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ABSTRACT
This paperproposesanimagesegmentationmodelbasedon theac-
tivecontourmodel,theMumford-Shahfunctionalandtheimagede-
compositionprocess.Generallyspeaking,theactive contourmodel
detectsboundariesin imagesfrom sharpintensitiesvariationsand
theMumford-Shahmodel�nds smoothregionsfrom homogeneous
intensities.Ourmodelmergesthesetwo complementaryapproaches
while consideringtheFour Color Theoremto globally partitionany
givenimage.We alsoconsiderthetextural part lying in naturalim-
agesby separatingit from the geometricpart, which containsthe
meaningfulobjects,to helpthesegmentationprocess.Our segmen-
tationmodelis experimentedwith a1-D signaland2-D images.

Index Terms— Imagesegmentation,active contour, Mumford-
Shah's functional,imagedecomposition,globalminimum

1. INTRODUCTION

Oneof themostfundamentalissuesin the�elds of imageprocessing
andcomputervision is imagesegmentation.It is thebasisof higher
level applicationssuchasin medicalimaging.Its objective is to de-
terminea partitionof an imageinto a �nite numberof semantically
importantregions. This paperproposesa new imagesegmentation
modelbasedon the active contour/snake modelandthe imagede-
compositionprocess.More precisely, themaincontributionsof this
paperareasfollows:

1. de�nition of an imagesegmentationmethodbaseda global
minimizationof theactivecontourmodel,

2. integrationof the image(structures-textures)decomposition
processin thesegmentationprocess,

3. de�nition of a methodto determineaninitial conditionclose
to theoptimalsolution.

2. RELATED WORKS

2.1. ImageSegmentationBasedon ActiveContours
Imagesegmentationconsistsof identifying homogeneoussemantic
regionsin images.Oneway to carryout thesegmentationprocessis
to detecttheboundariesbetweendifferentsemanticregions.This is
realizedwith theactivecontouror snakemodel,initially proposedby
Kass-Witkin-Terzopoulosin [1] anddevelopedbyCaselles-Kimmel-
Sapiro in [2] and Kichenassamy-Kumar-Olver-Tannenbaum-Yezzi
in [3]. The geodesic/geometricactive contour(GAC) model is a
variationalmodelwhich consistsof �nding thecurve C which min-
imizesthefollowing energy:

EGAC (C) =
Z L ( C )

0
gb(jr f (C(s)) j) ds; (1)

whereds is the Euclideanelementof length, L (C) is the length
of the curve C and the function gb is an edgeindicator function
that vanishesat objectboundariessuchasgb(jr f j) = 1

1+ � jr f j 2 ,
wheref is theoriginal imageand� is anarbitrarypositiveconstant.
Hence,the energy functional (1) is actuallya new lengthobtained
by weightingtheEuclideanelementof lengthds by thefunctiongb

whichcontainsinformationconcerningtheboundariesof objects[2].
Thecalculusof variationsprovidesus theEuler-Lagrangeequation
of thefunctionalEGAC andthegradientdescentmethodgivesusthe
�o w thatminimizesasfastaspossibleEGAC (see[2]). Theevolu-
tion equationof active contouris handledwith the level setmethod
de�ned by Osher-Sethian[4], which ef�ciently solves the contour
propagationproblemanddealwith topologicalchanges.

Despitethemany goodnumericalresultsobtainedwith thisseg-
mentationmodelandstrongtheoreticalproperties,thesnake/ GAC
modelis highly sensitive to theinitial condition.Actually, thequal-
ity of thesegmentationresultdependsa lot on thechoiceof theini-
tial contour, which meansthata badinitial contourcangive anun-
satisfactoryresult. To overcomethis drawback,several authorsin-
troducedregion-basedevolution criteria into active contourenergy
functionalsbuilt from intensitystatisticsandhomogeneityrequire-
ments. One of the most successfulmodelsis the active contours
without edges(ACWE) model developedby Chan-Vese[5]. The
ACWEmodelis basedontheMumford-Shah(MS) model[6] which
providesanoptimalpiecewisesmoothapproximationof agivenim-
age,in otherwordsan imagemadeup of homogeneousintensities
regionswhich commonboundariesaresharpandpiecewiseregular.
TheMS functionalis de�ned asfollows:

