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We study the problem of Michell trusses when the system of applied equilibrated forces is
a vector measure with compact support. We introduce a class of stress tensors which can
be written as a superposition of rank-one tensors carried by curves (lines of principal
strains). Optimality conditions are given for such families showing in particular that
optimal stress tensors are carried by mutually orthogonal families of curves. The method
is illustrated on a specific example where uniqueness can be proved by studying an
unusual system of hyperbolic PDEs. The questions we address here are of interest in
elasticity theory, optimal designs, as well as in functional analysis.
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1. Introduction

A very old problem in optimal design consists of minimizing the total volume of a
network of elastic bars (truss) while the resistance to a given load remains constant.
As no assumption is made on the number of bars, this study belongs to the class
of topological optimization problems. This is a problem of mechanical engineering
known to have no solution in general. Indeed during the optimization process, the

1571



1572 G. Bouchitté, W. Gangbo € P. Seppecher

number of bars may increase to infinity leading thus to diffuse structures. The cru-
cial contribution of Michell'! in the 1900s was to formulate a generalized version
(called Michell problem) in order to take into account all possible structures which
may appear in the limit. In the generalized version, attention is focussed on the
stress carried by the structure rather than on its geometry. Michell stated a dual-
ity principle and obtained optimality conditions on the stress and strain tensors:
they share the same eigenvectors (principal directions) and their eigenvalues have
the same sign, Moreover, Michell noticed that, in the two dimensions case, when
the eigenvalues of the strain tensor have opposite sign and when the eigenvector
fields are smooth enough to define stream lines (called “lines of principal action”),
then these lines constitute a so-called Hencky-net. This is a family of orthogonal
curves which represents the limit of the families of bars through the optimization
process.

The construction of the lines of principal action associated to a general stress
tensor field is a difficult mathematical problem with delicate regularity issues. In
order to overcome this difficulty we propose in this paper an alternative strategy.
We start by noticing that the stress in a network of elastic bars is concentrated
along segments which constitute a finite family of curves. On the other hand, we
know some limit structures in which the stress concentrates along infinitely many
curves which are not straight lines. We therefore propose another optimal truss
problem for which lines of principle action make sense even when the stress tensors
are not regular. We search for optima in a class of structures smaller than the class
of diffuse structures considered by Michell. In our setting, a truss is represented
by a signed Radon measure v on a set X of curves; classical trusses correspond to
finitely supported v concentrated on the subset of segment s. The positive part of
~ corresponds to lines in tension whereas the negative one corresponds to lines in
compression. To 7 one associates a stress tensor o(y) given explicitly by (3.5).

Our conjecture is that when the topological space X is rich enough, the refor-
mulation of the optimal truss problem in terms of the unknown ~ admits a solution.
We prove in this paper that the infimum of this reformulated problem is the same as
the infimum of the Michell problem. We also establish some optimality conditions.

The paper is organized as follows: in Sec. 2 we fix the notation and give a
mathematical framework to the optimal truss problem. We recall the classical gen-
eralization in term of stress due to Michell and write it in a modern mathematical
setting by using matrix-valued measures. We also describe the dual strain formula-
tion. In Sec. 3, we introduce a space made of C!'! curves with a uniform bound on
the curvature. This space is a locally compact metric space. In Sec. 3.2, the gen-
eralized optimization problem in terms of curves is stated. By duality arguments,
it is proved in Sec. 3.3 that it has the same infimum as Michell problem. Opti-
mality conditions are provided in Sec. 3.4. In Sec. 4 our approach is illustrated by
two specific examples. In the second one uniqueness can be proven by studying an
unusual system of hyperbolic PDEs. This section makes rigorous facts commonly
accepted in the literature. We are not aware of any prior work providing these



Michell Trusses and Lines of Principal Action 1573

proofs. We conclude this work with a list of open problems, one of them being the
existence of an optimal measure  on the space of curves.

2. Michell Trusses
2.1. Notation

Vectors and matrices. Let us start fixing some basic notations: If a, b are two vectors
in R?, we denote by (a;b) the standard scalar product between a and b and we set
la]? = (a;a). The segment [a, b] is the convexhull of {a,b}. We denote by R4*? the
set of d x d matrices, and by S%*? the subset of R9*¢ that consists of symmetric
matrices. If £ = (§ij)§i7j:1 and x = (Xij)fl,j:p then
d
T =)o, 0= Goxigr 167 =(&€)
ij=1

denote respectively, the transposed of &, the trace of £xT and the square norm of
¢. For any matrix & € S¥?, we denote A\{(€),..., A\(€) its eigenvalues which are
real numbers. We denote by I the d x d identity matrix and, for any a,b € R%, by
a ® b the d x d rank-one matrix defined by (¢ ®b); ; = a;b;. We define a A b to be
the skew-symmetric matrix a ® b — b ® a.

Continuous functions and measures. Let € be a locally compact metric space, C(&)
the set of continuous functions of £ to R endowed with the topology of uniform
convergence on compact subsets. We say that f € Cy(€) if for every ¢ > 0 there
exists a compact set K C E such that |f(x)] < e on E\K. The elements of Cy(&)
are bounded functions and Cy(&) is a closed subset of C(€) on which the induced
topology coincides with the uniform convergence on all £.

We denote by M(E) (resp. M(E;R?), M(E;R4*4)) the set of Borel signed-
measures (resp. R%-valued vector measures, matrix-valued measures) on £. The set
of symmetric matrix valued measures is denoted M (£; S4*?): it is the set of those
measures 1 € M(E;R?) which satisfy p;; = p;,; for any i and j in {1,...,d}.
The set of non-negative Borel measures on & is denoted by M™(E). When p €
M(E), p=pT — p~ is its Jordan decomposition where u* € M*(€) and we have
|u| = pt + p~. For any element M € £, 6y denotes the Dirac mass at M. When p
belongs to M(E;RP), u : £ — RP is Borel-measurable and, for any i in {1,...,d},
Je luild|ps] is finite, we write

[ = Z Jute)dus(a).

We will essentially consider two cases for £: in Sec. 3, £ will be a subset X¢q of
Chl-curves in Q € R? but mostly £ will be R? (or an open subset 2 C R or its
closure).

Let S be a k-rectifiable subset of R?, H|ks will denote the k-dimensional Hausdorff

measure on S. If 4 € M(R% R?) and satisfies for any 4, j, [ |z;]du; < +oc, we may
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also define the “torque” of u as the skew symmetric matrix:
d

A;xAuz(A;mmww>—4;@muwoﬂr{

The vector-valued measure p is said to be balanced if

/RduzO, /Rdx/\u:(). (2.1)

The set of such measures is denoted Mo (R%; R9) (resp. M(Q; R?) if 1 is supported
in Q). The forces F which are applied to the truss we want to optimize belong
naturally to Mo(Q;R?).

For representing stresses we will very often use measures in the space
M(Rd; ded)'

Eventually given h a positively one homogeneous function on
associate a positive measure h(o) to any o € M(Q;S%*?) by setting h(o) =
h(g—Z) 1, where p is any measure such that each o;; is absolutely continuous with
respect to p. Indeed this definition does not depend on the choice of u. In particular,
|o| will stand for the measure associated with the Euclidean norm on R<.

S84 we can

Distributional divergence and strain. Assume that € is an open subset of R? and
consider A € M(Q;R%) and f € M(Q). We say that —div(\) = f holds in the

distributional sense if
Jvein) = [ ear
Q Q

for every compactly supported ¢ € C'(R?). In other words, the measures A\ and f
are viewed as measures on all R% supported on Q. In particular, the test functions
may not vanish on the boundary 02 and so, this imposes a boundary condition
on 0N).

To make clear this point which is important in the sequel of the paper, let us
consider a simple example: assume that €2 is an open bounded set with Lipschitz
boundary and let ng denote the unit outward normal to 0€2. Assume that f =
BH{, + aHfsy with § € L'(Q) and a € L'(9Q). Then if A = a Hf, with a a

smooth vector field, then the equation —div()\) = f on Q means nothing but

—div(a) =5 on Q,

(a;ng) =a on 09,
where the first equation holds in the distributional sense on €2 and (a;ng) denotes
the normal trace of a.

When o and F belong respectively to M(Q; S4*?) and M(Q;R?), we say that
—dive = F on Q if, for any i, the ith row o; of o satisfies —divo; = Fj.

Curves. In this paper we call curve any C'''-curve that is the image of a map
r € C11(0,1;R?) such that #(s) # 0. We will consider only simple curves that is for
which r is injective. Without loss of generality we will assume that || is constant
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so that |[¢| = H(S) and #(s) = (H(S))?k(s) holds for almost all s where k(t)
denotes the the curvature vector of S at r(t). Such a curve is naturally oriented by
the tangent unit vector at M = r(t) given by mp = ‘r( )‘ At those points where
k(t) # 0, we can write k(t) = k(¢t)n(t), where k(t) is the positive scalar curvature
and n(t) the normal vector at r(t).

