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Abstract. We propose a regularization algorithm for color/vectorial images which
is fast, easy to code and mathematically well-posed. More pr ecisely, the regulariza-
tion model is based on the dual formulation of the vectorial T otal Variation (VTV)
norm and it may be regarded as the vectorial extension of the d ual approach de-
ned by Chambolle in [13] for gray-scale/scalar images. The proposed model o ers
several advantages. First, it minimizes the exact VTV norm w hereas standard
approaches use a regularized norm. Then, the numerical sche me of minimization
is straightforward to implement and nally, the number of it erations to reach the
solution is low, which gives a fast regularization algorith m. Finally, and maybe
more importantly, the proposed VTV minimization scheme can be easily extended
to many standard applications. We apply this L' vectorial regularization algo-
rithm to the following problems: color inverse scale space, color denoising with the
chromaticity-brightness color representation, color ima ge inpainting, color wavelet
shrinkage, color image decomposition, color image deblurr ing, and color denoising
on manifolds. Generally speaking, this VTV minimization sc heme can be used in
problems that required vector eld (color, other feature ve ctor) regularization while

preserving discontinuities.

Keywords:  Vector-valued TV norm, dual formulation, BV space, image de noising,
ROF model, inverse scale space, chromaticity-brightness ¢ olor representation, image
decomposition, image inpainting, image deblurring, wavel et shrinkage, denoising on
manifold.

1. Introduction

This paper is devoted to the regularization of multidimensional/vector ial signals, such
as color images or other vector elds (vector of features, normal of level sets, etc.), based
on the vectorial TV norm. The regularization of vectorial images in the conte xt of con-
tinuous models have already been proposed in the literature. In [35], Sapiro and Ringach
proposed an anisotropic di usion model for vectorial images based on the computation of
the eigenvalues of theM -D image de ned as a 2-D manifold. The eigenvectors determine
the directions of maximal and minimal change of the vectorial image, and thei r associated
eigenvalues give their rate of change. In [8], Blomgren and Chan de ned a de nition of
the VTV norm which satis es several good properties. Sochen, Kimm el and Malladi in
[37] de ned a vectorial image denoising models based on a 2-D manifold embeded in a
(M + 2)-D space and the Polyakov energy. We propose in this paper a vectorial r egu-
larization algorithm that is as e cient as [37] and improve the regularizati on algorithms
[35, 8].

The proposed VTV minimization model is based on the dual formulation of th e vectorial
TV norm. The idea of dualizing the (scalar) TV norm was introduced by C han, Golub
and Mulet (CGM) in [15] to solve the denoising Rudin-Osher-Fatemi ( ROF) model [34]
for gray-scale images in a faster way than the previous models. CGM introduced in the
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TV minimization model an extra maximization problem w.r.t. a new (du al) variable.
The new minimization-maximization problem can be solved using the Si on's theorem [36].
Sion's theorem is a generalization of John Von Neumann's minimax theorem [32] (see also
[2, 22]) introduced in game theory for minimizing the maximum possible loss.

Based on the CGM model, Chambolle (C) in [13] developed an e cient dual ap proach
to minimize the scalar ROF model. C's algorithm is faster than CGM eve n if the con-
vergence of C's scheme is linear and the CGM's scheme is quadratic. & algorithm is
faster because the cost per iteration to use CGM is higher (CGM needs to solve a linear
system at each iteration). A recent fast minimization algorithm for the s calar ROF model
was proposed by Darbon and Sigelle (DS) in [20] based on graph cuts. Although C's
algorithm is not as fast as the model of DS to solve the variational scalar ROF mo del, it
is still fast and presents some advantages compared with CGM and DS. First, C's model
use the exact scalar TV norm whereas CGM model regularizes it to minim ize it. Then,
the numerical scheme of [13] is straightforward to implement unlike t he CGM and DS
algorithms. Besides, the TV norm of DS is anisotropic whereas the TV norm of C is
isotropic. Finally, we will see that the C's model extends nicely to color/vector images
whereas the question of extension is open for the CGM model and the genealization of
DS model to color images is not as e cient as in the scalar case (see [19]).

This paper proposes these two following contributions:

Extension of Chambolle's model [13] to multidimensional/vectorial im ages. We will
see that the extended algorithm presents the same nice properties than the scalar algo-
rithm since the VTV minimization algorithm is fast, easy to code and we Il-posed. Unlike
[8, 4, 16], the proposed vectorial scheme does not regularize the VTV to minimize it.
Finally, the numerical solution converges to the continuous minimiz ing solution in the
vectorial BV space.

Extension of the proposed VTV minimization scheme to several standard applications
such as deblurring, inpainting, decomposition, denoising on manifolds. In fact, this vecto-
rial regularization scheme can be applied to any problems that require a L regularization
process for vectorial components.

The paper is organized in two parts. The rst part is the introduction  of the VTV
minimization algorithm. We introduce some notations and the dual formulat ion of the
VTV. We then introduce the VTV minimization algorithm and prove its convergence to
the continuous minimizing solution. Then, we compare our model to re lated denoising
models. The second part of this paper aims at showing that this vectori al regularization
process can be easily extended to any problems that requireL* vector eld regularization.
We will focus on color image processing problems such as color inversele space, color
denoising with the chromaticity-brightness color representation, color inpainting, color
wavelet shrinkage, color decomposition, color deblurring or color denoising on manifold.
But we can also extend this algorithm to other problems such as the vector eld regular-
ization of di usion tensors in medical imaging.

2. Part I: Dual Vectorial TV Minimization Algorithm

2.1. Notation and De nition.

In this paper, we are interested in the standard dual de nition of the VTV in order

to extend the Chambolle's scalar algorithm [13] to vectorial images such as color images
or any vector elds. This section introduces some notations and de nit ions regarding the
vector-valued TV norm used throughout the paper. Let us consider a vec torial (or M -
dimensional or multichannel) function u, such as a color image or a vector eld, de ned
on a bounded open domain RN | as follows:

TH I RM:
x ! u(x) == (ur(x);:num (xX));
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where each scalar functionu; : ! R; 1 i M is one of the M components (or
channels) of the vector valued function u.

De nition 2.1.1. For a given vector valued function u : ! RM | the vectorial TV norm
is denoted the nite positive measure:

z z
1) jDuj := sup <u;r p>dx
p2P

wherep := (pi;a5pm): P RM N opi=(ptonp™): 0 RY, 82 ;M) r
is the divergence joperator suchthatr q:=(r qu;:5r gu): ! RM:8g: !
R Mir agi= L @ ql ! Rl;_) 8i 2 [1;M], the product < :;:> is the Euclidean
scalar product de n,gd as < v;w >:= ile <vi;wi > 8(v;w) 2 (RM)2, which implies
that < u;r p>= iM:Jq <uj;r pi>,andthe L?/Euclidean norm j;j is naturally de ned
by jvj =Pevivs= L vZ 8v2R-.

