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Research Project
My research project is to design convex variational models and fast optimization algorithms to solve
e�ciently problems arising in image processing, machine learning and other applications such as medical
imaging and physics.

Main contributions
My contributions are in the �eld of computational science and mathematical modeling. The objective
of my research is to develop generic mathematical models ande�cient numerical algorithms that can
be applied to a wide range of real-world applications.
To date, my main contributions are: convex variational models and fast algorithms for image process-
ing; a uni�ed variational model for image processing; and e�cient high-dimensional data clustering for
machine learning.

Convex variational models and fast algorithms for image processing
Many problems arising in image processing such as image segmentation or image registration can be
posed as non-convex energy minimization models. However, non-convex energy minimization models are
highly sensitive to local minima, which makes the initial condition critical to get correct results. Besides,
non-convex energies cannot produce fast optimization techniques, which limits their applications in real-
world and real-time applications.

With Stanley Osher, Selim Esedoglu, and Tom Goldstein, I have introduced in [4, 13] a convex
variational model and a fast algorithm for image segmentation. We have de�ned a new class of two-
phase active contour models which e�ciently combines edge detection (such as Caselles, Kimmel and
Sapiro [9]) and region detection (such as Chan and Vese [11])and are robust and fast. The proposed
convex variational model is composed of the total variation(TV) norm and a 1-homogenous term. The
TV norm is non-di�erentiable, which makes challenging the development of a fast optimization scheme.
We have used an e�cient primal optimization algorithm calle d split-Bregman to deal with fast TV
minimization. We have compared our algorithm with the fast parametric min cut/max 
ow algorithm
(a.k.a. graph-cuts) of Boykov and Kolmogorov [3]. Experiments have shown that our algorithm is
not only faster but also more accurate and less memory consuming (256x256 images are processed
in less than 0.1 seconds on standard CPU), see Figures 1(a-c). Our algorithm is freely available at
http://www.math.ucla.edu/~xbresson/code.html.

With Tony Chan, and Ethan Brown, I have extended in [6] the pioneer work of Chan, Esedoglu
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and Mikolova [10] to deal with multiple phases, i.e. partitioning the image with more than two regions.
The extension to the multi-phase case is not an obvious extension since this case is known as the
Potts problem in the discrete setting, which is a NP-hard problem in combinatorial optimization. Vese
and Chan in [24] proposed a level set method to solve this problem and Lie, Lysaker and Tai in [18]
introduced a model based on special representation of phases. However, both approaches compute a
local minimum. To the best of our knowledge, we have introduced in [6] the �rst global solution to
the multi-phase Potts problem. The main idea was to change the original non-convex minimization
problem into a convex energy minimization problem. For that purpose, we embedded the problem in
a higher dimensional space where the energy is convex, then relaxed the set of minimization to the
closest convex set and �nally, we used a thresholding theorem to recover the solution of the original
problem. Figure 1(d) illustrates the robustness of our convex multi-phase segmentation model, which
is able to �nd out accurately the four main classes of a magnetic resonance image (MRI) of the brain
independently of any initial condition.

With Stanley Osher, and Tom Goldstein, I have introduced in [14] a convex variational model for
the image registration problem. We have generalized the pioneer work of Ishikawa [15] to deal with the
registration problem. Ishikawa presented a Markov random �eld (MRF) model that computes global
minimizers for a class of non-convex problems using scalar-valued functions. It can be shown that the
model of Ishikawa cannot be extended to vector-valued functions in the MRF framework because the
energy is not sub-modular. We have developed a continuous relaxation technique to solve the vector-
valued case, and we have discussed a condition which allows us to determine when the relaxed solution
is equivalent to the original solution. We believe that our registration model is the �rst convex regis-
tration model introduced in the literature.

(a) (b) (c) (d)

Figure 1: Figures (a-c): Two-phase image segmentation (object/background) [4, 13]. Figure (d): Four-
Phase image segmentation of a MRI of the brain [6]. These convex segmentation models are fast and
independent of the initial condition.

