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ABSTRACT. We propose a new algorithm to approximate the Earth Mover’s distance
(EMD). Our main idea is motivated by the theory of optimal transport, in which EMD
can be reformulated as a familiar L1 type minimization. We use a regularization which
gives us a unique solution for this L; type problem. The new regularized minimization
is very similar to problems which have been solved in the fields of compressed sensing
and image processing, where several fast methods are available. In this paper, we adopt
a primal-dual algorithm designed there, which uses very simple updates at each iteration
and is shown to converge very rapidly. Several numerical examples are provided.

1. INTRODUCTION

In this paper we propose a new algorithm to approximate the Earth Mover’s distance
(EMD), which is motivated by the theory of optimal transport and methods related to
those used in compressed sensing and image processing.

We begin by reviewing some well known facts. EMD, which is also named the Monge
problem or the Wasserstein metric, plays a central role in many applications, including
image processing, computer vision and statistics e.t.c [13, 16, 20, 25]. The EMD is a
particular metric defined on the probability space of a convex, compact set  C R
Given two probability densities p°, p! in a probability set P(f2), where

P = {pla) € 1) = [ plado =1, p(a) >0}

The EMD deals with following (linear) minimization problem

EMD(p°, p') := min / d(z,y)m(z,y)dzdy (1)
QxQ

™

with the constraint that the joint measure (also called the transport function) 7 (x,y) has
p°(z) and p'(y) as marginals, i.e.

/wmmwzwwm /wmmm=ﬁ@» r(2,y) > 0.
Q Q

Here d is a distance function on R? which we call the ground metric. In this paper, we
consider the ground metric either be the Euclidean distance (L) [4, 5] or the Manhattan
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distance (L1) [15]. Le. d(x,y) := ||z —yl|2 or ||z —y||1. We call (1) with the L;, Ly ground
metric the EMD-Lq, EMD-Ls.

In recent years, (1) has been well studied by the theory of optimal transport [1, 9, 22, 26].
The theory (remarkably) points out that (1) is equivalent to a new minimization problem

EMD(p° p') = inf{/ lm(@)lldz =V -m(z) + p'(x) — p°(x) = 0}, (2)
m - Jo
where ||- || is 2-norm (L, ground metric) or 1-norm (L; ground metric) in R and m : Q —

RY is a flux vector satisfying a zero flux condition. Le. m(z) - v(x) = 0, where v(z) is the
unit normal vector for the boundary of 2.

The minimization (2) has an interesting fluid dynamics interpretation. It turns out that
(2) can be viewed as the following optimal control problem

1
wff [ [ it oldsde s LV om=0. p0) = p1)=p'}.
pmJo JQ ot

where the minimum is taken among all possible flux functions m(t,x), such that the
probability density function is moved continuously in time, from p" to p'. The optimal
control problem has many minimizers. One of them is such that p(t,z) = tp' + (1 —t)p°.
Here the flux function m(t, z) does not depend on the time and V - m = —% = p — pl,
so that the control problem becomes (2), see [3, 10, 26] for details related to EMD-Ly and
[8, 24] for similar optimal transport problems related to EMD-L;.

The formulation (2) has two benefits numerically. First, the dimension in (2) is lower
than the one in the original problem (1). Suppose we discretize €2 by a grid with N nodes.
Since the unknown variable 7(z,y) in (1) is supported on © x € and m(z) in (1) only
depends on €2, the number of grid points used in (2) is N while the number needed in (1)
is N2. Second, (2) is an Li-type minimization problem, which shares its structure with
many problems in compressed sensing and image processing. It is possible to borrow a
very fast and simple algorithm used there to solve EMD, see e.g. [11, 21, 27].

In this paper, we propose a new algorithm for EMD, leveraging the structure of the
formulation (2). The algorithm mainly uses a finite volume method to discretize the
domain  and then applies the framework of primal-dual iterations designed in [7, 18].
We overcome the lack of strict convexity of (2) (EMD-L;) by a regularization. Since
the regularized minimization is a perturbation of a homogenous degree one minimization,
our algorithm inherits all the benefits of the primal-dual algorithm: First, we use a shrink
operator at each step, which handles the sparsity easily, see e.g. [11]; Second, the algorithm
converges rapidly and each step involves very simple formulae. Thus the complexity of
the algorithm is very low and the program is very simple.