Thus, the VTV norm (1) can be de ned of di erent ways, depending ont he setP of
functions of the dual variable p. Let us consider two sets:

Pi = fp2Ci(; R" M) :jpih 1g
P, = fp2Ci(; R" M) : jpj 1g
where jjji in Py is the innity norm such that jpj: = max jpij and jj in P2 is the
) N q o . . q o . '.|3_1 ..... M _
L“ norm such that jpj = iy < Pipi > = iz1 i< (B7)2. If we assume that

i
u 2 C; RM),i.e. u are smooth functions, and p 2 Ci(; RM V) are with compact
support, then integration by parts gives:

Z

jDuj = sup <u;r p>dx
p2P
ZA
= sup <ru;pi >dx
p2P

i=1
Then if p 2 P, then the supremum of (1) is obtained for:

D = fap frueo o
' any ifru=0 " :

which de nes the vectorial TV norm for smooth functions u as:
2) jDuj = jr uijdx = TV (ui);
i=1 i=1
i.e. the sum of the TV of each channel. Then if p 2 P, then the supremum is obtained
for:

r uj B

pi = Iul fruso .y i wmy

any ifru=0
where th& vectorial gradient of u is dened asr u = (r ug;usr un) ! RM N and
jruj = " i’\il < r uj;r ui >. Thus, the vectorial TV norm given by P, for smooth
functions u is:
z z P 2%z

Mo < T oup > X

3)  jDuj= s S ruru > T ek g ujox:

Iruj i1

Hence, the VTV de ned in (1) have di erent expressions for smooth functions u for
di erent sets P1 or P,. The di erence between sets P, or P is important in the denoising
context. Indeed, the vectorial TV based on P; is de ned as the sum of the TV of each
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channel. This means that channels are considered as independent in he denoising pro-
cess, which is not true on real-world images. The vectorial TV based on P, introduces a
coupling between channels. Each channel use information coming from other channels to
improve the denoising model as we will see in Section 2.5.

Finally, we want to emphasize that the vector valued TV norm de ned by the set Py,
i.e. the L?-norm, is the most standard de nition of the VTV norm as introduced int he
book of Ambrosio, Fusco and Pallara [1]. From this point, we will use the L2-norm for
the VTV norm throughout this paper.

We now present standard results regarding the VTV. These results can be found e.g.
in [1, 28, 25].

De nition 2.1.2. De nition of Vector Valued Space BV (; RM); M 1.

We de ne the space BY (; R™) of vector valued functions as thgyset of functions
u2L'; R")suchthat jDuj< 1, where the vectorial TV norm jDuj is de ned
in De nition 2.1.1 with the set of functions p 2 P,. The spaceBV (; RM) endowed with
the following norm:

kUkLl(; RM)+ kUkB\/(; RM);

where kukgy (; gw) :=  jDuj, is a Banach space.

Theorem 2.1.1. Lower Semicontinuity Property.
Let fung a sequence of vector valued functions in BV (; RM) which converge in
L*(; R")to a function u. Then

kUkBV (; RM ) Ilrmllnf kUn kBV (; RM )

Theorem 2.1.2. Compactness Property.
Every sequencefung 2 BV (; RM) such that kunk, 1 ¢ rM) M; 8n 2 N, admits a
subsequencef u,, g converging in L*(; R™) to a function u 2 BV (; RM).

R

Theorem 2.1.3, Decomposition of kukgy (; gv) = jDUj.

Functiona% jDuj %an be decomposed as f(%IIows:

jDuj= jr ujdx + jDuj()+ jut u jaHM
Jul
. . R RAp{——

where r u is the standard gradient of u with jr ujdx = iy Jr uj2dx for u 2
C!(; RM), DCu is the Cantor part of Du, J, is the set of all jump points of u, u*; u
are the jump functions and HM ! denotes the (N 1)-dimensional Hausdor measure in
RN.

2.2. Vectorial Rudin-Osher-Fatemi (VROF) Model.

The Rudin-Osher-Fatemi model [34] is one of the most in uential variat ional and PDE-

based image denoising models in image processing. This denoising mael removes noise
in gray-scale images while preserving main features such as edges. Ithe case of vector-
valued images, the ROF model is naturally extended as follows:

. 1
4 inf F(u) = kukgy (; gy + o kf Ukf o, qu)

where f 2 L' (; R"); f := (f1;::fm) is the given (noisy) vector valued image and
ki uk?, gu,= jf uj®dxisthe L? delity norm.
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Existence of a minimizer for the variational vectorial ROF model (4) can be proved
by standard arguments of the vectorial BV space. We include the existe nce proof in this
section for the sake of completeness. First, let us introduce truncated vectorial functions:

Theorem 2.2.1. Truncated Functions.

Let f 2 L*(; RM)andu : ! R™. We dene the truncated function & :=
(Kfiker (c my M Uik fikes ¢ ry)My -

Forgny u 2 BV (; R"), we havett 2 BV (; R™) and

G jf @j®dx it uj? dx,

() ktkgy (. vy K UKgy (; gw)-

Proof. The proof is, for example, based on [24]. The de nition of the truncated function
implies that jf @] j f uj from which follows ().
The truncated function is given by % = h; u; where h; : R! R is a Lipschitz function
such that: 8
<t if kfiker t k fikes
hi(t) = kfike: if t> kfik.1
ok fiker if t< k fik.t
Using the chain rule, we have# 2 BV (; RM). R
Following [24], we have jr @;(x)j jr ui(x)jthen jr @jdx < jr ujdx. Sinceu® (x)
u (x) by construction and by de nition of the function h; we have Js, Ju; and
LE; (x) & (x) u"(x) u (x);8x2Js,. Thenitfollowsthat ,  , j¢* ¢ jdHN 2
5,0 Juu jdHM 1. We also havejD°¢ij j D°uij, i.e. jDj j D°uj. The terms
are summed over and we obtain (j). 2

Then, it is easy to prove the existence of a minimizer for the VROF :
Theorem 2.2.2. Existence of a Solution for the Vectorial ROF Model (4).
The vectorial ROF model

inf  F(u) := kukgy (; ay )+ zikf uk? o quy
wheref 2 L! (; R™), has a solution in BV (; R™).

Proof. Let fu,g be a minimizing sequence inBV (; R") . By de nition of the total
variation norm, kunKgy (; gm is uniformly bounded by a strict positive constant M such
that kunkgy (. gvy M; 8n 2 N.

By Theorem 2.2.1, we can modify the minimizing sequence by truncati on, obtaining a new
minimizing sequencet?, that is uniformly bounded in BV (; R"), i.e.

