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ABSTRACT

This paperproposesnimageseymentatiormodelbasedon the ac-
tive contourmodel,the Mumford-ShakHunctionalandtheimagede-
compositionprocess.Generallyspeakingthe active contourmodel
detectsboundariesn imagesfrom sharpintensitiesvariationsand
the Mumford-Shahmodel nds smoothregionsfrom homogeneous
intensities. Our modelmemgesthesetwo complementargpproaches
while consideringhe Four Color Theorento globally partition arny
givenimage. We alsoconsiderthe textural partlying in naturalim-
agesby separatingt from the geometricpart, which containsthe
meaningfulobjects to helpthe segmentatiorprocess Our sggmen-
tationmodelis experimentedvith a 1-D signaland2-D images.

Index Terms— Imageseymentationactive contour Mumford-
Shahs functional,imagedecompositionglobalminimum

1. INTRODUCTION

Oneof themostfundamentaissuesn the elds of imageprocessing
andcomputervision is imagesegmentation It is the basisof higher
level applicationssuchasin medicalimaging. Its objective is to de-
terminea partition of animageinto a nite numberof semantically
importantregions. This paperproposes nev imagesegmentation
modelbasedon the active contour/snak modelandthe imagede-
compositionprocessMore precisely the main contributionsof this
paperareasfollows:

1. de nition of animagesementationmethodbaseda global
minimizationof theactive contourmodel,

2. integration of the image (structures-tetures)decomposition
processn the sggmentatiorprocess,

3. de nition of amethodto determineaninitial conditionclose
to the optimalsolution.

2. RELATED WORKS

2.1. Image SegmentationBasedon Active Contours
Imageseggmentationconsistsof identifying homogeneousemantic
regionsin images.Onewayto carry outthe sggmentatiorprocesss
to detectthe boundariedetweerdifferentsemantiaegions. Thisis
realizedwith theactive contouror snale model,initially proposedy
Kass-Witkin-Terzopoulosn [1] anddevelopedby Caselles-Kimmel-
Sapiroin [2] and Kichenassamy-KmarOlverTannenbaum-&zzi
in [3]. The geodesic/geometriactive contour (GAC) modelis a
variationalmodelwhich consistof nding thecurve C which min-
imizesthefollowing enepy:

Z L)
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whereds is the Euclideanelementof length, L (C) is the length
of the curve C and the function gy is an edgeindicator function
that vanishesat objectboundariesuchasgs(jr fj) = 4 jﬁ 7
wheref istheoriginalimageand is anarbitrarypositive constant.
Hence,the enegy functional (1) is actuallya new lengthobtained
by weightingthe Euclideanelementof lengthds by the functiongy
which containsnformationconcerningheboundariesf objectq2].
The calculusof variationsprovidesus the EulerLagrangeequation
of thefunctionalEcac andthegradientdescentethodgivesusthe
o w thatminimizesasfastaspossibleEcac (se€[2]). Theevolu-
tion equationof active contouris handledwith the level setmethod
de ned by OsherSethian[4], which ef ciently solvesthe contour
propagtion problemanddealwith topologicalchanges.

Despitethe mary goodnumericalresultsobtainedwith this seg-
mentationmodeland strongtheoreticalpropertiesthe snale/ GAC
modelis highly sensitve to theinitial condition. Actually, the qual-
ity of the segmentatiorresultdepends lot on the choiceof theini-
tial contour which meanshata badinitial contourcangive anun-
satishctoryresult. To overcomethis drawvback, several authorsin-
troducedregion-basedavolution criteriainto active contourenegy
functionalshbuilt from intensity statisticsand homogeneityrequire-
ments. One of the most successfumodelsis the active contours
without edges(ACWE) model developedby Chan-\ése[5]. The
ACWE modelis basednthe Mumford-ShaHMS) model[6] which
providesanoptimal piecevise smoothapproximatiorof agivenim-
age,in otherwordsanimagemadeup of homogeneoumtensities
regionswhich commonboundariesaresharpandpiecavise regular
TheMS functionalis de ned asfollows:
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wheref is de ned on a domain , s correspondgo a piecavise
smoothapproximationof the original imagef , C is a discontinu-
ity set(representinghe edgesof s), thelengthof C is givenby the
(N -1)-dimensionaHausdorf measur¢H™ 1(C) (onecansaythat
H?! isthelengthandH? thearea)and ; arepositive parameters.
The rst termof (2) isa delity termw.r.t. thegivendataf , thesec-
ondtermis aregularizationtermthatconstraintshefunctionl to be
smoothednsidetheregion n C andthelasttermimposesareg-
ularizationconstrainton the discontinuitysetC, i.e. theboundaries
betweensmoothregions. The ACWE modelproposego minimize
the Mumford-Shahfunctional, which is dif cult to carryoutin the
original formulation,in the context of active contour which is eas-
ier to realizewith the calculusof variations.The ACWE modelalso
correspondso the piecavise constant/cartoonaseof the MS func-



tionalobtainedvhen ! 1 . Thiscasecorrespondso theminimal

partition problem,sincethe optimal solutionis animagecomposed
of regionsof approximatvely constanintensitiesequalto themean
valueof intensitiesin the correspondingegion. Finally, Vese-Chan
consideredn [7] the segmentatiorwith the original Mumford-Shah
enegy (2).