EMD has been shown to be effective in applications [17] and many linear programming
techniques have been proposed, see e.g. [12, 15] and many references therein. Recently,
the authors in [4, 5, 25] used the Alternating Direction Method of Multipliers (ADMM),
which can also solve the EMD with a general Finsler ground metric. We use the primal-
dual algorithm rather than ADMM. So we do not need to solve an elliptic problem (i.e.
the inverting of a Laplacian) and every iteration is explicit. Our updates are quite simple
while ADMM might need fewer iterations. In addition, it is clear that the ADMM is
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difficult to parallelize while ours is quite easy. This means, with a parallel computer, the
algorithm we propose can be made much faster. The primal-dual algorithm has been used
before in optimal transport. The authors in [6] use it to compute the stationary solution
of mean field games. However, the problem we consider is totally different. The emphasis
of this paper is that we design simple and fast algorithms for EMD-L,, EMD-Lo.

The outline of this paper is as follows. In section 2, we propose a primal-dual algorithm
for (2) on a uniform grid. We analyze the algorithm in section 3. Several numerical
examples are presented in section 4.

2. ALGORITHM

The EMD problem, as presented in (2), has similar structure to many homogenous
degree one regularized problems. In this section we will use a finite volume discretization
to approximate (2). The discretized problem becomes an Li-type optimization with linear
constraints, which allows us to apply the hybrid primal-dual method designed in [7, 18].

We begin with considering EMD-Ly. We shall consider a uniform lattice graph G =
(V, E) with spacing Ax to discretize the spatial domain, where V' is the vertex set

V:{1727 7N} )
and E is the edge set. Here i = (i1,--- ,iq) € V represents a point in R

We consider a discrete probability set supported on all vertices:

N
P(G):{(pi)i]\ileRN‘Zpizl , i =0, iGV},
i=1
where p; represents a probability at node i, i.e. p; = fc_ p(z)dz, C; is a cube centered at
i with length Az. So p°(z), p'(x) is approximated by p° = (p{)¥, and p! = (p})Y,.
We use two steps to consider the EMD on P(G). We first define a flux on a lattice.
Denote a matrix m = (m;, 1)Y, € R¥*4 where each component m,, 1 is a row vector in
2

+2
R?, ie.

d d

miJr% = (miJr%ev)v:l = ( mv(x)daj)vzl )
C. 1
z+§ev
where e, = (0,---,Ax,---,0)T, Az is at the v-th column. In other words, if we denote
i = (i1, ,iq) € R and m(x) = (m!(z), - ,m%(x)), then
. . . 1 . .

My 1,, & mY (i1, ly—1,1y + 5Aw,2v+1, e ,zd)A:Ud .
We consider a zero flux condition. So if a point ¢ 4 %ev is outside the domain €2, we let
m;, 1, = 0. Based on such a flux m, we define a discrete divergence operator divg(m) :=

2 U

(divg(m;))N,, where

. 1
divg(m;) == Ar Z(mH%ev —m,_
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We next introduce the discrete cost functional
N N d
lm = Z Iy 1ll2 = Z Z mypee |
i=1 i=1 \ v=1

To summarize, (2) forms an optimization problem

minimize  ||m/|
m

subject to  divg(m) +p* —p° =0,

which can be written explicitly as

minimize
m
1 d
subject to Ez(mﬁ-%ev _mi—%eu) +p11 _pg =0, i=1,---,N,v=1,---,d.
v=1

(3)
We observe that (3) is an optimization problem, which is very similar to some problems
in compressed sensing and image processing e.g. [11], whose cost functional is convex and
whose constraints are linear. Thus we solve (3) by looking at its saddle point structure.
Denote ® = (®;)Y, as (3)’s Lagrange multiplier, thus we have

min max L(m,®) := minqu}x |m|| + @ (divg(m) + p' —p°) . 4)
m

m

Saddle point problems, such as (4), are well studied by the first order primal-dual
algorithm [7, 18]. The iteration steps are as follows:

_mk
m*tt = argmin,, |m|| + (®%)Tdivg(m) + W ; (5)
&k|I2
P! = argmaxe 7 (divg(mFT! + O(mF T — mF)) + pt — p0) — =271 2? >

where p, 7 are two small step sizes, § € [0,1] is a given parameter, |m — mF|3 =

N d N
Y oict szl(mH%ev — miﬁﬂr%%)2 and [|® — ®F||2 = Y°iY  (®; — ®F)2. These steps are al-

ternating a gradient ascent in the dual variable ® and a gradient descent in the primal
variable m.

It turns out that iteration (5) can be solved by simple explicit formulae. Since the un-
known variable m, ® is component-wise separable in this problem, each of its components
m,, 1, ®; can be independently obtained by solving (5).

2
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First, notice

k(|2
) . m—m
min |m|| + (%) dive(m) + H2u||2
S5 Jm — 3
_mmg g \/? m; 1 ev_mi—%ev)—i_zi
i=1 v=1 i=1 v=1 ®

1
k T k 2
=3 min (Il — (Vo) mey o gelmey —miy 1B)
i=1

i+

k — 1 k
where Va®7 , = Az (PP,

2

— ®F)4_,. The first iteration in (5) has an explicit solution,

which is:
k k
mzf shrinks (my, 1+ uVa®, 1, 10)

where we define the shrinks operation

shrinks(y, a) := ﬁmax{”yﬂg —a,0}, whereycR?.

Second, consider

T k1 bl k12— @R
max@ divg(m™ +0(m" —m")) — —
T
N
P; — ©F||3
- et ot )+ —pf) - L2
T

Thus the second iteration in (5) becomes
@f‘"‘l (I)k’ + T{leG’ k-‘rl + 0( k-‘rl _ miﬁ)) +p21 _p?} )

We are now ready to state our algorithm.

Primal-Dual for EMD-L,
Input: Discrete probabilities p°, p!;
Initial guess of mP, step size u, 7, 0 € [0,1].
Output: m and EMD value ||m]|.

1. fork=1,2,--- Iterates until convergence
2. mk’:ﬁ shrinks(m k i +MVG<I>f+1,u) :
2
3. BT = 8 r{diva(m ™+ 0m — ) + 5! — 50}
4. end

We next consider EMD-L;. Similarly, (2) forms the following optimization problem
minimize  ||m]|;
m

subject to  divg(m) +p* —p° =0,
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which can be written explicitly as

N d
minimize ZZ|mZ+%ﬂ\

i=1 v=1
. 1 1 0 .
subject to EZ(mH%—mi_%)—kpi—pi:O, i=1,---n,v=1---,d.

We observe that (6) is an L; optimization problem, whose cost function is convex and
whose constraints are linear. However, the cost functional in (6) is not strictly convex,
which often implies the existence of multiple minimizers. To deal with this issue, we
consider a small quadratic perturbation, through which we pick up a unique solution for
a modified problem:

minimize  ||m|1 + <||ml3
m P (7)
subject to divg(m) +p' —p° =0
Here ||m|3 =N, 39, m?JrLU and € is a positive scalar.
2

From now on, we solve (7) by looking at its saddle point structure. Denote ® = (®;)Y,
as (7)’s Lagrange multiplier, we have

. . € .
minmax L(m,®) := minmax ||m/|; + =||m|5 + ®T (divg(m) + p* —p°) . (8)
m P m <] 2
Since L(-, ®) is strictly convex which grows quadratically, and L(m, -) is linear, L admits

a saddle point solution. Again, we solve (8) by the first order primal-dual algorithm [7, 18].
The iteration steps are as follows:

_ k2
mFt = argmin,, [|ml; + §||m||3 + (®%)T dive(m) + [m=m™ll2 2’: L (9)
k2
Pkl = argmaxe ®Tdivg(m* ! + 0(mA !t — mF) + p! — pd) — lo—27 2? Iz