Singular curve stress. To any curve C, we associate the measure 0¢ in M (R%; S%*9)
defined by

o =10 THc. (2.2)

If C = r([0,1]) is simple with |i(t)| constant, we have for all £ € C1(Q, R4*):

Cooy_ 1L ' . -
(07:8) HIO) J, (§(x(t));2(t) @x(t))dt. (2.3)

Taking ¢ to be the gradient of a test function u € C(Q,R%), we deduce that
—dive® =515 —5ATA—|—kH‘10, (2.4)
where A :=r(0), B:=r(1) are the endpoints of C. Indeed,

%) = o V)0 0
/Rd<” P Vu) = o C)/o (Vu(r(t)); £(t) © B(t))dt

(
_ %/01@5(” or)(8); r(t)>dt

‘< (L) |f~(1>|> < (0 |f~<o>|>
1
-G [ ey

Remark 2.1. Note that When C is the segment [A, B], Eq. (2.4) reduces to
—dive Bl = (65 — 64) 2=4. = AI Hence,

/ (o!ABl V) = TTu(A, B) (2.5)

if [A, B] is contained in a convex open subset  of R and u € 01 (_) Here, we
have used the linear operator II defined by (ITu)(z,y) = (u(z) — ; ‘w y‘>

2.2. Bars and trusses

In structural mechanics a bar (A, B) is a purely one-dimensional object. It inherits
from its underlying three-dimensional nature a non-negative parameter S called
section, a volume V := S|B — A|. It also inherits the ability to resist only to
two opposite axial forces applied at the extremity points A and B. The stress o
produced by the applied forces is axial and concentrated along the segment [A, B].
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It takes the form A7 ® 7 where 7 is the unit vector 7 := (B — A)/|B — A|. The
elastic energy stored in the bar during the loading is S|B — A|f(%) Here f is the
potential function of the material the bar is made of. For instance, if one considers
a linear elastic material with Young modulus &, the potential is f(t) = %tz. From
now on, we assume that f is a convex and even function. It is essential here that
the material have the same behavior in traction or in compression.

From the mathematical point of view, it is convenient to consider the applied
forces F as the vector valued measure A7(dp — 04) and the stress o as the matrix-
valued measure Aol? 5! so that the equilibrium equation reads as —dive = F in the
distributional sense.

A trussis a finite union of such bars (A4;, A;) fori # jin {1,2,...,1}. Its stress is

!
o = Z /\i’jO'[Ai’Aj]. (26)
i,j=1
Submitted to a force distribution F = Zle Fi6y, the truss is in equilibrium if
—dive =F.

e Truss stresses. The possible stresses in trusses have already been described. There
are those measures o € M(; S?*?) which can be written as a finite combination
o= 22:1 i ol4:45] The set of such measures is denoted X7 (Q) and given a load
F with finite support we denote by YL(Q) the subset {0 € ¥7(Q) : —dive = F}.

The volume of the truss is V = Zi,j:l SijlA; — A;| and its energy is E =
Zi,j:l SiilA; — Al|f(g‘i ). Noticing that ol4i-4i = 514445 we can impose (and
that is what we do in the sequel) that the matrix ();;) is symmetric and has
vanishing diagonal values (V i, A;; = 0).

2.3. Trusses with optimal rigidity-volume ratio

In the theory of optimal design, one desires to engineer a structure with a given
material at optimal cost. Optimality means for instance that the structure should
be of least total volume among the structures that remain in equilibrium with a
prescribed stored energy when subject to a prescribed system of forces F. Or, in
an equivalent way that the structure should be of least stored energy among the
structures with a prescribed volume.

Let us first optimize the \S; ;’s for a given geometry and given values A; ;. As f
is even and convex, we have

! !

/\i,' )\i,'

E=3 Si;lA; Al f (S—J) =Y SijlA;j— Al f ( . )
L=l - i,j=1 i,j
1

A — Al N

2 Vf (Zl,j1| J || ,j|> . (27)
%4

The optimal value for E is obtained when S;; = C|)\i’j| where ¢ =

V-1 Zi,j:l |A; — A;||A\i ;], and the stored energy is then simply E = V f(C'): when
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one wants to minimize F for a fixed volume V', one has to minimize C, that is
to minimize Zi j=1 145 — Ail|Ai j]. Owing to this remark, the problem of optimal
design reads:

Find a set of points A = {A;}}_;, € R? and a set of real numbers A = {)‘ij}é,jzl CR
which minimize

l
inf{ C(A,A): —dive=F; 0= Z A joltAnAil 4 (2.8)
ij=1

where

l
CAN) = 3 hasllA; — A = / jo]. (2.9)

i,j=1

By rewriting the divergence condition in (2.8), the problem amounts to finding a
decomposition of F:

l
A — A,
F=> X\;(0a - 6Aj)m (2.10)
i =1

for which C(A, A) is minimal. When (2.10) holds, we say that the pair (A, A) is
admissible for problem (2.8).

Frequently one desires to design the frame inside some given domain. We will
assume that this domain is the closure Q of some convex open subset Q of R%. We
ask the load F and the stress o to be supported on Q as Radon measures and the
balance equation —div(c) = F to be satisfied in the sense of distributions on R<.
When considering the problem in the form (2.8), this means that all the segments
[Ai, A;] used in the decomposition of F should lie in Q.

Existence of admissible trusses. A first natural question that comes in mind is
to wonder if the admissible set L(Q) is nonempty. This amounts to finding a
decomposition F = Z];:l Fi6y, as in (2.10). It is quite easy to check that what is
usually called “the equilibrium of the system of forces” is a necessary condition: the
net force and torque have to vanish ([F); = ([ AF);; = Oforallé,j=1,...,d.

It can be proven that these conditions are sufficient when the support of F is
finite and (2 is a sufficiently large neighborhood of the support of F. Example 2.2
shows that they may not be any admissible truss included in the convex hull of the
support of F.

A critertum for optimality. Let us now introduce a duality relation which is useful
to characterize optimal trusses. To that aim, we consider any function u: R — R¢
be such that, for any (z,y),

(u(z) —u(y);z —y)| < |o -yl (2.11)
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and we assume F = Zij 1A, (6a, — 04, )‘ﬁ ﬁ ;- We observe that, for any u

satisfying (2.11) and any admissible pair (A A) for problem (2.8), there holds

ftmin = 3 oo 325

ij—=1
1
< gllA - 4 (2.12)
ij—=1
< C(A,N). (2.13)

Therefore, existence of w satisfying (2.11) and such equality hold in (2.12) and
(2.13), yields that the configuration (A, A) is optimal.

Example 2.1. A very simple case of optimal truss can be established when equality
holds in (2.12) and (2.13) for u = ug, where uy denotes the identity map. We are
then reduced to the identity

1 l
> Ny - A = [ Fiu) = 3 gl 14; - 4l (214)
ij—=1 R4 ij=1
In other words any decomposition of F like in (2.10) will be trivially optimal pro-
vided the A;;’s are all non-negative. In particular, if there exists a center point C
such that, for any g € {1,...,k}

(F1; M1 —C) = |F9|M* - C| (2.15)
(see Fig. 1), then the minimum value of C is
k
minC(A,A) = > [FI||M? - C]|, (2.16)
qg=1
which is achieved, for instance, by (A°P*, A°Pt) where
AP =M (g=1,....k), A% =C, (2.17)
and
AN =0 (=1 k1), AN = AR, = F (=1..k). (2.18)
M2®/( P Mz@/ P
Fl M1 fo s Fl Ml AAAAAAAAAAAAAAAAAAAAAAAAAAAA . !
O o B e 220 O

M; ®\ = M3 =\ P

Fig. 1. Two simple optimal trusses for a particular system of central forces.



Michell Trusses and Lines of Principal Action 1579

Note that the truss represented on the left-hand side of Fig. 1 is not the unique
optimal truss. The truss represented on the right-hand side in one of the many
others.

Example 2.2. The “bridge”, a planar truss studied by Michell. In R?, let
us consider the three points A; := (—1,0), Ay := (0,0), As := (1,0), the vector
e := (0,1) and the equilibrated system of forces

F = 62(5A1 — 2(5,42 —l—(SAg),

(see Fig. 2). We first note that, although the points of applications of F lie in the
convex R x {0} we cannot find any set {A;}}_; € Rx{0} and any symmetric matrix
of real numbers {\;; }ﬁ,jzl such that the decomposition (2.10) holds.

If we set {2 to be the unit disk of R?, then the decomposition (2.10) with A4 =
(0,1)7 )\2’4 =1, )\1’2 = )\2}3 = 1/2, )\1’4 = )\4’3 = —\/5/27 {Ai}ézl C Q holds.
But the cost is non-optimal. This decomposition is represented in Fig. 2 where the
bars (the support of \) are drawn in dotted lines when they are in traction (\;; is
positive) and in plain lines when they are in compression (\;; is negative).

In fact Michell'! himself noticed that an optimal truss does not always exist.
In Sec. 4.2.2, we show that in the particular case of the “bridge”, the optimal cost
is obtained as the limit of a sequence o,, (see Fig. 3 where they are represented
successively o1, o2 and o5).

