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Outline
� Part I:  Variational Zooming

� Part II:  Variational Super-Resolution
� Applications

1. Video enhancement
2. Barcode processing
3. MRI reconstruction

� Part III:  Quantized Zooming
� Applications

1. Barcode processing
2. Text enhancement
3. Medical image segmentation

Actual vs. Effective Resolution
� The actual resolution is the number of pixels in 

the image.
� The effective resolution is the subjective 

resolution of the image.
� Our goal is to increase the effective resolution, 

which usually also increases the actual.

Both zooms have the same actual 
resolution, but the zoom on the right 
has higher effective resolution.

Bertalmio-Bertozzi-Sapiro ‘01

Part I: The Variational Approach
Variational Smoothing : Given an observed image u0:�� R, produce an image u.

Variational Inpainting : Fill in a damaged region D in � .

Variational Zooming : For a magnification factor M, embed the original low-res 
lattice � in a hi-res lattice � M. 
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Regularization
� The regularization term R(u) generally controls the 

smoothness the image.
� The first regularization proposed was Tikhonov

regularization (Tikhonov-Arsenin ’77)
� R(u) need not be explicit, it could be learned from data 

(e.g. eigenface method Baker-Kanade ’02)
� We will examine the 2 most famous models

� Total Variation (TV) Model  (Rudin-Osher-Fatemi ’92)

� Mumford-Shah (MS) Model  (Mumford-Shah ’89)
��

Numerical Computation (briefly)
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•Now we can compute the Euler-Lagrange equations and run steepest descent.

•To compute the edge set in the Mumford-Shah model, we can use the 
Ambrosio-Tortorelli � -convergence approximation.
•The edge set � is replaced by the edge canyon z.  (z=0 on edges, z=1 otws)

TV:

Mumford-Shah :
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Chan,Osher & Shen ’01 showed TV can be implemented as digital filter.
Shen & Esedoglu ’02 showed MS can be computed with an elliptic solver.

•Viewed close-up, the zooming results in “zipper” artifact along edges.
•Corners are rounded off under L2-norm of gradient.
•In some cases, isolated pixels will appear in the image.

The value of the parameters has a large effect on the zooming result.

M=3
Variational zooming is generally not appropriate for photo-realistic images.
Textures are oversmoothed (plastic).  Texture zooming is whole ‘nother problem.

Better suited for images where smoothing is desired, like noisy medical images.

M=4

M=3
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Pros & Cons of Variational
Zooming

� Pros
� Generic
� Robust to noise
� Preserves edges
� Flexible

� Cons
� Zipper artifact
� Isolated pixels
� Oversmooths texture
� M needs to be integer
� Parameters to set

So how can we correct the cons while keeping the pros?

Correcting Artifacts
� Problem: Oversmoothing texture

� Solution: Locally adaptive fidelity weight � (x)
Gilboa-Sochen-Zeevi ’03 suggest iteratively updating � (x) based on local variance.

Correcting Artifacts
� Problem: Staircased edges and integer M.

� Solution: Variational post-processing
Cha-Kim ’06 suggest processing a bicubic zoomed image v with 
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Part II: Super-Resolution
• The Super-Resolution (SR) Problem : Given a sequence of 

low-resolution images ui for 1� i� N related by a planar 
homography, produce a single high resolution image u.

• What type of sequence can we expect to enhance?

• Capel & Zisserman outlined the situations where SR is 
possible:
1. The object being viewed is planar (e.g. text).
2. The camera only zooms or rotates about its optic center.
3. The distance between the scene and camera is large 

enough to make 3D parallax effects negligible.
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From Sequence to Single Image
� Given a sequence of images u1,u2,…,uN.
� Align each image ui: � i� R to a common high-resolution 

lattice with some transformation 	 i : � i� � M . 

	 1

Align

Known pixel

Unknown pixel

Pixel with 
multiple values

Hi-res lattice

Images

	 2

	 3

u1

u2

u3

Hi-res lattice

Compared to the single-image zoom, we’ve filled in more of the hi-res lattice by 
detecting sub-pixel motion between the images.
So there’s less unknown pixels to inpaint.

