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ABSTRACT. We present an approach for proving uniqueness of ODEs in the
Wasserstein space. We give an overview of basic tools needed to deal with
Hamiltonian ODE in the Wasserstein space and show various continuity results
for value functions. We discuss a concept of viscosity solutions of Hamilton-
Jacobi equations in metric spaces and in some cases relate it to viscosity solu-
tions in the sense of differentials in the Wasserstein space.

1. Introduction. We consider infinite dimensional Hamiltonian systems in the
Wasserstein space which arise in the study of limits of physical systems of indistin-
guishable particles in motion when the number of particles tends to infinity, and
the associated Hamilton-Jacobi equations. Such systems appear in many interesting
cases, for instance in the theory of Mean Field Games pioneered by J-M. Lasry and
P-L. Lions [57, 58, 59, 60], which has become a fast growing area during the past
few years [1, 2, 21, 45, 49, 50, 51, 52, 56]. The study of Hamilton—Jacobi equations
in the Wasserstein space P2 (M) and in more general metric spaces is an important
problem of its own. Here, M = R? or M = TP and P»(M) is the set of Borel mea-
sures on M with finite second moments. The theory of Mean Field Games when
M =R?, leads to the investigation of equation

OU(t,x, ) + %Ivzu(t,fmu)lz + F(u) — /Rd (VaU(t,q, 1), VUt q, 1)) u(dg) =0,
(1.1)

which is related to the so called mean-field equations in [60]. Here, the variables
are t > 0, z € R? and p € Py(R?). The rigorous treatment of (1.1) is open to our
knowledge. A model equation for us will be the Hamilton-Jacobi equation

OU(t, ) +H(p, Vuh(t, 1)) =0 on  (0,T) x Pa(M), (1.2)
where

M, &) o= SlIElR + F(o),  (6) € TP(M). (13)

Here, TPo(M) is the union of the sets {u} x L?(u) where p € Po(M) and L2 ()
stands for the set of Borel maps & : M — R such that fM |€|2du < oo. There is
an embedding of TPa(M) into Po(M x RP) given by (u,&) — (id x &)xu and so,
TP2(M) can be viewed as a subspace of P2(M x RP). Here # is the push forward
operator (cf. e.g. [7]).
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Hamilton—Jacobi equations in the Wasserstein and related spaces also appear in
the study of large deviations of empirical measures for stochastic particle systems,
statistical mechanics, fluid mechanics, and many other areas [11, 12, 13, 14, 15, 16,
41, 32, 34, 35, 36]. In this article we give an overview of basic tools needed to deal
with Hamiltonian ODE in the Wasserstein space, show various continuity results
for value functions, and discuss viscosity solutions of Hamilton-Jacobi equations in
the Wasserstein and metric spaces.

In Section 3, inspired by the work of Loeper [61, 62] and Yudovich [68], we present
tools for proving uniqueness of solutions o € AC5(0,T;P2(M)) of ordinary differ-
ential equations in the Wasserstein space; our study covers the case where o(t) may
not be absolutely continuous with respect to the Lebesgue measure. Applying these
tools for proving uniqueness of characteristics in Equation (1.2) remains however a
challenge because of the lack of regularity of 4 — V,U(¢,-). The result obtained in
Theorem 5.2 (iv) would be, in finite dimension, equivalent to the fact that U(¢,-) is
semiconvex and semiconcave and so its gradient is Lipschitz.

In Section 4, we study non—autonomous Hamiltonian equations for a one particle
system and link them to systems of infinitely many particles. The idea there is that
in order to study infinite dimensional ordinary differential equations of the form

Oi(ov)+ V- (ovev)=—0V,F(o)

on (0,T) x Pa(M), one needs to understand the one particle non-autonomous or-
dinary differential equations

§=—0VuF(a(t))(q).
Making this statement rigorous requires proving some estimates which we establish

in Section 5. For simplicity, in Sections 4 — 6 we keep our focus on Hamiltonians of
the form

Flu) = /M(V + W o p)dp. (1.4)

The main result of Section 5 is Theorem 5.2 (iv) which states that the value function
provided by the Hopf-Lax formula is differentiable along special paths (cf. also
Remark 7 (i)).

In Section 6 we consider functions more general than those appearing in (1.4) and
prove that the value function provided by the Hopf-Lax formula is Lipschitz. Most
of the techniques used there mimic those used in the finite dimensional setting.
The new ingredient is Lemma 8.3 which says that any 2-absolutely continuous
curve in the Wasserstein space can be in some sense translated in any prescribed
direction while its velocities are controlled. Moreover there is a difficulty which one
encounters when trying to show that the value function is semi—concave. Given a
curve o € AC5(0,T;P(M)), v € Po(M) and ¢ € (0,T), one can consider the path
o¥ which coincides with o on [0, ] and extend it to the geodesic which connects o
to v. In the Hilbert space setting, the analogue of the path ¢” is used to prove that
the value function given by the Hopf-Lax formula is A—concave if F is A—convex.
Making that proof work in the Wasserstein setting is a harder task which we could
complete only under some restrictive smoothness assumptions on the initial value
function Uy (cf. Theorem 5.2). In a Hilbert space, one can translate any curve with
its tangents in any given direction whereas we are lacking of ways of performing the
analogue operation in the Wasserstein space. This substantially complicates the
proof of the fact that the value function is differentiable along characteristics unless
one imposes that the initial value function is of class C* in a sense to be specified.
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In a Hilbert space, there is a natural Poisson structure and the study of Hamilton-
Jacobi equations has a long history (see next paragraphs). The characteristics exist
and are unique when the initial function is smooth (cf. the recent study [47]). In
the Wasserstein space there are major difficulties one has to face. Indeed, one can
show the existence of a Hamiltonian flow W : [0, 00) x Po(M x RP) — Py(M x RP)
(cf. [6]) for the Hamiltonian

y 1
H(y) = */ Ip|>~(dg, dp) + F(p), = Tar#Y (1.5)
M xRP

2
which extends H from TPa(M) to P2(M x RP). However, if we choose (u,&) €
TP2(M) and identify it with v = (id x &)gpu € P2(M x RP), W(t,v) may es-
cape TPa(M) and so, there is no known Hamiltonian flow for H. An existence or
uniqueness theory remains open in 7Pa(M). We refer the reader to [20] where a
Hamiltonian flow for 4 and M = R was proposed via some selection criteria.

The terminology of Hamiltonian systems in the Wasserstein space which we use
throughout this manuscript is justified by the fact that there exists a Poisson struc-
ture on P(T? x R?) as well as on P(R? x RY) (cf. [38] and [55], [63]). In some
cases, for instance when M = T!, one can exploit the well-developed theory of
Hamiltonian systems on the Hilbert space L?(M) to study Hamiltonian systems on
the Wasserstein space Po(M) (cf. e.g. [40, 41, 42, 46]). A direct approach on the
infinite dimensional torus P(T¢) appeared for the first time in [43].

Hamilton-Jacobi-Bellman equations in infinite dimensional spaces have a long
history. Earlier results in Hilbert spaces can be found in [9]. The theory of viscosity
solutions in Hilbert spaces started with papers of M. Crandall and P. L. Lions [24]-
[30]. Other notions of viscosity solution were also introduced (see e.g. [54, 65, 66])
and there is by now a huge literature on the subject, including a theory of second
order equations in Hilbert spaces. As regards equations in spaces of probability
measures and more general metric spaces, several approaches have been introduced.
In [34] a very general theory of viscosity solutions in metric spaces was proposed.
The main motivation of [34] was to apply it to equations coming from large deviation
problems for particle systems. More concrete problems in the Wasserstein space
have been studied in [33, 35, 36]. The definitions of viscosity solutions there were
based on the use of special test functions related to the problems that reduced the
state space to measures absolutely continuous with respect to Lebesgue measure
and guaranteed coercivity estimates. P. L. Lions in [60] proposed an approach in
which an equation in the Wasserstein space is pulled to an equation in a Hilbert
space L? where measures are replaced by random variables in L? having given laws.
The definition of viscosity solution for equations in the Wasserstein space given
in [41] is based on the notions of sub- and superdifferentials of functions in the
Wasserstein space. In [44] a notion of metric viscosity solution was introduced. It
looks at the behavior of functions along curves and it is substantially based on the
sub- and super-optimality inequalities of dynamic programming. Another paper
that studies a special Hamilton-Jacobi-Isaacs equation in the space of measures
associated with a zero-sum differential game with imperfect information is [22].
Finally we mention the papers [8, 48, 64] where it was proved that Hopf-Lax formulas
satisfy certain differential inequalities and equalities involving local slopes (see (7.2))
for the associated Hamilton-Jacobi equation.

In this paper we discuss the notion of viscosity solution in the Wasserstein space
using the notion of sub- and superdifferentials and a notion of viscosity solution
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in a geodesic metric space. In Section 6 we show that in the Wasserstein space,
the Hopf-Lax formula provides a subsolution in the viscosity sense in terms of the
subdifferential of a value function. The Hopf-Lax formula is not known to provide
a supersolution in the viscosity sense in terms of the superdifferential of the value
function except in some simple cases [53]. In Section 7 we discuss a notion of
viscosity solution in a geodesic metric space for Hamilton-Jacobi equations whose
gradient variable only depends on its “length”. We prove a general comparison
result, show that a viscosity solution can be obtained by Perron’s method, and
prove in a model case that the function given by the Hopf-Lax formula is a viscosity
solution.

This manuscript relies on the material developed by Ambrosio, Gigli and Savaré
[7] which contains the classical theory the mass transport is built upon. We also
refer the reader to [67] for an alternative presentation of the mass transport theory.

2. Preliminaries. Throughout this manuscript M is either R?, T4, R? x R? or
T¢ x R? and id : M — M is the identity map on M. If z,y € M then |z — y| is the
natural distance between x and y. We write M C R” having in mind that either
D =dor D=2d.

Recall that Po(M), the set of probability measures on M with bounded second
moments, is endowed with the Wasserstein metric W5, which makes it a geodesic
space. Given p,v € Po(M), we denote by I'(u, ) the set of Borel measures v on
M x M which have p as the first marginal and v as the second marginal. We denote
by T',(p, V) the subset of T'(u, v) which consists of measures v such that

W (u,v) = /M L — y*y(d, dy).
X

When M is a bounded set then Po(M) coincides with P(M), the set of Borel
probability measures on M. If 1 € Po(M) and & : M — RP is a Borel vector field
such that [[€]12 := [}, [€]*u(dg) < oo, we write £ € L?(i). We denote by T}, P (M)
the closure of VO (M) in L?(u), and denote by TP2(M) the set of (u, £) such that
p € Pa(M) and & € T, Po(M). If n is a positive integer, P™ (M) is the set of discrete
measures of the form

1 ¢ 1 1
,ux::ﬁZcSﬂ, where z,---,2" e M, x:=(z, - ,2").
i=1

Given a metric space S and time dependent function f : [0,7] — S, throughout
this manuscript, we write f; in place of f(t). For instance if X : [0,T] x M — R,
we write X;(q) instead of X(¢,q). If 0 € AC5(0,T,P2(M)) we write oy instead of
o(t).

Theorem 2.1, stated below, is a fundamental theorem of the Monge-Kantorovich
mass transport theory which was first due to Brenier [19] and was later refined by
Gangbo-McCann [39].

Theorem 2.1. Assume M = R? or M = T?, u,v € Py(M) and u vanishes on
(d — 1)—rectifiable sets. Then there exists a unique v € T'y(u,v). Furthermore, there
exists a Borel map T : M — M such that v = (id x T)xp and so, Tyup = v.

The following stability result on optimal couplings can be found in Proposition
7.1.3 [7].
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Theorem 2.2. Assume {p"}n,{vn}tn C Pa2(M) converge narrowly to p, v re-
spectively and v, € To(tin,vn). Then, {yn}n is narrowly relatively compact in
Pa2(M x M) and any narrow limit point belongs to T'y(p, V).

3. Uniqueness of ODEs in the Wasserstein space.
3.1. Properties of curves in the Wasserstein space.

Definition 3.1. Let (S, dist) be a metric space. A curve t € (a,b) — o; € S is 2-
absolutely continuous if there exists 8 € L?(a,b) such that dist(oy,05) < f: B(T)dr
for all @ < s <t < b. We then write 0 € ACs(a,b;S). For such curves the limit
lo’|(t) := lims_,; dist(oy, 05) /|t — 5| exists for £!-almost every t € (a,b). We call
this limit the metric derivative of o at t. It satisfies |o/| < 8 L'~almost everywhere
(cf. e.g. [7]).
Remark 1. (i) If 0 € ACy(a,b;S), since |0/| € L?(a,b) and dist(os,04)
< fst |o’|(T)dT for a < s < t < b, we can apply Holder’s inequality to conclude
that dist®(oy, 0¢) < ¢|t — s| where ¢ = f; lo’|2(7)d.