The limit of the sequence o,, cannot, in any sense, correspond to a truss: the
number of bars tends to infinity and the union of the upper bars converges to an
arc of circle.

This last example shows the necessity of enlarging the class of structures in
which the optimal design is to be searched.

2.4. Stress formulation for Michell problem

From (2.8) and (2.9), we learn that the optimal trusses problem can be written in
terms of stress: given a load F with finite support, we minimize [ |o| where the

Fig. 2.  An admissible truss for the “bridge”.
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Fig. 3. A minimizing sequence of trusses.

stress measure o € X T(Q) (see (2.6)) is subjected to the constraint —dive = F. As
this problem has in general no solution, it is standard to look for solutions ¢ in a
larger class. Michell himself extended the problem to stresses with rank larger than
one and to diffuse stress measures. Let us sketch this extension which in fact is a
convexification procedure in a modern mathematical setting.

We extend the set of admissible stress measures to the set g (Q) of all measures
supported in €, taking values in symmetric matrices S¥*¢ and satisfying the con-
straint —dive = F in the distributional sense. Besides we notice that this extension
allows considering more general loads: F is any vector measure compactly supported
in © and balanced in the sense of (2.1). The cost [ |o| appearing in (2.8) now has
to be extended to non-rank one stresses: following Michell, we consider the largest
convex potential p”(y) on S*¢ which agrees with the Euclidean norm |x/| for rank
one tensors. To compute p® we introduce for any £ € S4x¢

p(€) = max{[(gb;b)|: |b] <1} = max|As(£)]- (2.19)
The convexified function p° is characterized in terms of its Fenchel conjugate:

@%70=:wpﬂab®by4b®m}:{0 if p(§) <1

beR? +o00  otherwise.
Thus
d
P00 = max {(6): p(§) <1} = (0. (2.20)
i=1

Remark 2.2. The convex continuous functions p and p° belong to an impor-
tant class of functions which depend on singular values of matrices. They enjoy
the following property (see Ref. 2): for any symmetric matrices £ and y we have
(&%) < p(€)p°(x). The equality holds if and only if £ and x have a common basis
of eigenvectors and for any ¢,

1<j<d

Ai(©)Ai(x) >0 and <)\i(X) =0or [X\(§)| = max |)\j(§)|>.
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We notice that the function p® given by (2.20) is one homogeneous and therefore
the measure pY(0) is meaningful. The following duality relation holds (see Ref. 4)

[0 = sw{ [(6o): e c@s, e <1} (2.21)

Since the measure p°(o) coincides with |o| for rank one tensor measures o, the
problem

inf{/po(a): o€ EF(ﬁ)}. (2.22)

is a natural extension of the original truss optimization problem. The functional
o — [p°(o) is coercive. Due to (2.21), it is lower semicontinuous on the closed
subset Yg(Q) of the space M(£2; S9*?) endowed with the weak-star topology. Exis-

tence of a minimizer is then ensured provided the set Yg(Q2) is non-empty. This
fact will be proved in Proposition 2.1.

2.5. Strain formulation for Michell problem

Let us now introduce a dual problem in a way similar to what we did in (2.13). For
any function u : Q — R?, we denote

fully o= sup { MBI oy @)
and we define U; = Uy (2) to be the set of continuous displacements u :  — R?
such that |Jul|f, < 1. The subspace Uy of functions u satistying |lu||& = 0 coincides
with the space of rigid displacements (i.e. the space of affine functions u with skew-
symmetric matrix). In the sequel e(u) denotes the symmetric part of the gradient
of u in the sense of distributions on Q: e(u) = 1/2(Vu + (Vu)'). We have the
following result

Lemma 2.1. Let Q C R? be an open connected subset and u : Q — R<.

(1) If |Jullf < 1, then w is continuous and differentiable everywhere, except maybe
on a (d — 1)-dimensional Hausdorff set. Moreover, e(u) is an element of
L>(2; 84 and satisfies the inequality p(e(u)) < 1 a.e.

(i) Let C(;RY) be endowed with the topology of uniform convergence on compact
subsets of Q. Then Uy (Q) /Uy is a convex compact subset of the quotient space
C(GRY) /Uy

(i) Assume that Q is convexr. Then the following equivalence holds

lully €1 ueCQ;RY), e(u) € L=®(Q; 8™,  ple(u) <1 a.e. on .

Moreover, every u € Uy (Q) can be approzimated by a smooth sequence {u,} C C
such that u, € U1 () and u,, — u uniformly.
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Proof. The first assertion is a consequence of the fact that |lul|§ < 1 implies the
monotonicity of the map u+ Iy (and of —u+1,; as well). Then u is almost everywhere
differentiable and e(u) is an element of L>(2; S?*?) which satisfies p(e(u)) < 1 at
every point of differentiability (see Ref. 1).

Let w be a connected relatively compact open subset of €. Then by Korn’s
inequality, we derive that, up to rigid displacements, U;(2) is a bounded subset of
WhP(w) for every 1 < p < +o0o (see Ref. 12). Note, however, that this is not true
for p = oo since U1 (§2) contains non-Lipschitz functions (see Ref. 8). Taking p > d,
we deduce from Morrey’s theorem that the restrictions to w of functions in U (2)
are in a compact set of U; (w) hence (ii).

The converse implication in (iii) can be checked as follows: by Korn’s inequality
u belongs to W,.7(Q) for some p > d and we may choose u to be the continuous
representative in its class. For almost all (z,y) € 52, such a u is almost everywhere
differentiable on [z, y] and therefore the function t — (u((1—t)z+ty) —u(x); ﬁ),
is 1-Lipschitz.

Let us now prove the last statement in (iii). Let w € U;(€2) and assume that
0 € Q. Take t,, = 1+ 1/k and set vg(x) = tru(x/ty) which clearly belongs to
Uy (t1€2). Then consider the mollified sequence uy, = vy * a;,, where ay, is the usual
convolution kernel. For n; large enough, the restriction of w,, ; to € belongs to
U1(9Q), and uy, r — u uniformly as k — oo. m|

Michell himself contributed the essential insight that a dual problem to (2.22) is:

sup {/(u; F): ue ul(Q)} . (2.24)

u

Recall that F is always assumed to be compactly supported and equilibrated. By
Lemma 2.1, we are maximizing a continuous linear form on a non-empty compact
set. So problem (2.24) admits a solution. A more subtle use of duality arguments
leads to

Proposition 2.1. Let Q be a convex open subset of R? and let F be a balanced
measure compactly supported in Q. Then g (Q) is non-empty and

min{/po(a): oc EF(ﬁ)} = max{/(u;F}: u eul(Q)}. (2.25)

A pair (u°,0°) € U (Q) x Xp(Q) is optimal if and only if the following extremality

relation is satisfied
[0 = [ (2.26)

Proof. As seen before, problem (2.24) admits a solution and by the assertion (iii)
of Lemma 2.1 o« < 400 where

o :max{/<u;F>: ueul(m} :sup{/(u;F}: we CY@), ple(u) < 1}.
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Consider Cp(; S¥?) where S¥*? is equipped with the norm ||£|| := p(&) and let
V be the (closed) subspace of Cp(Q; S4*?) defined by V := {e(u), u € C*(Q;R?)}.
Then, as F' vanishes on rigid displacements, we can define without ambiguity the
linear form

L:£e€V— /(u,F) whenever & = e(u).

L is continuous and by the fact that o < +o0, its norm satisfies ||L|| = a. By the
Hahn-Banach Theorem, we may extend L to an element of (Co(€; SdXd))* with
the same norm «. Therefore there exists a vector measure o € M(Q; S4*?) such
that [(e(u);o) = [(u;F) for all u € C1(Q;R?). This yields o € Yp(Q2) and the
minimality of such o follows since, by (2.21),

o = sup{/<§;a>: €€ Col@), pl6) <1}:/p°(a>.

This proves (2.25) and the fact that any optimal pair satisfies (2.26). The converse
is straightforward. O

2.6. Lines of principal action

The concept of lines of principal action is often evoked in the literature on Michell
trusses. But is difficult to rigorously defined it since many stresses encountered
are not regularity. Let us recall that concept assuming that we are dealing with
displacements and stress tensors which are smooth enough. Assume for a moment
that problem (2.24) admits a maximizer u® € C1(2). Let 0° be a minimizing stress
measure for (2.22). By (2.26), integrating by parts and taking into account that
0° € Yr(Q) and p(e(u?)) < 1, we obtain

/ P(o°) = / (0% eu?) < / ple(u®)p(0%) < / (o).
Thus
p°(0°) = (0% e(u®)) and ple(u)) =1 o°ae. (2.27)

By diagonalization, there exist bounded real functions {6;}¢_, from Q to [-1,1]
and an orthonormal family {a’}%_; of vector fields such that

d
e(u®) = Z 6; a' @ d’. (2.28)
i=1

Thanks to Remark 2.2, we deduce from (2.27) and (2.28) the existence of signed
measures Aq, ..., A\g such that:

d
O'O:Z)\i ai®ai, |)\z| =0; \;. (229)
=1

A standard approximation procedure shows that the localized optimality condi-
tions (2.28) and (2.29) still hold under weaker assumptions. We may merely assume
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that e(u?) is a continuous function on R? except possibly on a |o°|-negligible subset.
For general u® € U;(Q2), it is possible to write a weak counterpart of the relations
above. This could be done by introducing a suitable notion of tangent space to the
stress measure tensor ¢° and by characterizing the density of the duality pairing
measure (0% e(u?)) (see Ref. 3).