Variational Super-Resolution
� �������� �	
������
���
�
�� : Each image ui
� i needs to be aligned 
to the high-resolution grid � K by some coordinate transformation 	 i : � i� � M .
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TV:

Mumford-Shah :

•Step 2 - Data Fusion : The variational models and Euler-Lagrange 
equations are easily adapted to the multiple-image case.

The matching is averaged over all aligned images ui.

SR with Known Registration
� Suppose we know the ground truth registration.
� As a first experiment, we manually align high-res 

images and work with their low-res counterparts.

Downsample image
& control points

Hi-res image

Low-res image

Is this cheating?

Assume for the moment that the registration is known beforehand (i.e. CHEAT).
5 pictures from a moving camera.  

Sub-pixel registration done manually on high resolution versions of the images.
Magnification factor M=4.

Original                                   TV SR                Mumford-Shah SR

Mumford-Shah seems to give sharper edges than TV norm.

SR with Known Registration
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The Importance of Being 
Accurate (with the registration)

If the image registration is off, the resulting image will be blurred.

SR with Correct Registration          Registration off by 1/2 pixel

•For M=4, being off by 1/2 pixel on the low-res lattice means 
it’s off by 2 pixels on the hi-res lattice. 
•To zoom by factor M, registration should be accurate to 1/M
pixels.  Sub-pixel registration is very difficult, if not impossible.

SR with Known Registration

Super-resolution seems stable up to magnification factors of M=4.

SR with Known Registration
Mumford-Shah SR of 11-frame video sequence,  magnif ication factor M=4
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But to get this video, we had to cheat.
Variational inpainting is great for fusion, but the registration step is the hard part.

SR with Bad Registration

Original                 Ground Truth Registration     Automatic Registration

If the initial registration is bad, we can iteratively refine it.
Link the registration and fusion steps by alternating minimization.
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2.  Fusion: Fix transformations.  Find image that minimizes energy.
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1.  Registration: Fix image.  Align images to minimize L2-norm.

We updated the registration by local search over translations.



6

Application 1: Video Enhancement

It wouldn’t make much sense to super-resolve the whole video.
But we could pull out sections tracking cars, as long as they don’t turn the corner.

Application 1: Video Enhancement
The video can be de-interlaced by separating odd- and even-lined images.

M=4
11 frames

Application 1: Video Enhancement
•In real video, objects move in 3D and along independent motion vectors.
•Idea:  Use a “soft” inpainting model to handle mis-match between images.

•In general, the weight 0� Pi� 1.  
•Note the standard “hard” inpainting is a subset of soft inpainting:

•Or we could decrease the fidelity weight in neighborhoods that do not match the 
base image.

•Identify a base frame uB in the sequence.  P could be a Gaussian, with width 
inversely proportional to the rate-of-change between frames.

•In regions with large disparity between images, at worst we do single-image zooming.

( ) )(1)( xxP
iiMi WÇW= j

Application 1: Video Enhancement
Soft inpainting helps correct for real-world motion.
The video tracks the body, but the head turns slightly and the hand raises up.

M=2
7 frames

Original

MS SR

Soft MS SR
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Application 2: Barcode Processing
•A linear barcode encodes information in the relative widths of bars.
•An imaging scanner repeatedly grabs scanlines from the image until one decodes.

•We acquire the entire image, but only a small portion is sent to the decoder.
•Each scanline is a one-pixel high image.

•Can we combine the images to produce a SR signal?

Application 2: Barcode Processing
To align the images, we should project each pixel u0(x,y) down the bars to a point u(t) 
along the base.

Case 1: Parallel Bars (roll)
A little trig shows

Case 2: Converging Bars (pitch)
Trace up the edges to a focal point F.

Then trace down from F to the base point u(t).
By similar triangles,

Application 2: Barcode Processing
Once we have the signal u(t), divide the axis into N intervals and apply 1D SR.

Ideal

Scanline

TV SR
N=500

•Variational SR is a little too slow for barcode scanning.
•Using a mean filter, we got the runtime down to 2.3s, still too slow.

