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Abstract

Our method for registration of images, in particular multi-modal ones involving hy-
perspectral data, consists in using feature-based methods for the central stages, with an
area-based method for feature correspondence. The extension of Lowe'smethod to hyper-
spectral data, an \interest point" method, is the key feature detection method, followed
by RANSAC for the generation of a transformation. A multi-resolution closest point
method, similar to an iterated closest points (ICP) algorithm, is developed as an alterna-
tive to RANSAC. Feature-based methods are chosen for their reliability in urban scenery,
such as that often viewed by satellites. Specialized methods are also developed for images
known to have undergone certain transformations.

1 Introduction

The problem of image registration is that of taking multiple satellite or ot her aerial views of
the same scene and, for any given feature or region of the �rst view, �nding what (if anything)
corresponds to it in the second view. The problem of image registration frequently arises in
the context of photos taken by a moving satellite that produce rotated, skewed, or otherwise
distorted views of a scene, in which features found in the �rst view are not easy to detect
[Flusser]. The problem may be illustrated by the simple variation in perspective that occurs
when we view an object from multiple angles. A penny viewed from directly overhead will
look circular, whereas one viewed from another angle may look oval-shaped. If we regard the
overhead view as the more \standard" or reference viewpoint and the other view as the 
oating
one, then the challenge is to remove the distortion by applying a transformation. (Fig.1) We
do this automatically as observers trained in the principles of variation of perspective, but a
computer must take a more mathematical approach.

The description of the problem suggests a method for solving it: �nding some key features
of each object which appears in both images, labeling them in each image, andthen matching
the labeled features to guide the application of an a�ne or projective tr ansformation [24]
[7] [22] to one image of the scene so that it is transformed into something spatially aligned
with the second [9]. The di�erences between the images, in other words, are presumed to
be captured by a projective transformation, the task of registration being one of �nding that
transformation and applying it to obtain from the distorted, or 
oating, image a spatially
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(a) Landslide in one perspective (b) Landslide in anther perspective

Figure 1: The same scene taken from two di�erent perspectives

aligned alternate version of the non-distorted, or reference, one. Intuitively, if one object is
the same as another, only viewed in a di�erent way, it should be possible to stretch, rotate, or
slide one view of the object to make it look like the other view, so thatthe common features
of the two views become apparent.

Our particular approach uses a �arly intuitive method, matching by m utual information
(MI), to establish feature correspondences, and an extension of Lowe's method to hyperspec-
tral data, the \interest point" approach, to generate the features to begin with. This approach
treats the image as undergoing heat 
ow modeled by a di�erential equation. The images are
roughly aligned by applying a series of rigid transformations to the 
oating image. Its simi-
larity when treated as a random variable to the reference image is measured after each rigid
transformation to guide the application of future transformations. The measure of similarity
is mutual information (MI). Our process was tested on a variety of aerial images, including a
shot of a Wal-Mart in Texas featuring mostly urban scenery, a picture ofa landslide featuring
mostly dirt and vegetation, and a photo of San Diego. In addition, we developed several more
specialized procedures for dealing with images known to di�er fromone another by a certain
type of transformation.

The particular focus of our registration project is hyperspectral images, such as those taken
by satellites. The range of the electromagnetic spectrum extends farbeyond and between the
three frequencies at which responses of objects are taken for RGB images. Hyperspectral data
takes advantage of this by recording the responses of objects at hundreds- sometimes more
than 200 - frequencies, generating as many bands. This greatly increasesthe discriminating
powers of an image. Two objects which may look almost identical due to their similarities
in response to the three frequencies in an RGB image may di�er widely in their responses to
other frequencies. Yet hyperspectral images are di�cult to register with RGB or grayscale
images, simply because of the di�erences between the two methodsof gathering data.

2 Speci�cation of the Problem

The di�culty of the problem comes from the variety of images which may n eed to be registered
and the variety of distortions separating one view of the scene from another. Two views may
be of the same scene but taken from an airplane rotating around it; thus, the problem would
be recognizing that the two images were misaligned by a rotation and then proceeding to
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\undo" the rotation. Similar remarks apply to images misaligned by translat ions in the x-
and y-directions. Rotations and translations are both examples of rigid transformations, and
registration in cases where a rotation of a known number of degrees - or a translation of known
x- and y-values - can be performed by applying a rotation or translation matrix, as the case
may be, to each spatial point [24]. If rigid transformations were the only possible distortions,
the problem would be considerably simpler. But additional distortions can come from the
views being taken by di�erent sensors, or from projective (non-a�n e) transformations. Even
in cases of comparatively simple rigid transformations, detecting movement of points from one
view of the scene to another may be complicated by the di�culties in �nding distinct points
to begin with. A view of a scene consisting of much dirt and vegetation -such as the aerial
view of the landslide in one of our examples - will contain relatively few corners or edges [9].