Now one may try to associate to the optimal pair (u°, c°) the lines of the fields
a; which are called lines of principal action (or lines of principal strain or lines of
principal stress).

Suppose for instance that each measure ); in (2.28) is absolutely continuous
with a smooth density (denoted by the same symbol A;). The curve s — z(s,w)
will be a line of principal action of ¢ if it lies in a region where some \; keeps a
constant sign and

o . oy .
{0‘ (z(s,w))E(s,w) = Ai(z(s,w))E(s,w) (2.30)
2'(0,w) = w,

Let F4 (respectively F_) be the lines of principal action whose tangents are eigen-
vectors corresponding to positive (resp. negative) eigenvalues of ¢°. Formally, we
have the following property: let w,@ € Q such that 2°(-,w) is a curve in Fy and
29 (-, ) is a curve in F_; then 2'(-,w) and 27 (-,©) are orthogonal where they inter-
sect. The families F and F_ are special orthogonal curvilinear coordinates, in the
sense that they satisfy (2.28). When d = 2, . and F_ are the so-called Hencky—
Prandtl nets (see Kohn and Strang in Ref. 13 for details).

The situation is still simpler in the case where ¢° is supported by a countable
family of curves and can be written in the form

0 = i@f{ O — i_o:l 6, 0%, (2.31)

where 6 are positive densities and the CF are Lipschitz curves in  and tox is
a unit tangent vector to C:F. In this case the ); in (2.28) are all zero except for
i such that the unit vector a; is tangent to the curve. Moreover 7 = {C,I'} and
F_ ={C} and C;f is orthogonal to C,, at any intersection point.

In this context, Michell made the following conjecture (see Refs. 11 and 9 p. 210
or Ref. 10 p. 71):

“A frame given by a stress tensor o is optimal if it can carry its given forces
with stresses in its tension members equal to A1 > 0 and stresses in its compression
members equal to A_ < 0. They must be a virtual deformation of u® : Q — R? that
satisfies the kinematics condition (o;e(u®)) = p(e(u®))p°(c) and gives strain of 1 in
its tension members and strain of —1 in its compression members. The deformation
u® must have no direct strain lying outside these limits in the sense that p(e(u)) < 1.
The “bars” of the optimal structure are arranged along the lines of principal strain
of u®.”

Note that the above conjecture would be false if we do not impose any restric-
tion on the system of forces F and on the domain €. In fact rigorous optimality



Michell Trusses and Lines of Principal Action 1585

conditions for problems of the kind (2.22) and (2.24) have been obtained in a quite
general case by using arguments of geometric measure theory (see Ref. 3). How-
ever, due to the particular structure of p°, it appears from many examples, that
the optimal stress measures ¢ inherits a very particular one dimensional geometric
structure. This is roughly described by a system of curves like in (2.31).

The difficulty to deduce from an optimal stress measure the existence of such a
system of curves leads us to adopt the reverse strategy: going back to the original
truss optimization problem we directly enlarge the set of admissible curves. We
search an optimal distribution of such curves from which we deduce the optimal
stress measure. This new strategy is developed in the next section.

3. Reformulation of Michell Trusses Via Measures
on the Set of Curves

In the original truss optimization problem (2.8), the set of curves which support the
structure is a subset of the collection of all segments [z,y]. Here, (z,7) € Q x Q\ A
and A is the diagonal. We propose to enlarge this class to a set called Xqo. We
describe in the following subsection two possible choices for Xq. As other choices
could be also interesting, the duality result in Sec. 3.3 will be established assuming
only general conditions on the class Xgq.

3.1. Some metric spaces involving curves

We will consider simple oriented C'!-curves with an uniform upper bound on the
scalar curvature. More precisely, given lg > 0 and ko > 0 such that lprg < 1, we
define

Xy ={C cQ:CisaCl-curve, 0 < H(C) < lo, k(C) < ko) (3.1)
Xy ={CcQ:CisaC'-curve, 0 < H'(C) < 00, K(C)H'(C) < 1}.

(3.2)

We notice that for o = 0, our definition (3.2) coincides with the sets of segments

[z,y] contained in € such that 0 < |z — y| < lp. On the other hand, the condition

k(C)H(C) <1 is imposed in (3.2) in order to ensure that all curves in our space
are simple. More precisely the following lemma holds:

Lemma 3.1. Let r € C11(0,1;RY) such that |¢(s)| = | and |i*(s)| < kI? a.e. where
I,k are two positive constants. Then, for every s,t € [0,1], there holds

Il|s —t]
> 12 7

[r(s) —r(t)] > 5 whenever klls —t| < 1. (3.3)

Proof. If s,t € [0,1] and such that 0 < &l(t — s) < 1, then

Ie(t) — x(s)] = f(s)(t—s)+/:dv/:i*(a)da' > ls —t]

5=t oo lls—t

2 -2

O
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The topology we next consider is the usual local Hausdorff convergence on the
family F(2) of closed subsets of Q. This topology is induced by a distance we take
to be the truncated Hausdorff metric

dg(C, D) :=min{1,h(C, D)}, h(C,D):= maX{ sup d(x, D), sup d(z, C)},
zeC z€D

where d(z,D) denotes the Euclidean distance from z to D. It turns out that

(F(2),dn) is a complete locally compact metric space. This space is compact if
(2 is bounded (see for instance Chap II of Ref. 7). We have

Lemma 3.2. The families Xé”“o and X& are locally compact subspaces of
(F(Q),dy) provided that logrg < 1.

Proof. First we prove that X3 is locally compact. This amounts to showing that
closed balls of the form B = {C' € X& : du(C,Cy) < n} satisfy the Bolzano-
Weierstrass property. We may assume that 29 < inf{1, dp} where dj is the diameter
of C().

Let C} be a sequence in B. Clearly, as n < 1, C}, remains in a fixed compact
subset of RY. We consider a parametrization rj, : [0,1] +— R? such that |¢| = I,
and |t| < Ky, (1n)? where I, > 0 and Ik, < 1. Then by (3.3), we infer that

)~ (0] = 25— (3.4)

for every 0 < |s — t| < 1. Since the range of rj, remains in a fixed compact subset,
(3.4) with s = 0, t = 1 gives that [, is bounded and therefore r; and 1), are
equi-Lipschitz. Possibly passing to a subsequence, we may assume that r, — r
uniformly, I;, — [ and ¥, - i where r is suitable element of C''! such that |¢| =1
and |¥| < kl%. Tt is then clear that C), does converge in the sense of the Hausdorff
distance to C' := r([0, 1]). In particular, du(C, Cp) < dy implies that C' cannot be
reduced to a single point. Thus [ > 0 and C' is an element of B. We then conclude
that B is compact.

Now, by using the same arguments, it is easy to check that Xé‘)’“o as a closed
subspace of X&° is locally compact as well. O

3.2. Curves formulation of the truss problem

Let us assume that, as in the previous subsection, we are given a locally compact
metrizable space Xq whose elements are curves contained in € which we assume
from now on to be conver. Recall that we associate with each element C' € Xq the
stress tensor o given by (2.2).

We make the following assumptions:

(H1) Xq is a set of C11 simple curves with finite positive length, endowed with a
metrizable locally compact topology.

(H2) The map C € Xq — o is continuous with respect to the weak-star topology
on M(Q; Sx4),
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(H3) Xq contains all segments [z,y] with x # y and the map (x,y) € A x A\ A
[z,y] € Xq is continuous.

Let us stress the fact that these formal assumptions are satisfied by the spaces
X& and Xé‘)’“o considered in the previous subsection. We associate to any signed
Radon measure v on X, the truss stress o(+y) defined by setting, for all test functions

¢ € O (@, ROxd):
Joena= [ ([10) tac, (35)

Note that assumption (H2) implies the Borel measurability of C' — [(£;0¢). As
this function is bounded by H!(C)sup |¢], the existence of the integral above is
guaranteed provided v satisfies the condition [H!(C)|y|(dC) < oco. We will call
generalized Michell truss such a signed measure ~y. Its support is a family of curves
which are candidate to be the lines of principal action. It consists of two subfamilies
F4 and F_ corresponding to the supports of the positive and negative parts of ~.

