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Fourier method, and that it outperforms classical reconstruction methods such
as filtered backprojection and Rudin-Osher-Fatemi TV restoration, in terms of
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Abstract. We present a simple framework for solving different ill-posed
inverse problems in computer vision by means of constrained total varia-
tion minimizations. We argue that drawbacks commonly attributed to to-
tal variation algorithms (slowness and incomplete fit to the image model)
can be easily bypassed by performing only a few number of iterations in
our optimization process. We illustrate this approach in the context of
computerized tomography, that comes down to inverse a Radon trans-
form obtained by illuminating an object by straight and parallel beams
of x-rays. This problem is ill-posed because only a finite number of line
integrals can be measured, resulting in an incomplete coverage of the
frequency plane and requiring, for a direct Fourier reconstruction, fre-
quencies interpolation from a polar to a Cartesian grid. We introduce
a new method of interpolation based on a total variation minimization
constrained by the knowledge of frequency coefficients in the polar grid,
subject to a Lipschitz regularity assumption. The experiments show that
our algorithm is able to avoid Gibbs and noise oscillations associated to
the direct Fourier method, and that it outperforms classical reconstruc-
tion methods such as filtered backprojection and Rudin-Osher-Fatemi
TV restoration, in terms of both PSNR and visual quality.

1 Introduction

Many ill-posed problems in computer vision may be solved by minimizing the
total variation (TV) of an image, subject to a constraint : the TV functional
provides an appropriate solution to the visual perception, while the constraint
ensures that the solution satisfies all the conditions stated in the problem.

1.1 The total variation and the Rudin-Osher-Fatemi approach

If the image f is defined on the bounded, open and convex region {2 of R? such
that f € L'(£2), one sets

TV(f) = /Q 1V flde 1)
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where V f is the weak gradient of f that is, the vector of the partial derivatives
of f taken in the distributional sense. The set of functions of Bounded Variation
(BV) is defined as the Banach space of L' functions with finite TV, using the
TV-seminorm.

The TV functional has been first introduced by Rudin, Osher and Fatemi
(ROF) in [1] in the context of image denoising. It has proved to be particu-
larly relevant in recovering piecewise smooth functions without smoothing sharp
discontinuities (edges). The ROF problem is formulated in the constraint mini-
mization form by

WETV(f) (20) subject to / (0— )2 =0? (2ii), @)
. Q

where o is the observed image, which is assumed to be corrupted by a Gaussian
noise of variance o2. Introducing a Lagrange multiplier A, (2) is equivalent to
the following unconstrained minimization problem [2], that can be viewed as a
particular Tikhonov regularization :

inf TV(f) +)\/ (o— f)% (3)
f o)
The ROF algorithm consists in solving (3) by using a time marching scheme to
reach the steady state of a nonlinear diffusion process. The parameter A > 0 in
the data-fidelity term is chosen so that the constraint (2ii) is satisfied. Unfor-
tunately such choice is not always possible, leading to a solution not consistent
with the problem. Notice that to avoid non-differentiability of the TV-functional
in constant areas, a small perturbation is added. This may significantly alter the
original energy functional.

1.2 Following developments

The introduction of the ROF algorithm has been of great interest in image
denoising and deblurring, and recent years have seen number of developments
of TV-minimization methods. Lot of work has been done to obtain more effi-
cient minimization algorithms or better mathematical properties, most often by
slightly modifying the TV functional to ensure differentiability [3][4][5][6][7][8],
by using level sets thanks to the Coarea formula [9][10], or more recently by using
subgradients methods [11][12][13]. The ROF approach has also been enlarged to
various restoration problems, sometimes in combination with cosine or wavelets
bases [14][15][16][17][18]. A few authors have proposed to enhance the TV model
by using a more appropriate norm in the fidelity constraint. The /; norm can be
found in [19] in relation with recursive median filters. In [20][21], M. Nikolova
uses a [; data-fidelity term that involves an implicit detection of outliers. An
exact optimization scheme in the case of L' or L? norms is given in [10].