2.1 Area-Based Methods

The prevalence of images with few well-de�ned points or regions suggests the use of some
method that, even if it is not designed to detect sudden changes in color or intensity (as
with a line or corner) nonetheless adequately categorizes a region in onescene as being, say,
primarily grass or primarily dirt by matching it to a region with simil ar characteristics in
another image of the same scene. Presumably, a dirt-�lled region in one image will show
intensity values in the bands at which it is detected correlated with the intensity values of the
same region in another view [24].

2.2 Feature-Based Methods

On the other hand, urban scenes will have the arti�cial straight-edges lacking in views of
nature. A building in an aerial view of a major city will have a corner at which the intensity
representation in an image will di�er from intensity representation s in various directions - to
the northeast, or to the southwest, for instance [8]. One may, for a simple example, think of
an image divided into four squares intersecting in the center; eachsquare has a di�erent color
- say red, green, blue, or yellow. There would be one change in the colorof the image moving
along one of the diagonals, shown in Fig.2 as ArrowA, through the center - say, from red
to yellow - and an entirely di�erent change in color moving along the other diagonal, shown
in Fig.2 as Arrow B - from blue to green. The two di�erent changes in color characterized
by movement in two di�erent directions through the point would clas sify it as a corner. Now
suppose that the red and green squares are adjacent to one another. The edgeseparating
them would be characterized by the fact that in moving across it, one would move from red
to green, regardless of the direction in which one moved. The existence of a single sort of
change in color - rather than two di�erent types, depending on direction - would distinguish
the edge from a corner. (Fig.2) The edges and corners detected by feature-based methods
would serve as control points in the application of transformations, once some method were
found for matching corresponding features.

2.3 The Issue of Multi-Modality

The area- and feature-based methods alike suggest approaches built aroundexamining scalar
intensity values at each pixel of the image. Only grayscale images have scalar values at each
pixel; an RGB image has a vector of three components at each pixel. But a hyperspectral
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Figure 2: Conceptual illustration of corner detection

image has a vector of more than 200 components at each pixel. To illustrate thedi�culties
this poses, consider the method of detecting edges by looking at changes in the value of the
image as one moves through a line crossing a given point. The question becomes how one
measures such a change in value when the values are vectors with hundreds of components.
One might look at various components, but di�erent components will give di�erent answers.
There might be a sudden change in one component of the vectors as one movesacross a given
line of points but an incremental change in another component. In other words, an edge would
be detected in one band but not in another.

This leads to questions of multi-modality, questions that make area-based methods liable
to error (at least for our purposes) in ways feature-based ones are not. Area-based methods
rely on statistical correlations between corresponding regions. The simplest correlation is that
of identity - ideally, a dirt region in one view of a scene will match the same region in another
view. But in comparing a hyperspectral image to, say, an RGB one, this ideal seems unlikely
to be realized. A region's display in an RGB image is based on its response in three frequency
clusters, whereas its display in a hyperspectral image is based on more than 200 responses.
The same region will only give the same response in two views, in other words, if the response
is being gathered in the same way each time.

2.4 A General Framework

The problem of multi-modality suggests the �rst problem to be dealt with in registering a
hyperspectral and grayscale or RGB image is that of pre-processing thehyperspectral view
- that is, somehow making the information contained in the hyperspectral data more man-
ageable. Dimension reduction methods, such as principal component analysis (PCA), are
presumably helpful here. The second problem is using either feature- or area-based methods
to determine the nature of the change from one image to the next, eitherby establishing
correspondences between regions or corners/edges and tracking their movements. In case of
the use of feature-based methods, separate methods for matching features become necessary.
Some method for selecting the transformation given the results of thefeature- or area-based
method is needed. Roughly, pre-processing must be followed by either a feature- or area-based
method, which must in turn be followed by possible feature-matching, concluding with the
selection of a transformation and some test of the results.
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3 Existing Approaches

3.1 Area-Based Approaches

Alchanatis, Burks, et al. discuss cross correlation (CC) as an area-based method. It depends
upon selecting a region,T, of spatial coordinates with corresponding pixels in the two images,
I 1 and I 2. A region of pixel intensity values centered around a point (i; j ) in I 1 is then
multiplied point-wise by another such region in I 2, and the products are added. The result,
expressed mathematically, prior to normalization:

CC1(i; j ) =
X

i 0;j 02 T

I 2(i 0; j 0) � I 1(i + i 0; j + j 0) (1)

Here, i 0 and j 0 are the row and column, respectively, of the pixel in the regionT of the image
matrix.

Bruce, Du, et al. report a related correlation coe�cient which takes the product of the
images' respective deviations from their means, at a given point, and adding the results over
the whole image prior to dividing by the standard deviations:

� (R; S) =

P
x;y [R(x; y)  mR][S(x; y)  mS]

� R� S
(2)

In the equation, mR and mS are the means of imagesR and S, � R and � S their standard
deviations. Once regions of the two images are identi�ed as corresponding by their high
correlation coe�cients, their centers are used as control, or feature, points; thus, area- and
feature-based methods are combined.

Fan, Rhody, et al. discuss mutual information (MI). This method pro ceeds by calculating
the joint histogram between two images. The concepts and applications of MI will be discussed
later in this paper.