In this setting we identify a truss of the kind (2.6) with the atomic measure
v = Zé,j:l Aij6la,,4;)- The energy of such a truss (see (2.9)) can be written as
J Xo H(C)|7|(dC). Thus the natural extension of the truss optimization problem is

mf{ HH(C)|y|(dO): v € PF(Q)}. (3.6)
Xa

Here I'p(Q) := {7 € M(Xq): o(7) € Sp(Q)} . Under the above assumptions on the
space Xgq, we are going to establish that the infimum in (2.22) and (3.6) are the
same. We observe first that:

inf{ [ wEpo): /< FF(Q)} > inf{/po(a): e zF(ﬁ)}. (3.7)

< 1, we have that

Indeed by Remark 2.2, for any & € C(Q;S?9) such that p()
(3.5), we deduce that

) > [(&0C) for all curves C' € Xg. Then by (2.21) and
for every v € FF(Q), there holds

HIOPIC) = [ #(et). (3.8)
Xa

Establishing the converse of inequality (3.7) is a delicate problem we solve in the
next subsection by means of a general duality argument.

Remark 3.1. The map defined in (H3) identifies Q x Q\ A (equipped with the
Euclidean metric) with a subspace of Xgq. This subspace is closed: indeed let C,, =
[, yn] converge to a curve C' in Xq. Then, by (H2), ol#nunl converges weakly-star

to 0. Therefore (z,,,%,) converges to a suitable (z,y) € Q x Q and ¢¢ = ol®¥l,
Hence C' = [z,y] and, owing to (H1), H!(C) > 0 and so z # y.
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3.3. The general duality result
Theorem 3.1. Let Xq be a space of curves satisfying (H1), (H2) and (H3). Let

F € My(Q) be compactly supported and define
FF(Q) = {’7 S M(XQ) 0'(7) S Ep(ﬁ)} .

Then Ty () is non-empty and the following equalities hold
inf{ H(C)|y|(dC): v € FF(Q)} = inf {/po(a): o€ Ep(ﬁ)}
Xa
—int { [ (o) e Trio)

— sup {/(F;u}: we Z/ll(Q)} (3.9
Furthermore, the last supremum is achieved.

Remark 3.2. The existence of an optimal v is ensured if there exists a minimizing
sequence {7, } such that sup,, var(~,) < co. Unfortunately we are unable to show
this uniform bound for a reasonable choice of the space Xq. In other words, we
cannot assert that the minimum in (3.9) is reached for a stress tensor of the form
o (7). It seems reasonable to conjecture that it will be the case if X contains enough
curved curves. Notice that in the scalar case, an equivalent version of Theorem 3.1
holds (see Ref. 3) where the infimum is reached taking Xq to be the set of all
segments.

Remark 3.3. Theorem 3.1 ensures that any load F € M(Q) can be equilibrated
using a generalized truss tensor of the kind o(v). In fact if F has a finite support,
it is possible to show that the admissible set I'r(€2) contains atomic measures
concentrated on finitely many bars provided 2 is large enough.

On the other hand, it is not restrictive to assume that the assumption (H3)
holds only for segments [z, y] whose length is below some given constant ly. Indeed
larger segments in 2 can be decomposed in a finite union of smaller segments [x;, y;]

such that |z; — y;| < lp and then oyl = > ol*i:9il can be included in the family
{0(7)7 Y S XQ}

Remark 3.4. A question correlated to Remark 3.3 is to know if the infimum with
respect to all admissible 7y is the same if we restrict ourselves to those v which are
supported on a finite number of bars. The answer is yes in the case considered in
Sec. 4.2 where the optimal v is approximated using a sequence {~, } whose support
consists of n bars (see Sec. 4.2.2).
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The proof of Theorem 3.1 is based on the following equicontinuity lemma:

Lemma 3.3. Let {p,} be a sequence of continuous functions on Q x Q converging
uniformly to 0 and let {u,} C C(;RY) such that

[(un (@) = un(y)iz —y) +pulz,y) lo —yll < |z -y V(z,y) €Qx Q. (3.10)

Then there a sequence of integers {ix}r>1 and a sequence of rigid motions {r;, trx>1
such that the family {w;, —r:, }rk>1 converges uniformly on every compact subset of
Q. Furthermore all cluster points w belong to Uy (Q).

Proof. We assume without loss of generality that |p,| < 1 for all n.

Step 1. We first assume that Q is bounded. Let {a1,as,...,aq441} be a set of
affinely independent points in (2. We may assume without loss of generality that aq
is the origin. First, we check that there exists a sequence of rigid motions {r,} such
that the sequences {uy(a;) — rn(a;)} are bounded for all ¢ in {1,...,d + 1}. For
L(2) = uy,(aq) are rigid motion such that {u,(a1) —r}(a1)} = {0}.
We use now an induction argument : let p < d + 1 and assume that there exists
a sequence of rigid motions {r?} and a real M such that ||u,(a;) — 7P (a;)|] < M
for all n and all 7 in {1,...,p}. Assumption (3.10) implies, for any 7 in {1,2,...,p}
and for n large enough,

instance, x — 7

[((un = rp)(ap+1)iti)| < Do + M +1, (3.11)
where Dq is the diameter of € and t; := Hgﬁ%zz\l As the points are affinely inde-

pendent the map I, defined by I,(w) := ((w; 1), (w; t2), ..., (w;t,)) is an invertible
linear map from the vectorial space V, associated to the points (a1,as,...,ap+1)
into RP. By (3.11), (u, — 72)(ap+1) has a bounded projection on V,. If p = d,
we can conclude the proof of this first step. Otherwise, let a; 11 be the orthogo-
nal projection of a,41 on V,_1, the vectorial space spanned by a1, as,...,a,. Set
§ = laj, 41 — apy1] > 0 and the unit vector ¢t = (aj,,; — a,41)/d. let us consider the
projection w? of (u,, —r2)(ap41) onto the orthogonal of V,. Observe that for i < p,
the vector a;,,; — a; is orthogonal to t and w}, which are also orthogonal to each
other. Define a rigid motion p? by

1
Pha) = S(Wh @t =t @ uh)( — ).

Note that pP(a;) = 0 for all i < p while pE(ap+1) = wh. Setting rE! = 1P + pP,
we obtain that the sequences {|lun(a;) — r2*1(a;)||}n are bounded for any i in

{1,...,p+ 1}. This complete the induction argument if we set 7, := r4+1.

Now let ¢ be any point in 2. We can choose d points in the set {a1, aa, . .., aq+1}
which are affinely independent of xy. We assume without loss of generality
that {ai,az2,...,aq,20} is such a family. For ¢ = e(xp) > 0 small enough
{ai,az2,...,aq,x} remains an affinely independent family for any z in a ball

B(xg,¢€). Setting now t;(x) = Ti—a> the assumption (3.10) and the fact that
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there exists M such that, for any n and any ¢ € {1,...,d}, ||(un — ) (a;)]] < M
imply that for x € B(zo,¢),

[((un —710)(@); ti(2))] < Do + M + 1. (3.12)
Defining the linear map £, by £, (w) := ({(w; t1(x)), (w; ta(x)), ..., (w;tq(x))), we get
[€2((un —m0)(@))|| < d(Do + M + 1).

The map £, is invertible for any z € K := B(zg,/2) and is a continuous function of
x. As C := B(0,d(Dq + M +1)) C R? is compact, the set U, ¢, ' (C) is bounded
and by (3.12), u, — 7y, is uniformly bounded on K. Since Q C U, 5B(z,e(x)/2)
and (2 is compact, we obtain that w, — r;, is uniformly bounded on ).

Let us now prove that the sequence {u,, —7,} is equicontinuous on (). Assume
on the contrary that there exists a real a > 0 and two sequences {z,, }n, {yn}n C Q
such that d,, := |y, — x| converges to 0 while

[(un —rn)(@n) — (Un —70)(Yn)|| > a. (3.13)
Set 7, := (yn — =n)/dy and define
U () = (un — 1) (1) — (Up — ) (), 2 € Q.

As Q is convex, Q satisfies the interior cone condition. In particular, there exists
dq, Ko > 0 such that

VzeQVYveR?, C(6q,z)#0, MS sup  |(v; k). (3.14)
Ko ™ kec(sq.)

Here,
Clog,z) :={kecR%: |k| =1,[z,x + dok] C Q}.

As C(8q, ) is a compact subset of R?, the supremum in (3.14) is attained for some
vector kq(x,v). We set

kn - kﬂ(l‘n,%(yn)), Zn = Ty + V dnkn

For n large enough, v/d,, < dg and so, z, € Q. Choose € positive such that 8 Kqe < a.
We apply (3.10) to (z,y) = (yn, 2n) for n large enough so that |p, (yn,2,)| < € to
obtain that

|<Un(zn) - Un(yn)§ —dnTn + v/ dnkn>| < | —dnTn + V dnk’n|(| —dpTh + dnkn| + 6)

and so, using that {v,} is uniformly bounded, we have

|<vn(z’ﬂ) - vn(yn); kn>| < 3e (315)



Michell Trusses and Lines of Principal Action 1591

for n large enough. Similarly, applying (3.10) to (z,y) = (zn,2n), using that
vn(x,) = 0, we obtain for n large enough,

[{(vn,(z0); kn)| < 3e. (3.16)
By definition of k,,

To obtain the first inequality in (3.17), we have used the definition of k,,, whereas,
the second inequality is a direct consequence of (3.15) and (3.16). Since (3.17) is
at a variance with (3.13), we conclude that {u, —r,} is equicontinuous on . By
Ascoli-Arzela theorem, {u,, — r,} is strongly relatively compact in C'(Q,R?). One
can readily check that every cluster point w of {w,, —r,} will satisfy |w|§ < 1.