As in the computation of EMD-Ls, we use simple exact formulae for (9). First, the

update for m**! has explicit solution, which acts separately on each component mfj% :
k(2
. € . m—m
win [l + & m + (@) divg (o) + 172212
(Miyep —mk ey)?
k 2 S
—mln;;{|ml+ |+ m2+ev +A7:L»@ ( z+€7v—mi7€7u)—|— 2M 2 }
1 ko2
_ZZ min {|m14r | + mH_ev—VGCI) +%+ﬂ(mi+eg—mi+%v) b,
i=1 v=1 i+ g

where VG«I);:L%U = Ai(q)ﬁe — ®F%). So the first iteration in (9) has an explicit solution:

k1l _
i3 T Tte

shrlnk( My en + ,uVG<I>Z+eU )
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where we define a shrink operation in R!
y—a ify>a;
shrink(y, ) := sign(y) max{|y| — «,0} = < 0 if —a<y<a;
y+a ify<-—a.

Second, the update for ®**1 is same as the one in EMD-L,. Since the second iteration in
(9) is identical to the one in (5).

Primal-dual method for EMD — L,
Input: Discrete probabilities p°, p';
Initial guess of m®, parameter € > 0, step size p, 7, 6 € [0, 1].
Output: m and EMD value ||m|;.

1. for k=1,2,--- Iterates until convergence
k+1 1 : k k .
2. Myl ep = l_i_eﬂshrmk(mi_i_%v + ,u,VGCDZ._i_%J,M) ;
3. O = 0F + 7{dive(mi ™t + 0(mi T —mf)) + p} =} ;
4. end

Remark 1. Here we use the conventional shrink operator for EMD-L;, while we apply
what we call a shrinks operator for EMD-Lo.

3. NUMERICAL ANALYSIS

In this section, we prove that the primal-dual algorithm converges to the minimizer of
our discretized minimization (3) or (6). For illustration, we prove the result for EMD-Ls.

Theorem 1. Denote a linear operator K : RVN*4 — RN such that
Km = (dive(m:))iLy
and a saddle point of L in (4) as (m*,®*). Choose § = 1, Tu||K||%, < 1. Then m*, ® in
iteration (5) converges to m*, ®*. Moreover, ®* satisfies
IVa®r =1, if lm?, ]2 >0. (10)

Proof. First, we only need to show that saddle point problem L satisfies the condition of
Theorem 1 in [7, 18]. We rewrite L as
L(m,®) = G(m) + ®' Km — F(®) ,

where G(m) = ||m||, Km = (divg(m;))Y,, and F(®) = sz\il ®;(p) — pi). Tt is easy
to observe that G, F' is a convex continuous function and K is a linear operator. From
Theorem 1 in [7], we prove the convergence result.

Second, since [[m7 , [l2 > 0, we have
2

*
oL Mipd

= o |me o) = T
Omg, 1 S Hm;%\h
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Thus

m* 1
1=l —2—
e
We have proven ®* satisfies (10). O

l2 =11Ve®i, 1l -

Remark 2. Theorem 1 holds similar for EMD-L; (6). Denote the saddle point of (6) as
(m*, ®*). Then the scalar components of ®* satisfy

’vG¢l+eU‘_1 s if ‘m;k_i_e?u‘ >0.

Since if [m; e | > 0, we have
2

oL m;-%v
0 = 87|(m*7¢.*) = ﬁ VG(I)Z+GU .
ml+67v mz_i_%u
Thus
z—i—ev
l=|——=[=Ve®i el.
| Z+€v|

From above convergence results, we are ready to show that the computational complex-
ity for this primal-dual algorithm is O(N M), where M is the iteration number for a given
error. It is known in [7], the algorithm converges with the rate of O(4;). We also have
the fact that each iteration has simple updates, which only need O(N) operations. So
our method requires overall O(N) x O(M) computations. In practice, we observe good
performance, see the next section. This is because of the well known performance of shrink
operations as observed in compressed sensing and image processing calculations.

It is also worth mentioning that if ¢ = 0, the cost functional ||m||; in EMD-L; is
not strictly convex, so there may exist multiple minimizers for problem (6). If ¢ > 0,
the modified cost functional ||ml|; + §||m||3 is strongly convex, and we pick up a unique
solution for the perturbed problem (6). In next section, we use numerical examples to
demonstrate that such a unique solution approximates a particular minimizer of (6) when
€ is sufficient small.