3.2 Feature Detection Approaches

3.2.1 Harris Corner Point Method

Fan, Rhody, et al. use an image's auto-correlation function locally to implement Harris corner
point methods. They examine changes in the image over small distancesafter approximating
it using Taylor series. The approximations lead to a matrix de�ned in terms of the partial
derivatives of the image and their products. Comparisons of the two eigenvalues of that 2� 2
matrix classify each point as an edge spot, a corner, or neither.

3.2.2 Laplacian of Gaussian and Zero-Cross Edge Detection

The Laplacian of Gaussian (LoG) method �rst smoothes an image by convolving itwith a
Gaussian �lter. Taking the Laplacian of this result is equivalent to tak ing the Laplacian of
the Gaussian �lter and then convolving the image with that.

Zero-cross methods, like LoG ones, are built into MATLAB. They �t into the family of
gradient �lters which look for areas of large pixel intensity change, and they also look for
intensity values to pass through a set 0 value.
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(a) Original Frame (b) Level 1 Zoom

(c) Level 2 Zoom (d) Level 3 Zoom

Figure 3: Harris Corner Point Detection

3.2.3 Line Thinning

Edges detected by methods such as the above are often thick to the point of being di�cult to
recognize as lines. The di�culty this poses can be resolved by sliding a template over each
point of the image and seeing whether its surrounding pixels indicate that it lies on a thin
line. If not, the point's value is set to 0. The process of comparison with the template can
be sped up by convolution with a matrix whose elements are powers of 2; the result of the
convolution yields an output matrix whose values determine whether,for each point, that
point's surroundings match one of the template matrices.

3.3 Feature Matching and Mapping Approaches

Capel and Zisserman describe an approach in which features that are selected are matched by
the similarities of their surrounding regions. A planar homography is de�ned by four control
points; the question is which four point correspondences to use. A method called RANSAC,
as described in this paper, tries all possible combinations and sees which results in the largest
number of "inliers," or points within a given threshold distance of one another.

Iterated Closest Point (ICP) algorithms apply series of rigid transformations to sets of
points and use some measure of the distance between the transformed andreference points; the
aim is to guide the application of future transformations in the series by success in minimizing
this distance that has been had by previous transformations in the series.
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3.4 Limits of the Above Approaches

Though all of the approaches described above are potentially useful in completing certain
stages of the registration process, none completes the entire process by itself. The wealth of
approaches to completing individual steps suggests our method shouldbe to draw on existing
resources and combine them in novel ways, applying one method for pre-processing, another
for feature selection or area comparison, and another (if applicable) to feature matching.

Moreover, none of the above approaches is ideal for hyperspectral images orsolving the
problem of multi-modality. Most all of them, in fact, are meant for grayscale images and can
be applied to hyperspectral images only one band at a time. An edge detector can detect
edges in each of the more than 200 bands of a hyperspectral image, but the edges detected in
one band may not match those in another. Similar remarks apply to the Harriscorner point
detector. MI and CC can only measure the similarity of single bands of RGBimages to single
bands of hyperspectral images - not whole images.

4 Evaluated Solutions

The di�culties of applying area-based methods to multi-modal images led us to rely on
feature-based methods in the central opening stages of the process;the complexity of these
methods, however, led us to return to simpler area-based ones in the stage of feature matching.
Among area-based methods, we prefer MI to CC, as did Fan, Rhody, et al. Asindicated by
the remarks in Section 3, our principal method consists in applying acombination of existing
procedures, each one performing a step in the assembly line of registration - �rst selecting
features (after any pre-processing and rough alignment as necessary),then matching them,
and �nally �nding a transformation on the basis of the selected and matched control points
and applying it.

Key to our solution are papers by Dorado-Munoz, Mukherjee, et al. discussing a feature
or "interest point" detection method, designed speci�cally for hyp erspectral images. These
papers were of obvious interest to us, due to their focus on hyperspectral data. Their feature
point detection method is the one we use, in addition to Harris corner point.

4.1 Classifying Possible Distortions of the Image

The complexity of the problem makes a single method working for all types of images - and
all types of distortions - somewhat unlikely. We begin outlining our solution by considering
special techniques for images known to be distinguished by a particular type of transformation.

4.1.1 Translations and Phase Correlation

One simple case occurs when it is known that one image is (at least approximately) a trans-
lation of another. We use here the relationships which hold between the Fourier transforms
of translated images. If the product of the Fourier transform of one image ismultiplied by
the complex conjugate of the Fourier transform of the other, and the result is divided by its
norm, the peak of the graph reveals the x- and y-coordinates of the translation. A peak at
(4; 2) indicates the image has been shifted to the right 4 and up 2, for instance. With this
information, the image can easily be registered.
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4.1.2 Rotations and Angle Histogram Method

Another comparatively simple case occurs when it is known that two images di�er from one
another by a rotation. Lines going in one direction in one image will reappear in the other
image - but moving at the angle of rotation to the direction of the original lin es. The angle
histogram method groups lines in each image by their direction and looks for similarly sized
groups in each image - with their directions consistently altered by some angle. This angle it
presumes to be the angle of rotation.