Step 2. To obtain the conclusions in step 1, we have used that  is a bounded
set. Assume next that €2 is not bounded. For each integer k > 1 we define Qy :=
QN By(0) where By (0) is the open ball of radius k, centered at the origin. Note that
Q. is a convex bounded set. For k large enough, Q. # 0. We assume without loss
of generality that Q1 # ). By step 1, we may find {u}},, a subsequence of {u,},
and {rl},, a sequence of rigid motions such that {ul —rl}, converges (uniformly)
in C(Q) to some w'. Suppose that we have inductively found sequences of rigid
motions {rl},,...,{rk}, and sequences {ul},,...,{ur}, such that {u’~'}, is a
subsequence of {u’}, for i = 1,... k. Here, we have set u’ := w,. Suppose that
{ul, —ri}, converges in C(Q;) to some w' and w'™! =w’ on Q;_ fori=1,... k.
By step 1, there exists {u} }, a subsequence of {uf}, and a sequence of rigid

motions, {pF*1},, such that {uf*t! — pE+1}, convergent in C(Qx1) to some w*+L.
Here, we have set u};™ := uf . On Qi, we have the following uniform convergence:

Skl s k1 k1) _ 1 ko _ok ok k1) kT ko k1
= i (=g ) = i (o, o) e ) =t i (05, ).
Hence, the sequence {rF —pk*1}, converges uniformly on Qy. Since the ¥ —pit’s
are rigid motions, this implies that the following convergence is uniform on every
compact subset of R¢%:

P = lim (r} —pith). (3.18)
n—oo
Set
rfﬁ'l = pffl + 7% and wFtli=a@ft — 7k,

Then w* and w*+! coincide on € and we have the following uniform convergence
on Qg1:

wFtt = lim (
n—oo

k+1 k+1
W),
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This way, we have constructed inductively w* for all integers k > 1. The function w
defined by w(z) = w”(z) is well defined on R?. Furthermore, {uf — ¥}, converges
uniformly to w on Q. Hence, we can find an increasing sequence {ny }>1 such that

1
||Uﬁk - Tﬁk - wHLoo(ﬁk) < s (3.19)

Observe that {uf }r>1 is a subsequence of {uy}n>1 and {r} }i>1 is a sequence of
rigid motion. By (3.19), {uﬁk - rflk }i>1 converges uniformly to w on any compact
subset of RY. Clearly, w € Ui (Q). O

Proof of Theorem 3.1. We introduce, for every p € Co(Q x Q\A), the following
perturbation of dual problem (2.24):

h(p) := inf{—/(F;u) D EU(p)}.
Here,
Up) = {u e CEURY, [(u(z) —uly);z — y) + plz,y)|z - yl|
<l —yPVae#yecl

The function h is convex and —h(0) coincides with the supremum of (2.24). Let us
assume for a moment that

h(0) > —oo and h is lower semicontinuous at 0. (3.20)

Then the biconjugate h** of h in the duality of Cp(Q x Q\A) with M(Q x Q\A)
satisfies:

h**(0) = h(0) = —infh". (3.21)
Let us evaluate h*(u) where p is an element of M(Q x Q\A). We have:
h* (1) = sup{L(u,p): u € C(LRY) , p € Co(x Q\A)},

where

T A R K ()

—00 otherwise,

Set ¢ to be defined on Q x Q\A by

We may rewrite the Lagrangian L(u,p) in terms of (u, q) as follows:

L(u,p) = E(%q) _ éxﬁ\A<ﬂ§q — Tu) + /(F,u> ifgeQ

—00 otherwise.

Here, Q is the set of ¢ € Cy(€2 x Q\A) such that |¢(z,y)| < |z —y| for all (z,y) €
Q x Q\A. We notice that the linear operator II is continuous from Cp(Q;R%) to
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Co(2 x Q\A) (with a norm less than 2). Denote by IT* the adjoint operator, so that
II*u = F is equivalent to

[ MWuteyulde.dy) = [(Fi) Yue C@iRY,
axa\A

We find that
h* () = sup{ L(u,q) : u € C(LRY), g€ Co(Q x Q\A)}

[ de=sllultdzay) it o=, (3.22)
= QX O\A
+00 otherwise.

Let us show that
1nf{/p0(a(7)) L o€ FF(Q)} < infh*. (3.23)

Since h(0) is finite, the convex function h never assumes the value —oco. We use this
and (3.20) to conclude that h* # co. Let u be a Radon measure on  x Q\A such
that h*(p) < +o00. Then as IT* () = F, we may then associate a measure v on Xq
by setting

/ (70 = /,  U(lay)) u(dady), (3.24)
Xq axa\A

for every bounded continuous function ¥ on Xq. Notice that by (H3), the function
(x,y) — ¥([z,y]) is bounded continuous on Q x Q\A. By (3.24), var(y) < var(u)
and recalling (3.8), we have:
/po(a(’y)) < H(C)y|(dC) = /_ _ e —yllpl(dedy). (3.25)
Xq ax\A
We first use the definition of o (), (3.5), then we use (3.24) and eventually (2.5) to
obtain for every u € C*(Q),

Jetva = [ . ([tot=59u) utas

:/,, Hu(z,y) p(dx dy)
QX O\A

= /(F;u}.

We have used that IT* () = F to obtain that last equality. Therefore the measure
defined above, belongs to I'p(£2). This proves that I'r(2) # 0. Furthermore, (3.22)
and (3.25) yield (3.23). Then by taking into account (3.21), (3.22), we deduce that

nt{ [ 012030} <ine{ [ 200 00) € @)}

<infh* = —h(0) = sup {/(u,F) Cu € Z/{l} . (3.26)

u
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Since we already know by (2.25) that the reverse inequality holds, we obtain that
all quantities above are finite and equal.

To finish the proof of Theorem 3.1, we still have to show (3.20) and that the
supremum in (2.24) is achieved. Both facts are a consequence of Lemma 3.3. Let
Pn € Co(Q x Q\A) such that p,, — 0 uniformly. To prove the lower semicontinuity
of h at 0, we may assume, after extracting a suitable subsequence, that h(p,) does
converge to some o € [—00,+00). Then we can choose a,, < h(p,) and u, so
that (3.10) holds, a,, — « and — [(F;u,) < a,. By Lemma 3.3, there exists a
sequence of rigid motion {r,} such that, possibly passing to a subsequence, we
have u,, — r, — u uniformly on compact subsets where u belongs to U;(2). Since
F is equilibrated and compactly supported, it follows that

/(F;un> = /(F;un — ) — /(F,u).

Therefore h(0) < — [(F,u) < a. This proves the lower semicontinuity at 0. Apply-
ing the same argument with p,, = 0 for all n (thus a = h(0)), we obtain the existence
of u € Uy (2) such that h(0) = — [(F;u). Thus h(0) is finite and the supremum of
(2.24) is reached at u. m|

3.4. Optimality conditions

Let u be an element of ¢, (£2). It is shown in Lemma 3.4 below that, if C' is a curve
in space X&°, then the restriction of u to C has a tangential component u, = u-tc.
The function u, is Lipschitz with respect to the curvilinear abscissa s, whereas the
orthogonal component u,, is continuous. We then define the tangential strain e (u)
to be

eC(u) ==ty — K(s) uy, (3.27)

where k(s) the curvature is a bounded measurable function. Then ec(u) is well-
defined H! a.e. along C, independent of the orientation of C' and it coincides with
(e(u),tc ® te) at every point of differentiability of .

Lemma 3.4. Let u € Uy (Q). Then for every Ctt-curve C in €, the restriction to
C of the tangential component u, is Lipschitz continuous and e (u) given by (3.27)
satisfies [ (u)] <1 H'-a.e in C.
Furthermore, there holds
(—dive®;u) = / € (u) dH .
c

In particular, we have |(dive®;u)| < HY(C) with an equality if and only if e (u) =
+1 a.e onC.