(ii) Tt follows from (i) that o is continuous and so, since [0, 7] is a compact set,
so is {o¢| t € [a,b]}, the range of o. In particular the range of o is a bounded set
and if s € S, by the triangle inequality dist(cs,s) < y/c|s — a|] + dist(oq, s).

The proof of the following proposition can be found in [7] (cf. [43] when M = T%).

Proposition 1. If o € AC5(a,b; M) then there exists a Borel map v : (a,b) x M —
RP such that v, € L*(o;) for L'~almost every t € (a,b), t — ||vi||,, belongs to
L?(a,b) and

Oc+V-(ov)=0
in the sense of distributions: for all ¢ € C((a,b) x M),

/ab /M (am + <V¢7v)> do dt = 0. (3.1)

We refer to v as a velocity for o.

Furthermore, one can choose v such that vi € T,, Po(M) and ||vi|ls, = |0”|(¢)
for L'—almost every t € (a,b). In that case, for L'~almost every t € (a,b), vy is
uniquely determined. We denote this velocity ¢ and refer to it as the velocity of
minimal norm, since if W is any other velocity for o then ||6¢|ls, < ||[Wtllo, for
L' -almost every t € (a,b).

Assuming v is the velocity of minimal norm for o then for L'-almost every
t € (a,b)

hm W2 (Ut+h7 (id + th)#O't)
h—0 |h|

Remark 2. Suppose {c"},, C AC5(a,b; M). By definition of |(c™)’|

b
sup/ (™) |(t)dt < oo
neNJaq

—0. (3.2)

if and only if there are velocities v : (a,b) x M — RP for o™ such that

b
sup/ [[v™]|2ndt < oco.
neNJaq !

The following proposition is a consequence of Propositions 3 and 4 of [40].
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Proposition 2. Suppose v € Po(M), {o™},, C ACs(a,b; M) and
sup Wa (o, v), bup/ |(o t)dt < co.
neN neN

Then there exist 0 € ACs(a,b; M) and an increasing sequence of integers {ny}x
such that for all t € [a,b], {o,'* }r converges narrowly to oy. Furthermore, we have

b
hrnlnf/| ) t)dtZ/ lo’|(t)dt. (3.3)

Lemma 3.2. (i) Let o' € ACs(a,b;Po(M)) and let v¥ be velocities for ot (i =1,2).
Set

9(t) = Wa(o}, 7).
Then g € WY2(a,b) and the distributional derivative of 1/2g* satisfies almost ev-

erywhere

3O [ @) = vi)a - p)lde,dy) (3.4)

M x M
for any v € To(o},0?).
Proof. let ¥ be velocities of minimal norm for o (i = 1,2). Since
Vellor + 1921102 < IIVillor +1IVElloz =: B(E),
if a <t; <ty <b, by the triangle inequality and Remark 1 (i)

ta
g(t1) < Walo},,0l,) + g(t2) + Walo,,07) < g(t2) + [ B(t)dt
ty

Interchanging the role of ¢; and t3 we conclude that |g(t2) — g(t1)] < f t)dt.

This proves that g € W12 (a,b). Hence, 1/2¢g% is Wh(a,b), its pointwise derwatwe
exists and coincides almost everywhere with its distributional derivative.

Recall that the set N of ¢ € (a,b) such that Equation (3.2) fails to hold for either

(o1, v!) or (02,v?) is of null measure. Let t € (a,b) \ N. For |h| small enough, by

the triangle inequality
9(t+h) < Walop,p, (d+hvy)gop) +g(h) + Wa((id+hv7) ot o7,p) = g(h) +o(h),
where
g(h) = Wa((id + hv;) oy, (id + hv) o).
Hence,
g*(t+ h) < g*(h) + o(h). (3.5)
Let v € [y(0},07) and define the Borel measure
"= ((id+ nv}) x (id+ hv7)) 7.
o = (G4 hvd) x G+ b))y

We have
Y € T((id + hv})got, (id + hvi) go?)
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/ lw — z|*4"(dw, dz)
MxM

/ &+ hvl(2) — y — t92()P1(da, dy)
M x M

G2 (t) + 21 / (9} (z) - V2())y(de, dy) + O(h2). (3.6)
M x M

If t € (a,b) \ NV and g2 is differentiable at ¢, Equations (3.5) and (3.6) imply
1 _ _
3(6)'(#) < / (Vi (2) = V{(y). & — y)ye(da, dy). (3.7)
M x M

Since V- (0(vi —v})) = 0 we combine Proposition 8.5.4 of [7] and (3.7) to conclude
that (3.4) holds. O

3.2. Uniqueness of solutions of ODEs driven by vector fields on P2 (M).
Let O be a subset of P2(M) and let X be a vector field on O in the sense that for
each p € O, X(u) € L*(). We assume that X is continuous in the sense that for
each Y € Cy(M,RP)

p— A (Y)=(X(pn),Y), iscontintuous. (3.8)
We further assume that
m = sup || X (p)|[£1 () < 0o (3.9)
HeO

Remark 3. Suppose Equation (3.8) holds and let o € AC5(0,T; P2(M)).

(i) We have

m = sup |[|X(o¢)||r1(6,) < 00.
te[0,T]

(ii) If Z € C"(0,T; Cp(M,RP)) then A :t — A(t) = A,,(Z(t,-)) is continuous.
Proof. (i) Consider the linear maps
At Cy(M,RP) 5 R, Y — A, (Y).

By Remark 1 and Equation (3.8) t — A+(Y) is continuous as the composition of two
continuous functions and so it is bounded on the compact set [0, T]. By the uniform
boundedness principle
oo > sup ||/\tHL(Cb(M,JRD)) = sup HX(O’t)HLl(Ut).
te[0,T] t€[0,T
(ii) Assume that Z € C"(0,T; Cy(M,RP)). We will only show that A is contin-
uous at every ¢t € (0,T) since the proof of that case can easily be adapted to the
cases t = 0 or ¢t = T. For |h| small enough, we have

At +h) = Xegn(Z(t,7) + Mgn(Z(E+ hy o) = Z(t, ), (3.10)
liI;lejBlp Aen(Z(t+h,-) = Z(¢,-))] < liriljgp m||Z(t + h,-) = Z(t,)llc,(mrp) =0
(3.11)

and
Lim Aepn(Z(t,-)) = M(Z(2,))- (3.12)

We combine (3.10-3.12) to conclude the proof of (ii). O



1404 WILFRID GANGBO AND ANDRZEJ SWIECH

Remark 4. Let w, be a real valued Borel function on [0, c0), let u!, u? € O and
let v € Ty (pt, u?). Thanks to the Cauchy—Schwarz inequality, a sufficient condition
to have

| X @) = X)) = 93l dy) < (Wl )Wo' ) (313
[ @) = X0 @) dy) < E Wl ).
Mx M

Theorem 3.3. Let w, be a real valued Borel function on [0,00) such that wy(y) >
w4 (0) =0 for all y € [0,00) and for some a € (0, 00)

a dy e
/0 R (3.14)

Assume that for every pl, u? € O there exists v € Tp(put, u?) such that (3.13) holds.
If 0 € AC5(0,T;0) and X(0}) : (0,T) x M — RP are velocities for o (i = 1,2),
then o' = o2 on [0, T] provided that o*(0) = %(0).

Proof. We are to prove that G = 0, where
G(t) = W3(oy,07).

By Lemma 3.2, G € Wh%(a,b) and its distributional derivative, which coincides
almost everywhere with its pointwise derivative satisfies

Gy < 2 /M (X(ah)(a) = X () w)ex =yl dy)

2w*< G(t))( G(t))
— w(G), (3.15)

IA

for any v, € I'o(0f,07). Here we have set w(y) = 2,/yw.(,/y) for y > 0. Observe
that w is a nonnegative Borel function on [0, 00) such that w(y) > w(0) = 0 for
y > 0. Thanks to Lemma 8.1, Equations (3.14) and (3.15), together with the fact
that G(0) = 0, imply G =0 on [0,T]. O

Remark 5. In fact one can reach the conclusions of Theorem 3.3 under weaker
assumptions. More precisely, let w, be a real valued Borel function on [0, c0) such
that w.(y) > w«(0) = 0 for all y € [0,00) and for some a € (0,00) Equation (3.14)
holds. Suppose 0! € AC3(0,T;0) and X(o?) : (0,T) x M — RP are velocities for
o (i = 1,2). Suppose there exists @ > 0 such that (3.13) holds for all u!,u? € O
satisfying
W?(/J/lao-é)7 W2(M2a08) S aa

and some v € T, (ut, p?). If 0} = 03 then o' = 02 on [0,7].

3.3. Examples. We consider sets O C P(M) when M = T or M = R%, and vector
fields X defined on O C P2(M). We give examples of existence and uniqueness of
solutions for some well-known initial value problem problems of the form

oo=p, Owo+V- (6X(0) =0 in D’((O,T) x Td). (3.16)



OPTIMAL TRANSPORT AND LARGE NUMBER OF PARTICLES 1405

Example 3.4 (A trivial example). When
X() = [ VW < p)dn
M
and VV,VW : M — R? are Lipschitz functions then X satisfies (3.8), (3.9) and
(3.13) with O = Py(M).

The following result is a well-kown one, due to V. Yudovich [68], but we present
a proof based on Theorem 3.3.

Example 3.5 (2-d Euler incompressible systems in terms of vorticities). Let m be
a positive real number and let O be the set of probability measures p on T? such
that = o£2, and —m < o — 1 < m. Define ¢* such that A¢* = o — 1 on T¢ so
that V¢* is uniquely determined. Set

X(n) = (VoH)
For all T > 0 (3.16) admits a unique solution t — o; € O.

Proof. Here, we only deal with the issue of uniqueness. For a constant C,, which
depends only on m (cf. e.g. [62] Proposition 5.2)

1 X (1) — X (p2)|L2(r2) < CoaWa(pn, pi2). (3.17)
Therefore, since Wy < 1/4/2, Equation (3.9) holds.
Set
H(y) =yln’y.
Note that
H increases on [0,e"?], (3.18)
H is concave on [0,e~!], H(0) = 0 and so, if a € [0,e71] and X € [0, 1], then
AH(a) = AH(a) + (1 = X)H(0) < H(Aa+ (1 = A)0) = H(Xa). (3.19)

Choose 0 < a < e~ 2. For instance, we can choose a = e=2/2. Let 1, o € O and
let v € Tg(u1, n2). We have

/TW X (112)(q) — X (p1) (@) Py (da, dr) =||X (u2) — X () |[7,

<m||X (n2) = X (p1) [z (3.20)

Thanks to Remark 5 we may assume without loss of generality that
L <a<e?
— < a<e’.
— In Wa(p1, p2)

Note that the diameter of T2 is 1/+/2 and so, Wa(u1, p12) < 1. Hence, — In Wo(puy, pio)
> 0. Increasing the value of C, if necessary, we have (cf. e.g. [17] chapter 8)

X (1)(q) = X (1)(r)] < Crlg —r[In

(3.21)

lg—7[*
Thus,
/ | X (12)(q) — X (p2) (r) [y (dg, dr) < Ci/ H(lq — r[*)v(dg, dr). (3.22)
T2 x T2 T2 x T2
Set

A:={(g;r) €T’ xT? |lg—r|<a}, B:=T>xT?\A
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We have
Wi = [ la=rPa(an) = a*(B)
T2 x T2
and so,
1
v(B) < @Wﬁ(m,uz) < W5 (p, p2) In® W3 (1, prz). (3.23)
Set

Dy, :=C2%  sup [1’In*%
1€[0,1//2]

Since the diameter of T? is 1/4/2, we have |¢ — r| < 1/4/2 and thus by (3.23),

07271/ H(lqg — r1*)v(dg, dr) < Dpyy(B) < Dy W3 (1, p2) In® W3 (p1, p2).  (3.24)
B

Write
/ H(lq — r2)y(dg, dr) = ~(A) / H(lg - rI?)3(dg, dr).
A A

where 4 = 7/v(A) is a probability measure. Since H is a concave function, we
apply Jensen’s inequality to conclude that

[ Hlla = rPydg.ar) <) ( [ 1o - r3(da.dn).
A A
Thanks to (3.19) we conclude that
[ g = raaar) < 1 ( [ o= P an).
A A

We use that H increases on [0,e~2] (cf. (3.18)) and that by Equation (3.21), Wy <
e < e~ 2 to conclude that

/Aqu — r2)y(dg, dr) < H(/MTZ g = rP(dg.dr)) = H(W3 (). (3.25)
By (3.24) and (3.25)
[, X)) = X)) g
T2 x T2

Dy W3 (1, pi2) In® W3 (1, p12)
ngH(WQQ(N17M2))
D,,
= (T + C?n)H(Wg(/Jla 12))- (3.26)

By (3.17), (3.20) and (3.26)
Lo X)) = X @Prtdadr) < 2(57 + C2)H (W o)
+  2mC2 Wi (1, p2), (3.27)

which yields (3.8). Thanks to (3.27), Remark 4 yields (3.13) if we set

w,(t) = t\@\/mq?n + (% + C?,l) In?¢.