MnkLl (; RM) K, kl.’}nka(; RM) M, 8n 2 N,

Therefore, according to Theorem 2.1.2, there exists a subsequencé?,, g converging to a
function u 2 BV (; RM). Since TV is lower semicontinuous in BV (; RM) by de nition,
we have:

kukey (; pu)  liminf ko Key ( ruy  liminfkun, Koy av )i
and from Fatou's Lemma:
ki uklz(, gu) liminf  kf @n ki 2. v liminf  kf Un ke 2(: muy:
which implies that
F(u) liminf F(un,):

It follows that u 2 BV (; R™) is a minimizer of F and the vectorial ROF model (4). 2
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Finally, the VROF model (4) is convex, which guaranties the uniquen ess of the mini-
mizer.

2.3. Proposed Algorithm for VROF Minimization.

In this section, we present the solution minimizing the vectorial ROF model (4). Us-
ing the dual de nition of the vectorial TV norm given in (1), the variation al model (4)
can be written as

5) inf sup < u;r p>p2; RM)"'ikf ukfz(. RM )
U jpj 1 2 '

Using the minimax theorem [2, 22], inf and sup can be swapped since (5) isconvex in u

and concave inp and the setfj pj 1gis bounded and convex. Thus (5) is rst minimized

w.rt. u using the Euler-Lagrange's technique, which gives the minimizin g solution of the
VROF model:

(6) u=f r p;
and for each channel:
uj = fi r opi; 1 i M:
Substituting solution (6) in (5), we get the constrained maximization p roblem:
sup < fir p>pa; gm, Ekr pkfz(; RM) s
jpj 1
which is equivalent to this minimization problem:
@ Jnf krop f= ke e
The Euler-Lagrange's technique gives the necessary condition for optimality at each x:
(8) r r p f + p=0;

where (x) is the Lagrange multiplier associates with the constraint jpj 1. As noticed
by Chambolle in [13] for the scalar case, it can also be eliminated in the vectorial case as

follows. If jpj < 1, then the Lagrange multiplier is not active, i.e. =0andr r p f =
0 and if jpj = 1, then the Lagrange multiplier becomes actveand =jr r p f j> 0.
In any case, the Lagrange multiplier is equal to:

©) =g r p fij

Introducing (9) in (8), we get:
r r p f j r p fjp=0;
which can be solved as in [13] with a semi-implicit gradient descent scheme as follows:
p"=® =0,
(10) rropt of= grorop" = jp"t =(p"* pM)=t
such that:
ner _ PT A+ tror pt o f=

11 = :
(1) P 1+ tjr r pn f=j

which means for each channel:

+tr r op fi= _
P : .
Lgroropr fi= 2

n+ p;
(12) Pi b= h
1+t

As in [13], the convergence of the iterative scheme (11) also holds sincewe have the fol-
lowing theorem:
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Theorem 2.3.1. Let f 2 L' (; RM), the iterative scheme (11) converges to the mini-
mizing solution (7) for t  1=8.

Proof. We follow the proof given by Chambolle in [13] in the case of gray-scale im-
ages. Let us denotej:jxy ;< :;: > xv the Euclidean norm an&i inner product de ned

iqn X = L% RM)and Y = L%(; R™ M) with jfjx := M f2 and jpjy =
M L ()2 Wecall =(p"*™" p")=t and we have:
jrop"™ f=j% = g p" f=j%+
2t< v rop" f=> )+t kG
roop" =k

t 2< r(r p" f=)>y t 3 jE;

where
denote

jr j x is the norm of the divergence operatorr :Y ! X. From (10), we
jr(r p" f=)jyp"t=r( p" f=) such that we have:

2< qr(r o p" o f=)>y t =

@t +are o p" =) )

We havejr (r p" f=)j{ j j§ =jr(r p" f=)jf@jp"*j¥) Osincejp"jy 1
forn 0. Hence,if t 1= 2, we see thatjr p"** = j2 is decreasing with n, unless
=0, which means that p"** = p". Itisclearfor t< 1= 2. Forthecaset =1= 2, ie.
jr p"t f=j2=jr p" f=j% wehavej jy = jr (r p" f=)jy such that either
ir r p" f=)jy =0or jp""jy =1, which means that p"** = p" in both cases.
Let m = rlilrln jr  p" f=j% andp be the limit of a converging subsequencef p"kg

of fp"g. Ifp %is the limit of fp"«** g then we have:
o P+ trr p f=

p:1+tjrrp f= jy;

and if the previous calculation is repeated then we seethatm =jr p f=jx =jr p°
f= jx, which impliesthat =( ° p )=t =0 andp °=p . Hence,

rrp f= jr rp f= jvp =0;

which is the Euler-Lagrange equation of (7). Hencep solves (7). Finally, since (7) is
convex, then all sequences r p" convergeto r p.

It remains to show that t 1=8. Let us de ne the discrete divergence operator applied
to avector pi =(p;p'); 1 i M, M being the number of channels, at the grid point
(ix;iy) (following [13]):

8
2 (p?)ix;iy (p;()ix Liy if 1<ix <Nyg;
(r Py = (pix))i(x;iy it ix=1;
(o )ix Liy if ix = Ny;
8 Y Y H H
2 (pi)ix;iy (pi)ix;iy 1 iF1<iy <Ny,
g (p?’)ix;iy !f !yzl;
(piy)ix;iy 1 it iy = Ny;

Then, the norm of the divergence operator is de ned by 2

discrete square norm ofp is
X X X
ipi* = Py +(P)h,

10 M 1 ix Nx 1 iy Ny

= sup;,; .Jr  pj°. The
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We have:
. -2 X X X X X 2
]r p] = (pl )ix§iy (pl )ix Liy +(piy)ix§iy (piy)ix§iy 1
1 i M 1 ixXNx 1 inNy
4 )iy +(POL iy (P, + (PR, 1
1§ N 1 ix Nx 1 iy Ny
8jpi%

using the zero boundary condition po;i, = Pnyiiy = Piyx;0 = Pixiny = 0, 8(ix;iy), which
implies that 2 =8 and so t =1=8. We notice that the temporal bound does not depend
on the number of channels. 2

2.4. Convex analysis and Projection Point of View.

The VROF minimization algorithm introduced in the previous section can also be deduced
from convex analysis. Indeed, the projection algorithm of Chambolle [13] for gray-scale
images can be easily extended to the vectorial case.