We do not claim that our discrete approximation converges as Az — 0 to the solution
of (2). However, if as Az — 0 the family m stays uniformly bounded, then it is easy to
show that m converges to a weak solution of (2).

4. EXAMPLES

In this section, we demonstrate several numerical results on a square [—2,2] x [—2,2].
Our discretization used in the Figure 1-5 is a uniform 40 x 40 lattice. The parameters are
chosen as =7 = 0.025, § = 1. The initial flux m and ® are chosen as all zeros. We use
the stopping criteria

— Z |dive(m¥) +pp —p?] <1077 .
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(a) p° (B) p'.

FIGURE 1. Here p' and p! are concentrated at (0,0), (0.4,0.4), i.e. p¥ =
80,0, * = 0(0.4,0.4)- The computed EMD-L;, EMD-Ls is 0.7981, 0.6232

(B) o'

(a) P’
FIGURE 2. Here p" is concentrated at (0,0), p' is concentrated at two
positions, (0.4,0.4) and (—0.4,—0.4), i.e. p° = (0,0)5 pt = %(5(0.470_4) +
6(—0.4,—0.4))- The computed EMD-L;, EMD-Ly is 0.8016, 0.6232.

(a) P’ (B) p".

FIGURE 3. Here p¥ is concentrated at (0,0), p' is concentrated at four
positions, (0.4,0.4), (0.4,—0.4), (—0.4,0.4), (=0.4,-0.4), i.e. p° = §(0 ),
pt = 5(6(0.4,0.4) +6(0.4,—0.4) +6(—0.4,0.4) +8(—0.4,—0.4))- The computed EMD-
Ly, EMD-L, is 0.8002, 0.5882.
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(a) o (B) o'

FIGURE 4. Here po is concentrated at (0,0), pl is a measure supported on
?4y? _ (224y?)?

a circle, i.e. p¥ = 3(0,0)5 pt = ?(e & & ), where K is a normalized
constants and o = 1073. The computed EMD-L;, EMD-L, is 0.8794,
0.6943.

i

(a) p° (B) p'.
2 2 2 2 2 2,2
0 __ 1 _zty —lz|—|y| 1 1 z7+y 7(1 +y°)
FIGURE 5. Here p” = e o , pr= 72(6 o o ), where

K1, Ko are normalized constants and ¢ = 0.2. The computed EMD-L,
EMD-Ls is 0.1778, 0.1259.

Table 1, 2 reports the time under different grids for computing EMD-L;, EMD-Ls in
Figure 1, 2, 3. The implementation is done in MATLAB 2016, on a 2.40 GHZ Intel Xeon

processor with 4GB RAM.

We observe that the number of iterations is roughly O(N) (sometimes less). So we
claim that the complexity of our algorithm is at most O(N?), which roughly matches the

result of the computation time in table 1 and 2.
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Example 1:

11

Grids number (N) | Time (s) | Iteration | Relative Error

100 0.0411 58 0.2071

400 0.4015 167 0.1495

1600 4.78 524 0.1021

6400 64.81 1802 0.0607
Example 2:

Grids number (N) | Time (s) | Iteration | Relative Error

100 0.089 133 0.2072

400 1.44 597 0.1497

1600 8.41 901 0.1014

6400 118.8 3001 0.0596
Example 3:

Grids number (N) | Time (s) | Iteration | Relative Error

100 0.1334 210 0.0641

400 1.644 689 0.0536

1600 12.27 1347 0.0386

6400 130.37 3590 0.0199

TABLE 1. We compute EMD-Lj for Figure 1, 2, 3. Time is in seconds. The
[llm]—0.4v/2]

relative error is defined by oz where m is the computed minimizer

of (3) and 0.4y/2 is the analytical solution of EMD-Lo (Euclidean distance
between (0.4,0.4), (0,0)).