As we said above, an usual problemwhen dealingthe image
segmentationwith the active contour model is the local minima,
which makesthe initial guesscritical to get satishctoryresult. In
arecentwork, Chan-Eseddlu-Nikolova[8] proposeanapproacho
overcomethe limitation of local minima by determininga global
minimum to the ACWE model. Inspiredby this work, Bresson-
Eseddllu-Vandegheynst-Thiran-Osheproposedn [9, 10] a model
to computea global minimum to the standardsnale model. In this
paper we proposeto extendtheresultof [9, 10] to thegenerakase
of imagesgymentatiorbasedn the Four Color Theorem.

2.2. Image Decomposition

Imagedecompositioraimsat splitting the structural/geometripart
andthetextural partlying in images.Structuralpartsarerepresented
by piecavise smoothregionswhich constituteshe meaningfulgeo-
metriccomponent®f images.Textural partsare,roughly speaking,
ne scale-detailsysuallywith someperiodicity andoscillatory na-
ture [11]. Meyer suggestsn [12] to decomposean imagef into
a components belongingto the spaceof functionswith bounded
variation,B V, andacomponent in theBanachspaceG containing
signalswith largeoscillationss.a.texturesandnoise.Thevariational
modelof Meyeris asfollows:

z

Fum(sit; )= jr sjdx + ktke ; (3)

min
(s;t)2BV G=f =s+t

Since Meyer, several variationalapproachesbasedon partial
differentialequationg PDESs),have beenproposedo carry out the
imagedecompositiortask. In this paper we proposeto introduce
theimagedecompositionprocessn the segmentatiorprocesgo im-
proveits performancelndeed theseparatiorof thetextural partand
the geometricpart will help usto segmentthe meaningfulregions
which boundariesreeasilyvisible in thegeometrigart. Thesnale
modelwill alsohelpusto split the smoothpartandthetextural part,
which canbeusedfor otherhigh-level processingasks.

3. GENERAL IMA GE SEGMENTATION MODEL

We proposeto computea global minimum for the imagesegmen-
tationmodelde ned by Vese-Charin [7]. More precisely a global
minimumfor the active contourmodelbasedon the generalformu-
lation of theimagesegmentatiormethodof MS is determined The
MS modelis very well adaptedo segmentsmoothregionslying in

imagesbut it doesnot take into accounttexturesin its original def-
inition. Oneof the motivation of our methodis to considertextures
in the MS model. In [7], Vese-Chamminimize the MS enegy (2)

usinga multiphasedevel setapproachmotivatedby the Four Color
Theorem[13]. They usetwo level setfunctionsto represenfour

phaseqandtriple junctions)andthesefour phasesaresufcient to

partitionanimagein a generalway becauseachphasecanbeused
to “color”/delimit differentadjacentregionsin animageaccording
to the Four Color Theorem(seeFigurel).

Thevariationalmodelintroducedn [7] to approximatehegen-
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Fig. 1. lllustrationof the Four Color Theorem.

eralMS functionalis:

min
Cqyi CuiSj
P R
+ . ; sij (X)

o=t

Eve( cii cosSiss )= oo Pel cn)

f(x) 2+ jr sy (0% dx ;@)

where ¢, aretwo closedsubset®f theimagedomain , ; are
two non-ngative parametersPeris the perimetey f is the given
imageandfunctionss; represenfour phasesde nedin j; ,
to partitionary givenimages.t. = [  and\j = ;.