4.1.3 Methods for Non-Rigid Registrations

Unlike rotations and translations, scaling, skewing, stretching, and other such distortions
involve non-rigid transformations. In cases where it is known that such transformations have
occurred, we may use three special approaches: Demon, B-spline, and Spring Mass System.

4.2 Feature Detecting and Matching

Now we turn to more general methods. As mentioned, our focus for the central stages of the
process is on feature-based methods. For the �rst step of the feature-based process, feature
detection occurs. We use Harris corner point method for this, as wellas two versions of an
extension of Lowe's method, the Mukherjee and Dorado-Munoz approach - the interest point
method - described above. Lowe's method, though speci�cally designed for feature point
matching and though our original method, is complex and less practical given our constraints
than MI and Multi-Resolution Closest Points methods.

4.3 Mutual Information (MI)

Our primary focus with regard to area-based methods is mutual information, in keeping with
research suggesting it is superior to cross correlation for hyperspectral images [8]. We extend
MI to serve as a supplement to our feature-based registration methods in limited cases such
as feature correspondence.

5 The Interest Point Approach

Feature-based methods begin with feature detection, and given the central role feature-based
methods play in our results, the feature detection method that extends a method of Lowe's
to the hyperspectral case becomes of special importance to us. This is especially so, as this
method is speci�cally designed for hyperspectral data and is, along with Harris corner point
detection, one of only two feature detection methods we are implementing.

The method is set out in two versions, one by Mukherjee et al., another, later one by
Dorado-Munoz et al. Each adds to Lowe's method a way for simplifying thedata, �rst
through PCA and then through some method for simplifying vectors which result in the scale
spaces after the implementation of Lowe's method.



5 THE INTEREST POINT APPROACH 9

5.1 The Original Method

5.1.1 Linear Di�usion Equation and Di�erence of Gaussian (DoG)

In the original method, the authors consider the hyperspectral image asa quasi-thermal �eld
whose heat evolution is modeled by a linear di�erential equation. Therate of heat change
is proportional to the second spatial derivative. The solution, in particular, is given by a
convolution of a Gaussian �lter with the thermal �eld at t = 0. The standard deviation of
the Gaussian �lter may vary, producing di�erent solutions. If two solutions obtained through
convolutions with adjacent standard deviations in the ascending scale oftheir values, the
result is approximately the Laplacian. This is the di�erence of Gaussian �lter results (DoG).
Mathematically, where U(x; k� ) and U(x; � ) are the results of �ltering the images by Gaussian
�lters of standard deviations k � � and � for some spacing factork:

U(x; k� )  U(x; � ) = ( k  1)� 2Uxx (3)

5.1.2 Principal Component Analysis (PCA) and Band Removal

PCA is performed to greatly reduce the number of bands and amount of information contained
in the image, keeping only the most relevant information. Bands are further removed by
searching for those which give rise to unstable interest points. A median �lter smooths each
band and the standard deviation of the high-frequency components (obtained by subtracting
the non-smoothed and smoothed images) is compared to that of the image as a whole. This
yields a ratio; if it is greater than 1, the band is removed. [10]

5.1.3 Non-Linear Combination Method 1: Histogram Di�usion

After PCA and band removal have eliminated unwanted information, one obtains several
versions of the remaining bands, each one corresponding to a pair of Gaussian �lters (more
speci�cally, their di�erence). For each of these scale spaces, one attempts to combine all
information contained at a given spatial point across spectral bands into a scalar by a non-
linear combination method.

The histogram di�usion method completes this task by applying Gaussian blurs at several
scales, taking L1 norms at them all, and adding the results to obtain thedesired scalar for
each vector.

5.1.4 Non-Linear Combination Method 2: Earth Mover's Distance

Both non-linear combination methods take a vector (the components of which are the values
of a given point across the various spectral bands) to a scalar. The vector serving as the input
is in fact the di�erence of two vectors (the two Gaussian �lter results which are subtracted
from one another). Earth Mover's Distance (EMD) explicitly takes in to consideration these
factors. It assigns as the scalar value of a given point a measure of the dissimilarity of the
vectors subtracted to obtain the vector of values across the spectral bands at that point. The
dissimilarity of two vectors is a measure of the amount of work needed totransform one into
the other; each vector is treated as a histogram whose bins are the slots of the vector, the
values of the vector at a slot being the amount in the bin when the vectoris considered as a
histogram. Transforming one vector into another consists in moving datafrom a bin of one
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(a) Dorado-Munoz's Method (b) Harris Corner Detector

Figure 4: Comparison of Dorado-Munoz's feature points and Harris' corner point

histogram into a bin of the second, the work being done a function of the distance between
the bins and the amount moved.

Unfortunately, we are presently unable to implement this method of Mukherjee's, due
to then enormous time requirement for the repeated linear programming tasks to which the
problem ultimately reduces. If the method is completed, the scalars it gives as outputs, like
the more successful histogram di�usion method, are then searched through in 3 � 3 � 3 cubes
for local maxima which become the interest points.