A major deception in the mathematical image processing community was to
discover that the BV space is still not the appropriate space to model physical
images : natural images are not, in general, of finite TV because of microtextures



generating oscillations at every scales [22]. In order to measure textural parts
removed by the TV functional, Y. Meyer has introduced in [23] a dual norm
called the G-norm and he has proposed to use it for the data-fidelity term. This
was the beginning of promising researchs for new dual norms [24][25] and new
functionals allowing the decomposition of the image f into f = u+ v+ w where
u is the cartoon-part (detected by minimizing the TV), v the textural part, and
where the residue w contains the undesirable noise [26][27].

1.3 Owur contribution

In this article, we present a constrained TV-minimization framework that we
believe to be mathematically and numerically simple, flexible enough to be used
to solve various ill-posed inverse problems in computer vision, and that avoids
the main drawbacks commonly attributed to TV-minimization : slowness of basic
gradient algorithms and incomplete fit to the image model. Such a framework
has already be applied by one of us, together with S. Durand and F. Alter,
to denoise signal using wavelet shrinkage [12] and to restore JPEG-compressed
images [28]. One of the main goal of this present article is to emphasize that
a complete mathematical model of images may not always be necessary, nor
even suitable, to obtain efficient image reconstruction or restoration algorithms.
Indeed, a solution of a formal optimization problem is numerically found as
the result of an iterative procedure when the number of iterations tends to
infinity. Therefore, the practitioner is facing the following choice : should I try
to obtain a good approximation, and then to keep the algorithm running a long
time, or should I perform only a small number of iterations, to preserve a low
computational complexity ? We claim that the BV space, as an incomplete image
model unable to contain the thinest details, should sometimes be see as a chance
to build algorithms with best results after a small number of iterations only
(typically less than 10, see Fig.3).

After these remarks, we introduce our main original contribution : an appli-
cation of our constrained TV-minimization framework to Computerized Tomog-
raphy (CT). CT is the typical ill-posed inverse problem in image reconstruction.
Besides, obtaining noiseless high quality tomographic images in limited time
(low hardware cost) is of great importance for improving public health. A CT
scanner contains a rotating x-ray device to create cross-sectional images of the
body. The input is the set of x-ray projections called sinogram and which cor-
responds to the Radon transform of the image f that has to be reconstructed.
If the Radon transform can be theoretically inverted using Fourier transforms,
it requires however a complete set of projections. In practice only a finite num-
ber of projections can be measured, resulting in an incomplete coverage of the
frequency plane. Solving the CT problem involves therefore to perform (implic-
itly or explicitly) a frequency interpolation, from a polar to a Cartesian grid.
This is the critical point of CT. As far as we know, it does not exist any CT
interpolation method based on a mathematical model that tell us what should
be the reconstructed image in accordance with the visual perception. As a re-
sult of, the two main families of reconstruction methods, direct Fourier methods



(DFM) and filtered backprojection (FBP), generate visual artefacts : DFM are
by far those suffering worse artefacts, with unpleasant oscillations due to noisy
data in high frequencies. In presence of noise, the performance of FBP is fair
since it consists of averaging backprojections for all sinogram lines. Moreover,
a Hamming window is often applied to deemphasize high frequencies. This ex-
plains why windowed FBP is currently considered as the best reconstruction
method. However, windowed FBP is unable to remove the noise while keeping
edges sharp. We claim that the BV model is particularly adapted to model CT
images. No doubt, as for other images, the TV is not able to model the finest
details. However, CT scanners cannot deliver very thin details as they are mixed
with the noise. The technology seems not ready to offer textured CT images,
and the common test image is still the famous Shepp-Logan phantom [29], an
image made by piecewise-constant functions (for which level lines are ellipses).