At this stagewe replacethe L 2-normof the delity termin the
enegy (4) by the L*-normto separataexturesfrom the structural
parts.Thegradient-basetermin (4) is unchangedo capturesmooth
regions. Thus,theenegy (4) becomes:

P
m=1;2 Pe( cn)+

jsi  fi+jr sjj® dx (5)
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Minimizing (5) w.r.t. thefunctionss;; leadsto the variationalprob-
lem for eachfunctions;; :

nZ 0
min jsi  fj+jr s;jldx : (6)
Sjj i

A new functiont; is introducedn the previousminimizationprob-
lemto extracttextures:
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wherethe parameter s > 0 is smallsothatwe almosthave f =
sj + tj in . Minimizing (7) w.r.t. the functions;j , usingthe
calculusof variations Jeadsto:

Sjj (f tj )=25 Sjj in i
. 8
@ =0 on @j; ®
andminimizing (7) w.r.t. thefunctiont; gives:
8 .
< f Sij s if f Sjj s
ty = . f Sij + s if f Sjj s 9)
0 if jf Sjj j s

In [7], regionss; are representedy two level setfunction,
namely 1; 2,s.t.

S sh 0 i 1> 0 (0> 0

S s 0 i 10> 0 5(x) < O
=5 St i 0<0 a<o @O

s (x) Iff 1(X) < 0; 2(x) > 0;



Thus,Enegy (5) canbere-writtenasfollows:
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The o w minimizingtheenepgy (11) is asfollows:
T
@ m=HY m) dv ir rm(Xsj:ti; 5 s)  (12)
where
X N2 m \2 n H H
Fm (X Sj tyj; 5 s) = D°7C0T) Jtj j+
ijj =+
1 2 . > .
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form;n = 1;2andm 6 n. If anon-compactlysupportecsmooth
approximatiornof the Heaviside function is chosenthe steadystate
solutionof thegradiento w (11)is thesameas:

r

@ m=dv - - rm(X S ti; 5 s) (14)
r mj
andthis equationis thegradientdescento w of theenenpy:
3 X z : :
E°( 1, 2:Sj:: 5 s)= Ir mj*
z " (15)
rm (X Sj sty s 3 s) mdx

As a result of the previous developments the following con-
strainedminimization modelis proposedto carry out the general

imagesegmentatiorprocess:

. X Z - .

min - Em (Um;Sj 3t ;| Ob(X)jr Um]j
z

+ rm (X Sj ;ti 5 5 s)uUm dX

;s):

m=1;2

(16)

where g, is the edgedetectorfunction in the GAC model. The
enegy (16) provides us a global minimization for the actve con-
tour model. The global minimization theoremis the sameas in
[9, 1g. Firstly, it consistsof applyipgthe coareaformulato notice
that  go(X)jr (Um = 1 ¢ )j= Cm Obds = Ecac (Cm) asin
(1). Then,for xed functionsune m; Sjj ; tij , @atheoremestablishes
thatl . ()= txumx)> ¢ for 2 [0;1]is aglobalminimizer of
(16).

Thesnale variationalmodelproposesn thisframenork is glob-
ally minimized,whichis veryimportantbecausa globalminimiza-
tion allows usto be independenbf theinitial condition. However,
the proposedmodelis globally minimized only w.r.t. the snales,
representetdy us; uz, but notw.r.t. thefunctionss; ;tj . Thus,the
choiceof theinitial functionss; ;t; is critical to geta satishctory
segmentationresult. The next sectionproposes fastway to com-
puteinitial s;; ; tj closeto theoptimalsolution.

4. INITIAL CONDITION

We proposeto determinea goodinitial conditionfor the functions
sj ;tj to nd theoptimal sggmentatiorsolution. Two stepsarefol-
lowed:

1. Computationof aninitial smoothfunction sg andan initial
texturefunctionto asfollows:
z

min itoj + =& so (f to) 2+ jr sof?dx : (17)

soito s

2. Determinatiorof afunctions; from sp with aregiongrowing
algorithmbasedn the Mumford-Shahmodelasdescribedn
[14].

Theinitialization procesgakeslessthanoneminutefor the 2-D im-
agespresentedn the next section.

5. RESULTS

Firstly, our sgmentatiormodelis testedon the 1-D signal (Figure
2). Our modelcorrectly detectshe transitionshetweensmoothre-
gions (seesmall red circles). The decompositiorbetweensmooth
(greencurwe) andtextural parts(blue curve) providesus a goodap-
proximationof theoriginal signal(blackcurwe).

Secondlyour modelis experimentedn Figure3 whichis alin-
earcombinationof a smoothimage,which intensitiesvary between
[0; 1], and a texture image, varying between[ 0:6;0:6]. Theim-
agealso containsa triple junction which needsthree phasedo be
detected.Our modelis ableto nd thetriple junction, the original
smoothpartandthetexture part. The sggmentatiortakesa few min-
utesto corverge.

Finally, the image segmentationmodelis testedon the bench-
mark imageBarbara which containstextures. The modelrecovers
thesmoothpartof the givenimageandalsothetexturesandseveral
meaningfulboundariesAs previously, a few minutesareneededo
corvergeto thesolution.
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