5.2 The Revision of Mukherjee's Method

A paper published by Dorado-Munoz et al. describes a modi�cation of Mukherjee's method.
The modi�cation consists essentially in substituting an anisotropic heat di�usion equation for
the old isotropic one, eliminating the need for Gaussian �lters. The solution to this equation
is added repeatedly to the bands of the original image (reduced with theaid of PCA in our
implementation of the method) to generate the scale spaces, which aresubtracted to obtain
di�erence of scale (DoS) spaces which play a role analogous to the DoG results in Mukherjee's
version of the method. A lexicographic ordering of vectors in 3� 3� 3 spaces spanning adjacent
DoS spaces then takes place, with local maximal vectors yielding their corresponding points
as interest points.

The �gure below shows a comparison of Harris corner point detection and the Dorado-
Munoz method. The image is a satellite view of San Diego; the image is hyperspectral, and
thus the corner point method is applied to only the �rst band. An alter native method for
preparing the image for corner point detection is to apply PCA. Note that the Dorado-Munoz
points seem random or scattered in comparison to the Harris ones. This leads to some worries
about the general utility of the method, worries that will only be full y eased with more testing.
See the conclusion for more details.
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6 Lowe's Method of Feature Correspondence

The next step after feature point extraction is to establish a feature correspondence mapping.
The ideal feature descriptor for feature correspondence is invariantto position, rotation,
scaling, and general projective transformations. Unfortunately all of these constraints are very
di�cult to represent at once, in a format that allows for quick matchin g. There have been
several proposed methods which attempt to address some of the ideal constraints; however,
to our knowledge there has not yet been developed a feature descriptor which is completely
invariant to all projective transformations. The methods upon which we ultimately rely for
feature correspondence are MI matching and multi-resolution closestpoints.

6.1 Spatial Invariance

The simplest constraint is spatial invariance. Simply using the detected feature point location
ensures that spatial invariance is satis�ed. This is almost always achieved by observing the
local image area around feature points. Cross correlation or mutual information can be used
for these purposes, but these methods are sensitive to slight imagedeviations and are not
invariant to rotation, scaling, or skewing. [22] [8]

6.2 Rotational Invariance

More robust methods apply rotationally invariant operations to produce a feature descriptor
that will not falsely discriminate against rotations and slight skewing. An example of this sort
of operation is summing the elements of a small window after applying aGaussian weight.
The Gaussian weight serves to normalize pixels based on distance only.Summing the window
elements discards directional information, resulting in a reduction of descriptor dimensions
down to a scalar. However scaling and skewing are still an issue. Another approach is to
set a total image orientation and compare features with respect to that orientation. One
method to determine total image orientation is the angle histogram method. This method
performs a Hough transformation on the edge set of an image, and clusters the resulting
Hough transformation space by angle, using the fullest bin to specify the direction of the
image. [9]

6.3 Lowe's Method

Scaling can sometimes be solved using a priori indicating the ratio ofimage resolutions, or
other scaling information. This would generally be the case when registering satellite images.
In a sequence of registrations, a close-enough-estimation of the scaling can be used and later
re�ned for calculation and future estimations.

To achieve full invariance to rotation and scaling, a repeatable local coordinate system
can be systematically de�ned to indicate scale and orientation. Then the features can then
be described in that coordinate system. The method proposed by Loweet al. uses fullest
histogram bins of gradient direction to specify feature orientation. The scale at which the
feature was initially detected can be used as an indication of scale factorof the new local
coordinate system. In addition, a weighting system is used to enforce smooth transitions from
bin to bin, allowing slight spatial distortion within the descript or window. This can be best
described with the highly technical term "wiggle room". This wiggle room essentially allows
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for slight a�ne and projective transformations to be accounted. Although t his wiggle room
cannot account for anywhere near all projective transformations, it seems to be su�cient
in the realm of satellite imagery. Since earth observation satellites generally move almost
directly over head their imaging targets, there is rarely the opportunity for extreme projective
distortion. [12] [13]

Once a feature correspondence has been established, the next stepis to produce a trans-
formation from the 
oating image coordinates to the �xed image coordinates. Under the
assumption of projective transformations, four points are needed to fully de�ne the change
of coordinates. In the ideal case we could simply take any four pairs of corresponding points
and produce a transformation; however the presence of noise, mismatched points, and mis-
placed features forces the use of all the corresponding points to determine a transformation
of best match. The simplest way to incorporate all matching points is minimization of the
mean square error. Existing numerical methods make this the easiest and fastest method to
implement. It has drawback in the fact that outliers, in the form of mi smatches, will cause a
shift away from the best solution.

Due to the demands of spatial and rotational invariance, however, as well astime con-
straints, it is impractical for us to test Lowe's method. A better ap proach, for our purposes,
is to extend mutual information and multi-resolution closest points to establish feature corre-
spondences. These methods are not designed especially for feature correspondence, but under
ideal circumstances work well. We describe them in later sections. Still, Lowe's method
suggests future research; see the conclusion.