•On a test set of 71 misdecoded barcodes, SR obtained:
28 correct decodes & 43 no-decodes

Application 3: MRI Reconstruction
•In phased-array MRI, each sensor coil obtains an image.
•The image is sharp close to the sensor, but dark and noisy away from the sensor.

•The standard method for reconstructing an MRI 
from the sensor images is to take the L2-norm 
through each pixel.

•The result is usually dark in the center.
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Application 3: MRI Reconstruction
•The ith sensor image is determined by the sensitivity profile Pi.

•The sensitivity should decay as the distance from the sensor position si increases.
•For a sensitivity weight � , we propose the model:

•The sensor positions and � should be 
known from the machine specs.
•Or we could try tracing backwards from 
the L2-image v.

N=16 sensors

•Little easier if we assume the sensors are 
evenly spaced around a circle, then just 
find three numbers:  (� ,r,� )

Application 3: MRI Reconstruction
•Insert the profiles Pi into the 
variational SR model

•Note that the images are already 
aligned to pixel level.
•So we don’t need to find the 	 i’s for 
M=1 (no magnification).

•All 4 images have exactly the same 
number of pixels.

EFFECTIVE RES = ACTUAL RES

M=1

Application 3: MRI Reconstruction
Close-up of central section, with contrast of L2-image adjusted.

Advantages of variational MRI reconstruction
1. Enhances contrast in physically meaningful way.
2. Smooths image and removes noise.
3. Image values are on same scale as original sensor data.

Part III: Quantized Zooming
Suppose we want to produce a smoothed image taking on L 
specified intensities�

The Quantized TV (QTV) energy is

We will use the anisotropic TV norm

Reducing the number of gray levels in the image is useful for:
•text,
•barcodes,
•segmentation,
•preparing images for high-level tasks such as recognition.
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A Simple Case
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Edges between pixels add to TV norm.

Edges from source weight similarity with black.

Edges to sink weight similarity with white.

Define a weighted directed graph with the intensities as source and sink.

Graph Cuts
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A graph cut is a partition of the vertices that separates the sink and source.
By looking at which fidelity edge is crossed, each graph cut defines an image.

The value of a cut is the sum of all weights crossing the partition.
The minimum cut corresponds to the minimum energy image. 

Min Cut = Max Flow
� Finding the min cut of a flow network is a 

classical combinatorial problem.
� Most algorithms find the maximum flow through 

the network, which is an equivalent problem 
(Ford-Fulkerson ’62).

� Several algorithms exist with running time that is 
low-order polynomial order in the number of 
vertices (BFS Ford-Fulkerson, preflow-push).

� Approximation algorithms have been developed 
which experimnetally run in linear time (Boykov-
Veksler-Zabih ’01).

The Graph Cut Model
For the general 2D L-level model, define the edge capacities c as follows:

Boykov-Veksler-Zabih ‘01
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QTV Minimization by Graph Cuts
•We implemented QTV minimization using the preflow-push algorithm.

•QTV minimization is really intended for a small number of levels L.

•For more than, say, L=10 levels the result looks similar to using the 
continuum of gray values.

Pros & Cons

Advantages:
•Exact minimization :  Finds the global minimum energy image.
•Quantization :  Thresholding an image produces round-off errors.
•Speed:  For N pixels and L levels, preflow-push runs in 
O(N2L2log(NL)) time.
•Derivative-free :  No Euler-Lagrange equations or finite differences.
•No artificial boundary conditions or parameters .

Disadvantages:
•Anisotropic TV :  Prefers edges parallel to the edges and produces 
blocky images.
•Deconvolution :  Incorporating a blur kernel is an open problem.
•Pre-determined intensity levels .
•Not appropriate for large number of levels :  Both the memory and 
running time scale with the number of levels.

Comparing the graph cut model to classical continuous TV minimization...

Updating the Intensity Levels
For a fixed image u, the QTV energy is minimized by updating the intensities to

Alternatively, the user could interactively 
choose the levels by picking “seed” pixels s.

The TV-L1 Norm
The TV-L1 Energy is easy to implement in graph cuts.