FM S (s; C) =
R


 js � f j2dx +

�
R


 nC jr sj2dx + � H N � 1(C); (2)

wheref is de�ned on a domain
 , s correspondsto a piecewise
smoothapproximationof the original imagef , C is a discontinu-
ity set(representingtheedgesof s), the lengthof C is givenby the
(N -1)-dimensionalHausdorff measureH N � 1(C) (onecansaythat
H 1 is the lengthandH 2 thearea)and�; � arepositive parameters.
The�rst termof (2) is a �delity termw.r.t. thegivendataf , thesec-
ondtermis aregularizationtermthatconstraintsthefunctionI to be
smoothedinsidethe region 
 n C andthe last term imposesa reg-
ularizationconstrainton thediscontinuitysetC, i.e. theboundaries
betweensmoothregions. The ACWE modelproposesto minimize
the Mumford-Shahfunctional,which is dif�cult to carry out in the
original formulation,in thecontext of active contour, which is eas-
ier to realizewith thecalculusof variations.TheACWE modelalso
correspondsto thepiecewiseconstant/cartooncaseof theMS func-



tionalobtainedwhen� ! 1 . Thiscasecorrespondsto theminimal
partitionproblem,sincetheoptimalsolutionis an imagecomposed
of regionsof approximatively constantintensitiesequalto themean
valueof intensitiesin thecorrespondingregion. Finally, Vese-Chan
consideredin [7] thesegmentationwith theoriginal Mumford-Shah
energy (2).

As we said above, an usualproblemwhen dealingthe image
segmentationwith the active contour model is the local minima,
which makes the initial guesscritical to get satisfactory result. In
a recentwork, Chan-EsedoÅglu-Nikolova [8] proposeanapproachto
overcomethe limitation of local minima by determininga global
minimum to the ACWE model. Inspiredby this work, Bresson-
EsedoÅglu-Vandergheynst-Thiran-Osherproposedin [9, 10] a model
to computea globalminimumto thestandardsnake model. In this
paper, we proposeto extendtheresultof [9, 10] to thegeneralcase
of imagesegmentationbasedon theFourColorTheorem.

2.2. ImageDecomposition

Imagedecompositionaimsat splitting thestructural/geometricpart
andthetexturalpartlying in images.Structuralpartsarerepresented
by piecewisesmoothregionswhich constitutesthemeaningfulgeo-
metriccomponentsof images.Textural partsare,roughlyspeaking,
�ne scale-details,usuallywith someperiodicityandoscillatoryna-
ture [11]. Meyer suggestsin [12] to decomposean imagef into
a components belongingto the spaceof functionswith bounded
variation,B V , andacomponentt in theBanachspaceG containing
signalswith largeoscillationss.a.texturesandnoise.Thevariational
modelof Meyer is asfollows:

min
( s;t ) 2 B V � G=f = s+ t

�
FM (s; t; � ) =

Z



jr sjdx + � ktkG

�
; (3)

SinceMeyer, several variationalapproaches,basedon partial
differentialequations(PDEs),have beenproposedto carry out the
imagedecompositiontask. In this paper, we proposeto introduce
theimagedecompositionprocessin thesegmentationprocessto im-
proveits performance.Indeed,theseparationof thetexturalpartand
the geometricpart will help us to segmentthe meaningfulregions
whichboundariesareeasilyvisible in thegeometricpart.Thesnake
modelwill alsohelpusto split thesmoothpartandthetexturalpart,
whichcanbeusedfor otherhigh-level processingtasks.