In the constrained TV-minimization framework applied to CT, the key point
is to define the constraint space. The solution we are currently proposing is
based on a local Lipschitz regularity assumption of the Fourier spectrum. From
the input data in the polar grid, we compute the local Lipschitz constants and
we assume that, locally, those constants are the same in the Cartesian grid.
This allows to set intervals of frequency values in the Cartesian grid, resulting in
defining the constraint as a frequency hypercube. Following our constrained TV-
framework, the numerical scheme performs a subgradient “descent” combining
a projection on this hypercube. The method does converge, but the practitioner
is warned not to try to reach the convergence zone. Indeed, and this seems to be
a characteristic shared by all instantiations of our constrained TV-framework,
the first iterations of the subgradient algorithm make edges sharper while re-
moving the noise but not meaningful structures. If too many iterations would
be performed, the constraint space may be too large to avoid loss of thin de-
tails, and the visual quality of the solution would decrease. As a result of, the
numerical scheme is pretty fast and remain of the same order than the classical
methods DFM and FBP. However, the reconstructed image is of better quality
both visually and in term of PSNR.

2 A simple constrained-TV framework

2.1 The subgradient projection method

As noted before, the ROF method is implemented using the unconstrained min-
imization (3), and it does not guarantee the condition (2ii) to be satisfied. In
addition, the practitioner has to deal with the parameter . By explicitly defin-
ing a set U C BV of admissible solutions, we avoid such drawbacks and the
formulation is more flexible that the one based on a data-fidelity term. The set
U models the knowledge on the image, computed from the input data. In the
following, we will assume U to be a convex set. The constrained optimization
problem can be simply written as

find f* € U such that TV(f*) = Ianl[I]lTV(f) (4)



In the numerical analysis of the TV minimization, the difficulty comes form
the non-differentiable argument |V|. Most authors introduce a form of relaxation

TVU?:l@\AVﬂ2+de (5)

where (3 is a small positive parameter [5][6][7][8]. However, by smoothing the TV
functional one loses more or less the main advantage of the BV model: allowing
restoration of sharp discontinuities. This smooth approximation approach has
other serious shortcomings, see [11] for details. Therefore, as some other authors
[4][11][13][30], we propose to compute the TV without any regularization and to
overcome the singularity, we adjust the standard gradient descent algorithm to
subgradients.

Since TV is a convex function and U a convex set, any solution f* of (4) is
given by

t>0, f*=P(f* —t-g(f)), (6)

where P is the projector onto U that minimizes the distance and g(f) a sub-
gradient of TV(f) at f. This equation leads to the following iterative process,
known as Polyak’s subgradient projection method [31] [11] :

=P —teg(f*), t>0, fPeU. (7)

A classical condition to ensure the convergence of this algorithm is for step-sizes
(tr)r to converge to zero not too rapidly [31][28] :

—+oo +oo
If kz_otk:—i—oo and I;Jt%<+oo, then Hf*EU/kETmfk:f*. (8)

As a result of, the subgradient projection method is considered as a slow al-
gorithm and several strategies may be developed to speed it [11]. However our
opinion is that, in the context of constrained TV-minimization, this point is not
crucial since the practitioner would have advantage to stop the algorithm after
a few number of iterations.

2.2 A simple algorithmic framework

A more annoying point is the computation of the projection P(f). When it
cannot be implemented in a straightforward fashion, it requires sophisticated
algorithms that can be time-consuming (see works of P. Combettes [32][11]).
Our simple constrained-TV framework is obtained by noticing that various ill-
posed inverse problems in computer vision involve an orthogonal linear transform
T applied on pixel’s values. If f is a discrete image of size N x N, one introduces

T:RY - RN2, T € Orthogonal group of RN 9)

If the knowledge on the data is given in the domain T'(f), one may define the
constraint set as

U= {f eRN . (T(f))n € [T, T Vn e I}, (10)



where I C {1,...,N}? is a set of indices and where T, T, are fixed, depending
of the input data only. With such a constraint the computation of the projection
is straightforward, and the method leads the following simple, although general,
algorithm:

1. Get f° € U, usually by running a basic existing algorithm:;

2. Choose a maximal (small) number of iterations K;

Choose tj, for example (but not necessarily) according to (8), e.g. t =
1/(k+1);

Compute v* = f* — tyg(f*);

Compute w* = T'(v*);

Set any (w*), < T, to T,;, set any (w¥),, > T, to T,};

Set fE+l = T~ (wk);

Increment k; loop to step 3 while k£ < K.

End. The result is the image fX.