6.4 RANSAC

A modi�ed solution is to �nd the best �t Minimum Mean Square Error (M MSE) model,
excluding erroneous points. This is the goal of RANSAC, which works by assuming a best
�t model using a randomly chosen minimal spanning set (4 pairs), then discarding outliers
to that set, and re-estimating using the MMSE method. It is not expected that the correct
solution will be chosen on the �rst random selection, however the best solution, of many
random selections, will have a high probability of being the best solution. For registration
the best matched model can sometimes be replaced by the good-enough matched model.
Some proponents of RANSAC claim that it remains robust with over 50 percent outlier data,
making it ideal for running unsupervised on automatically detected feature pairs. However,
the necessity of establishing close feature correspondences between feature points prior to use
of RANSAC made widespread testing impractical. Methods of testing itare suggested in the
conclusion. [23]

7 Multi-Resolution Closest Points

As an alternative to RANSAC, the Multi-Resolution Closest Points (MRCP ) algorithm is
partially based on the accurate registration method with point clouds proposed by Li and
Wang. [11] The approach of this method follows a very intuitive procedure as followed: (Fig.
5)

1. Perform feature detection on ImageA and ImageB . See Fig.5(a) and Fig. 5(b).
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2. Divide both images into equal number of equally sized correspondinggrids. See Fig.5(c)
and Fig. 5(d).

3. Locate the center of each grid on ImageA. See Fig.5(c).

4. Find the feature point closest to the center within each grid in ImageA. See 5(e).

5. For each grid in ImageA, determine the feature point in the corresponding grid of Image
B closest in distance to the feature point selected in the previous step. See 5(e) and
5(f).

6. The selected feature points from corresponding grids between thetwo images are de-
clared corresponding (matching) points.

After the algorithm �nishes processing within all pairs of grids and establishes corresponding
points (if exist) for each pair, two arrays of points can be generated. The �rst array represents
points from Image A. The second array denotes points in ImageB corresponding to those to
those in the �rst array. Using these two arrays of points, one can calculate the transformation
from the second set to the �rst set. This transformation may be used to map ImageB toward
Image A.

In image registration with MRCP, an iterative process is usually deemed necessary because
one single transformation based only one pair of corresponding points arrayusually does
not provide signi�cant information for accurate registration. In addition , images in need of
registration may be distorted in various shapes and magnitude, and as a result there is no
one single grid size that �ts all. As a solution to this problem, we proposeto start with large
grid size and small number of grids to obtain a very rough registration as a basis for further
processing. We then decrease the grid size and increase the numberof grids at each iteration
to let the two images align in a step-by-step fashion and stop as the registration process
converges. (Fig.6) At each iteration, the MRCP procedure outlined previously is repeated,
and the smaller grid size helps improve registration accuracy.

Fig.7 shows registration run on an urban scenery with the MRCP algorithm. Testings
show that the success of this method depends heavily on the reliability of the feature detector
used. Such feature detector should detect points from the some of thesame features on both
images. Otherwise, this approach becomes meaningless. MRCP works well for images with
projective transformation, and there is no need for pre-registrationin standard applications
where images do not contain excessive distortion. Registration with MRCP is also a relative
fast process in the order of only seconds, as well as a simple implementation involving the
distance formula.

8 Mutual Information

8.1 The Mathematics of the Method

Mutual information (MI) is a statistical metric used to determine t he similarity between two
single-band images. This measure is based on the intensity value at eachpixel location,
and utilizes this information to build the joint histogram of a pair of image s. One start by
assuming imagesA and B as two random variables. The MI betweenA and B is de�ned as
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(a) (b)

(c) (d)

(e) (f)

Figure 5: Synthetic illustration of Multi-Resolution Closest Points
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(a) (b)

Figure 6: Closest points matching at a higher grid resolution level

(a) Reference Image (b) Floating Image (c) Matched Image

Figure 7: Result of registration with MRCP
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I (A; B ) =
X

a;b

PA;B (a; b)log
PA;B (a; b)

PA (a)PB (b)
(4)

a summation that involves the marginal probability mass functions PA (a) and PB (b) and the
joint probability mass function PA;B (a; b). These probability mass functions are de�ned as

PA;B (a; b) =
h(a; b)

P
a;b h(a; b)

(5)

PA (a) =
X

a

PA;B (a; b) (6)

PB (b) =
X

b

PA;B (a; b) (7)

Based on Eqn.5, Eqn.6, and Eqn.7, determining the MI ultimately boils down to calculating
the two-dimensional joint histogram matrix h of Eqn.8.

h =

2

6
6
6
4

h(0; 0) h(0; 1) : : : h(0; N  1)
h(1; 0) h(1; 1) : : : h(1; N  1)

: : : : : :
. . . : : :

h(M  1; 0) h(M  1; 1) : : : h(M  1; N  1)

3

7
7
7
5

(8)

Each element in the matrix h(a; b) indicates the number of corresponding pixels with intensity
value a in Image A and intensity value b in Image B . [3]