3. GENERAL IMA GE SEGMENTATION MODEL

We proposeto computea global minimum for the imagesegmen-
tationmodelde�ned by Vese-Chanin [7]. More precisely, a global
minimumfor theactive contourmodelbasedon thegeneralformu-
lation of theimagesegmentationmethodof MS is determined.The
MS modelis very well adaptedto segmentsmoothregionslying in
imagesbut it doesnot take into accounttexturesin its original def-
inition. Oneof themotivationof our methodis to considertextures
in the MS model. In [7], Vese-Chanminimize the MS energy (2)
usinga multiphaselevel setapproachmotivatedby the Four Color
Theorem[13]. They usetwo level set functionsto representfour
phases(andtriple junctions)andthesefour phasesaresuf�cient to
partitionanimagein a generalway becauseeachphasecanbeused
to “color”/delimit differentadjacentregionsin an imageaccording
to theFourColorTheorem(seeFigure1).

Thevariationalmodelintroducedin [7] to approximatethegen-

Fig. 1. Illustrationof theFourColorTheorem.

eralMS functionalis:

min

 C 1 ; 
 C 2 ;s ij

�
EV C (
 C 1 ; 
 C 2 ; sij ; �; � ) =

P
m =1 ;2 Per(
 C m )

+ �
P

i;j =+ ; �

R

 ij

�
�
�
sij (x) � f (x)

� 2 + jr sij (x)j2
�

dx
�

; (4)

where
 C m aretwo closedsubsetsof theimagedomain
 , �; � are
two non-negative parameters,Per is the perimeter, f is the given
imageandfunctionssij representfour phases,de�ned in 
 ij � 
 ,
to partitionany givenimages.t. 
 = [ ij 
 ij and\ ij 
 ij = ; .

At this stage,we replacetheL 2-normof the�delity termin the
energy (4) by the L 1-norm to separatetexturesfrom the structural
parts.Thegradient-basedtermin (4) is unchangedto capturesmooth
regions.Thus,theenergy (4) becomes:

E 1(
 C 1 ; 
 C 2 ; sij ; �; � ) =
P

m =1 ;2 Per(
 C m ) +

�
P

i;j =+ ; �

R

 ij

�
� jsij � f j + jr sij j2

�
dx (5)

Minimizing (5) w.r.t. thefunctionssij leadsto thevariationalprob-
lemfor eachfunctionsij :

min
s ij

n Z


 ij

� jsij � f j + jr sij j2dx
o

: (6)

A new functiont ij is introducedin thepreviousminimizationprob-
lemto extracttextures:

min
s ij ;t ij

� Z


 ij

� jt ij j +
1

2� s

�
sij � (f � t ij )

� 2 + jr sij j2dx
�

; (7)

wherethe parameter� s > 0 is small so that we almosthave f =
sij + t ij in 
 ij . Minimizing (7) w.r.t. the function sij , usingthe
calculusof variations,leadsto:

�
sij � (f � t ij ) = 2� s � sij in 
 ij ;
@s ij
@N = 0 on @
 ij ;

(8)

andminimizing (7) w.r.t. thefunctiont ij gives:

t ij =

8
<

:

f � sij � � s � if f � sij � � s �
f � sij + � s � if f � sij � � s �
0 if jf � sij j � � s �

(9)

In [7], regions sij are representedby two level set function,
namely� 1 ; � 2 , s.t.

s(x) :=

8
><

>:

s++ (x) if � 1(x) > 0; � 2(x) > 0;
s+ � (x) if � 1(x) > 0; � 2(x) < 0;
s� + (x) if � 1(x) < 0; � 2(x) < 0;
s�� (x) if � 1(x) < 0; � 2(x) > 0;

(10)



Thus,Energy (5) canbere-writtenasfollows:

E 2(� 1 ; � 2 ; sij ; t ij ; �; � ; � s ) =
X

m =1 ;2

Z



jr H � (� m )j +

�
X

i;j =+ ; �

Z




 

� jt ij j +
1

2� s

�
sij � (f � t ij )

� 2 +

jr sij j2
!