Theorem 2.4.1. (VROF Minimization Through Projection) Letf2 L (; RM),
u: ! RM, > 0, then the minimizer of
_— 1 it o )
(13) Julfey ; mv) + S-lif UliL2( jM):
is given by
(14) U= kg w)
where is the orthogonal projection operator onto the closed convex set as-

BV (; RM)
sociated to jjijjgy (; rv ) a@nd de ned as follows:

Koy miy= I p2L%; RY); 8p2L%(; R™ Mytjpj 1

Proof. Let us call Jgv (U) = jjujjgy (; rw)- The Euler-Lagrange of (13) is equal to:

u f

(15) @3v (u) +

where @3y is called the sub-di erential of Jgv . The sub-di erential @ Ju) of a functional
Jatu 2 X isdened by z2 @Ju) , J(v) J(u)+ < z;v U >x;8v 2 X. |If
J(u) < 1 andJ is dierentiable at u, then @Ju) = fr J(u)g. (15) can be re-written as
£ u 2 @av (u), which, according to convex analysis [23], is equivalent to

30;

f u

(16) u2 @dy ( );

where Jg, is the Legendre-Fenchel (LF) transform (or conjugate function) of Jgy . In

convex analysis [23], the LF of a function J 6 1 convex, one-homogeneous J( u) =

J (u); > 0; 8u 2 X) and lower semi-continuous, de ned as J?(v) = sup < u;v >x
u

J(u), is the characteristic function of a closed convex set K ;:

0 ifv2Ky;

an YW= k)= +1 otherwise

where K; is de ned as:

(18) Ky;= s2Xj8x2X; < s;x>x J(x) :

Writing (16) as = 2 z+ 1 @Jy (2), dening z = =Y. We get that z is the minimizer
of 2jiz  Ljj*+ L33y (2). Since Jgy is given by (17), we deduce that z is the orthog-

onal projection of f= on Kgv . «g, IS the projection operator onto Kgv . We have
Z2= kg ()= % and nally u=(Q1 K gy )
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The closed convex setK gy can be de ned according to (18):
Kev = s2 L% R")j8x2L%(; RY); < s;x > 2, gvy Ii Xiigy (; rM) =
SUP < PiF X 22 gM)= SUP ST PIX 2z Ry
jpj 1 jpi 1
which naturally gives:
Kev = r p2L*; R"); 8p2L%; R") L*G R™):jpj 1:
Finally, since (6) gives u = f r p, then the projection operator in (14) is determined

by the iterative scheme r pn! r p = « 4 (f), introduced in the previous section.
2

2.5. Code and Results.

The iterative scheme (12) is straightforward to implement . We already de ned in the pre-
vious section the discrete divergence operator. It remains to de ne the discrete gradient
operator applied to a function v at the point (ix;iy) (following [13]):

(r V)ix§iy = (r v)ixx ;iy;(r V)iyx ;iy
with ;o N
X = Vig+iiiy  Vigiy I Ix <N x;
Vi, =g it ix = Ny

y = Viiy+1  Vigiy if iy <Ny,
(I’ V)|x:|y 0 if iy - Nyi

The iterative process (12) is stopped if max(ju"** u"j) r, wherer is a given residue

and we recall that u"** = f r p"*. In all experiments, initial values are chosen to
be p =0, the residual r =10 *.

Before testing the vectorial denoising ROF model, we come back to (12) where it is
'@tgresting to notice that a coupling term between the M channels appears, precisely
| g

iN=1 jr r p! fj= j2 Blomgren and Chan have already noticed in [8] the exis-
tence of a coupling term in the minimization equation of the vectorial R OF model. They
observed that the coupling improves the denoising process compare with a direct appli-
cation of the scalar ROF model channel-by-channel. Figure 1 gives an illustrative example
of comparison between the vectorial ROF model and the scalar ROF model channel-by-
channel. Globally speaking the coupling term helps to better rest ore parts in images where
intensities are weak.

As a summary of the rst part of this paper, the standard dual de nition of  the vec-
torial TV norm, introduced in (1), will be our basic tool to develop di  erent color image
processing models such as image denoising, vector eld denoising, ilmge decomposition,
image deblurring and image inpainting. This de nition of the vectorial T V norm uses
many advantages. First of all, there is no need to introduce a regulariz ation parameter
of the TV norm as it was done in [8, 4, 16] and many other papers to carry out the min -
imization process. Inde&d the vectorial TV norm is usually not dire ctly minimized but
the regularized version jr uj2+ dx, being a very small parameter to be faithful
to the original norm and useful to avoid numerical instabilities in th e minimization ow.
Secondly, the minimization process based on the dual approach is much fster than in
a standard regularized approach [8] (explicit gradient descent ow). | ndeed, the direct
consequence of the regularization parameter is the obligation to use a very small tem-
poral step to ensure a correct and stable minimization process. Thus the minimization
process is slow because a large number of iterations is necessary toeach the steady state
minimizing solution. Figure 3 presents a comparison between our dual-based ROF model

1A Matlab version is available at http://www.math.ucla.edu | xbresson
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and the standard -based ROF model used in [8]. Our model converges fast to the de-
noising result whereas the standard model converges slowly becaus®f the regularization
parameter. Besides, the quality of the denoising process is slighty better with our model,
still because of the parameter. Finally, another advantage of our approach is to provide
a numerical minimization scheme easy to code.

2.6. Other Vectorial Image Denoising Models.

2.6.1. Sapiro-Ringach and Blomgren-Chan's Models.

In [35], Sapiro and Ringach propose an anisotropic di usion model for vector ial im-
ages based on Riemannian geometry. From a Riemannian point of view, the vectorial
image u : (x;y) ! (ui(x;y);:um (X;y)) can be seen as a parametric 2-D manifold
embedded in a M -D Euclidean space. The (square) gistance between two close points
on the 2-D Riemannian manifold is given by ds? := . g dd ,; = fxyg and
g =<@u;@u >, @u = @Q=@, is the rst fundamental form or metric tensor [29].
The metric tensor g is considered as a "vectorial edge" indicator function, i.e. a detec-
tor of discontinuities for vectorial images. More precisely, the eigenvectors of the image
metric g determine the directions of maximal and minimal change at a give point on th e
manifold-image, and their associated eigenvalues give their rate of change Eigenvalues of
g are provided by:

1 q
=35 O+ Oy (Ox  Gy)2+40%
and the eigenvectors are (cos ;sin ), where . = %arctan gxngixygyy and = 4+ 5.

Based on the previous analysis of the image metricg , Sapiro and Ringach propose to
de ne the anisotropic di usion for vectorial images by smoothing in the direction of min-

imal change, ,i.e. parallel to the "vectorial" edge, using the ow: % =9( +; g“f.
This approach is consistent with the scalar case presented in [12]. Indeed, in the case of
gray-scale images, i.e.M =1, itis easy to show that (cos ;sin )= jrr 4 which implies
that %1’ = gg = jr'—ﬂj) and the TV norm is equal to TV (u) = ~+ dx since
+ = jr uj® and = 0. From the latter scalar approach, Sapiro and Ringach propose in

[35] the following vectorial TV norm:
(19) TVsr (U) = f(+; )dx:

However, they do not recommﬁnd a specic f. One natural choice, as proposed by Blom-
gren and Chan in [8], isf = s+ because it is equivalent to the TV norm for the
scalar case and it is a non-decreasing function of