8.2 Application to Registration

Let's now discuss a simple application of MI to image registration. Knowing that a pair of
images is registered when their MI is maximized, it is necessary todetermine the transforma-
tion that should be applied to the 
oating image to maximize its MI with the reference image.
In the case where only rigid transformation is present, one can determine the transformation
by simply testing the various translations at various angles of rotation, andcalculate the MI
measure at each position. The position where the MI is highest provides the translation and
rotation required for the registration of the images. In actual implementation, larger trans-
lational step size allow for faster registration, but smaller step sizes attain better accuracy.
The advantage of this is that MI registration does not rely on the absolute intensity of pixels.
It works well as long as there exists relationships between pixels across the two images and
within each image. As a result, it is robust to noise and applicable to di�erent types of scenes.
This simple MI registration approach described runs in the order of minutes, and is a decent
process for images di�ered by a rigid transformation.

We performed MI registration on two landslide images where the reference image in
Fig.8(a) shows the scene before the landslide occurs and the 
oating image contains the
same scene after the occurrence of the landslide. To evaluate the quality of the registration,
we created an RGB image shown in Fig.8(b), which contains the matched greyscale image in
Fig.8(a) as the red band and the reference greyscale image also in Fig.8(a) as the green band.
As we can see, most of Fig.8(b) appears yellow, showing that the featuresin the red band
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(a) Reference and matched image (b) Registration accuracy check

Figure 8: Result of registration with MI

corresponds spatially to the features in the green band. This means that the 
oating image
has been registered closely to the reference image because red plusgreen equals yellow.

To register images with non-rigid transformation, the MI method is not as useful in the
previous sense because it is impossible to go through all forms of non-rigid transformation
and calculate the MI for each, for there are in�nite possibilities. It is possible, however, to
use MI in such cases as a pre-alignment feature to provide an initial rough registration. This
rough registration helps to align the images in a general sense and providethe basis for a
more re�ned and detailed approach. Many accurate registration methods rely on the fact
that images are already closely aligned to begin with. Otherwise they produce erroneous
results.

8.3 Applications to Feature Matching

Another application of MI falss under feature detection, speci�cally in determining whether a
certain patch in one image corresponds to a certain patch in the other image. There are two
approaches to this idea. Let's illustrate with an example where we have two images, one the
reference, and the other the 
oating image.

8.3.1 Local Feature Matching by Mutual Information

The �rst approach focuses on dealing with corresponding local areas of a feature point. The
procedure is as followed assuming we start with a set of detected feature points in each image:

1. For each feature point in the reference image, we extract a small patch(chip) around
that point. See Fig.9(a).



8 MUTUAL INFORMATION 18

(a) (b)

(c) (d)

Figure 9: Synthetic illustration of local MI feature matching

2. Look for the corresponding area in the 
oating image, and draw an area larger than
that in the reference image but centered at the same location. See Fig.9(b).

3. Translate the reference patch on top of the larger 
oating patch and calculate the MI
at each position of translation. See Fig.9(c).

4. The position where the MI is maximized denotes the corresponding location in the

oating image to our initial reference feature point of interest. See Fig.9(d).

To match features on images with projective transformation, the size ofthe reference patch
should be kept small to reduce and greatly eliminate the e�ect of the distortion so only various
translations have to be tested. This method works for non-rigid transformations.

8.3.2 Exhaustive Feature Matching by Mutual Information

The second approach performs MI matching on all features points on the 
oating image for
each feature point in the reference image. Let's also layout the procedure given a set of
detected features in each image.

1. For each feature point in the reference image, we extract a small patch(chip) around
that point. See Fig.10(a).

2. Extract small patches around all features in the 
oating image. See Fig.10(b).
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(a) (b)

Figure 10: Synthetic illustration of exhaustive MI feature matching

3. For each patch in the reference image, perform MI calculation with all patches in the

oating image. See Fig.10(b).

4. The patch in the 
oating image resulting in the greatest MI measure will be declared
the corresponding patch. See Fig.10(b).

5. The feature points of corresponding patches are recorded as corresponding feature
points.

9 Techniques speci�cally for Non-Rigid Registrations

Various methods under deformable image registration techniques haveshown signs of hope in
non-rigid registration; they have the ability to correct distortions caused by scaling, skewing,
stretching or simply errors in image data. Here we are going to provide an overview of the
three main methods evaluated by Shen et al. [4] These methods are called Demons, B-Spline,
and Spring Mass System.

9.1 Demons registration

Demons registration is a 
uid-like registration, and the result of thi s technique often contains
many 
uid-like characteristics including curvy edges and smooth transformation. This method
assumes that every pixel in the source image has a force to match any pixel in the target
image. Such force is calculated based on the optical 
ow equation. [4] To prevent excessive
deformation during the registration process, this method applies Gaussian �lter during various
steps of registration to smooth the image and avoid erroneous registration caused by large
amount of details. This method relies heavily on intensity di�erences as described by Thirion
[5]. Demons method is very easily a�ected by noise and should be used with images with well
distributed textures.