@
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2.3 Examples

The specific form of the constraint U in (10) may be seen very restrictive. How-
ever in low-level computer vision, number of approaches involves the use of an
orthogonal transform to process the image. Here are some examples we have
successfully implemented, and which significantly improve existing algorithms.

Image denoising. This is the most basic example, in the spirit of the ROF
algorithm. Assume that the observed image o is corrupted by a noise of variance
0%, Set fO =o, T =Identity, I = {1,...,N}?, T, = 0, — 20, T.} = 0, + 20.

Signal denoising via wavelet shrinkage [33][12]. Signal (or image) denois-
ing by means of a wavelet shrinkage consists of decomposing the noisy data o
into a orthogonal wavelet basis, suppressing the wavelet coefficients smaller than
a given amplitude, and transforming the data back into the original domain [34].
Let f9 be the noiseless signal obtained in this way. To remove visual artefacts
due to missing wavelet coefficients set T' = orthogonal wavelet transform, I =
map of the retained wavelet coefficients, T,, = T.F = (T'(0))n.

JPEG restoration [14][28]. The observed image o has been compressed by
the JPEG lossy coder [35]. To remove blocking artefacts and Gibbs oscillations
due to a compression at low bit rates, set fO = decoded JPEG image, T = block
cosine transform, and compute T);, T, from the quantization table given in the
bit-stream such that

(T(h)n € [T, T.F] ¥ne{l,...,N}?, (11)

for h the original (unknown) image.



3 Application in Computerized Tomography

Our main original contribution is in the following : we provide another example
of our simple framework in the context of CT.

3.1 Computerized tomography issue

In CT the observed body slice is modeled as a two-dimensional distribution
(z,y) — f(z,y) of the x-ray attenuation constant, and a line integral called
projection represents the total attenuation suffered by a beam of x-ray as it
travels through the body. The line integrals are measured to approximate the
distribution of the object. Let (r,6) be such a line, r being the perpendicular
distance from the line to the origin and 6 the angle between the perpendicular
vector and the x-axis. A projection obtained by illuminating the object along
the line is given by

Py(r) = f(z,y)dzdy = / / fz,y)d(xcosf + ysinb — r)dedy, (12)
(r,0) —o0 J —00

where § denotes the Dirac delta~distribution. The function (r,60) — Py(r) is
called the Radon transform of f. The main result that allows reconstruction of
f from its Radon transform is the Fourier slice theorem, which relates the 2D
Fourier transform of f to the 1D Fourier transform P : for a given angle 0, let
w — Py(w) be the 1D Fourier transform of r — Py(r) and (u,v) — f(u,v) the
2D Fourier transform of f. One reads [36]

/Pg(w) = J/C\(uv U)v (13)

where (u,v) is the frequency that belongs to the radial line passing through
the origin with angle # and which is located at distance w from the origin :
u=wcosh, v=wsinb. R

Since only a finite number of line integrals can be measured, the function f
is known for a limited number of points (u,v), which are radial points since they
are distributed among a polar grid (see Fig. 1). Notice that the density of radial
points becomes sparser as one gets farther away from the center that is, when one
considers higher frequency components. A straightforward image reconstruction
in the frequency domain can be sketched as follows : using a 1D Discrete Fourier
Transform (DFT), the sequence (Py(w))g is computed for all measured angles 6;
the non-uniformly spaced data (f(u, V))(u,v) are then interpolated to a uniform
Cartesian grid; afterwards, the inverse Fourier transform is computed using a
2D inverse DFT. Thanks to the efficiency of the Fast Fourier Transform (FFT),
such approach, called Direct Fourier Method (DFM), requires only O(N? log N)
arithmetic operations for an image of size N x N.

The main drawback of frequency domain reconstruction remains the occur-
rence of visual artifacts, due especially to inaccuracies in the high frequency
band. The approach comes up against two difficulties [37] : the interpolation to



perform in the frequency space [38] and sharp contours in the image producing
Gibbs oscillations when high frequencies are missing. Therefore, the standard
reconstruction algorithm in clinical application, which is the filtered backprojec-
tion (FBP), does not work on the frequency domain but on the spatial one. The
reconstruction is done by applying a ramp filter and by summing over the image
plane the inverse Fourier transforms of the filtered projections [36]. The back-
projection computes for each pixel in the reconstructed image the sum of all line
integrals that pass through that pixel, and requires therefore O(N?) arithmetic
operations.