By Remark 5, Equation (3.16) admits at most one solution t — o, € O. O

+ IA
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4. One particle Hamiltonian systems. Throughout this section we suppose
that Uy : P(T¢) — R and:
(U1) Uy is differentiable on P(T?) (cf. Definition 6.2) and

sup ||V Uo ()|l 2 ey < 400,
nEP(TE)

(U2) If {u}r C P(T?) converges narrowly to p, then {V,Uo(uy)} converges uni-
formly to VU (u) on T

Examples include
Uo(p) = /d(vo + wo * p)dp,
T

where vg,wy € C3(T?). Using the terminology of [43], (U1-U2) imply that Uy €
C'(P(T?)).
We assume that V,W € C3(T9), W is even and C, > 0 satisfies

[IVIlesray, [IWllesray, sup ||V lho(p)l|o2(rey < Ch. (4.1)
REP(TY)

We will denote by C'y,w a generic constant depending only on V' and W. We denote
by e : T? x R? — T? and 7ga : T¢ x R? — R? the maps
mra(q,p) = a4, mra(q;p) =p (q,p) € T x R™.
Given T > 0 and o € AC>(0,T,P(T%)) we define the one particle Hamiltonian

2
H(t0.0) = B 4 V(@) + W (o)

and consider the Hamiltonian vector field

XH”(t7q7p) = (p7 7V(V + W Uf)(q))
We have
Xy € C([0,T); C*(T% x RY)),
2
Vg Xaall% < d+ ([[VV]oo + [[VW]loo)” =t s0c (4.2)
and

su;){uv%q,p)xmnm | o € AC(0,T, P(T%), T € (0, 1]} <too.  (4.3)

Consider the flow, which may be defined globally in time, as the solution of the
initial value problem

7 = Xpo (t,97), 7 (q,p) = (¢,p)-

4.1. Compactness properties of Hamiltonian flows. Thanks to Equations
(4.2-4.3) the standard theory of Hamiltonian systems ensures the existence of con-
stants Cy and C independent of T € (0, 1] such that

V97 (oo, (V97 oo, [[V2®f[loc < Coexp(Cht). (4.4)

Furthermore,
D7 % = [Xpo (-, ®7)[* < 5o (4.5)
The diameter of T¢ being smaller than v/d/2, integrating, we have

d
[©7(t, 0. p)I” < + [pI” + T (4.6)
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Lemma 4.1. Suppose v is a velocity for o, and

c= sup [|[vills, < 00. (4.7)
t€[0,T]
Then
IV (g X a2 < s00 + €[ V2W || oo (4.8)

Proof. We have the distributional derivatives
Xuo(t,q,p) = (p, ~V(V+W a't))

and so, since v is a velocity for o we have
0Xu-(ta.9) = (0. [ VW= yvilw)ondn)).
T

This, together with (4.2) yields (4.8). O

Corollary 1. Suppose o,0™ € ACy(0,T;P(T?)) and v™ is a velocity for o™ such
that for each t € [0,T] {o}'}n converges narrowly to oy. Suppose

c = sup{||v{|lor | n € N,t € [0,T]} < 0.
t,n

Then
(i) {Xpon }n converges uniformly to Xgo on [0,T] x T x R?.
(i) {®°"}, converges locally uniformly to ® on [0,T] x T¢ x R?.

Proof. (i) Since for each ¢ € [0,T], {o}'}» converges narrowly to o; we obtain that
{VH""},, converges pointwise to VH?. We apply Lemma 4.1 to {X gon },, and use
the compact embedding of W' ([0,7] x T¢) into C([0,T] x T%) to conclude that
{Xgon }n converges uniformly to X z- on [0, 7] x T?. This proves (i).

(ii) By (4.4-4.6) if K C R? then {®°"},, is precompact for the uniform con-
vergence on [0,7] x T¢ x K. If a subsequence of {®°"},, converges uniformly on
[0,T] x T? x K to a function ®, then by (i) ® = ®7. O

4.2. The Hamiltonian flows restricted to subsets of the cotangent bundle.
For v € P(T?), set

S = e 0 7 (-, V,lho ().
Since ®7(q +1,p) = ®7(q,p) + 1 for all ¢,p € R? and all | € Z¢ we conclude that

ST g +1) = 87" (q) +1- (4.9)
Hence we can view Sy as a map of T¢ into T¢.
Note that
t
S7Y(q) = Vo (v) + / V(V+Wxo,)(S2"(q))dr (4.10)
0
and )
Sy =V(V+W o) oS, (4.11)

We use (U1) and Equations (4.4), (4.11) to obtain
sup {11V, 87 oo + IV2,57 oo | T € (0,1],0 € AC3(0, T3 P(T%)), v € P(T")}

0-71/)

< o0. (4.12)

Remark 6. If t € [0,T], 0 € AC5(0,T;P(T%)) and v € P(T¢) then S;*" : R — R?
is surjective.
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Proof. Fix arbitrary y € R%. Choose r > 1 large enough so that T'so, < 7 and
2ly| < r. If ¢ € OBy, the boundary of the closed ball in R? of radius 2r, centered
at the origin, then by the Mean Value Theorem there exists § € (0,¢) such that
S7Vq = q+tS5"q. Hence by Equation (4.5)

1S7al = lal —tseo > 2r —r =1 > [yl.

This proves that y ¢ S;""(0Ba,) and so, f(t) := deg (S;"", Ba,y), the topological
degree of S{"” on Byp at y, is a well-defined continuous function of ¢t. Since f(t)
assumes only integer values and f(0) = 1, we conclude that f(¢) = 1. Thus, y
belongs to the range of Sy (cf. e.g. [37]). O

The identity
t
SyY = id+/ Svdr
0

yields
VSTV =1, + / t V(S2Y)dr. (4.13)
We combine (4.12) and (4.13) to obtain a gonstant Cuy,v,w such that
IVST = 1a|| < tCup,vw- (4.14)
for all ¢ € [0, T]. Hence there is T, € (0, 1] such that if 7' < T}, then
det VST > % (4.15)

for all o € AC5(0,T;P(T9)), v € P(T?) and all t € [0, T.

Theorem 4.2. Suppose 0 <T <T,. Then
(i) 877« RY — RY is a bijection for o € AC2(0,T;P(T?)), v € P(T?) and
t€[0,T].
(ii) Denote by R} the inverse of Sy"". We have

sup {||V(t7q)RU’” loo |0 € ACQ(O,T;'P(Td))J/ IS P(’]Td),T S (07T*]} < 00.
o,v, T

Proof. (i) In light of Remark 6, it suffices to show that if ro > 0 and y € B,,,
where BTO is the closed ball of radius rg, then for all r large enough, the equation
y = S7"q admits at most one solution in By,.. By (4.12), V(t,g)S7" is of class
Wl and so, S is of class C!. Inequality (4.15), combined with the fact that
deg (S7"", Bay,y) = 1 (cf. e.g. [37]), implies the existence of a unique ¢ € Bs, such
that y = S;"”q. This concludes the proof of (i).

(ii) Since Sy : RY — R? is an invertible function of class C'' with a positive
determinant, its inverse R : RY — R is of class C''. We have
(cof VST T

det V.S7

Hence, exploiting (4.10), (4.12), (4.14) and (4.15) one concludes the proof of (ii). O

We define

VR{" = (R7Y), RYY =-VRIVS]Y(RTY).

vy = 87 (Rg"/y) te[0,T], y € RY.
Using (4.5), (4.12) and Theorem 4.2 (ii) we conclude that
sup {1V (1) V" lloe | 7 € AC3(0, T3 P(T?)), v € P(TY), T € (0,T.]} < oc. (4.16)

0-71/)
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Lemma 4.3. Suppose {v"},, C P(T¢) converges narrowly to v and 0 < T < T,.
Suppose {o}U{o"},, C ACy(0,T;P(T?)), {07}, converges narrowly to oy for every
t€0,T] and

Sup/o (™Y 2(8)dt < oo,

n

Then {S7"*"},, converges uniformly to S7 on [0, T] x T¢ and {v°"*"},, converges
uniformly to vV on [0,T] x R%.

Proof. Assumption (Ul) ensures that the ranges of the V,Uy(v") are contained
in a ball whose radius is independent of n. Next, (U2) and Corollary 1 ensure
that {S°"*"},, converges uniformly to S”” on [0, 7] x T¢ and {S"*"},, converges
uniformly to S”" on [0,T] x T%. Thus, {S°"*"}, converges uniformly to S”" on
0,7] x R and {S"*"},, converges uniformly to S on [0,T] x R?. We conclude
that {R?"*"}, converges uniformly to R%" on [0,T] x T? and so, it converges
on [0,T] x R%. These facts show that {v?"*"}, converges uniformly to v on
[0, 7] x RZ. O

5. Many particle Hamiltonian systems. As in Section 4 we assume throughout
this section that

(U1) and (U2) hold, together with (4.1).
We define on P(T4)

1
Vi) = [ Vdue Wi =5 [ W«
Td T

We define the Lagrangian L and the Hamiltonian H
1 1
Lip,v) = SIIVIE = V() = W), H(p,v) = SIIVIE + V(i) + W(n),

for p € P(T?), v € L?(p) and we define the value function

¢
U(t,v) = inf {/ L(os,vs)ds +Uy(op) | op = V}. (5.1)
(o,v) 0
We also define the costs
¢
Cl(u,v) = inf {/ L(os,vs)ds | o9 = p, 0 = 1/}. (5.2)
(o) Lo

In Equations (5.1-5.2) the infimum is taken over the set of pairs (o,v) such that
o € ACy(0,t; P2(T?)) and v is a velocity for o.
If 2, -, 2™ € RY we set

1 n
Ud(xt, - a™) :Mo(,ux), where p* := EZ;(SI

We further assume that for all integers n > 1
(U3) U € C3((T)") and for all z!,--- 2" € RY

1 .
SV Uo(5) (@) = VTG (o ") (53)
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5.1. Uniform estimates for finite dimensional systems. In this subsection
we review results of the theory of finite dimensional dynamical systems which can
be found in [10] or [31] and then provide uniform estimate on dynamical systems
consisting of finitely many indistinguishable particles.

For ¢t € (0,T] we define

U (t,x) = %mrin{Z/O (%le V(') - % S Wt —ri))ds + Ug(r(()))},
i=1 j=1

where the minimum is performed over the set of r € W2 (O,t; (’]I‘d)") such that
r(t) = x. Observe that U™ (¢,x) is invariant under the permutation of the z*’s and
so, we can define

U(t, 1) .= U"(t, x).
There exists v € W2(0,¢; (T?)") which achieves the minimum in U™(t,x). We
have

it = VYV (r ZVW —rM) (=1, ,n). (5.4)

We set

1 n 1 n )
== > G, VE= - D ES
i=1 i=1
In general, we have 1/nt{ belongs to the super differential of U} at rf}. Since U} is
assumed to be differentiable we have, thanks to Equation (5.3)

i = Vo (170) (rf"). (5.5)
Hence,
O3 = 87" (1, Vo () (7)) (5:)
and so,
( ’UO) oy and vy = vfn’gg. (5.7)
Equations (4.5), (4.6), (5 ()) and (5.7) yield
|1°t ?=1lv 7 llon < seo (5-8)

By the fact that V,W € C3(Td) there exists a constant C' > 0 such that
~C < VPV, VW < C.

If ', --- 2" y', -,y € R? permuting the order of the y*’s if necessary, we may
assume that

- Z |~”U W2 (1, ).
Set
1 n
=1

We have 4™ € T',(p*, u¥). Furthermore,

V) V() = 2 SV -2 Y Ve
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> =Y AWV g —ah) = o=yl -2
n =1 n =1
which means
X X n C X
V) 2V + [ 90 @) - 0" dadr) = GWEGE). (59)
X
Similarly,
X X n C X
V) VG + [ 90— )y dadr) + GWEGE ). (510)
d>< d

For W, we lose the coefficient 1/2 in front of C' to obtain

W) =W = [ 00 =)™ (da.d)| < CWEG, ). (.11
< Td
Since P(T?) is a bounded set, Theorem 6.1 yields that U is a kp-Lipschitz function
on [0, 7] x P(T?), where 7 depends only on T and the Lipschitz constant of Uy. The
bounds in Equations (5.8-5.11) are what is needed to obtain the following standard
theorem with uniform estimates in n.