We notice that (19) while considering f = P + + is strictly equal to the de nition
of the vectorial TV norm used in thisp paper and presented in Equatiorb(3) for smooth
functiogs u 2 CY(; R™). Indeed, =~ 4 + = "0 F Oy, Ox = 14 (@ui)? and
Gy = 1, (@u;)? implies that

v
fp_ 7 lﬁx” o ,
(20) TVsr (u) = ++ dx = jr uij?dx = kukgy (. gm):

Finally, Blomgren and Chan noticed that the norm (20) has the tendency to p ro-
fluce a color smearing contrary to their de nition of vectorial TV given by TVac (u) =
P R 2
i'\’ll jr uijdx . Since our model corresponds to the norm (20) for smooth func-
tions u, our algorithm still gets the color smearing. However, despite of this d rawback, as
we have already said, the norm (20) o ers many important advantages. We remin d that
no regularization of the TV norm is done. Besides, the number of iterati ons to converge
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to the denoised vectorial image is much less important in our approach than in [35, 8]
as shown on Figure 3 and our numerical scheme is straightforward to implement. Fi-
nally, a dual formulation of the vectorial TV norm provides the basic ele ment to prove the
existence of a denoising solution in Section 2.2, which is di cult to prove with TVgc in [8].

2.6.2. Sochen-Kimmel-Malladi's Model.

In [37], Sochen, Kimmel and Malladi introduce another Riemannian frame work to smooth
vectorial images such as color or texture images. In their approach, they represent the
given vectorial image as a parametric 2-D manifold embedded in a (M + 2)-D space, M
being the dimension of the vectorial image. The core of their framework i s the Polyakov

functional, which measures the weight of a mapping X : ! M  between an embedded
manifold (the image manifold) and an embedding manifold M as follows:

z
(21) PX; :M)= d Pgg @x'@x'h;;
where g is the rst fundamental form of the manifold , d is the integration element
w.r.t. the local coordinates on , h; is the metric tensor of the embedding spaceM , g
is the inverse metric qf g , glis the determinant of g , ; = x;y andi;j =1;:5M
in our paper and @X' ;= @X=@. Finally, the Einstein summation convention is used

in (21), which means that when identical indices appear one up and one down, they are
summed over. The Polyakov functional is related with harmonic maps wh ich are geodesics
or minimal surfaces for curves and surfaces. Indeed, if the metric tensor of the embedded
manifold is chosen to be the induced metric tensor, g := @X'@X' h; , by pullback
procedure, then X which minimizes the Polyakov action are called harmonic maps and
the Polyakov functional is reduced to the Euler functional:

V4

s= d Pg

which describes the length/(hyper-)area of a curve/(hyper-)sur face and P g being the
invariant-area element on .
In the case of vectorial images, we haveX : (X; y) ! (x Y; ul(x y); i Um ()ny)) and the

componentlg of the metric tensor are thus: g =1+ 1 (@Qui)2, gy =1+ 21 (Qui)?
and gy = 1 @Uui @u;i. This implies the denoising functlonal for vectorial |mages [37]:
v
Zp 1N
(22) S= 1+ jr uij2+§ <1 ui;r uj >2dx;
i=1 i =1
P M 2

where the term  ;; _; < 1 ui;r uj >< is a cross-correlation term of orientation between
di erent channels that directs di erent channels to align together . Minimizing (22) w.r.t.
u; gives the Beltrami ow: % = P*@( gg @ui) =1 g4ui, where g is the Laplace-
Beltrami operator.

There exist some connections between the previous model and the dal TV norm. If
we de ne a new vectorial image asu : (x;y) ! (pl—ix; pl—iy; ui(x;y); i um (X;y)), then the
dual vector TV norm is equal to:

z X
(23) KuKgy (. rM) = 1+ jr uij? dx:
i=1
Functional (23) is equal to (22) when the cross -correlation term is null.  The solution of the
vectorial ROF model inuf kuKgy (. ru )+ 5—Kf ukLz( gu ), Wheref = ( p%x; p%y;fl; ufu)
as the given image, is given by:

(24) uj = f; ropi; 1 i M;
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and p; is the steady state solution of the following ow:

tr r pl f
i-}M

Mogrorop) fy 2

4
(25) pr*t = il
1+t 1+

1 0 M:

An interesting application of (24) and (25) is for gray-scale imag$§. dndeed, Functionals
(22) and (23) are equal for gray-scale images,S(u) = kukgy () = 1+ jr uj2dx, since
the cross-correlation term is null. This means that the Beltrami ow can be "dualized"
in the case of gray-scale images as proposed by Chambolle in [13]. In other word, the
minimizing solution of

VA

p—
(26) 1+ jr uj2dx + zikf ukfz(, ;
whereu: | R, is given either in the standard Euler-Lagrange approach by:
(27) %l:: (l+ Ui)uxx (1 -'Z-U:lz,ly+u)a/2;2(l+ Ui)Uyy +2i(u f)
I 22 }
gu

or in the dual approach by:
(28) u=f r p;
where p is the steady state of:

ol = p'+ tr (r p" f)
1+t 1+ (r p" 02

We have noticed that the dual approach (28) is faster than the Euler-Lagrange (EL)
approach (27). We mean that the computation of the minimum of (26) is obtained fas ter
with solution (28) than solution (27), even if we consider an explicit ste epest gradient
descent scheme for both approaches. We think that the explicit compu tation of the La-
grange multiplier in the dual approach helps to speed up the minimizat ion speed. We
have already observed that the dual approach is faster than the EL approach in the ROF
denoising model. Indeed, Figure 3 presents a comparison between lie dual and the EL
approaches, where the dual is clearly faster. Finally, we have also notced that the semi-
implicit scheme does not really speed up the minimization in the d ual approach. Similar
minimization speeds are obtained with the implementation of the expl icit gradient descent
scheme.

3. Part II: Extension to Standard Color Image Processing

In the rst part of this paper, we have introduced a regularization algor ithm for
color/vectorial images based on the VTV norm. In the second part of this paper , we
extend this L vectorial regularization algorithm to standard color image processing prob-
lems. We will see that the extension works well for many color problems such as the color
inverse scale space, the color denoising with the chromaticity-brightness color representa-
tion, the color wavelet shrinkage, the color inpainting, the color decomp osition, the color
deblurring and nally the color denoising on manifolds. Generally spe aking, the proposed
VTV minimization algorithm can be used in problems that required vect or eld (color,
other vector features) L* regularization while preserving discontinuities.
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3.1. Color Inverse Scale Space.

In this section, we improve the VROF model, introduced in Sect ion 2.2, with the iterative
regularization process proposed by Osher, Burger, Goldfarb, Xu and Yin in [33]. This
process, also called inverse scale space, enhances the denoisingsk de ned by the ROF
model by better preserving the contrast. The proposed iterative r egularization process
is based on geometry. The basic idea is to match not only the intensity values between
the denoising image and the noisy one but also the normals of level sets ineach image
while applying the TV norm which preserves the location of edges while smoothing out
the noise. In this section, we improve the VROF model by extendi ng the iterative regu-
larization scheme [33] to color images.