Proof. To prove that u, is Lipschitz on C, we observe that, if C' is parametrized
by the arclength as r(s) and if K is an upper bound for the curvature |#(s)|, then
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the tangent vector 7(s) = r(s) is such that, for every s € [s1, sal:

7(s) — w

82 — 81

< — — S51].
= 2|82 31|

Therefore |%| < 1+ £ and taking into account the fact that u € U (),

we obtain B
utr(o2)): 7(52)) = o)) < | (utr(on) = utr(on): =200 )

+ KlJul|Le[s2 — s1]
< (14 Klul|poeo(oy)|s2 — s1]- (3.28)

Let {un)} C Ui1(2) be the smooth approximation sequence defined in
Lemma 2.1. Then by (3.28), the sequence of scalar functions u,, -t is equi-Lipschitz
on C and converges weakly to u, in W1°°(C). Therefore, by (3.27), e (u,) as an
element of L>°(C, H') converges weakly-star to e (u). In particular, as u,, belongs
to U1 (), we have that [ (uy,)| = [(Vun, tc @ te)| < 1 and, passing to the limit,
we deduce that |e“(u)| < 1 H'-a.e in C. Furthermore, by the uniform convergence
of u,, we have

(=dive©;u) = lim (—dive©;u,) = lim [ e%(u,)dH' = / e (u) dH* .
nmee nmeeJo c

The last statement of the theorem follows easily from the fact that
eC(u) <1 ae. m|

Theorem 3.2. (i) A pair (u,vy) € U1 () x Tr(Q) is optimal for (3.9) if and only
if the following equalities hold
e“(u)=1 H'-ae forall Cecsptyt, e“u)=-1
H'-a.e. for all C € spty~ (3.29)
(ii) Let ug be a particular maximizer in (3.9) and let xo belong to an open subset
where ug is of class C*. Then every curve C in the support of an optimal v pass-
ing through xo 1is such that tc(xg) is an eigenvector of e(u)(xo) associated with

the eigenvalue 1 if C € spty™ and —1 if C € spty~. In particular, two curves
respectively in sptyT and spty~ passing through xo are orthogonal.

Proof. Owing to Theorem 3.1, a pair (u,v) € Uy () x Tp(Q) with o(y) € Zr(Q)
is optimal if and only if the following equality holds

(F,u) = ; HY(C) |v|(dC). (3.30)

By Lemma 3.4, exploiting (3.5), we have:

(F,u) = (=divo(y);u) = /XQ (/C e (u) d'Hl) ~(dC).
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Therefore, (3.30) can be rewritten as

/XQ </c(ec(”) - 1)‘”‘1) 7(dC) +/Xn (/C(ec(u) + 1)dH1) ¥ (dC) =0

The assertion (i) follows since u € U; () and thus satisfies [ (u)| < 1 a.e.

To prove the assertion (ii), it is enough to note that e (ug) is continuous on a
neighborhood V of zy and therefore constant equal to 1 (resp. —1) in C NV where
C is any curve is the support of % (resp. v7). Then, if such a curve passes through
o, we have

(e(u0)(@0); b ® to(a0)) = eC(uo)(wo) =1 (resp. — 1),

whereas p(e(uo))(zo) < 1 and p°(tc ® to)(wg) = 1. By Remark 2.2, we infer that
to (o) is an eigenvector of e(ug)(zo) associated with eigenvalue 1 (resp. —1). The
conclusion is then straightforward. O

A straightforward application of Theorem 3.2 allows us to recover the optimality
criterium obtained in Example 2.1 (where u® is the identity map). We have

Corollary 3.1. (Optimal trusses in tension or compression) Let F € Mo(S2). Then

ug (z) == (resp. uy () := —x) is a solution of (2.24) if and only if the admissible

set Tr(Q) contains a non-negative (resp. nonpositive) element ~o. In this case o(yo)
is a minimizer of (2.22).

Proof. Asec(uf)=1and ec(uy) = —1 for every curve C, we need only to apply
the optimality conditions (3.29). m|

4. Examples of Optimal Structures
4.1. A structure with all lines of action in tension

In Example 2.1 we already described optimal trusses with all bars in tension. Let
us reformulate one of these examples via measures on the set of curves Xpgo.

In R? we consider the points A(0, —1), B(—v/3/2,1/2), C(v/3/2,1/2) and the
balanced system of forces

F=04A+ 6B+ dcC.
For each t € (0,1) and M € R? we set M; = tM. We consider the measure
v = vt + 792 on Xge, where
1
"% = ﬁ(é[At,Bt] +0,.00 +0(c,A0)s Vi = Oana)] T (B, B + 00,0l

We set

1
% =0=1%, 5 =0[0,4+60,5 +000c, "= ﬁ(CS[A,B] + 91,01 + ¢, 4])-
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It is easy to check that, for any t € [0, 1],

div(o(vy)) = div (\/Lg (J[A“Bt] + olBrC 4 U[C“At]) + olAeAl 4 G[BeB] U[Ct’c])
- _F

Hence o(v;) belongs to Yg(R?) and, as v; is a non-negative measure, Corollary 3.1
ensures that o(7;) is a minimizer of (2.22). This shows that there are uncountably
many optimal Michell trusses in Y (R?).

There are also uncountably many optimal structures which are not trusses
(in the sense that these structures are not one-dimensional). Let us describe
them using our formulation: let p be any probability measure on [0,1] and set
Vp 1= f[0,1] v p(dt). Corollary 3.1 still apply to the measure ,. For this optimal
structure, we have o(v,)) = f[O,l] o(v) p(dt). Note that the Hausdorff dimension of
this measure can be any real in [1, 2] (it is two if, for instance, p(dt) is chosen to be
the Lebesgue measure on [0, 1]).

4.2. A structure with some lines of action in tension
and others in compression

In R? we consider the points A = (/2,0), B = (@,@), C = (—¥2 ¥2) and
the symmetrical points D = —A, E = —B, F' = —C. Denoting e;
e2 = (0,1), we consider the equilibrated system of forces

V2

F= 7(044'5) (64 —200 +6p) e2 + g(ﬂ —a) (64 —6p) e, (4.1)

where a, 8 > 0 are two positive parameters. In the particular case o = 3, Michell!
provided a picture of an optimal stress minimizing (2.25). He laid down arguments
which guide us to write an analytic description of the optimal structure in R? for
the system of forces (4.1).

4.2.1. FEzistence of optimal structure

For any 6 € [0,2n), we consider the radial segment Cy := [0, (cos(f),sin(0))]. A
straightforward computation shows that the Hausdorff distance between two such
segments Cy and Cy is lower than |0 — 0] and so, § — Cp := ©(6) is Lipschitz.
Therefore, it makes sense to define measures on X := Xp2 as the push forward of
measures on [0,27). For instance, we can define 4™ and 7% on X by

3 /4 /4
Vo € O(X), / dy"P = / ©(Cp)do, / dy'Y = / ©(Cp)dh.  (4.2)
X T X 5

/4 /4

Let us denote BC the curve {(cos(0),sin(0)); 0 € [r/4,37/4]} and EF the
symmetrical curve {(cos(f),sin(0)); 0 € [57/4,7n/4]}.
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We define v = v+ — v~ where
1t i=ay"" + B(p,p) + 0~ +oray), 7 = By + adpa,p) + 05 F010,0))-

Recall that, when r : [0, ] is a parametrization by the arclength of a C*!-curve
C, with endpoints M = r(0), N = r(f), then the tangent vector tc = I and the
curvature vector ko = 1 satisfy the relation

—diV(tc Rto H1|c) = —kc H1|c —tcdp +todn

in the sense of distributions. This enables us to compute div(a(éEaF)) and
div(a(éBA )). As the support of the remaining part of v contains only segments,
it is straightforward to check that

—div(o(y)) = F.

At any point # € R?\{0} let us introduce the polar coordinates (p(x),8(x)) €
(0,4+00) x [0,27). Thus x = p(z)(cos(f(x)),sin(f(z))). We divide R?\{0} in four
angular sectors

S = {x; 0(z) € E%)} Sleft = {x;@(x) € [%”‘%”)}
Slov = {x; o(z) [%%)} Sright . {x; 0(z) € {%ﬂ%) U [o%)}

We introduce the matrices

- (O 1) <O —1) (cos(29) sin(29)>
J = , J= ) A(e) = . s
1 0 1 0 sin(20) — cos(20)

and define u, € U;(R?) by u,(0) = 0 and

x+ (m—20(x))J - w, if x € S"P,
to(z) = —j-x—%J-x, if z € Steft (4.3)
’ —z+ (20(z) —37)J -z,  ifxe SV, '
Jox+2J-x, if z € Srisht,

It is easy to check that u, is continuous on R? while Vu, and so e(u,) are continuous
on R?\{0}. The explicit computation of e(u,) reads

A(0(z)), if x € S"P,
—J, if z e Sleft,

e(uo)(x) =4 A0(z)), ifzeSov, (44
J, if 2 € Sright

Recalling that for any curve C' € X, e (u,) coincides with (e(u,); tc ® tc), it is
straightforward to check for any curve C' € spt(y*) that e“(u,) = 1 and for any
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curve C' € spt(y~) that e (u,) = —1. Therefore Theorem 3.2 states that the pair
(uo,7y) is optimal.

Moreover, as u,(0) = 0 and u,(A) = uy(D) = v/2(1 4+ 7/2)es, the value of the
optimal cost simply reads

/ (o F) = 2+ 7) (0 + ).
Rz

Remark 4.1. There are several vector fields a : R? — R? such that |a] = 1 and
e(u,) =a®a—at ®@at. (4.5)

Despite the fact that e(u,) is continuous on R?\0, it is not possible to find a vector
field a which is continuous on the whole set R?\0 such that (4.5) holds.