A uni�ed variational model for image processing
Since several computer vision problems including image denoising, image segmentation and image reg-
istration have been de�ned as variational models, a part of my thesis was devoted to explore a general
variational model to unify these problems.

With Jean-Philippe Thiran, I have extended in [5] the seminal work [21] of Sochen, Kimmel and
Malladi to design a uni�ed variational model for image and geometry problems. This model is a
generalization of the remarkable Polyakov model [19] introduced in string theory for physics. The
Polyakov model represents strings as harmonic maps in high-dimensional and curves spaces de�ned by
Riemannian manifolds. Adopting this pure geometric point of view amounts to seeing objects such as
images, shapes, or vector �elds as harmonic maps. We have developed a new variational model along
with its PDE minimizing 
ow for any manifold described by a me tric tensor.

With Iva Bogdonova, Pierre Vandergyent, and Jean-Philippe Thiran, I have used in [2] this general
framework to develop segmentation models for a new generation of cameras called omni-directional
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cameras. Omni-directional cameras generate images containing information of a scene in all directions
simultaneously, see Figures 2(a-b). These images lie on curved spaces such as sphere, paraboloid or
hyperboloid. The generalized Polyakov model provides a natural framework to design segmentation
processes on these curved manifolds. An alternative approach is to use the level set method on surfaces
introduced by Bertalmio, Cheng, Osher and Sapiro [1]. We believe our approach is more e�cient since
our model not only deals with topological changes but is alsofaster. Our algorithm performs most
computations on the 2D parametrization plan of the manifold, whereas the level set method works in
the 3D space that embeds the manifold.

With Jean-Philippe Thiran, and Dominique Zosso, I have usedin [25] the proposed geometric ap-
proach to de�ne a parameter-free registration model. The proposed model gets rid of the scale/regularization
parameter, which balances the regularization and the data term in standard models for inverse prob-
lems. In the case of 2D registration, our approach represents the deformation �eld as an harmonic map
in a 4D dimensional space, which metric tensor is given by thepullback procedure. The deformation
�eld evolves and stops naturally at the solution, without tu ning any scale parameter, see Figures 2(c-e).

(a) (b) (c) (d) (e)

Figure 2: Figures (a-b): Image segmentation on omni-directional images [2]. Fig (a) is the image on
the 2D parametrization plane. Fig (b) presents a segmentation result on the paraboloid [25]. Figures
(c-e): Image registration with harmonic maps. Fig (c) and (d) present the original image and the target
image. Fig (e) presents the deformation �eld result.

High-dimensional Data Clustering for Machine Learning
Data clustering is an important task for machine learning applications such as shape classi�cation,
document retrieval, image segmentation, etc. A standard approach to solve the clustering method is
to minimize the balanced ratio cut of a given graph, i.e. minimizing an isoparametric ratio of a set of
vertices. Two well-known balanced ratio cuts are the Shi andMalik ratio cut [20], and the Cheeger ratio
cut [12]. Since minimizing balanced ratio cuts are NP-hard,several methods have proposed approximate
solutions. Spectral clustering models, such as Shi-Malik model, have used the second eigenvector of
the (normalized or un-normalized) graph Laplacian as a goodapproximate solution. However, these
approximate solutions can be too far from the optimal solution for complex data sets and fail to provide
a correct clustering result.

With Arthur Szlam, I have recently introduced in [23] a conti nuous relaxation of the original Cheeger
problem. Following a recent result of Buhlerand and Hein [7]and an old result by Strang [22], we have
changed the original combinatorial iso-parametric ratio minimization problem into a continuous ratio
minimization problem de�ned in the space of functions with bounded variation. We have showed that
the relaxed solution is remarkably equivalent to the solution of the original problem. We have also de-
veloped a fast and accurate algorithm to compute the relaxedsolutions. We have applied our clustering
algorithm to benchmark datasets including the MNIST database of handwritten digits. The database
has a training set of 60,000 examples. Each example is an image which size is 25x25 pixels. Results have
shown that our algorithm produces better results than state-of-the-art algorithms such as [20] while be-
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ing 5-10 times faster than [7] (the classi�cation of 10,000 images runs in less than 2 seconds), see Figure 3.