We consider u 2 C(; R") to explain the model. Given the noisy vectorial image
f 2L ( ;RM), an "approximation of normals of level sets" can be computed by carrying
out the minimization model:

. 1
uy = arginf kukgy (; )+ o kf Uk 2(. gu);
u

where n; := jr' 311 is called the approximation of "normals of level sets". The Euler-

Lagrange equation of the previous equation is equal to:

Xﬂr r ug; 1

(29) U] + Zv; =0;

i=1
wherev; := f;  u;;8i. We now introduce n; in the following minimization model:

. 1
Uz =arginf kukgy (; gmy < N1;r U > 20 gu, +2—kf Ukﬁz(; RM
u

In the previous equation, we have:

Z
<n1;ru>|_2(; RM): <Ng;r u >
i=1
z z
X X I Uy
= uir nip; = i —.
i=1 i=1 jl’ Ui
Using (29), we obtain:
A VA
X r Uy x 1
i - - = Ui —Vij
i=1 Jr ul] i=1
which gives:
. 1 R P M 2
uz =arginf  kukgy (. gv)+ 5 i1 2uivy + (i wi)
u
H 1 RP M 2
arginf  kukgy (. gv) + 3 izg (Fi+vy w)+

u

where is independent of u and therefore useless in the minimization process. Finally,
we end up with the modi ed vectorial ROF model:
. 1
uz =arginf kukgy (; )+ o kf + v UK 2(. gy
u

wherev; ;= f ui. Hence, the implementing iterative procedure for the vectorial image
case is as follows:
(1) Initialize: uo =0 and vo =0.
(2) For k =0;1;2;:::: compute ux+1 as a minimizer of the modi ed vectorial ROF
model:

. 1
Ukss =argmin Kukgy . guy + z—kf + Ve ukla guy;
u

and update v+ = Vi + 0 Uksr .
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Figure 4 presents an application of the proposed iterative regularization process, which
better preserve the color contrast.

3.2. Color Denoising With the Chromaticity-Brightness Representatio n.

In Section 2.2, the color denoising model has been formulated as a vectoral model in
the RGB representation of color images. In [16], authors showed that the Ch romaticity-

Brightness model or the Hue-Saturation-Value (HSV) enable to bette r restore color images
because these models are closer to human perception. In this sectin, we propose to per-
form the color image denoising in the CB representation of color images. In the RGB color

model, the given image is given by f := (f1;:5fm): ! RM:fi 0;1 i M. Inthe
CB color model, the image f is separated into the brigthness componentB¢ := jfj: | R
and the chromaticity component C; := f5fj= f=B; : | $2. Thus, the brightness com-

ponent is a gray-scale image and the chromaticity component stores the color information
which takes values on the unit sphere. Following [28], the previous constraint on the
sphere is introduced as a penalization term in the variational model:

3
2

which denoises the chromaticity component. (30) is regularized using the Ginzburg-
Landau functional [11] as follows:

. 1. .
(30) inf kCkgy (; my)+ 5 kC Cikl2. RM)+2—|ch2 1K 2 mvy s

. 1 1,. ..
inf kCkay (; ru) + 5 KC Crkio(. quy + 27ij12 1K 2, gy ) +
1
5 kD CK:op gy
The Ginzburg-Landau functional ( kjDj? 1k3) is introduced in order to use the fast mini-

mization algorithm proposed in Section 2.3. Indeed, we have two minimiz ation problems.
The rst one is the VROF:

. +
inf KCkgy (; pu)+ 5 —KkC  (——Ci+ — D)K: 2. qu )
and the second one is de ned by:
. 1 . . 1
(31) inf 2—ij12 1K 2 gy + 5 kD CKZ2(, M y;

whose the Euler-Lagrange equation is given by D (2-(jDj?> 1)+1)+ C =0. We use the
following semi-implicit iterative scheme to minimize (31):
D"+ tC )
1+ t(3(@{D"j2 1)+1)
The brightness component is a gray-scale image that can be denoised withthe model

[13]. Finally, the denoised image is given by u = C=B, where C and B are respectively
the denoised chromaticity component and the denoised brightness component.

Dn+1 -

Figure 5 presents the denoised color image with the CB color representtion. The SNR
is 14:57 with the RGB color representation and 14 :72 with the CB representation.

3.3. Color Image Inpainting.

Image inpainting consists in recovering/interpolating an image in region s where the orig-
inal information is missing, see [6, 17]. Given the image domain , a color image
f 2 LY( ;RM), aregion | where the image will be inpainted, the variational
color image inpainting model is as follows:

inf kUkBV (1 :RM )
u

uj@| =f
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We propose to solve the previous minimization problem with boundary con dition with
the following convex variational model:

inf kukay (; gu) * Fku VKo qu

Vi, =f
The minimization problem w.r.t. u is the vectorial ROF model and the minimization
w.rt v givesv; =uandvj, kB =f.

Figure 8 presents a color image inpainting result.

3.4. Color Wavelet Shrinkage.

In this paper, we have considered for vectorial images the space of regudrization as the
BV space. However, other spaces of smoothness can obviously be used. A patar regu-
larization space is L2(; R™). In this case, the minimizer (not really useful for denoising)
of jujifs. quy + z-if  Uiif2(, gu, is given by the Tikhonov method [39]. In this sec-
tion, we consider the Besov space for color images, which will relate vaiational model to
wavelet shrinkage through a denoising process as shown in [14].

Theorem 3.1. (Color Wavelet Shrinkage) Letf2LY(; RM),u: ' RM, > 0,
then the minimizer of

(32) 10 LI FEYSRE

is given by

(33) U= k)

where B, (Lp(; RM)) is a Besov space. Inthe case op=1; =1, the closed convex set
Ks, is given by:

Kei, iy = S2 L2(G; RM)j8ijiki s jci J 1

Proof. The proof is the straightforward extension of the paper [14]. In this p aper, Cham-

bolle, DeVore, Lee and Lucier showed relations between wavelet-lased algorithms and

variational models in the case of the Besov space and gray-scale images. lteus express

the vectorial image u: ! RM in an orthogonal wavelet basis for L2() that we denote
ik , then for f 2 L2(; RM), we have)i

f= T
itk
wherecy, : ! RM. Thenormof fin L?(; RM)is:
X
jifiiec ruy = i 1%

ik
where i 2 [1;M] and the norm of f in B, (Lp(; R™)) is ([14]):
. X 1
”f”Bp(Lp(; RM ) = Gk ] :
BjK;
It can be shown that minimizing (32) is equivalent to the wavg,let sh rinkage algorithm
Bf Donoho and Johnstone de ned in [21]. If we consider f = ik cjf;k; jk and u =
i Gk jk, then (32) is equal to:
X