Theorem 5.1. Fort € [0,T]
()

t
n n n n 1 n n n
w(t.?) = U3 (o5) + [ (31e") Pls) = V(o) = Wiap) s
(i) The Lipschitz constant of U™ on [0,T] x P(T?) is less than or equal to kr.
(iii) If u¥ € P*(T?) and t € (0,T) then there exists v € To(ol, u¥) such that

_AC+)

W)~ top) - [ - aid an)] < X W op ).

TdxTd
Proof. (i) The optimality of r™ in U™(T,-) yields (i).

(ii) The standard theory of Hamiltonian systems ensures that (ii) holds with
uniform estimates resulting from Equation (5.8) and the fact that the diameter of
P(T?) is finite. However, a proof of (ii) in a more general setting has been provided
in Subsection 6.3.

(iii) Under conditions (5.9-5.11) the theory of Hamiltonian systems yields (iii).
O

By the fact that P*(T?) c P(T?) we have that
U*>U on [0,T] x P*(T%). (5.12)
Set

U (s,v) = itglf{u”(t,u) +rr(|s —t) + Wa(p,v)) [t €[0,T], p € P”(Td)}.

Note that 2™ is a Lipschitz extension of U™ over [0,T] x P(T%), with a Lipschitz
constant less than or equal to k.
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5.2. Optimal paths and their properties. Fix p € P(T?). The goal of this
subsection is to construct a special path o € AC5(0,T;P(T%)) such that

T
U(T, 1) — Up(o0) :/0 L(og, vy)dt

and along which U is differentiable.

We choose a p™ = 1/n 1, 6,n. such that {u"}, converges to p in the Wo—
metric (cf. Lemma 8.2). Let {o™}, be the optimal paths obtained in Subsection
5.1. The metric Wy being bounded on P(T¢), thanks to Proposition 2 there ex-
ists an increasing sequence of integers {ny}x (depending on u) and paths o €
AC5(0,T;P(T4)) such that for all t € [a,b], {0}*}, converges narrowly to o}’
Futhermore, (3.3) holds.

Note that [4"(0,-)| < |[Uo|les- Since for each U™ is kp-Lipschitz, we obtain
that {{4"}, is equicontinuous and bounded in [0,7] x P(T%). The latter set being
compact (cf. [43]), we use the Ascoli-Arzela Theorem to obtain that {{"},, is pre-
compact for the uniform convergence. Any of its points of accumulation will be
kp—Lipschitz.

Theorem 5.2. The following hold:

(i) the sequence {U™}, converges uniformly to U on [0,T] x P(T?) as n — oo.
(i) There ezists 0 € ACy(0,T;P(T?)) such that

(Sta’ao)#o'o = O0¢
and
T
U(T, 1) = Uy (o0) +/ Loy, v{7°)dt. (5.13)
0

(i1i) vi7° is the velocity of minimal norm for o.
(iv) If v € P(T?) and t € (0,T) then there exists v, € T'p(0y,v) such that

_4C+Y

(V77 (@), = @)(da, dr)| < == W(o1.v).

Ut V) — U, o0) —/

Td x Td

Proof. (i) Let U be a point, of accumulation of {{"},, for the uniform convergence,
so that a subsequence of {L?"}n converges to U. To alleviate the notation we assume
that the whole sequence {{4"},, converges to U and will show that U = U.

Fix v € P(T?) and t € [0,T]. Then choose v € P*(T?) such that {v"}, con-
verges to v in the Wy-metric. We use Equation (5.12) to conclude that up to an
appropriate subsequence

v

U(t,v) = lim U"(t,v"™) > lim UL, V") =U(L,v). (5.14)
n—oo n—oo
Above, we have used the fact that U/ is Lipschitz as stated right before Theorem
5.1.
Let & be an arbitrary positive number and let o € ACy(0,t; P(T4)) be such that
oy = v and

Ut v) > —5+Mo(ao)+/0t<;|a’|2(s)—/Td(V+;W*as)das)ds. (5.15)
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By Lemma 8.2 there exist 6" € ACy(0,T; P"(T¢)) such that

T T
lim sup Wa(0s,6") =0 and lim ]/ |(6")'|2(s)ds—/ \U’|2(s)ds’:0.
0 0

n—oo SE[O,t] n—oo

(5.16)
Furthermore, we can find 2% € AC(0,T,T?%) (i = 1,--- ,n) such that

—n 1 S —n 1 S =N,
oy = Z(Sin,i(s), and [(&"))*(s) = Ez |22 (s).
i=1 =1
Thus,

t
1 1
UL, 57) — Un(5T) < / <f|(6")’|2(s) —/ (V4 =W ay)dag)ds. (5.17)
0 2 Td 2
We first combine (5.15) and the second identity in (5.16) and then combine the
first identity in (5.16) and (5.17) to obtain

t
Uitr) > =5 +thfon) + lim [ (10" P = [ v+ 5w <at)aar)as
> =0+ Uy(og) + limsupU"(t,0}) — U (o)

n— oo

= —0+U(t,0y). (5.18)

Since § is an arbitrary positive number, (5.14) and (5.18) establish (i).

(ii) We use (5.8), the fact that W3 is uniformly bounded on P(T¢) in Proposition
2 to obtain o € AC5(0,T;P(T%)) and an increasing sequence of integers {ny }1 such
that for all ¢ € [0,T7], {o,* }x converges narrowly to o;. To alleviate the notation, we
assume that the whole sequence converges. By assumption (U2), {V Uy (o)}, con-
verges uniformly V,Uy(oo) on T?. By Lemma 4.3, {8°" "}, converges uniformly
to S77 on [0,T] x T¢ and {v®"*"},, converges uniformly to v7?° on [0, 7] x R,

By (5.7), (Sf’a‘J)#ao = 0y. We use Theorem 5.1 (i) to conclude the proof of (ii).

(iii) The fact that vo " is a velocity for o™ implies that v is a velocity for
0. The optimality condition in Equation (5.13) imposes that v;*?° is the velocity of
minimal norm for o.

(iv) Let {v"},, C P(T?) be a sequence converging narrowly to v. For ¢ € (0,T),
Theorem 5.1 (iii) provides us with ~j* € T', (0}, v™) such that

i) -wop) - [ Wi - anrgan| < W ),

TdxTd
(5.19)

By Theorem 2.2, there exists a subsequence {v;'* }. (depending on t) that converges
narrowly to some v; € T',(0¢,v). We use the fact that {{/™},, converges uniformly,
that {v"*"}, converges uniformly to v*°, and (5.19) to conclude the proof of
(iv). O

Remark 7. In fact Theorem 5.2 proves the following (we write v instead of v:7°):
(i) For each t € (0,T), U, is differentiable at oy,
V,J/It (O't) = V¢
and by (4.16), v is Lipschitz.
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(ii) Since o* satisfies the optimality condition (5.13), it then satisfies the PDEs
(cf. [40))
O(ov)+ V- (ovav) =—oV(V + W xo0),

with the initial condition

Vo = VNUO(O'Q).

6. Value functions and Hamilton Jacobi equations in the sense of dif-
ferentials. In the previous sections we have used that P(T¢) is compact for the
Wasserstein metric, a property which fails for P5(R?). The results obtained in this
section do not require such a compactness property and so, in the sequel M = R?
or M = T¢. We also consider the potential functions which are more general than
the ones considered in the previous sections. We only assume that W : Po(M) — R
be a Borel function that is bounded below on bounded sets of (PQ(M ), Wg). The
main results of this section are Proposition 5 and Theorems 6.1, 6.4.
If u € Poy(M) and v, ¢ € L%(u), we define

1 1
L(p,v) = 5|\V|\i ~W(u) and  H(p, () = g\lClli +W(n).

For t € (0,T] we define

U(t,v) = inf {/Ot L(og,vs)ds + Uo(oo) | o0 = 1/}, (6.1)

where the infimum is taken over the set of pairs (o, v) such that o € AC5(0,¢; P2(M))
and v is a velocity for o.

6.1. Conditions (I) and Lipschitz value function U(t,-). Assume that Uy, W :
P2(M) — R have a modulus of continuity w € C([0,00)). In other words, w is
monotone nondecreasing, w(0) = 0 < w(y) for all y > 0 and

Uo (1) — Uo ()], W (1) = W(po)| < w(Walpo, p1))
for all pg, u1 € Po(M).

Proposition 3. Assume U has only finite values for t € (0,T] and p € Py(M).
Under the assumption that W and Uy have w as a modulus of continuity, U(t,-) has
(t4+1)w as a modulus of continuity. In particular, if Uy and W are I-Lipschitz then
U(t,-) is (t + 1)I-Lipschitz.

Proof. Let € be an arbitrary positive number and let vy, 1 € Po(M). Interchanging
v with vq if necessary, we assume without loss of generality that U(¢,v1) > U(t, vp).
Let 0 € AC5(0,t;P2(M)) and let v be a velocity for o such that oo = u1, or = g
and

U(t,vg) > —e—i—/o L(os,vs)ds + Uy(og). (6.2)

By Lemma 8.3 there exist 0* € AC5(0,t;P2(M)) and a velocity v* for o* such that

02‘ =,
t
/H@
0

Wy(os,0%) < Wa(oy,07). (6.3)

t
s < [ vl ds
0

and for all s € [0, ]
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We have
t
1
< - *
uttm < [ (5]

This, together with (6.3), implies

t
1
2= W(oD))ds+lo(oi) < [ (5]1vall2,~WioD)) ds-+o(o).
0

Ut,n) < /0 (%||vs||§s ~W(oy) + w(WQ(US,U:)))dS +Un(00) + w(Wa(oo, 7).

(6.4)
We combine (6.2-6.4) to obtain

Ut 1) — Ut )| < e+ (t+ 1)w(Waloy,07)) = e+ (t+ 1)w(Wa(vo,v1)).

Since € is an arbitrary positive number, this concludes the proof of the proposition.
O

6.2. Continuity of (T, u,v) — CI'(u,v) under conditions (II). We suppose W
is a Borel function, bounded from below on balls. We suppose that

lim sup W(p") < W(n) (6.5)

n—roo

for all bounded sequences {u"}, C P2(M) that converge narrowly to u. We further
assume there exist constants Cy > 0 and S € [1,2) such that

Win) < Co(1+ /M o] u(dr) (6.6)

for all € Pa(M).
For ¢y > 0, let D, be a positive number depending only on ¢y and 8 such that
|z|? < €o|x|? + D,. Throughout this subsection we assume that

2CoeT? < 1/4. (6.7)
Set

M) = Co (14 Dy +260 /M ePpldr)), X7 ) = 4(A00) + L. 0) + 2o(n) ).

Since W is bounded from below on bounded sets, there exists a monotone non-
decreasing function W° € C([0, o)) such that for each R > 0,

WO(R) > sup{-W(y) | /M a2 () < B2}, (6.8)
"
Examples of W include

W(n) = /M (@) u(dz) + / o — y)u(dr)u(dy).

MxM
where ¢, ¢ € C1(M) are semiconcave and satisfy
C C
@) < LA+l and [6(a)| < (1 +1al?)
for all x € M.

Remark 8. Let 0 € AC5(0,T;P2(M)) be such that v is one of its velocities. We
have

T
W(or) < A1) + — / v 2. dr (6.9)
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and
T B 1 /7T
/ L(og,v)dt > —TX(p) + Z/ [[ve] |2, dt. (6.10)
0 0
Let 0 € AC5(0,T;P2(M)) has v as a velocity. First,
/ |2|°04(dz) < Dy, —l—eo/ 2|20 (dz). (6.11)
M M
We use Remark 1 and Holder’s inequality to obtain
T
W3 (o1, 8) < 2W3(on,b9) + 2T [ [ivil2, (6.12)
0
We have by (6.12)
T
/ wPor(dz) < Do, + 26/ 12|20, (dz) + 2Teo/ V2|2 dr. (6.13)
M M 0 !

Setting s = T in (6.13) and using (6.6) we conclude that if 2CheqT? < 1/4, then
(6.9) holds. A direct integration over [0, 7] yields (6.10).