(a) (b)

Figure 3: High-dimensional image clustering. Each �gure shows 10,000 points. Each point is an image
(size is 25x25 pixels) of handwritten digit. The upper part represents the sets of 4's and the lower part
is the sets of 9's. Figure (a): the left �gure is the second eigenvector of the graph Laplacian (Shi-Malik's
result [20]) and the right �gure is the best cut of the Shi-Mal ik's result (Shi-Malik's model does not
provide the correct solution). Figure (b): the left �gure is the output of our algorithm (note that the
solution is almost a binary function) and the right �gure is t he best cut of the output (our model
produces the correct solution).

Future Research
Many computer vision models published in the last twenty years have used non-convex energy mini-
mization models and have employed non-e�cient algorithms to capture non-optimal solutions. In the
last few years, I have been working on the emergence of new convex variational models along with fast
algorithms to solve more e�ciently fundamental problems of computer vision including image segmen-
tation and data clustering. I believe that these new models provide a new paradigm to solve more
e�ciently problems arising in computer vision, medical ima ging, machine learning and physics.

New convex variational models in computer vision & medical imaging
I intend to develop new convex variational models to solve other fundamental problems in computer
vision such as object tracking (e.g. video surveillance), object recognition (e.g. face recognition), surface
reconstruction (e.g. scene reconstruction), video segmentation (e.g. special e�ects), etc.

I will also explore di�erent approaches to formulate a convex model for the general variational
model introduced in [5], which uni�es image and geometry processing problems. Since this model is
non-convex, there is no fast algorithm. I will study operator splitting techniques to de�ne a convex
model.

Based on my work in medical imaging [16, 17], I also intend to re-formulate existing medical imaging
problems with convex variational models. Medical imaging problems such as denoising and segmenta-
tion of magnetic resonance images (MRI) and high angular resolution di�usion images (HARDI) are
actually closely related to computer vision problems. Developing accurate, fast and robust algorithms
for medical applications are of great practical importance.

New convex variational models in machine learning
Several clustering problems in machine learning can be modeled as a multi-class clustering problem.
In [23], we have developed a relaxation model to compute an optimal solution to the 2-phase Cheeger
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clustering problem. The multi-class Cheeger problem is an open problem. Based on our recent work in
[6] where we have de�ned a relaxation model to compute an optimal solution of the multi-class image
segmentation problem of Potts, I will try to use [6] to solve the general Cheeger problem. Several
challenging high-dimensional problems might be solved optimally with this model including the shape
classi�cation problem (with the benchmark MPEG-7 dataset) and the brain mapping problem (which
identi�es functional regions in the brain using e.g. the matrix of connectivity).

I also intend to investigate new mathematical models for supervised and semi-supervised data clus-
tering. There are useful in several applications such as webimage clustering, computational linguistics,
document retrieval, posture and gesture analysis, etc.

New convex variational models in physics
A large class of physics models, called phase �eld models, are de�ned as non-convex variational models.
This class of physical models are extensively used to solve interfacial problems such as solidi�cation
dynamics, fracture dynamics, etc. There is no convex model in the literature that solves phase �eld
problems. I believe that a formulation of convex phase �eld models is possible, with even fast and
accurate algorithms.

Fast algorithms for convex minimization
Last but not least, I will explore several classes of e�cient convex optimization algorithms, including
primal, dual and hybrid optimization methods. I will invest igate speed, robustness and accuracy of
di�erent classes of optimization algorithms for computer vision, medical imaging, machine learning and
physics. This is a very important research topic because fast algorithms are critical for real-world ap-
plications. Besides, this research is closely related to algorithms developed to solve e�ciently the new
paradigm in image compression/representation known as compressed sensing [8]. New generations of
graphics processing units (GPU) o�er great promises for real-time algorithms. It would be certainly
useful to implement convex variational models on GPU for real-time applications in video surveillance,
face recognition, medical imaging, data analysis and simulations in physics.
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