T 1 f .
G 1"+ gk G 0%
ik ik
which implies the minimization of
(34) O I
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for eachi;j;k; . (34) is equivalent to minimize E(s) = jsj® + Zijs tj2. In the special
case ofp = 1, the exact minimizer is given by s = ﬁ max(jtj ; 0). Thus the wavelet co-
ecients cy.  are shrinked toward zero by an amount of  to obtain the exact minimizer.
This corresponds to the wavelet shrinkage algorithm of Donoho and Johnstone. Thus,
wavelet shrinkage can be obtained with the variational model (32). And th e minimizer

of the minimization problem (32) can be obtained by a projection algorithm, whose the

closed convex setK BI(L1(; RM)) (with p=1; =1)is dened as follows:
KBl(Ll(' RM)): 52 LZ(, RM)]SXZLZ(, RM);<S;X>L2(- RM)
1 ' X '
iXlisr,( ruy = ik I
iik;
and so:
Ko, ruy = 82 L2(; RM)j8isjiki s jci j 1 2

3.5. Color Image Decomposition.

In this section, we consider the color image decompsition task introdu ced by Aujol and
Kang introduced in [4] (another relevant work is [40]). Image decompositi on aims at
splitting an image into a smooth/geometrical component and a textural/osci llating com-
ponent. This decomposition can be used to enhance image processing tds such as the
denoising [3], segmentation [10] or inpainting [7].,3%:, model of Aujol and K ang considers
a regularized version of the vectorial TV norm, jr uj2+ dx, > 0, which induces
a slow decomposition process as we explained in Section 2.1. We will us the vectorial
dual approach introduced in this paper to speed up the color image decomposition process.

Theorem 3.2. (Color Image Decomposition) Letf2L*(; RM),u;v: | RM,
> 0, then the minimizer of
1. .

(35) Ja(u)+ Iy () + it (U Viteg ru);
is given by

u = @ k o )(F V)
36 !
(30) Vo= @ k()

where J,; Jy are the functionals whose describe the smooth and textural parts of f. Since
we are interested in the image decomposition algorithm proposed by Aujol and Kang, then
Ju = jjujigy (; rvy @nd Jv = jjVjjgy 2(; grm, such that:

= (@ kg )W)

(37) ST S (D

We observe that the norm jj:jjgy » (. rv Was introduced by Aujol and Kang in [4] and it
corresponds to the multidimensional version of the G-norm introduced by Meyer in [31]

to capture oscillating patterns in gray-scale images.

Proof. It is easy to prove (37) using the following result. The minimize r of Jgy (u) +

Zjiu  gji® is also the minimizer of Jey 2(z1) + 3jizs  gji® with z1 = 4, (9). Hence,
the minimizer of Jgyv 2 (u) + Jtjju  gjj* is the minimizer of Jey = (z2) + %jizz  gjj®
with zz =k 4, »(9). Since we haveJsy »» = Jgv , this implies that we also have

z;=(1 K sy )(9). This means that « ., » =1 K gy » Which gives (37). 2

Figure 6 and 7 present two color image decomposition results.
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3.6. Color Image Deblurring.

We consider the delity term like jjf Aujj?, where A : X | X is a linear self-adjoint and
positive operator satisfying jjAjj < 1. This new delity term allows to deal with the image
deblurring problem. We remind that image deblurring aims at compens ating the motion
of the camera during the exposure, see [18, 26] for gray-scale TV debluring. Given a color
blurred and noisy image f, we propose the following variational color image deblurring
and denoising model:

Theorem 3.3. (Color Image Deblurring) Let f 2 LY (; RM), u;v : ' RM,
A:RM 1 RM: jAjj < 1, Au = (AwuAnun) o U RM, ;> 0, then the
minimizer of
(38) Jullgy (; rRM) * Tllf AUJJEZ(; RM )5
is computed via the following regularized energy:
N 1. . 1. .
(39) ujiev ; ruy + oolif AVIIE2( Ry + iU ViiEe e
Since (38) is convex, the minimizer is given by:
u = (1 K ay (o riy )V
v = (1+ -A’A) Yu+ -A%f);
where A? is the L? conjugate of A such that A’f := (Alfy; i ALfN): | RM.

Proof. The proof is immediate using the VROF model and computing the Eul er-Lagrange
of (39) w.rt. v.

Figure 9 presents a color image deblurring and denoising result. The deblurring process
is a non-blind deblurring process since the kernel A is assumed to be known.

3.7. Generalized Projection Algorithm of Chambolle.

Based on the work of Bect, Blanc-Feraud, Aubert and Chambolle [5], the re gulariza-
tion operator can be generalized to any linear operator for color images.

Theorem 3.4. (Generalized Projection Algorithm of Chambolle) In the case of
a regularization term de ned as J(u) = jjQujj1, where Q is a linear operator Q : X ! Y,
the projection ¢ onto the convex set closed set K can be numerically computed by a
xed point method. We consider vectors p 2 ff 2Y :jpj 1g such that:

I(u)= jjQuiis = sup  <Quip >
1P]

The projection ¢ in the case ofjjQujji + zijjf ujj? is given by the iterative sequence:
Pnt Q(Q%pn f=)

40 +1 = n > —

(40) Pret = 14 TIQMQ%pn 1= )]

The previous iterative algorithm converges assuming that the time ste p TQlT? and

we have Q ’pn! QP = «,(f).

Proof. The proof is similar to the proof of Theorem 2.3.1. We have:
inf jjQuiia + S-iif  ujite;
inf sup <Qu;p >z +ijjf ujitz;
Yipj 1 2

(41) inf sup < u;Q7p > .2 +2ijjf ujjifz;
Yijpj 1
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inf and sup can be swapped using the minimax theorem. The Euler-Lagrange equation

wrt uisu =f Q7p, introduced in (41) gives sup < f;Q°p >.> 5jiQ’pijiZ.
jpj 1

The constrained Euler-Lagrange equationis Q(Q°p f= )+ p =0. Following Section

2.3, we have (40). Besides, Section 2.3 shows that the temporal step thatguarantees the

stability is t 1= 2 with = jjQ%jj.

Application 1: VTV. In this case, we haveQ =71 ; Q° = r

Application 2: VTV on Manifold. Using Theorem 3.4, the VROF model can also be
used to denoise color/vectorial images de ned on a manifold :

(42) iuiiey (; mvy + olif AU au
R
where > 0, f is the given (noisy) vectorial image on , I#'jujj BV (; RM) = irouj,r

is the gradient operator on and jif  Aujif> gu, = jf uj’d where d is the

invariant-area element. It follows from the Stokes' theorem (integr ation by parts on the
manifold )that <r u;p>= <ur p >, wherer is the divergence operator
on , which is the adjoint of the gradient operator r . This implies that the solution of

(42) is equal to:

(43) u=f rop;

where p is the steady state of the following ow:

p"+ tr roop" f

1+ tjr rop" fj’

(44) pn+l —

gvenQ=r andQ’=r
Gradient operator and divergence operator in (43) and (44) can be dened in a tw o
di erent ways. If the manifold is de ned as a parametric manifold, t  hen the gradient of

afunction h: | R and the divergence of a vector eld V = (Vx;Vy): ! R?inlocal
coordinates are given by [29]:

r h = g eh .

rovo= o efav)
where ; = fx;yg, g isthe inverse of the rst fundamental form g of the parametric

manifold and " g is the square root of the determinant of g
If the manifold is represented by an implicit level set function as described in [30], then
the gradient and the divergence operator are given by:

r h = P rh
- 1 PoV o
S T S L e T
where is a level set function representing the surface = fx : (x) = 0g and
P =1 %f is a projector operator onto the plane orthogonal to r , which

is the normal to the surface .