H (i� 1)H (j � 2)dx; (11)

The�o w minimizing theenergy (11) is asfollows:

@t � m = H 0(� m )
�

div
�

r � m

jr � m j

�
� �r m (x; sij ; t ij ; � ; � s )

�
(12)

where

r m (x; sij ; t ij ; � ; � s ) =
X

i;j =+ ; �

(� i )2� m (� j )2� n
�

� jt ij j +

1
2� s

�
sij � (f � t ij )

� 2 + jr sij j2
�

H (j � n ) (13)

for m; n = 1; 2 andm 6= n. If a non-compactlysupportedsmooth
approximationof theHeaviside function is chosen,thesteadystate
solutionof thegradient�o w (11) is thesameas:

@t � m = div
�

r � m

jr � m j

�
� �r m (x; sij ; t ij ; � ; � s ) (14)

andthisequationis thegradientdescent�o w of theenergy:

E 3(� 1 ; � 2 ; sij ; �; � ; � s ) =
X

m =1 ;2

Z



jr � m j+

�
Z



r m (x; sij ; t ij ; � ; � s )� m dx:

(15)

As a result of the previous developments,the following con-
strainedminimization model is proposedto carry out the general
imagesegmentationprocess:

min
0� u m � 1

�
Em (um ; sij ; t ij ; �; � ; � s ) =

X

m =1 ;2

Z



gb(x)jr um j

+ �
Z



r m (x; sij ; t ij ; � ; � s )um dx

�
: (16)

where gb is the edgedetectorfunction in the GAC model. The
energy (16) provides us a global minimization for the active con-
tour model. The global minimization theoremis the sameas in
[9, 10]. Firstly, it consistsof applyingthecoareaformula to notice
that

R

 gb(x)jr (um = 1
 C m

)j =
R

C m
gbds = EGAC (Cm ) asin

(1). Then,for �xed functionsun 6= m ; sij ; t ij , a theoremestablishes
that1
 C m ( � )= f x :u m ( x ) >� g for � 2 [0; 1] is a globalminimizerof
(16).

Thesnakevariationalmodelproposesin this framework is glob-
ally minimized,which is very importantbecauseaglobalminimiza-
tion allows us to be independentof the initial condition. However,
the proposedmodel is globally minimized only w.r.t. the snakes,
representedby u1 ; u2 , but not w.r.t. thefunctionssij ; t ij . Thus,the
choiceof the initial functionssij ; t ij is critical to geta satisfactory
segmentationresult. The next sectionproposesa fastway to com-
puteinitial sij ; t ij closeto theoptimalsolution.

4. INITIAL CONDITION

We proposeto determinea goodinitial conditionfor the functions
sij ; t ij to �nd theoptimalsegmentationsolution.Two stepsarefol-
lowed:

1. Computationof an initial smoothfunction s0 andan initial
texturefunctiont0 asfollows:

min
s0 ;t 0

� Z



� jt0 j +

1
2� s

�
s0 � (f � t0)

� 2 + jr s0 j2dx
�

: (17)

2. Determinationof afunctions1 from s0 with aregiongrowing
algorithmbasedontheMumford-Shahmodelasdescribedin
[14].

Theinitializationprocesstakeslessthanoneminutefor the2-D im-
agespresentedin thenext section.

5. RESULTS

Firstly, our segmentationmodelis testedon the 1-D signal(Figure
2). Our modelcorrectlydetectsthe transitionsbetweensmoothre-
gions(seesmall red circles). The decompositionbetweensmooth
(greencurve) andtextural parts(bluecurve) providesusa goodap-
proximationof theoriginal signal(blackcurve).

Secondly, ourmodelis experimentedonFigure3 which is a lin-
earcombinationof a smoothimage,which intensitiesvary between
[0; 1], anda texture image,varying between[� 0:6; 0:6]. The im-
agealsocontainsa triple junction which needsthreephasesto be
detected.Our modelis ableto �nd the triple junction, the original
smoothpartandthetexturepart.Thesegmentationtakesa few min-
utesto converge.

Finally, the imagesegmentationmodel is testedon the bench-
mark imageBarbara which containstextures. The modelrecovers
thesmoothpartof thegivenimageandalsothetexturesandseveral
meaningfulboundaries.As previously, a few minutesareneededto
convergeto thesolution.
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