Proposition 4 (Existence of optimal paths and velocity estimate). Suppose W
satisfies (6.5), Uy is bounded below by a constant u_ and lower semicontinuous for
the narrow convergence topology. Then Equation (6.1) admits a minimizer (o,v)
such that v is the velocity of minimal norm for o and H (o4, vy) is time independent.
We have

W3 (1, 00) < T*X(T, p) — 4T, (6.14)
W3 (01, 05) < 2T°X(T, ) — 8Tu_ + 2W3 (1, 05). (6.15)
Furthermore,
* 6u_ o
Vill2, = AT ) = 2=+ 20 ({21205 (T, ) — 8T+ 2W3(11,57))
- 1
+2M(p) + A (T ). (6.16)

Proof. The proof of Lemma 5.3 [42] can be adapted to obtain existence of a min-
imizer (o,v). Observe that v must be the velocity of minimal norm and so, by
Proposition 3.11 [41], we may assume without loss of generality that H (o, vy) is
time independent.

Existence of a minimizer (o,v) in (6.1) was proved in [41]. Setting

—

* *
oy =p, vi=0

for all t € [0, T] we have
T T .
/ Loy, vi)dt + Uo(oo) = U(t, 1) < / L(o7,vo)dt + U (o) = TL(11, 0) + Uo ().
0 0
We exploit (6.10) to conclude that
T
/ |[ve||2,dt < TA(T, p) — 4u_. (6.17)
0

This, together with Remark 1 implies that (6.14) holds. We combine (6.12) (with
os = p) with (6.14) to obtain (6.15). Hence, by (6.8) and (6.15)

W) < W"(\/2T2/\*(T, ) — 8Tu_ +2W3 (1, b)) (6.18)
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We use the first inequality in Remark 8 and (6.17) to conclude that

u—

Wiow) < Aw) + A (o) — o

By (6.17), the set of tg € [0, 7] such that

(6.19)

4u_
T

is a set of positive measure. Choose such a ty and use the fact that H(o¢,vy) is
independent of ¢ to conclude

| |Vt0 | |3t0 < A (T7 M)

Ivell7, = 1Iveollz,, +2(W(ow,) = W(ow)) < X (T, p) — 4% +2(W(o,) = W(ar)).

This together with (6.18) and (6.19) yields (6.16). O

Remark 9 (The discrete case). Suppose W satisfies (6.5), Uy is bounded from
below by a constant u_ and is lower semicontinuous for the narrow convergence
topology. For an integer n > 1, u € P™(M) we define

Ut p) = min{/ot Loy, v )dr + Up(p) | o = ,u}, (6.20)

(o3v)

where the minimum is performed over the set of (o,v) such that o € AC,(0,t;
P(M)) and v is a velocity for o. Existence of a minimizer (o,v) in the finite
dimensional problem (6.20) is obtained by standard methods of the calculus of
variations. As above, H (o, Vv:) is time independent and (6.14, 6.15, 6.16) continue
to hold.

Assume o : [0,1] — Pa(R?) is a geodesic of constant speed connecting p to v.
Then, the velocity v of minimal norm for ¢ is such that ||v¢||s, = Wa(p, v). Given
€ > 0 we consider the path o : [0,1] — P2(R?) obtained by the reparametrization
0¢ = 0,.-1. Its velocity of minimal norm v¢ satisfies v¢ = ¢~!v_ .1 and so,

€
/ Ive]
0

Wa(of,085) = Wa(0pe-1,00) = te " Wa(u,v)

2
2 _ Walwy) (6.21)
T €

‘We have

and
WQ(Ut, 56) < WQ(O't, O'Q) + WQ(O'(), 56) = th(O’l,O'o) + WQ(O’(),(S@).
Hence,
WQ(Ut, 56) < 2(W2(0’1, 66) + WQ((S()‘, 0’0)). (622)
By (6.22)

- /0 W(ot)dt < eW® (2(W2(u, 5g) + Wal(, 56)))
and so, by (6.21)
C§lp,v) < Wemv) + ew? (2(W2(,u755) + Wa(v, 56))). (6.23)

2¢

By (6.10), C&" never achieves the value —oo on Po(M) x Pa(M).
Assume o € ACy(0,T;Po(M)), v is a velocity for o, o9 = i, o7 = v and

T
/ L(O’t,Vt)dt < COT(/,L, Z/) +T.
0
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By (6.10)
T
/ [vel2, dt < ATA(W) + CT (u,v) + T. (6.24)
0
Hence, the set of t € [0, 7] such that
_ cr
vil?, < @) + LB 4y (6.25)

is of positive measure. We use (6.12) and (6.24), then replace € by T in (6.23) to

obtain

W3 (1)
2

Remark 10. Since W satisfies (6.5), as in Proposition 4, (6.1) admits a minimizer
(o,v). By (6.26), the range of W(c) is contained in an interval centered at the
origin and whose length (1, ) is a monotone nondecreaasing function of Wa(p, d5)+
W5 (v, d5). By Proposition 3.11 [41], we may assume without loss of generality that
H (o, vy) is independent of t. Choose tg such that (6.25) holds. We have

Ivellz, = lIvellz,, +2W(ot,) = W(ar)).

O'to

W2(0,,v) < T% + AT A1) + LT (2(W2(u, 55) + Wa(v, 56))> . (6.26)

This, together with (6.24-6.25), yields existence of a function R € C([0,00)?),
monotone, nondecreasing in each of their variables, such that

CT(p,v
sup ||vt\|§t < o (mv) + R(T, Wa(p, 6g) + Wa(v, 66)). (6.27)

t€[0,T] T
Proposition 5. The function F : (T, p,v) — C& (1, v) is continuous on the metric

space S = (0,00) x Pa(M) x Po(M). Suppose Uy : Po(M) — R is continuous,
bounded from below and set

UT, p) = L {Cr(v,n) +Up(v)}.

Then U is continuous on [0,00) X Po(M).
Proof. We are to show that F' is sequentially lower and upper semicontinuous at
each point (T, u,v) € S. Suppose {T™},, C (0,00) converges to T' € (0,00), {u"}x
converges to p in P2(M) and {v"},, converges to v in Py(M).

1. Let 6 > 0 and let 0 € AC5(0,T;P2(M)) and let v be its velocity of minimal
norm such that

T
cr(p,v) > / L(og,vi)dt — 96, oo=p, or=uw. (6.28)
0

Fix € > 0 small enough and assume without loss of generality that |T — T"| < e.
Then,

Cq (u"v") < Ci(u",0¢) + CI~(0c,07—c) + CF _ (07—, V7). (6.29)
By (6.23)
lim_>sup C5(p™,0e) < % + ew? (2(W2(M, d5) + Wa(o, 56))>. (6.30)
Simila:lly,o<>
lirr;sup C’%ie(aT_e, ") < WL;G’V) + eWw?° (2(W2(1/, 0g) + Walor—e, 56))).

(6.31)
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By Remark 1
W3(pod) _ [ W3(or—, ’
0 < [t ar, Bt < [ 2 ar
€ 0 " € T—e T

This, together with (6.29-6.31), implies

limsup CF" (u™,v™) < liminf CT (o, 07_.)
n—o00 e—0t €

T—e¢
< lim L(O’t,vt)dt

e—0t J

T
/ L(o¢, vi)dt.
0

Hence by (6.28)
limsup L™ (u™, ™) < CT (,v) + 6.

n—oo
Since § > 0 is arbitrary, we conclude that F' is upper semicontinuous.
2. For each n let o™ € AC5(0,T™;P2(M)) and let v™ be its velocity of minimal
norm such that

T’n
n 1
cr™ (um, v > / L(oy, vi)dt — — oy =p", o =v" (6.32)
0

Since {(T™, u™, v™)},, is bounded in S, (6.23) implies that {CJ" (1™, v™)},, is bound-
ed above in R. Thus by (6.24) and (6.26), for each 6 > 0 small enough, the following
suprema are not only independent of § but they are finite:

T-6
Sup/ VPNZpdt, sup{Wa(of,0) |t € [0,T —6,n €N} <oo.  (6.33)
n 0 n,t

We refer to Propositions 3 and 4 in [40] to infer the existence of o € AC5(0,T;
P2(M)) such that, up to a subsequence which is independent of ¢, {0} },, converges
narrowly to o, for each ¢t € [0,T) and

T7L
liminf/ |[vi|%,dt > liminf/
n—oo  Jq t n—oo  fq

Here, v is the velocity of minimal norm for o. Letting 0 tend to 0 in (6.34) we have

T—6 T—6
V7|2, dt > / vell2,dt.  (6.34)
) 0

T, T-6 T-6
liminf/ [[vi|2,dt > liminf/ |[vE)2ndt > / |[vel|2 dt. (6.35)
n—oo  Jg t n—oo  J t 0 t

It is apparent that we can define univoquely o7 and obtain
o€ AC3(0,T;P2(M)), oo=p and op=r.

By (6.33), {0} }n,¢ is a bounded subset of Po(M). Thus, by (6.6), {-W(o}")}n is
bounded from below in R by a certain number b. We then apply Fatou’s Lemma
and use (6.5) to conclude that

lim inf /()Tn(—W(of)—b)dt > lim inf /()T5(—W(Uf)—b)dt > /OT(S(—W(Ut)—b)dt.

n—oo n—oo

Letting § tend to 0, we obtain

n—oo

Ty T
Jim inf / “W(oT) > / CW(oy)dt. (6.36)
0 0
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Thus, combining (6.32) (6.35) and (6.36) we infer that

n—oo

T
lim inf CT" (", ") > / L(os,ve)dt > CT (u,v).
0
Consequently, F' is also lower semicontinuous and so, it is continuous.
3. Suppose that T'= 0. Then
UT™, 1) < CF" (", 1) + Uo (™) < =T"W(™) + Uo (™)

Since W is bounded from below on bounded sets, we have that {U(T™, u™)}, is
bounded above in R by a constant which we denote by A. We first conclude that

limsup2(T7, 1) < limsup{~T"W(u") + Uo(u")} < Uo(p).

n— 00 n—oo

Hence, U is upper semicontinuous at (0, ).
Let {n™}, C P2(M) be such that

1 ™ 1 n
AZUT p") 2~ +/ Llof,vit)dt + Up(n") = —— + Co (™, u™) +Uo(n™),
0

where

o™ € ACy(0,T™; Po(M)), of =n", and opn = pu".
By (6.33) and the fact that Uy is bounded from below, we have that {n"}, is a
bounded sequence. As above

Tn
sup / VPI2dt,  supWalo},d) < oo. (6.37)
n Jo n
By Remark 1
.
WE(, ) < T / VP2t

We conclude that {n"}, converges to u and so, by (6.6), {W(o})}, is bounded
from below. Hence,

lirginfU(T”, uty > lirginf CI" (g™, u™) + Uo (™)
> liminf — / W(a)dt + Uy (n™)
> Uo(p).

Hence, U is also lower semicontinuous at (0, 1) and so, it is continuous there.
4. Arguments similar to those used in steps 1-3 yield that U is continuous at
(T, ) if T > 0. O

6.3. Lipschitz properties of U in all variables under conditions (I) and
(IT). Throughout this subsection we assume that

Uo,WIPQ(M) - R

are k—Lipschitz, Uy is lower semicontinuous for the narrow convergence, W satisfies
(6.5) and (6.6). We assume that

T>0, ¢ >0, 8ke<1, 8CheoT? <1

and D, is such that
j2|” < eol* + D,
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for all x € M . For each r > 0, we define S, to be the Cartesian product of [0, T
and the closed ball of center 65 and radius r in Pp(M). The purpose of this section
is to show that the value function U in (6.1) is Lipschitz on S,.

We will use the fact that U satisfies the following property (cf. Lemma 2.4 [41]):

U(s, 1) = min{/ Loy, v, )dr —i—L{(t,at)} 0<t<s<T, (6.38)
t

where, the infimum is performed over the set of (o,v) such that o € ACy(t,s;
P2(M)), v is a velocity for o and o5 = p.
If p € Py (M),

Ut 1) < Chljis 1) + U (1) <~V (1) + Uo(p). (6.39)
Let 0 € AC5(0,t;Po(M)), let v be a velocity for o and assume that oy = p. If

/O L(om, v )dr +Up(o0) < U(E 1) +1
then by (6.39)
/0 L(om, v )dr < —tW() +Uo(pt) + £ — Uo () < (1 — W)t + kWa(o0, ).

We use Remark 1 to conclude that

t t
[ Lorvndr < =Wt [ ivelle,dr
0 0

t
t
< (- W)t +reo [ (el dr+ 2
0 0
By (6.10)

t t
_ t

/ ||V7-||3,Td7' < dtA(oy) +4(1 —W(u))t + 4/%0/ \|v7\|12,fd7 + 45t
0 0 €0

Thus,

/t [V |2 dr < 8tA(u) +8(1 — W(u))t + 8’:—5. (6.40)
By Remark 1 and ((2.40)

W2(0p, 11) < 82N (1) + 8(1 — W)t + 8%. (6.41)

Theorem 6.1. The restriction of U to S, is a Lipschitz continuous function.