One interesting application of the previous denoising model is for om nidirectional images,
which contain information of a scene in all directions simultaneously w ithout rotating a
camera. Figure 10 presents the denoising of a color omnidirectional image. The manifold
considered is a paraboloid. Its metric, developed in [9], is:

o 1+4x%2 4xy )
9 = 4xy 1+4y?

which implies the following components of the gradient operator:

(r  h) gr@h+ g¥@h .
(r h)y g¥@h+ g”@h

and the divergence operator:

1 _ _
roV=py aov)+ @Pav) :
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4, Conclusion

In this paper, we have presented a regularization algorithm for color/vec torial images
based on the dual de nition of the vectorial TV norm. Unlike the CGM mod el [15] or the
DS model [20], the dual approach of Chambolle [13] extends nicely to a variety of vector
models, producing useful results which are better than standard methods in many cases.

Indeed, this regularization algorithm o ers important advantages. Firstl vy, it minimizes
the exact TV norm unlike usual approaches such as [8, 4, 16]. Secondly, the mimerical
scheme to carry out the minimization process is easy to code. Then, the number of
iterations to reach the steady state solution is low, which o ers a fast color denoising
model compared with other related models such as [8, 35]. Finally, the dual formulation
of the vectorial TV norm o ers well-founded mathematical theorems to pr ove the existence
of a minimizing solution.

We have compared our approach to related vector denoising models such ashe model
of Sapiro and Ringach in [35]. In our case, a fast and easy to implement denoisng scheme
is proposed. We have also proved the existence of a minimizer in the vector valued BV
space. In [8], Blomgren and Chan propose a di erent version of the vectorial TV norm,
which produces less color smearing than our model. However [8] doe not minimize the
exact TV norm and the minimization scheme is slow as shown in Figure 3. | n [37], Sochen,
Kimmel and Malladi propose a variational model which shares some connections with our
model except the existence of a cross-correlation term in their energy which does not exist
in ours. However, the cross-correlation term vanishes for gray-scaleimages, which induces
the equivalence of our model with the Beltrami model. This also mean s that the Beltrami
ow can be "dualized" for gray-scale images. Besides, it is dicult to  study the existence
of a denoising solution in the Beltrami framework unlike the TV framew ork.

We have also showed that the proposed fast vectorial regularization scheme can be
easily applied to several standard color image processing such as the calr inverse scale
space, color denoising with the chromaticity-brightness color repre sentation, color image
inpainting, color wavelet shrinkage, color image decomposition, color image deblurring,
and color denoising on manifolds.

Finally, and maybe more importantly, we would like to emphasize that t his proposed
L? vectorial regularization algorithm can be used in problems that required vector eld
regularization while preserving discontinuities. A potential int eresting application of vec-
tor eld denoising is in medical imaging where the proposed regularizat ion process can be
used to denoise Di usion Tensor Images (DTI). Figure 11 presents the regularization of
a synthetic vector eld that has been damaged by noise. Note that the regu larization is
able to restore the four regions with same orientation although it is very d icult to see
them in Figure 11(e). Other applications may be optical ow regularizati on [27], image
colorization [28], image inpainting [41], multiscale hierarchical decomposition of color im-
ages [38], etc.
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(a) Channel-By- (b) Channel-By- (c) Vectorial ROF: (d) Vectorial ROF:

Channel ROF:  Channel ROF: Channel #1. Channel #2.
Channel #1. Channel #2.

Figure 1. Comparison between the vectorial ROF model and the scalar
ROF model channel-by-channel. The blue plot is the original signal, t he
red plot is the noisy signal and the black plot is the denoised signal.
Figures (a-b) present the denoising result carried out by the scalar ROF
model channel-by-channel. Figures (c-d) show the result obtained with
the vectorial ROF model. The coupling term of channels in the vector ial
ROF model allows to better restore Channel #2 on Figure (d) compared
with Figure (b) where the direct scalar ROF model can not completely
restore the weak signal.

(a) Original Color Image. (b) Noisy Image. (c) Denoised Image with ROF.

Figure 2. Denoising of a color picture with the vectorial ROF model.
The denoising process takes 1.8sec and 60 iterations. The picture sie
is 250x303. (Note: All pictures are in color.)
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(a) Original Color Image.

(b) Image which lost 56% (c) Inpainting Result.
of original information.

(d) Image which lost 79% (e) Inpainting Result.
of original information.

Figure 8. Color image inpainting process. Figures (b,c) present the
image which lost 56% of original information and the inpainting result.
The inpainting process takes 2.3sec and 60 iterations and the picture
size is 250x303. Figures (d,e) show the image which lost 79% of original
information and the inpainting result. The inpainting process take s
5.9sec and 150 iterations. (Note: All pictures are in color.)
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(a) Original Color Image.

(b) Blurred and Noisy Image #1. (c) Deblurred and Denoised Result
#1.

(d) Blurred and Noisy Image #2. (e) Deblurred and Denoised Result
#2.

Figure 9. Color image deblurring and denoising process. The simulta-
neous denoising and deblurring process takes 205sec and 600 iterations.
(Note: All pictures are in color.)
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(a) Noisy Omnidirectional Image (b) Denoised Omnidirectional

on a Parabolic Manifold. Image.
(c) Noisy Omnidirectional (d) Zoom In the Noisy Im- (e) Zoom In the Denoised
Image on the Parametric age. Image.

Plane.

Figure 10. Denoising of a color image de ned on a manifold: an om-
nidirectional image painted on a parabolic manifold. The denoising
process takes 19.7sec and 130 iterations and the picture size is 574x574.
(Note: All pictures are in color.)
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(a) Clean Vector Field. (b) Noisy Vector Field #1. (c) Denoised Vector Field #1
with ROF.

(d) Clean Vector Field. (e) Noisy Vector Field #2. (f) Denoised Vector Field #2
with ROF.

Figure 11. Denoising of a vector eld with the vectorial ROF model.
The denoising process takes less than 0.1sec, 30 iterations for #1 and
100 iterations for #2. The picture size is 30x30. We can notice the
good performance of our denoising model with the noisy vector eld (e) ,
which has lost the main directions (d). Our model is able to recover the

main structure (f).