The goal of our application is not to propose one of the fastest algorithms,
but rather to introduce a method which offers better reconstructed images than
standard ones, while its computational cost remains in the O(N?log N) (or
O(N?)) bound. The idea is to formulate the image reconstruction issue as a con-
strained optimization problem in the frequency space, the constraints being the
knowledge of (f(u,v)) in the polar grid while the functional to minimize will be
chosen in order to eliminate visual artifacts. Although such formulation appears
to be new in tomographic imaging, optimization methods have already been
proposed, especially in the spatial-domain approach. Let A denote the discrete
Radon transform and s the sinogram. A common optimization formulation is

min ||Af — s (14)

where the norm is usually the quadratic one. The solution is found iteratively
using, for example, the conjugate gradient algorithm. This requires to efficiently
compute both A and its adjoint operator and it can be done in O(N?log N)
using one of the fast Radon transform algorithms [39] or by sparse matrix mul-
tiplication. A frequency-domain version of (14) has been proposed by Bronstein
et al. in [40] in the context of diffraction ultrasound tomography. In this case
A is a projection operator in an oversampled Fourier basis, computed using a
non-uniform Fourier transform [41], while s is the projection of the sinogram.
The authors propose to incorporate into the solution some types of a priori
information, using the Tikhonov-regularized form [5]

min [[Af — 5[| + Ad(f) (15)

where ¢ is the regularization functional, and where the parameter A controls the
tradeoff between a good fit to the data and the smoothness of the solution.

3.2 TV in computerized tomography

Classical norms such as the quadratic one are not well-suited to be used as the
regularization functional ¢, since they tend to reconstruct images with blurred
edges. For tomographic images, the most meaningful visual information is given
by the shape of the objects (such as tumors), and therefore edges and enclosed
areas have to be reconstructed sharply and without artifact. As the TV func-
tional penalizes oscillations but not sharp discontinuities, the BV set appears to
constitute a particularly relevant space of analysis.



We propose therefore the choice ¢ = TV, and we adapt our simple TV-
minimization framework to the ill-posed problem of tomographic imaging. Solv-
ing this problem formulated in the Fourier domain leads implicitly to solve the
polar to Cartesian interpolation, in an optimal way regarding the BV image
model. To the best of our knowledge, other approaches using TV-minimization
in the Fourier domain are up to now limited to extrapolation and interpolation
of the spectrum [30][42] in order to enhance image resolution (zoom). One may
consider our method as a very particular case of spectrum extrapolation and
interpolation, where known and missing values follow a specific geometry. Up
to now, only a very few articles combines TV with tomography reconstruction
[40] [43]. These two works do not consider a constrained problem as we do, but
rather an unconstrained one like the formulation (15), and they do not apply to
x-ray parallel beams tomography (although they probably could be adapted to).
A very recent article [44] introduces the TV in the context of binary tomography
: it is used to enforce a set of constraints while the energy to minimize is the
quadratic error with the FBP reconstructed image.

3.3 Definition of the constraint
Let Py(r) be the sinogram, given at the grid points

K K
(rs 01) = (k- Ar, 1-A0); k= ——, -, ——1; 1 =0,---,L—1; A0 =—. (16)
2 2 L
Adapting the Fourier slice theorem (13) to the discrete setting and using L
univariate DFT of length K, we get

S = Py, (wi) = Ar Py, (rg)e 2™ % (17)

They are 2D-Fourier coeflicients of the image f we have to reconstruct. However,
these coefficients are given over the polar grid

Qk,l = (wk,el) (18)

and in order to perform the bivariate inverse DFT, we must guess frequency
coefficients over the Cartesian grid

Cin = (mAz,nAx) (19)

of size N x N. Let (F,, ) be those Fourier coefficients.
The constraint space (10) may be rewritten as

N N

U= RV . Vmn=——, -, =
{fe m7n 27 72

1, Fane [Fn:,n,F,:,n]} . (0)

where the bounds [F, ., F,} ,,] are computed over a polar neighborhood using a
local Lipschitz regularity assumption.