Proof. Recall that by Proposition 3, for each t € [0, T, U(t, -) is ((T+1)x)-Lipschitz.
It remains to show that for each pu € Pa(M) such that Wo(p,d5) < r, U(-, 1) is
Lipschitz, with a Lipschitz constant independent of u and depending only on 7.

As done in Subsection 6.2, we use (6.40-6.41) and the fact that Uy is lower
semicontinuous for the narrow convergence topology to obtain the following: if
p € Pa(M)) and t € [0,T], there exists o' € AC5(0,t; P2(M)) and a velocity v#!
for o#* such that

t
Ut ) = / L(o™* Vi) dr + Uo(oh)

and
sup{|[v¥|,e [0 <7<t < T, Walp,05) < 1} < 0.

Ttu
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Hence, by Remark 1

sup{Wa(ol, 1) |0 <7 <t <T, Wa(p,d5) <r} < oo.
T,t, 0
Thus,

s = sup{||v¢’t|\gu,t +|L(oL, v |0 <7 <t < T, Wa(p,d5) < r} < 0.
T,t, 1 T
Let s € [0,t). By equation (6.38)
¢
U(t, 1) :/ Lokt vidr +U(s, ott)
S

and so,

|Z/{(t, :u) - U(S, /u)| <

t
[ Lot vt < s ot ~us ) (6.2

We use the fact that U(s,-) is (1 4+ s)k—Lipschitz and Remark 1 to obtain

t
(s, o) —U(s, p)] < Wa(ol,p) < / [V lppedr < st — 5. (6.43)

We combine (6.42) and (6.43) to conclude that
Ut 1) —Us, )] < 51t — sl + (1+ s)rs [t — 5| < sult — s| + (1 + syt — .
O

6.4. Hamilton Jacobi equations. Let V,W € C*(R?) be such that there exist
B €[1,2) and Cy > 0 such that

AW (2)], 2|V (2)] < Co(|2[** +1) (6.44)
and assume

W) = [ (Vie)+ W <) (o).

Rd
In this subsection we consider viscosity solutions of the equation
o + H(p, V,U) =0, U(,-) = Up. (6.45)
Definition 6.2. Let U : Po(M) — RU{+oo}, let p € Po(M) and let & € T, Po(M)
(cf. Section 2).
(i) We say that ¢ is in the subdifferential of U at p and we write £ € O.U(u) if

U) —U(p) > sm>‘A4M§@)Wr—wvwmmﬁ+dWKMVD W € Py(M).

vET o (1,v)
(6.46)
(ii) We say that ¢ is in the superdifferential of U at p and we write £ € U (p) if
—£ € 0.(=U) ().
(iii) When 0.U(u) and O'U(p) are both nonempty then they are equal and reduce
to a single element (cf. e.g. [41]) which we denote by VU (1), and refer to as
the Wasserstein gradient of U.
Definition 6.3. Let 7' > 0 and let &/ : [0,T) x P2(M) — R.
(i) We say that U is a viscosity subsolution for (6.45) if I/ is upper semicontinuous
on [0,T) x Pa(M), if for all (¢, u) € (0,T) x Po(M) and all 8,() € OU(t, p)

U,0) <Up, and 6 + H(u,¢) <O0. (6.47)
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(ii) We say that U is a viscosity supersolution for (6.45) if ¢ is lower semicontinu-
ous on [0,T) x Pz (M), if for all (¢, u) € (0,T)xP2(M) and all (6,¢) € O.U(¢, 1)

U(-,0) > Uy, and 0+ H(C, p) > 0. (6.48)

(iii) We say that U is a viscosity solution for (6.45) if U is both a viscosity subso-
lution and a viscosity supersolution.

Denote by £? the Lebesgue measure on (0,1)%. Given f € LQ((O, l)d) we set
Uo(f) = Uo(f4LY)

Theorem 6.4. Suppose Uy : Po(M) — R is bounded below and lower semicontin-
uous for the narrow convergence. Let U be the value function in Equation (6.1).
Then:

(i) The infimum in (6.1) is a minimum.

(it) U is a viscosity subsolution of Equation (6.45).

(iii) Suppose d = 1, Uy is Frechet differentiable and \—convex for some A € R
and TA~ < 1. We assume that the gradient of Uy is a continuous map of the
Hilbert space L? ((0, l)d) into itself. ThenU is a viscosity solution of Equation
(6.45).

Proof. (i) It suffices to verify that the assumptions of Proposition 4 are satisfied.
Ounly (6.5) remains to be checked. However, in fact a statement stronger which we
need in the proof of (ii), can be made. Indeed, By (6.44) and by the fact that § < 2,
W is bounded from below on bounded subsets of Py(M) and

Jim W(p") = W(n)

whenever {u"},, C P2(M) is a bounded sequence that converges narrowly to p. In
particular, W is continuous.

(ii) Inequality (6.44) yields (6.6). Since 8 < 2 we obtain the existence of eg,e; > 0
such that 8¢gT? < 72 and

W) <ep | |z[*v(dr)+ ey
M
for all v € P2(M). We apply Theorem 3.9-(i) of [41] to conclude the proof of (ii).
(iii) Corollary 5.3 of [41] yields (iii). O

Remark 11. We learned from R. Hynd and H-K. Kim that when d > 1 and W = 0,
the value function in Theorem 6.4 is a viscosity solution of Equation (6.45) [53].

7. Metric viscosity solutions. In this section we want to show that with little
effort one can define a notion of a metric viscosity solution, based on local slopes,
for a class of Hamilton—Jacobi equations that only depend on the “length” of the
gradient variable. We present one possible definition but the readers should be free
to experiment with it by possibly choosing different sets of test functions or by
interpreting some terms differently. This section was motivated by [8, 48]. We do
not know if the results here are completely new. N. Gigli mentioned to the second
author a year ago that he had a notion of a viscosity solution for which he was able
to show uniqueness. The second author was also told that L. Ambrosio and J. Feng
are working on a notion of viscosity solution for similar equations and obtained
existence and uniqueness results [4].
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7.1. Definition and comparison. Let (S, d) be a complete metric space which is
a geodesic space. By this we mean that for every z,y € S there exists a geodesic of
constant speed z;,0 <t < 1, connecting x and y, i.e. a curve such that

xo =y, x1 = x, d(xg,x) = |s —tld(z,y), 0 <t <s<1.
Let T'> 0. We consider an equation

{ Ou+ H(t,z,|Vul) =0, in (0,T) xS,

u(0,2) = g(x) onS§, (7.1)

where H : [0,T] x S x [0, +00) — R is continuous, and |Vu| is the local slope of .
Let zg € S be a fixed point.

Following [7, 8, 48, 64], for v : (0,T) xS — R we define the upper and lower local
slopes of v

— [v(t,y) — v(t, 2)] - . [v(t,y) — v(t,z)]_
IVHTo(t,z)| = hr;lj;lp A7) VTt )| = hrynj:p i) ,
(7.2)

and its local slope
ty) —v(t
Vot 2)] = Tim sup L2 W) =0 2)]
e d(y, )
It is easy to see that [V™v| = [V*(—v)|. We also define

[Vo(t,z)|* = limsup |Vu(s,y)l|.
(s,y)—(t,2)

Equation (7.1) must be interpreted in a proper viscosity sense. We first define a
class of test functions.

Definition 7.1. A function ¢ : (0,7) xS — R is a subsolution test function (¢ € C)
if (t,x) = b1 (t,x) 4+ o(t, ), where 91,1bo are Lipschitz on every bounded and
closed subset of (0,T) xS, |V (¢, z)| = [V~ ¢1(t, z)| is continuous, and dyt)1, Opihe
are continuous. A function ¢ : (0,7) x S — R is a supersolution test function

(v €C)if —peC.
Lemma 7.2. Let ¢y (t,x) = k(t) + k1(t)p(d*(z,y)), wherey € S, ¢ € C(]0, +00)),
¢ >0,k ki € CH(0,T)),k1 > 0. Then

V=t )| = [V (t, 2)] = 2ki ()¢ (d* (2, ))d(z, y).

In particular |V1(t, z)| is continuous and thus the function can be used as the ¥
part of a test function.

Proof. We have

wl(t’ Z) - wl(t7 CL’) = kl(t)(p/(dQ(SU, y))(d2(27 y) - d2($7 y)) + 0<d2(za y) - dg(x7 y))
Therefore by triangle inequality
z,x)d(x 2(z,@
T O O
2k (1)’ (d (2, ))d(z, ).

Let 5,0 < t < 1 be a geodesic of constant speed connecting = and y, i.e. a
curve such that zo = y,x1 = z,d(zs,z,;) = |s — 7|d(z,y). Then d(zs,y) =
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sd(z,y),d(zs,x) = (1 — s)d(z,y). Then

V=i (t,x)] > limsupkl(t)gp’(f(x?y))d (2,y) — d*(2s,y)

s—1 d(l‘s, 1:>

1 — g2
= lim k()¢ (d(a,y))d(w, y) T—

1-s
= 2k ()¢ (d*(2,y))d(, y)-
This proves the claim since |V~ (¢, z)| < [V1(E, x)|. O

Remark 12. Our choice of test functions is rather arbitrary. All of the results
would still be true if we restricted the class of test functions so that we had enough
test functions to prove comparison principle. In particular we could take the
part of test functions to be composed of the functions from Lemma 7.2.

We define for r > 0
H.(t,x,s):= inf H(t,z,7), H"(t,x,s):= sup H(t,z,7).

|7—s|<r |[7—s|<r
Definition 7.3. An upper semicontinuous function u : [0,7) X S — R is a metric
viscosity subsolution of (7.1) if u(0,x) < g(x) on S, and whenever v — 1 has a local
maximum at (¢,z) for some ¢ € C, then

O (t, ) + Hiwy, (t,0))- (4 @, V1 (L, 2)[) < 0. (7.3)

A lower semicontinuous function u : [0,7) xS — R is a metric viscosity supersolution
of (7.1) if u(0,z) > g(z) on X, and whenever u — ¢ has a local minimum at (¢, )
for some ¢ € C, then

Orp(t, ) + HIVV2 0 (¢, [V (8, 2)]) > 0. (74)

A continuous function w : [0,7) x S — R is a metric viscosity solution of (7.1) if it
is both a metric viscosity subsolution and a metric viscosity supersolution of (7.1).

Remark 13. We stated the definition of viscosity solution for equations defined in
the whole space, however we can define metric viscosity subsolutions/supersolutions
in any open subset @ of (0,7") x S by requiring that (7.3)/(7.3) be satisfied when-
ever a local maximum/minimum is in Q. Initial condition is disregarded in such
cases. The definition can also be applied in an obvious way to stationary equations
H(z,u,|Vu|) =0.

We recall a variational principle of Borwein-Preiss (see [18], Theorem 2.6 and
Remark 2.7 about the result in a metric space) formulated in a form suitable for
us. It can be obtained following the proof of Theorem 2.6 of [18] using the metric

A((t,s,2,y), (182 y) = (L=t P+ |s = ')+ d(w,2)) + d(y,9)) 2.

We remark that it would be enough for our purposes to use a version of Ekeland’s
variational principle but the perturbation function from Lemma 7.4 is more regular.
Lemma 7.4 was also used in [36].

Lemma 7.4. Let ® : [0,T] x [0,T] xS xS — [—00, +00) be upper semicontinuous
and bounded from above. Let for n > 1, (tn, 8n,&n, Un) be such that

. 1
D(ty, Sny &y Yn) > sup P — —.
n
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Then there exist sequences x},yn such that d(z},%,) < 1,d(yp,9n) < 1,k > 1,
points tn,5, € [0,T],Zn,Yn €S, such that (x},y}) = (Tn,Yn), sequences of non-
negative numbers 3} such that ZE & = 1, and quadratic polynomials p?,py > 0
with |(p7) (tn)] < 4/n, |(05) (5,)| < 4/n, such that
_ 1
(I)(tm Sny Ty gn) >sup ® — n

and

S|

O(En, S, Ty Un) — — > BE(d> (En, 23) + A (T, yR)) — DY (En) — D5 (5n)
k=1

> 0(t,,0,0) — D B, a) + ) — B0 - B (s).
k=1
for all (t,s,z,y) € [0,T] x [0,T] x S x S.
From now on we will restrict our attention to equations
{ Ou+ H(|Vul) + f(x) =0, in (0,T) xS,
u(0,z) = g(x) onS.
We assume that H : [0, +00) — R is continuous and
f:S>R, ¢g:S—R
are uniformly continuous, i.e. there exists a modulus w such that

|f(x) = fW)] +19(z) — g(y)| < w(d(z,y)) forz,y€S. (7.6)

We could assume that f also depends on ¢ but we do not do so for simplicity.

