 I e h 2h) + — 3h) +O(h*
fi(zo) = —mf(l"o— )—mf($o)+ 12hf(330+ )—mf($o+ )+ﬁ€f($0+ )+ O(h%),
or

12h



Problem 3: Derive an O(h?) five-point formula to approximate f’(z() using nodes
xg—2h, xTo—h, x9, TO+h, O+ 2h.

Solution: Consider the expression

f(xo) = af(xo—2h) +bf(xo — h) + cf(xo) + df (xo + h) + ef (xo + 2h). (2)

We will expand the right hand side in fourth order Taylor polynomial. Then, we will
equate coefficients to obtain a, b, ¢, d, e.

2h)* 2h)3 2h)4 2h)°
Fa) = affteo) — 2 two) + 2L prag) - B gy ¢ B p01 ) - B o]
/ h? 1" h? 1" ht (4) h? (5)
b f@o) = hf (o) + T £ (o) = (o) + 57 F Do) — o £ &)
+ C[f(iﬂo)}
/ h? 1" h? " Kt (4) h? (5)
+ d|f(x0) + hf'(x0) + 5 f"(w0) + - f" (o) + 5D (w0) + 15517 (€)]
h)? h)3 h)* h)®
+ e[ fao) + 2ns (o) + B pr(ag) + B gy - B ) ) 4 BIY ]
= (a+b+c+d+e) f(xo)
+ (=2a—b+d+2e)h f(xo)
2
+ (da+b+d+4de) % " (o)
3
+ (—8a—0b+d+ 8e) % " (z0)
4
+ (16a+ b+ d + 16¢) 2—4 D (o)
5
(= 82070(6) ~ 57O (E) + (&) + 3267 O(E0) 1o
Thus, we have the following 5 equations in 5 unknowns:
a+b+c+d+e = 0,
(—2a—b+d+2e)h = 1,
2
(4a—l—b—|—d—|—4e)% = 0,
h3
(—8&—b+d+86)€ = 0,
h4
(16a+b+d+ 16e)ﬂ =
Solving this linear system, we obtain coefficients a = ﬁ, b = —1%, c=0,d= 1%,
e= —ﬁ, and we plug these into (2) to get:
, 1 8 8 1
f(xg) = mf(:no —2h) — mf(:no —h)+ mf(:no +h) — mef(:no + 2h) + O(h%),
or
Flzg) = f(xzo —2h) —8f(xog — h) +8f(xo + h) — f(zo + 2h) Lo, v

12h



Problem 4: Compare two error terms obtained in the above two problems (2) and (3)
and decide which is better.

Solution: The truncation error obtained in Problem 2 is:

_ (B ey 18 o) ey 39, 8 ) ey
() = (/@) + e - 32 1O + 283 5 OEn ) 13

= (30 1 B0y —30. 8 4) Liere,))
= (B0 + 137 e ~ 32 151V + 243 O 1
— 60
120
hi
= 55/

Note that we used the Intermideate Value Theorem above, similar to:

1O = 3P + £ @),

The truncation error obtained in Problem 3 is:

h = (=32 L)+ S 50+ S (e —s2. L))
2 - 12h VT 1on 227 19n, 3 12h ) 120
= (=32 SFOE) + = FO(E) + = FO) (&) — 82 — FO g >> U
- 12 D 22T 19 3 12 ) 120

(5) ey 1
ARG
h4

_ Mo
= 9

Thus, the error obtained in Problem 3 is smaller in magnitude than the error obtained
in Problem 2, i.e. |12(h)| < |r1(h)|. That shows that the formula that uses data that is
evenly distributed around zy would give a better approximation than the one that uses
data that is biased toward one of sides of .



Problem 5: The forward-difference formula can be expressed as

h2
— " (z0) + O(h®). (3)

Fwo) = T(flao+h) — (o)) — 5 " (ao) ~

h

Use extrapolation to derive an O(h?) formula for f’(z).

Solution: In general, Richardson’s extrapolation is used to generate high-accuracy ap-
proximations while using low-order formulas.
Replacing h in (3) with 2h gives the new formula

2

Flae) = 5 (F(o+ o) — f(a0)) b (z) — o " (z0) + O(H). @

Multiplying equation (3) by 2 and subtracting equation (4), we obtain:

2 2
Flao) = 2(f(mo+h) ~ f(zo)) — 5 (f(zo +2h) — flmo) — = f"(wo) + 2o " (wo) + O(H?)
1

2
= 2o+ B)  F@0) — o (F(wo + 20) — Flao)) + o F"w0) + O,

Rewriting this equation, we get an O(h?) formula for f/(zq):

—J & €T — €T 2
f/($0) _ f( 0+2h)+4£}(l 0+h) 3f( 0) —|—%f///(:p0)—|—0(h3). (5)

Replacing h in (5) with 2h gives:

—f(@o + 4h) +4f(zo + 2h) — 3f(x0) + 4n?
4h 3

Multiplying equation (5) by 4 and subtracting equation (6), we obtain:
—4f(xo+2h) +16f(xg+ h) —12f(xg) —f(xo+ 4h) +4f(xo + 2h) — 3f (o)

fl(zg) = " (x0) + O(R®). (6)

3f'(x0) = 57, - m +O0(h%)
_ —8f(zo+2h) +32f(xo + h) —24f(x0)  —f(wo + 4h) +4f (w0 + 2h) — 3f(20) o)
4h 4h
_ flao+4h) —12f(x0 + 2Z)h+ 32f(wo + h) — 21 f(xo) Lomd),
or
Flao) = f(zo+4h) —12f (2o + 2f2)h+ 32f(wo + h) — 21f(x0) Lo, v