Just define the fidelity capacities to be

The TV-L1 energy gives preference to geometry rather than contrast.
For most natural images, the difference between QTV-L1 and QTV-L2 is negligible.
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3D QTV Minimization
Extends easily to 3D, just add neighbor connections along z-axis.

QTV Inpainting
To inpaint a damaged region D, we define the fidelity weights to be constant 
for all pixels in D.

Then pixels in D give no preference to any intensity level.

QTV Zooming
If we can inpaint, we can also zoom by 
defining D as before.

This can result in isolated pixels.

QTV Deblurring
Incorporating a blur kernel K is an open challenge because it is unclear how to 
set the fidelity weights to reflect 

[Bect-BlancFeraud-Aubert-Chambolle ’04] showed that we can linearize the 
fidelity term by introducing slack variables or weights w.

We can then set the fidelity capacities as

We propose an alternating minimization model, iteratively freezing and 
computing the image and the weights w.
Two problems: 1.  Memory:  For N pixels, the matrix A is NxN.

2.  The algorithm can get stuck at a local minimum.

GLOBAL MIN + GLOBAL MIN = LOCAL MIN
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Zooming & Deblurring
If we are trying to zoom and deblur simultaneously, we can address these two 
problems.

Zooming should naturally involve a deblurring process.
For example, a binary image convolved and downsampled appears grayscale.

Zooming & Deblurring
Problem 1:  The matrix A is too large.
Solution 1:  If we assume the convolution kernel is non-overlapping in each 
MxM block, we should read the image in “block-raster order”.  Then the blur 
matrix K and the resulting matrix A become block-diagonal.

Zooming & Deblurring
Problem 2: The algorithm converges to inappropriate local minima.
Solution 2: Incorporate local gradient information.  On average, the local
gradients within each hi-res block should match the local gradient 
around the corresponding pixel in the low-res image.

The gradient information can be absorbed into the blur matrix K.

Zooming & Deblurring
Even for simple shapes, 
recovering the ideal image is 
deceptively difficult.

For zoom M=2, continuous 
zooming models blur the edges 
and QTV inpainting produces 
isolated pixels.

The QTV zooming/deblurring
model does a better job, 
especially when we add the local 
gradient information.
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Zooming & Deblurring
The zooming/deblurring model helps avoid the isolated pixels we saw in the 
inpainting model and produces sharper images.

M=2

Application 1: Barcode Processing
•Ideally, the barcode image should be black-and-white.
•Binary QTV minimization can denoise and inpaint the barcode.
•Since there is a lot of variation in the horizontal direction, it makes sense 
to set anisotropic fidelity weights.

Application 2: Text Recognition
•Most text readers 
(OCR) require a large 
binary image.

•The standard method 
is bicubic zooming 
followed by a local 
thresholding algorithm 
called Niblack’s
method.

•Our QTV zooming 
model can produce 
better text images, but 
it becomes difficult as 
the images get smaller. 
(5 pixels high is the 
limit of OCR.)

Application 3: Medical Image 
Segmentation

QTV minimization can 
segment clean medical 
images, identifying different 
tissue types.

But for realistic images, the 
contrast changes causes 
difficulty.

One solution is to process the 
image in pieces, with different 
intensities. 

Another solution would be to 
use the contrast-enhanced SR 
MRI reconstruction.
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Conclusions
1. Variational zooming produces higher resolution smoothed 

images.  To control smoothing, we propose using locally 
adaptive fidelity weights and post-processing.

2. The variational approach extends naturally to super-resolution, 
but depends on accurate image registration.  We propose an 
alternating minimization approach to refine the registration and
presented novel applications to video enhancement, barcode 
processing, and MRI reconstruction.

3. The Quantized TV energy can be minimized by graph cuts, but 
deconvolution is still an open challenge.  We propose a 
deblurring / zooming model that alternates the minimization of 
the image and the slack variables.  The results are improved 
by incorporating local gradient information.

That’s All Folks!
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� Jackie Shen for advice 
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� You the audience for 
listening to me.

Comments?  Questions?  Criticisms?
Send them to me at 

wittman@math.umn.edu
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