We will only present the proof of comparison for equation (7.5) since it is the
most relevant for the class of Hamilton-Jacobi equations studied in this paper and
since we do not want to make any assumptions about the growth and continuity
of H. Once the basic techniques are in place the proof is not much different from
typical viscosity proofs in finite dimensions [23] or in Hilbert spaces and can be
modified to general equations (7.1) under typical assumptions on H and growth
conditions for sub- and supersolutions. The proof would be much easier if S was
compact (or locally compact) since we could avoid the use of Lemma 7.4.

Theorem 7.5. Let (7.6) hold and H be continuous. Let u be a metric viscosity
subsolution of (7.5) and v be a metric viscosity supersolution of (7.5) satisfying
fult, )|+ Jo(t,2)] < K(1+ d(zo, ) (7.7)
for some K >0, and
}irr(l) ([u(t,z) — g(x)]+ + [v(t,x) — g(x)]=) =0 wuniformly on bounded sets of S.
—
(7.8)
Then u < v.
Proof. We first notice that the functions ui(¢,z) = e~ tu(t, z),vi(t,z) = e tv(t, z)
are respectively a viscosity subsolution and a viscosity supersolution of the equation
{ Ou+u+e tH(e|Vul) + et f(z) =0
u(0, ) = g(x).
Let L > 0 be such that w(s) <1+ Ls. For 0 < p < 1 we define

(7.9)

1
vu(s,y) = vi(s,y) + T 4

uy(t,z) = w(t,z) — T

K
T—t
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Step 1. We will first show that for every u
lim lim sup {u,(t,z) —vu(s,y) —2Ld(z,y) : [t —s| <,

R—o+toor—=0¢ s 2.y

d(zg,z) + d(z0,y) < R} < 400. (7.10)
Let v € C*([0,+00)),vr > 0,7, > 0,R > 1, be a family of functions such that
lim inf VR(7) > 3K forevery R>1, (7.11)
r—00 r
Vr(r)] < C forall R > 1,r € [0, +00), (7.12)
vr(r)=0 forre[0,R],R>1. (7.13)
For R> 1,8 >0, > 0 we define the function
Prptys,z,y) = uult,r) —vu(s,y) = 2L(1+d*(w,y))*
(t—s)?

- yr(d(wo, 7)) — yr(d(T0,Y)) — 53

The function ® is upper semicontinuous on [0, 7] x [0, T] xS xS and, by (7.7), (7.11),
is bounded from above If (7.10) is not satisfied, then (7.13) implies that for every
n there exist R, (t!, st x! y!) such that d(xg,x%) + d(zo,yk) < Ry, |t:, — si| — 0
as i — 400, and uu(tn,:zrn) vu(sh, yh) —2Ld(x%, yh) > n. Thus for every 8 > 0,n,

limsup,_, o Pr, g(th, 4,24, yh) > n— 2L, and thus

lim limsupsup ®gp > hrf limsup g, (L ) = oc. (7.14)

n» n7 n?yn
R—=+o0 g0 X j—+o0

Therefore, Lemma 7.4 applied with n = 1 implies that for large R, there exist
Bk, Tk, Yk, P1, P2 satisfying conditions of Lemma 7.4 such that

Prs(t s, z,y) Zﬁk (2, 21) + d*(y,yr)) — p1(t) — pa(s)

has a maximum at a point ( 5,Z,9y) such that
@ng( E,f,gj) >Supq3pb,[371, (715)
and hence
ur(t;2) —vi(8,9) 2 uu(t, ) — vu(5,9) > 2Ld(2, 7). (7.16)

It follows from (7.14) and (7.15) that

lim sup limsup ®g (¢, 8,7, §) = +00. (7.17)
R—+4oc B—0

We also notice that since ® R, is bounded by a constant depending on R,

I oa\2
(t 2;) < Ch

for some constant Cg.

Therefore, when (7.15) holds, it is easy to see from (7.6) and (7.8), that 0 <
t,5 < T for sufficiently small 8. Therefore using the definition of viscosity solution
we have

i—s ; Fro (- e
+ —t_)2 + P (E) + € H oty 2y (€' V1 ()]) + €7 f(Z) <0,

U1 (7?7 j:) +

LG e i GO +eSHE IV (5|99, (7)]) + e £(7) > 0,
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where

i (x) = 2L(1+ d*(2,9))?,  va(x) = vr(d(z0, 7) +Zﬁkd (2, z1),

ily) = —2L(L+ P(@,y)?,  daly) = —vr(d(zo.y Zﬁkd )

The function 11 is globally Lipschitz and since from Lemma 7.4 we have d(Z, zx) < 2
for all k, it is easy to see that [Vi1(2)[ + |Vip2(2Z)[* < C for some C' independent
of R, u, 8. Similarly we have |Vu1(9)| + |V (7)|* < C.
Using the continuity of H we thus obtain
u(f,@) = vi(5,9) + ¢ " f(@) —e 7 f(y) < Cn,
where C is independent of R, i, 8. It thus follows from (7.6), and (7.16) that
u(f,2) = vi(5,9) <1+ Ci+ (7% —e ™) f(y) + Ld(,7)

St (e = e (@) + 3 ((7) — 0a(5.9)),

and hence

ur(t,7) —vi(5,9) <201+ C1) +2(e* —e ) f(@).
Therefore,
é(ﬂ §’£, g) S Ul(ﬂi‘) - Ul(gv g) S 2(1 + Cl) + Q(eig - eif)f(y%
which, noticing that for fixed u, R, the distances d(xg, §) remain bounded, implies

lim sup limsup ®(%, 5, Z, ) < 2(1 + C4),
R—o0 B—0
which contradicts (7.17). ) )
Step 2. Suppose that ui(t,Z) — v1(¢, &) > 2v for some v > 0 and ¢,Z. Then the
function
d*(z,y) (t—s)?
2¢ 273

is upper semicontinuous on [0,7] x [0,7] x S x S and bounded from above. Define

— 8(d*(wo, ) + d*(x0,y)) —

\Ij(tv S7xvy) = uu(t7$) - U/t($7y) -

m#vﬁ&ﬁ ‘= Sup \I/(ta S,IZZ,y).
t,s,x,y

We have my, .55 > 3v/2 for small p,€,6,5 > 0. Thus, for small p,€,d,8 > 0 and
large n there exist 8, 3}, yi, pt', p5 as in Lemma 7.4 such that

(s, 2,y) Zﬂk (d*(z,x) + d*(y, i) — P () — p5 (s)
has a maximum at a point (t, 5,%, %) such that
_ 1
U(t,5,Z,0) > Myuecsp—— > V. (7.18)

n
Defining

- - t—3)2

s = T {0(0,5.2,0) s 0 = 5] < v}, where B(t,5,,0) = W(t,s.,0) + 5
r—

we claim that

My e,5 = glj{}) Mye,5,8- (7.19)
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To see this let (¢, sy, ©r, y-) be such that |t — s,.| < r and
Myes = lim \i/(tr,sr,xr,yr).
r—0

Then for every >0

lim W (¢ = lim W(t <

Tl_r}(l) ( rasrvﬁrrayr) rl_l;r(l) ( rvs’mxmyr) = Mye,s,85
which implies

Mpse,s < T Myc.6,6-

Now let (tg, s3,2g,ys) be such that
Myuess < U(tp, 86,05, ys) + 5 < U(tp, 55,25, ys) + B.
Since ¥ is bounded by a constant depending on R, there is a constant Cr such that

(ts —sp)*
23

< Cp.
This implies
My ,e,s < bup{\i/(t7 57377?/) : |t - S| < (QORB)%} + ﬁ
Letting 5 — 0 above it thus follows that
€ > ]‘. €
Myes = ﬁlg}) Mye,s,8

which completes the proof of the claim.
Now

_ 1
My,e,8,8 < \Ij(tv s, T, g) + E
and thus
t—3)? ___ 1 (t-53)? 1
mN76757B+ ( 5) S \I/(taswxvy)""_*_'_ ( 45) Smu,e,6,2ﬁ+7
This implies
- t—5)?
lim lim sup =0 for fixed y, ¢, 0. (7.20)

B—0 n—s+oco ﬁ
By (7.7) we also have
d(x0,T) + d(z0,7) < Rs for fixed p, e, (7.21)

for some Rs > 0. Therefore, by (7.6), and (7.20), for sufficiently small p, €, d, 3, we
must have 0 < £,5 < T. Now, by (7.18),
d*(Z, 7y ~ _ t—35)2
LI 4 o (a0,3) + ) + 0 <
and thus, taking lim supg_,, limsup,, _, | ., above and using (7.10), (7.20) and (7.21),
we obtain for every pu,¢€,6

uu(t: T) — Uu(ga )

&2(z, 7
lim sup lim sup % + 6(d* (o, ) + d*(20,7)

B—0 n—oo €

< limsup limsup(u, (¢, Z) — v,(5,7))
B—0 n—oo
< limsuplimsup 2Ld(Z, ) + Ca
B—0 n—oo
&2(z,7
< limsup lim sup M + Cs,
B—0 n—o0 4e
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where Cs, C's may depend on p. This in particular implies that

lim sup lim sup 4@.9) <2 (O‘o’) , (7.22)
B—0 n—+oo € €
8(d(x0, %) + d(z0, 7)) < CuVo (7.23)

for some constant C,,. Using the definition of viscosity solution and Lemma 7.2 we
obtain

_ [—5 . d(Z,7 .
i (f,7) + - 5 ° ﬁ + @O0 (@) + € Het gy o) (e”‘i’”) +ef(@) <0,
t—3 R T _dlz,y _
n( )+ 5 = e = @) et T (U e 20
where

Yale) = 6 (no, ) + > Bl (a,af),
k=1

o0

. 1
Ui(y) = —0d*(w0,y) — ~ > Bid* (v v)-
k=1
In particular, (7.21) and (7.23) give
lim sup lim sup lim sup(| Vb2 (Z)* + |V (7)]*) = 0.

§—0 B—0 n—+4oo

We now subtract the above inequalities, use the continuity of H, and (7.20), (7.21),
(7.23), (7.22) to get

e tH (etd(i’y)> —etH (etd(i’y)> + e_if(sﬁ) — e_ff(z?) < —% +0(8,8,n),

where limsup;_,o limsupg_,o limsup,, ,, ., (6, 3,n) = 0 for fixed p,e. It remains
to take

lim sup lim sup lim sup lim sup
e—0 6—0 B—=0 n—+oo

in the above inequality and use (7.6), (7.22) to obtain a contradiction. O

Corollary 2. Let u be a metric viscosity subsolution of

Ovu+ H(|Vul) + fi(z) =0
7.24
{ u(0,2) = g1 (2), (7.24)
and v be a metric viscosity supersolution of
O+ H(|Vu]) + fa(z) = 0
7.25
{ v(0,x) = ga(x), ( )

where f1, g1, fo, g2 satisfy (7.6), H is continuous, and u,v satisfy (7.7) and (7.8)
with g1 and go respectively. Then

u—v < sup{gi(z) — g2(2)} + tsup{fa(z) — fr(x)}. (7.26)
Proof. The result follows from Theorem 7.5 upon noticing that the function

vi(t,z) = v(t,z) + Slip{sh(w) —g2(2)} + tsgp{fz(x) - fi(z)}

is a viscosity supersolution of (7.24). O
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It is easy to see that the notion of metric viscosity solution has good limiting
properties. In particular it is stable with respect to uniform limits. Moreover, if
the metric space S is locally compact, the method of half-relaxed limits of Barles-
Perthame (see [23]) also works for it.

7.2. Existence of solutions. We first show that a version of Perron’s method can
be applied to produce a viscosity solution of (7.5) without any additional restrictions
on H. Let us first recall that the upper semicontinuous envelope of a function f
is denoted by f* and is the least upper semicontinuous function which is greater
than or equal to f. Similarly, the lower semicontinuous envelope of a function f is
denoted by f, and is the largest lower semicontinuous function which is less than
or equal to f. We say that a function f has a strict maximum at (¢,x) over a
set A C [0, 7] xSif f(s,y) < f(t,z) for all (s,y) € A and whenever (t,,z,) is a
sequence in A such that f(t,,z,) — f(¢,2) then (t,,x,) — (¢, ). Strict minimum
is defined similarly.

Theorem 7.6. Let (7.6) hold and H be continuous. Let u be a metric viscosity
subsolution of (7.5) and T be a metric viscosity supersolution of (7.5) satisfying

(1.7),
tl% ([0*(t,z) — g(x)])+ + [w,(t, ) — g(x)]=) =0 wuniformly on bounded sets of S,
(7.27)
and u <. Denote
S ={w:u<w<7v, wis a metric viscosity subsolution of (7.5)}.