3.4 Polar neighborhood

By allowing frequency F, . to freely vary inside [F), ., F,} .|, one permits to
smooth the reconstructed image regarding to the TV functional. The geometry
of polar neighborhood has to be designed with care : on one side, neighborhoods
should not be too wide in order to use all known information. On the other side,
they should not be too narrow so that the algorithm could be able to smooth the
image enough to remove the noise. We consider disks of constant radius r and
centered at coordinates (m,n) of the Cartesian grid. Over the polar grid, points
representing low frequencies are dense enough, whereas high frequency points are
sparse (see Fig. 1). For coordinates (m, n) near the origin, the disk neighborhood
might include too many polar points and so the constraint [F,, ,,, F;f ] may be
too large. We therefore limit the number of polar points to a fixed integer M,
see Fig. 2. More precisely, the disk neighborhood of C,, ,, is defined by

Vinn = {(k, 1) : d(Qr.1,Cran) < 7}, (21)

the list of points (k,) being ordered in increasing distance from C,, ,, and limited
to at most M points. At high frequency it may exist (m,n) such that V., =0
and Fy, ,, cannot be recovered by the knowledge of its neighborhood. In such a
case we do not set any constraint on (m,n), and therefore highest frequencies
are reconstructed by means of TV spectral extrapolation [42]. Experiments show
that parameters r and M may be fixed to r = 3 and M = 40; they do not
appear to depend of the image. As the FFT requires the number of samples to
be a power of two, projection data are zero-padded before computing the 1D
transform of every row. This operation generates a denser polar grid and this
pre-interpolation eases to get non-empty V;, , at high frequencies. Accordingly,
the Cartesian grid is oversampled by reducing the interval of frequency samples.

3.5 Local Lipschitz regularity
We compute bounds F, ., Ft  on each neighborhood V,, ,, using a local Lip-

m,n’ - mmn
schitz assumption. As the Shepp-Logan phantom is made by piecewise-constant
functions, its Fourier transform is a combination of cardinal sine functions and
is therefore, in the continuous model, infinitely many times differentiable. How-
ever, real sinograms suffer from noise and the hypothesis f € C° would be surely
unrealistic. We believe however that assuming f to be locally Lipschitz continu-
ous is a reasonable condition, and such a weak assumption would be enough to

compute intervals bounds. On each V;, ,,, we estimate the Lipschitz constant by
L = max 7|Sk’l — Sw |
T ) (K ) €V A Qs Qrr )

and we define the intervals bounds by averaging deviations from all known values
in the neighborhood :

1
Z Sk,l + Lm,nd(Qk,l; Omn) if Vm,n ?A (Z);
Frjn[n = #Vmn (k1) Vinn (23)

+00 if Vi = 0.

(22)




3.6 Experimental results

With the above definitions and 7' = 2D-FFT, the algorithm sketched in Section
2.2 is applied to reconstruct CT images. To start the algorithm, one may choose
f° = image reconstructed by DFM or by FBP. As r and M are fixed, the only
remaining parameter is the number of iterations K (or, equivalently, the constant
c used to define step-sizes ¢, = 3-{7) and Fig.3 tells us that K should be chosen
small, leading to a fast algorithm : pre-computation of the constraint space
U needs O(N?) operations while other computations are of the same order of
the FFT, that is O(N?log V). The overall complexity of our algorithm remains
therefore in the same complexity class than the standard algorithm used to
compute fO (O(N?log N) with DFM, O(N?) with FBP).