4.2.2. Approzimation by trusses

The optimal structure v described in the previous subsection is made of four bars
[F, A, [A, B], [C, D], [D, E], two arcs of circle EF, BC' and two parts which corre-
spond to two-dimensional measures o (y"?) and o (7'°%). In no way can this structure
be considered as a truss. In this subsection, we show that it can be considered as the
limit of a sequence of trusses. We construct a sequence {v,}52; of signed measures
on X such that o(v,) converges to o(y) and is a minimizing sequence for both
(2.22) and (3.6). The existence of such a sequence supports, in this particular case,
the conjecture that (3.6) is a relaxation of (2.8).

We already quickly described the sequence {7, } in Fig. 3. Let us be more precise.
Let n > 0 be an integer and k € {0,...,n}. We denote M), the point Mj :=
(cos((3 4+ £)m), sin((3 + £)7). We set

™ 0
n / cos n S, an in
and we introduce the signed-measure v, on X by setting

n—1 n

1 1

Tup = $n (Z 9j0,0,] + 5000.5) + 5%0}) —tn (Z O[aty—1,Mi] ~ O[4,B] — 5[c,D]> :
k=1 k=1

Considering 7}y, the measure obtained from 7y, by a symmetry with respect to the
first axis, we set 4" = an)}, — 7)), Direct computations reveal that —div(c(y")) =

F and
/po(an) =2(a+B) <1 +4n (sin %)2 (Sin %)_1) . (4.6)

Letting n tends to +o0o we obtain that

lim P’(0™) = (a+ B)(2 + 7).

n—-+4oo

Hence the cost converges to the optimal cost obtained in the previous subsection.
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4.2.3. Uniqueness of solutions; a special system of hyperbolic PDFEs

Michell, when studying the case @ = 3, conjectured that the minimizer is unique.
This fact seems to be well accepted in the literature but we are not aware of any
work where the proof of uniqueness has been provided. The proof we propose is
based on the analysis of an unusual system of hyperbolic PDEs.

In Sec. 4.2.1 we exhibited an optimal stress measure o(y) and an associated
displacement field u,. We use the same notation and introduce a change of variables
which make easier the description of e(u,). For any (s,t) in S := Rx (0, 4-00), we set

V2

Y (E st T4s+t),  ifs<-T
2 \4 4 4
T'(s,t) == q t (sin(s), cos(s)), if s € [—%, %} )
g (—%+s+t,—%—s+t>, if 5 > %.
This is a piecewise diffeomorphism from S onto S := S'°ft U §uP U STight Note that
T maps the set S"P := [-F, 7] x (0, +00) onto S"P and that, for any (s,t) € S"P,

T _

we simply have §(T'(s,t)) = 5 —s. The Jacobian j of this change of variable is given
by j(s,t) =t, if (s,t) € 8", j(s,t) = 1 otherwise. We associate to any measure §
on S, the measure T~ ¢ on S defined by

Vo e o), /g@d(T‘wﬁ):/SwT‘ldé

We also introduce the orthonormal basis (€5, €;):

~ 1 o7 - or
es(s,t) = ) E(s,t)7 er(s,t) = E(s,t).

Denoting e, := ;0T and e, := ;0T !, it is straightforward to check that, on S,

e(up) = —es ®es + e ® ey.

We want to prove that any optimal stress measure ¢° coincides with o (7).
Both measures belong to ¥y, have finite energy and, since e(ug) is continuous,
they satisfy the localized optimality conditions (2.28), (2.29) (where in (2.29) the
orthonormal basis {a’} becomes {es, e;}). Thus the restriction to S of the difference
0 :=0° — o(y) is divergence free and takes the form

o= —-Aes®es+ e @ ey,

where A; and A are two (signed) measures on S with finite variation. In order to
prove that A; and Ay vanish, let us consider a test function ¢ € C2°(S) and set
v=poT le,and w=poT le; A direct computation gives

10 0

Vo= (=22) 0T e,@es+ LoT le,@e— (gp) o T ey D e,

j Os ot
where g is the function defined on S by g(s,t) = 1/j9j/0t = 1/tx‘§up. The
function g is discontinuous for s € {—m/4,7/4} and so is Vo; but it is easy to check
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that, if p. is a standard mollifier, the following uniform convergence hold:

10
(VU pe; es ®eg) — <38_f)OT_1’ (Vv *pe; e @er) — 0.

Hence
0:/<v*p6; —div(0)) :/(Vv*pe; o)
s s

:/<Vv>kp€; es ® es)d\ —l—/(Vv*pe; er ® er)dAa,
s s

and passing to the limit

_ . _ [ (Lo¢ -1 _/la_‘P 1
0—/8(Vv,es®es>d)\1—/s<j 88)OT d\ = s d(T~ ).

As this is true for any p € C°(S), we deduce that there exists a measure v; on
(0,+00) such that T-Y¥X(ds,dt) = ds ® v1(dt). Then [sd|M| = [sd|T 1| <
400 implies 1 = 0 and so A\; = 0.

Now, using this first result, and performing similar computations for the test
function w, we get

10 0
Vw=(=22)oT e, @es+ L oT e, @e;+ (gp) 0T Les @ e,
j Os ot

and
0 :/(Vw; er ® er) dg :/ a—‘pd(T*%).
S S 8t

We deduce that there exists a measure v, on R such that T\, (ds, dt) = vo(ds) ®
dt. Again, the finite total variation of Ay implies that vo and so Ag vanish.

To conclude, we observe that o vanishes on S thus on R x RT\{0}. The same
holds true on R x R™\0 (this by using a symmetrical change of variables). Thus o
is concentrated at 0 which is incompatible with the divergence free condition unless
o=0. |

5. Open Problems

The aim of this paper was to give a rigorous fundament to the notion of Michell’s
lines. These lines are designed to carry the constraints and support the optimal
structure; in our framework they are exactly the elements of the support of an
optimal (signed) measure . The lines in tension correspond to the positive part v+
whereas the lines in compression are carried by the negative part v~. We strongly
believe that our approach could be a useful tool to investigate the properties of
optimal structures. However, it is still necessary to prove the existence of a min-
imizing measure « for the infimum problem in (3.9). Hereafter we propose some
open problems or conjectures.
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Problem 5.1. (Existence) Assume that the load F' is supported by a finite number
of points. Then we conjecture that an optimal v exists and that this v is supported
on a subset of Xé‘)"‘o for ko large enough (recall that Xé‘)’“o introduced in Sec. 2.2
consists of all smooth curves whose length and curvature are upper bounded respec-

tively by Iy and ko).

A long standing conjecture concerns the relation between the support Y of the
load F' and the region R in which an optimal structure lies. As noted in Example
2.2, R is not included in the convex hull of Y.

Problem 5.2. (Boundedness of optimal structure) Assume that the design region
is all R and that Y is bounded. Then it seems reasonable to conjecture that R is
bounded. Can we more precisely estimate the value Ry such that the value of

inf / P°lo] (5.1)

0€Xr(Br) JBr

is independent on R for R > Ry? Furthermore, in the more ambitious attempt to
describe the domain R in the case d = 2, can we characterize a set of finitely many
extreme curves surrounding R, i.e. such that R is contained in the convex hull of

these lines?

In contrast with the scalar case of Monge transport problem, almost nothing is
known about the regularity of optimal pairs (u°, ¢°). In the usual case of application,
the load F is concentrated and we expect that the optimal stress measure o exhibits
concentrations as it is shown in Sec. 3. For what concerns the optimal displacement
u® which should be everywhere defined in the design (in general it is not unique),
we expect that it is regular at least in the complementary of the lower dimensional
subsets where ¢ is concentrated.

Problem 5.3. (Regularity of optimal deformations) Assume that F is an
equilibrated system of forces with finitely many points of application M =
{My, My, ...,My} C Q C Re. Let u® be a mazimizer of u — | < Fi;u > over
U1 (). Can we predict in terms of M the location of the subset where u® is not
differentiable? or of the subset where the symmetric tensor e(u®) is discontinuous?

The last question concerns, in the case d = 2, the subset of the optimal structure
R where the strain tensor e(up) has two eigenvalues 1 and —1. This sub-region R’
plays an important role as it is the one where the Michell’s lines make a Hencky—
Prandl net: recall that, by the assertion (ii) in Theorem 3.2, two curves respectively
in sp v* and sp v passing trough a point z € R’ are orthogonal.

Problem 5.4. Assume that F is an equilibrated system of forces with finitely many
points of application M = {My, Ms,..., M} C R%. How can we characterize the
set R’ associated with a mazimizer u® of w — [(F;u) over Uy (2)? Can we state
that the curvature of Michell’s lines vanishes away from R', i.e. that k(s) =0 a.e.
on C\R' fo all curves C' in the support of an optimal measure 7
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