Grids number (N) | Time (s) EMD-L; | Time (s) in EMD-Lo
100 0.0162 0.1362

400 0.07529 1.645

1600 0.90 12.265

6400 22.38 130.37

TABLE 3. For Figure 3, we compare the computation time for EMD-L; and
EMD-Lsy. Here we use the same stopping criteria: % Zfil |dive(mb)+p} —
Y| < 1075.

We also observe that we get approximately 10 times faster speed for EMD-L; than
EMD-Ls in table 3. This is expected, since it is expensive to compute square roots for the
Euclidean ground metric.
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Example 1:
Grids number (N) | Time (s) | Iteration | Relative Error

100 0.031 198 2.0x 1073
400 0.197 356 75 x 1074
1600 1.669 786 2.7x 1077
6400 25.178 | 3057 9.1 x107°

Example 2:
Grids number (N) | Time (s) | Iteration | Relative Error

100 0.047 156 1.0 x 1073
400 0.204 347 3.8 x 10712
1600 1.814 850 1.3x 1077
6400 28.53 3483 4.6 x 107°

Example 3:
Grids number (N) | Time (s) | Iteration | Relative Error

100 0.039 142 7.5 x 1074
400 0.171 261 2.6 x 1072
1600 1.678 803 8.9 x 107°
6400 31.13 3792 29x107°

TABLE 2. We compute EMD-L; with € = 0.01 for Figure 1, 2, 3. Here
the stopping criteria is - Zf\il |divg(mF) + p! — p?| < 1072, The relative

. m€||1+¢€||me||2—0.8 . Co. .
error is defined by el +elimelz , where m€ is the computed minimizer

of (7) and 0.8 is the analytical solution of EMD-L; (Manhattan distance
between (0.4,0.4), (0,0)).

(c) Manhattan distance. (D) Euclidean distance.

FIGURE 6. Comparison of minimizers m(x) for EMD-L; and EMD-Ls.
Here the initial measure is a uniform measure supported on a disk while
the terminal measure is a uniform measure supported on four disjoint disks.
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It is also worth mentioning that the quadratic perturbation in modified problem (7) is
necessary. We design the following two numerical results to demonstrate this.

(i) In table 4, we show that if we set € = 0 in (7), the relative error can be enlarged
if the total number of grids N increases;

(ii) In table 5, we demonstrate that the minimizer of perturbed problem (7) approxi-
mates one particular minimizer of (3) when e approaches 0.

Grids number N | Relative error
400 51x 107°
1600 6.7 x 107°
6400 53 x 1074

TABLE 4. We compute EMD-L; in Figure 3 with ¢ = 0 and different
meshes. The terminal condition is 3; SN | [divg(mF) + pF — 9] < 107S.

L[], —0.8]|
0.

3 , where m? is the computed

The relative error is computed by
minimizer of (7).

€ Relative error
0.1 9.1x 1071
001 [9.4x107°
0.001 [1.6x10°
0.0001 | 6.0 x 10°°
TABLE 5. We compute EMD-L; in Figure 3 with a fixed mesh and different
values of e. The number of grid points is N = 1600 and the terminal
condition is + le\il |divg(mPF) + p} — p?| < 1076 . The relative error is
|||m6||1+%Hng%—0~8\

computed by i

(7).

, where m¢ is the computed minimizer of

5. CONCLUSIONS

To summarize, we applied a primal-dual algorithm to solve EMD with the L1, Lo ground
metric. The algorithm inherits both key ideas in optimal transport theory and homoge-
nous degree one regularized problems. Compared to current methods, our algorithm has
following advantages:

e First, it leverages the structure of optimal transport, which transfers EMD into a
Li-type minimization. The new minimization contains only N variables, which is
much less than the original N? linear programming problem:;

e Second, it uses simple exact formulas at each iteration (including the shrink oper-
ator) and converges to a minimizer.

e Third, it will be very easy to parallelize and thus speed up the algorithm consid-
erably.
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In addition, we consider a novel perturbed minimization

ipnf{/gllm(fﬁ)ll +§||m||§dw : Vem(z) + pl(x) — p°z) = 0}, (11)

to approximate EMD problem. Here || - || can be either the 1-norm or the 2-norm. In
future work, we will study several theoretical properties of (11), especially the relation
between m* and m when € goes to 0.
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