We have experimented the algorithms on the Shepp and Logan head phan-
tom, for which projection data have been computed using a discrete Radon
transform. Several image sizes have been checked, but in the following we only
report experiments corresponding to N = 256. We set Ar = Ax so there are
K = /2 x N =~ 367 parallel beams for each angle. In order to reconstruct the
image reliably [36], the number of angles L is chosen to be N. Each row of pro-
jection data are zero-padded to obtain the size K = 1024 and the Cartesian grid
is oversampled to the size 512 x 512. Without any noise, all algorithms perform
well with visually almost indistinguishable differences, but our constrained-TV
method is the one that achieves the highest PSNR. However in real tomogra-
phy, noise is always disturbing the reconstruction process. As noticed in [45],
inverting a noisy Radon transform is a hard task since the Radon transform is a
smoothing operator and projections have, roughly speaking, one-half derivative
more smoothness than the original image. The most used method, windowed
FBP, exhibits degradation in recovering f from noisy data, since high-frequency
components are considered as noise and the reconstruction is done mainly with
low-frequency ones. Our approach allows to keep the information in the high-
frequency bands while the noise is removed by the action of the TV functional.
As a result of, our algorithm clearly outperforms classical ones when noise is
added to the Radon transform. Fig. 4 shows simulation results in the presence
of Gaussian white noise in the sinogram. The following algorithms have been
experimented : DFM with linear interpolation in the Fourier space; plain FBP;
FBP with Hamming filter to reduce the noise; ROF-like approach (space-based
Tikhonov regularization (15) with ¢ = TV); and at last our constrained-TV
framework. The efficiency of DFM and plain FBP in presence of noise is very
poor, with noisy reconstructed images. Applying a Hamming window with FBP
increases noticeably the visual quality, by reducing the noise without altering
edges (removing more high-frequencies would decrease the noise further, but
edges would be smoothed). TV-regularization using Tikhonov model performs
well in denoising data, but the image is slightly blurred by the relaxation (5)
and by the absence of strong constraints. Best results are by far obtained with
our constrained-TV minimization method, that denoises the image without sig-
nificantly affecting edges. Also, the PSNR is much greater than the other ones
and surprisingly than the ROF-like one (with a difference greater than 3 db).



We believe that, by projecting on a had hoc constraint space, our algorithm is
able to denoise data without affecting too much edges (compare plots of ROF
versus constrained-TV in Fig.4 : the noise amplitude is greater with ROF while
main peaks - corresponding to the white ellipse - are lower).

Besides, in order to obtain fair results with ROF one as to perform a much
greater number of iterations (30 in our experiment). As already noted in the
beginning our algorithm, although convergent, exhibits best results after a small
number of iterations only (7 in our experiment, see Fig.3). Indeed, if in the first
steps the algorithm tends to reduce the noise and oscillatory artifacts (ringing),
after a while the TV functional is known to produce staircase effects and to
erode peaks [46][47][48]. The constraint we are using protects somewhat from
this phenomenon, but is too weak in highest frequencies to avoid it completely.

~

Fig. 1. Points (u,v) where f(u,v) is known are distributed among a polar grid, they
are therefore radial points. Due to this particular geometry, the density of radial points
becomes sparser when frequencies are increasing : reconstruction of missing high fre-
quency components is the major issue of tomographic imaging.
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Fig. 3. PSNR versus number of iterations. The quality of the reconstructed image
is firstly rapidly increasing, and decreases after a given threshold has been reached.
This optimal number of iterations is 3 for noiseless images and increases with the
quantity of noise, but does not exceed 10. This graph corresponds to the experiment
reported in Fig. 4 (last line), with noise level SNR=20.1. The same kind of graph
has be obtained with any implementation of our constrained-TV framework, including
examples of Section 2.3.



‘ |
r MH

\m ”‘ i W uL

i1
| U

r

"

!
o “\ \u\ ‘ M\W' I m”u |
n‘J\;\,\\, " ‘ l \” MM\H “V\’MN
| |
|
‘
J
“/"“\u" o "p‘/
)
| |
A A .
AW
\ ) . |
I |
|
| |
| |
|
b
bl
/ b o i

E)

Fig. 4. Reconstruction with noisy data added on the sinogram (noise level: SNR=20.1).

Left column :

reconstructed images. Right column :

plots of an horizontal section

(located at the middle of the image). Lines, from up to down : original Shepp-Logan
phantom; DFM with linear interpolation (PSNR=20.3); FBP (PSNR=22.4); FBP with
Hamming window (PSNR=24.1); ROF (PSNR=22.9, 30 iterations); our constrained-

TV algorithm (PSNR=26.1, 7 iterations).
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