To test this method, we �rst performed Demons registration on urban images in Fig.11(b)
and Fig.11(a), both with well de�ned edges such as the freeways and corners such as the
buildings. This image contains a large amount of artifacts, and therefore hasa well distributed
texture overall. Demons work well for this type of images and thereforeour matched image
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(a) Reference image (b) Floating image

(c) Matched image (d) Accuracy check

Figure 11: Result of Demons Registration on urban

(Fig.11(c)) corresponds very well with the reference image as shown onFig.11(d)) where the
red band is the matched image and the green band is the reference image. The large amount
of yellow is the result of red and green and represents the high correspondence between the
matched and reference image.

We also tested Demons on the landslide image where the vegetation within the image
serves as noise and uneven texture. The landslide scene exploits the weakness of the Demons
approach and therefore resulted in excessive deformation and smearing.(Fig.12)

9.2 B-Spline Registration

The B-Spline method proposed by Rueckert et al. [6] serves as an alternative to Demons.
This method requires a rough pre-alignment to bring the images together such that only local
deformations are present. Then these local deformations can be modeled using B-Spline. This
method is more robust to noise than Demons and is not as dependent on texture. However,
Gaussian �ltering is still needed in many instances to deter the e�ect of noise. Instead of
intensity di�erences, B-spline relies on mesh of control points asparameters for the B-spline.
Equations for this model can be found in Shen et al. [4].

We tested B-Spline on two landslide images that are almost aligned. Gaussian blur was
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(a) Reference image (b) Floating image (c) Matched image

Figure 12: Result of Demons Registration on landslide

required before the registration process to reduce amount of noise on the image. The results
of the registration is shown in Fig.13.

We attempted to transform the 
oating image in Fig.13(b) and register this distorted
version with the original reference image in Fig.13(a). However, the registration again results
in excessive deformation and smearing. However, if we register the edge sets of the reference
image with the edge set of the distorted 
oating image, the result is as shown in Fig.9.2.
Notice that in our accuracy check, we see that the edges existing after registration correspond
fairly well with the original edge set. Note that excessive deformation is still present on
the registered image; but it is not obvious due to the binary nature of the edge sets we are
registering.

9.3 Spring Mass System

Spring Mass System considers feature points on the reference image aspoint masses inter-
connected by springs, forming a spring mass system in its initial state of equilibrium. By
moving a feature point to its corresponding location on the 
oating image, the equilibrium
of the system is disturbed. Therefore, other point masses move accordingly to regain equilib-
rium. Forces involved in the movement of point masses are used as parameters of registration,
and are calculated by similarity measures such as MI. This method has not been tested and
evaluated during our project.

10 Conclusion

The great di�culty in approaching a task such as this in which a variety of approaches exist,
each with its own strengths and weaknesses, is striking a balance between simplicity and
sophistication, as well as between methods which single-handedly solve the task and those
which only complete certain portions of it and must work in tandem to �ni sh the entire process.
Looking toward the future, our approach leans heavily on methods whichare specialized for
completing certain portions of the task, and which accordingly are more di�cult to implement.
So many of the procedures relied upon - RANSAC, Lowe's method for feature correspondence
- show promise but must be further tested, and in particular must be combined with methods
that perform other stages in the procedure to fully prove their worth. In particular, the
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(a) Reference Image (b) Floating image

(c) Matched image (d) Accuracy check

Figure 13: Result of B-Spline Registration on slightly distorted landslide images

Figure 14: Accuracy check of registration on transformed edge sets
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Mukherjee/Dorado-Munoz extension of Lowe's method must be combined with some sort of
MI matching (or other feature point correspondence method) to then feed RANSAC a set of
matched features upon which it may go to work. Until RANSAC and feature correspondence
have been added, the quality of features detected cannot truly be measured. Moreover, this
feature detection method has only been tested on the satellite viewof San Diego; much more
testing should take place.

Even the area-based methods which are comparatively easy to implement can be better
understood when they work in tandem with the feature-based methods that seem to be the
key to the process. MI registration might be made a method for rough alignment, setting the
table for feature-based methods. But this again requires better-implemented feature-based
methods. Due to time constraints, even the comparatively simple area-based methods are
only implemented for a few images.

The element of added di�culty provided by multimodality has not be en adequately dealt
with, either. Mutual information works with single bands, and any meth od that uses it in
connection with hyperspectral data, so far as we can tell, all but requires some sort of principal
component analysis. The same may be said for Harris corner point detection. Part of the
di�culty posed by multimodality is the relatively poor spatial res olution of the hyperspectral
data. Using the many bands of such data to improve resolution has not been investigated in
this paper.

For all this, many methods have been considered; those methods thathave been more
extensively tested have proven legitimate in at least some cases. The area-based methods
seem to work well for areas replete with dirt and vegetation, and certainly the feature-based
ones selected large numbers of points for urban scenes. The various special methods have their
respective strengths. The nature of the methods themselves, inmany cases, compensated for
the lack of time to test, and spoke for themselves of their strengths.
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