Then

v 1= sup w
weS

is a metric viscosity solution of (7.5).

Proof. Step 1. Suppose that v* — 1) has a maximum at a point (¢, ) over some
set A = {(s,y) : |t — s> + d®(y,x) < n for some n > 0 and ¥ = 11 + 12 € C.
Replacing (s, y) by (s, y) + (s — t)? + d*(y, z) we can assume that the maximum
is strict. By the definition of v* there exist w, € S and (f,,&,) — (¢,) such that
Wy (tn, &) — v*(t, ), and thus

sup(w, —¥) = v*(t,z) — (¢, ).
A

Applying Lemma 7.4 on A, there exist points (t,,x,) € A, and perturbation func-
tions ¢, (s,y) = 2 377 | Brd?(y, 2}) + pY(t) from Lemma 7.4 such that

|8t90n(tn>$n)| < 1/”7 |V<Pn(tnaxn)‘* < 1/”

and such that w,, — ¥ — ¢,, has a maximum over A at (¢,,z,), and
1
Sup(wn—iﬂ)—* < wn(tn7xn)_’(/}(tn; mn) < v*(tnaxn)_w(tna mn) < U*(ta m)_w(ta 3?)
A n

Letting n — +o00 above we thus obtain

Hm (0" (tn, Tn) — Y(tn, zn)) = 0" (t, ) — (L, x).

n—-+o0o

Since the maximum at (t,z) was strict this implies (¢, z,) — (¢, z).
We now have

Op(tn, Tn) + Opon (tn, Tn) + H‘V'{Z)n(t )\*(|V1/)1(tmxn)|) + f(wn) <0, (7.28)

nsTn
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where 1,[)” = 19 + @,. It follows from the definition that
IV (b, 20) " < [V (b, ) |* + [ Veon(tn, 24)]".

Therefore
1
lim sup |V¢n(tn,xn)\* < lim sup |Va(tn, zn)|* —l— < |Vibo(t, x)|*, (7.29)
n—-+oo n—-+oo

where we used the upper semicontinuity of |Viba|*. It is not difficult to see that
since H is continuous, the function H,(s) is continuous in r, s (and hence uniformly
continuous on bounded sets) and is non-increasing in 7. It thus remains to let
n — 400 in (7.28) and use (7.29) to get

6t¢(ta ‘T) + H\Vi/)g(t,w)\*“vwl(tvx”) + f(‘T) <0

It now follows from Theorem 7.5 that v* < ¥ and hence v = v* € S.

We remark that it is obvious from the definition of metric viscosity subsolution
that the maximum of two metric viscosity subsolutions in any open subset of (0, T') x
S is a metric viscosity subsolution, a fact which we will use in Step 2.

Step 2. If v, is not a viscosity supersolution then there exist (¢,z) and ¥ =
Y1 + b9 € C such that v, — 1 has a local minimum at (¢, x) and

b (t, @) + HIV202" (174 (¢, 2)|) + fz) < —2e. (7.30)

for some € > 0. If v, (t,z) = (¢, x) then, since v, < U, this would mean that 7 — ¢
has a local minimum at (¢,z). But U is a viscosity supersolution and hence (7.30)
could not be true. Therefore we must have v, (t,z) < (¢, z). Moreover

Pi(s,y) + HYV2ED (1 ((s,9)]) + fy) < —€ if [t — s> + d*(z,y) < r* (7.31)

for some t > r > 0. Without loss of generality we can assume that v, (t, z)—9(t,x) =
0 and the minimum is strict. Therefore, by possibly making r smaller, there exists
0 < n such that v.(s,y) > ¥(s,y)+nfor r?/2 < |t—s|*+d*(z,y) < r?and +n <D
if [t — s|? + d?(z,y) < r? . Define a function

_ max(¢ +n,v) if [t —s[* + d*(z,y) <r°
U)(S,y) - { v otherwise.

We claim that w is a viscosity subsolution of (7.5). To prove this it is enough to
show that the function ¢ (and hence ¥ + 7)) is a viscosity subsolution of (7.5) in
{(s,y) : [t—s|? +d2(x y) < r?}. Let then (e ¢ have a local maximum at (s,y) for
some ) = 1)1 + 15 € C. Then obviously d¢)(s,y) = dyth(s,y) and

V(1 = 1) (5, 9)] < [V (0ha = 2)(5,9)| < [V (th2 — 12)(5,9)]- (7.32)
Therefore

IV (o — wz)({7 y)l )
(Y1 — 1) (s, 2)) — (1 — ¥1)(s,9))]+

Y

lim sup

2=y d(z,y)
() i)l f(s2) — di(s0)
> bmsup () e i)

= |VTu1(s,9)| = [VYi(s,9)] = [V (s, y)| — [V (s, p)l.
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Likewise we obtain

V(2 = 2)(s,9)] = [VH(=d1)(5,9)] = [Vehu(s,9)|
V=41 (s,9)| = [V (s,p)]
Vi1 (s, )| = [V (s,9)].

It thus follows from the above two inequalities and (7.32) that

||V1Z1(S7y)‘ - |v¢1(87y)|| < |v(’¢~}2 - 1#2)(5711)\ < ‘v¢2(87y)| + ‘V1L2(svy)|
which, together with (7.31), implies

O (s,y) + H G, .1+ Vi ((s,y)]) + fy) < —e.

Therefore w is a viscosity subsolution of (7.5) and hence w € § (since w < D).
However, it is clear from the definition of w that w(r, z) > v(r, 2) for some (1, 2)
close to (t,z). This is a contradiction so v, must be a viscosity supersolution of
(7.5). Since by Theorem 7.5 we must have v < v, it finally follows that v = v* = v,
is a viscosity solution of (7.5). O

We remark that under the assumptions v < T and (7.6), condition (7.27) is
equivalent to

lim ([o(t,2) ~ 9(2)] + lu(t, ) ~ g(x)]) = 0
uniformly on bounded sets of S.

Corollary 3. Let g be Lipschitz continuous and f satisfy (7.6) and be bounded,
and H be continuous. Then there exists a viscosity solution of (7.5).

Proof. We notice that for sufficiently big C, the functions
u(t,z) = =Ct+g(z), u(t,z)=Ct+g(x)

are respectively a viscosity subsolution and a viscosity supersolution of (7.5) satis-
fying (7.7) and (7.27). To see this for the subsolution case, suppose that u — 1 has
a local maximum at a point (¢, z) for some ¢ = 91 + 195 € C. Then

Yi(t,y) — ¢a(t,x) = (ult, y) — da(t y) — (ult, 2) — a(t, x)).

Therefore

[V (t, @)

V= (t, )|
V7 (w = 1ha)(t, )|
IVu(t, z)| + [V (t, )| < CL+ [Via(t, 2)[",

where C is the Lipschitz constant of g. Therefore |V (¢, z)| — [Viha(t, z)|* < Cy
and hence

IAIA

V%(t,mm < sup H(S) = 02
0<s<Ci

H 9y (t2))+ (

which implies that u is a viscosity subsolution if C' > Cy + sup f.
The result thus follows from Theorem 7.6. O

Let us now consider a simpler case of equation

dyu+ H(|Vul) =0
{ u(0,2) = g(x), (7.33)
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where the Hamiltonian H is convex and g is bounded and uniformly continuous on
bounded subsets of S. More precisely, suppose that

H(s) =sup{sr —a(r)}, fors>0,
r>0

where « : [0,400) — [0,+00) is an increasing convex function such that «(0) = 0
and a(r)/r — +oo as r — +oo. In particular H(0) = 0 and H is increasing. The
solution of (7.33) should be given by the Hopf-Lax formula

u(t,z) = inf {g(y) +ta (d(y,x)) } . (7.34)
y€eSs t
Indeed it was proved in [8, 48] (see also [64]) that u satisfies

d
Wu(t,x) + H(|Vu(t,z)|) =0 for every t >0,z € S.
+
We will prove that u is a metric viscosity solution of (7.33). First we observe that,
since the space is geodesic, it is easy to see that u satisfies the semigroup property
d
u(t—i—h,x)—ing{u(t,y)—i—ha ((y}f:))} 0<t<t+h<T. (7.35)
ye
Theorem 7.7. Under the above assumptions on H and g, the function u given by
(7.84) is a metric viscosity solution of (7.33) on [0, +00) x S.

Proof. Tt is standard to see that w is continuous on [0, +00) X S.

Step 1. Suppose that u — 1 has a local maximum at a point (¢,2) for some
¥ =11 + 19 € C. Set r > 0. By the definition of test functions, there must exist
points x,, such that d(z,z,) — 0 and

V() = V()] =t D= rlltn)

n—-+o0o d(x,xn)
Denote €, = d(x,2,)/r and let s =t — €,,. Then by (7.35) we have
Ot x) — Ot — €, n) < ult,z) —ult — €n, Tn) < Encr <d(i"x)> = ena(r). (7.36)
Now
w(ta I) - ¢(t — €n, xn) — ¢(t7 .’IJ) - ’(/)(ta xn) + w(ta xn) - ¢(t — €n, xn)
€n €n €n
> (Vi (t, o) — [Via(t, )| + o1(n))r
t
+ i ath(S,:L'n)dS

€n t—en

(IVr(t, o) — [Viba(t, 2))r + 0 (2, )
+ o1(n). (7.37)

where lim,,_, o 01(n) = 0. Combining (7.36) and (7.37) and letting n — 400 we
thus obtain for every r > 0

Opp(t, x) + (IViha (t, 2)| = [Vipa(t, 2)[)r — a(r) <0
This obviously implies that
O(t, ) + Hiwyy(1,2)| (| V1 (t, 7)[) < 0.
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Step 2. Suppose that u — ¢ has a local minimum at a point (¢,z) for some ¢ =
Y1 41y € C. By (7.35), for every € > 0 there exists z.,d(x,z.) — 0 as ¢ — 0, such
that
d(xev QZ) 2
Y(t,x) — Pt —e,xe) > ul(t,x) —ult — e, x.) > ex <) — €. (7.38)

€

We have
¢(ﬁ,l‘) _w(t_€7$€) — '(/J(th) _w(tvxe) + ¢(tal‘e) _'(/)(t_eaxe)
€ € € d(méjm)
< (Va(t,2)] + [Vea(t 2)] + oa(e)) =
+ % /ttE 5t1/1(37 xs)ds
d(ze, x)

= (Vi (o) + [Va(t, 2)| + 02(e))
+ O(t, x) + oa(e), (7.39)
where lim._,¢ 02(e) = 0. Combining (7.38) and (7.39) it thus follows

—e—oa(e) < AY(tx)+ (Vi) + [Viba(t,2)| + W”@

ENEEY

< Ow(tx) + H(IV(t, o) + [V (t, )| + o2(€))
= Ou(t,x) + HYP=2ODN(VY (1, 2)] + 02 (e))-
It remains to let ¢ — 0 above to conclude the proof. O
We expect that value functions for more general problems, like these studied in
Section 6, are metric viscosity solutions of the associated Hamilton—Jacobi equations

in our, or perhaps slightly different sense. The relationship between the notion of
metric viscosity solution and the notion from Section 6 is also yet to be investigated.

8. Appendix.
8.1. Gronwall type inequality.

Lemma 8.1. Let w be a nonnegative Borel function defined on [0,a] such that
w(y) >w(0) =0 fory € (0,a). Assume

[

o w(y)

Suppose Q : [0,T] — [0,a] is a Lipschitz function such that Q(0) =0 and Q <w(Q)
almost everywhere. Then Q =0 on (0,T).

Proof. Suppose on the contrary that the open set O = {t € (0,7T) | Q(¢) > 0} is not
empty. Let (a, 8) be a connected component of O, where 0 < a < 8 < T. If Q(«) >
0, then a # 0 and so, there exists € > 0 such that (a — €, 8) C O, which contradicts
the maximality property of (a, 8). Hence, Q(«) = 0. Since almost everywhere on
(ar, B) we have Q < w(Q) and w(Q) > 0 we conclude that if & <ty < ¢; </ then

/ /Q(h) dy
w( Q(to) w(y)



OPTIMAL TRANSPORT AND LARGE NUMBER OF PARTICLES 1437
Thus,
Q(t1) dy B
1 —a > —— =00,
0

which leads a contradiction. O

8.2. Shift of a curve in P2(M). Let o € AC3(0,T; P2(M)) and let v be a velocity
for 0. The following lemma can be derived from the Appendix in [42].

Lemma 8.2. There exists an increasing sequence of integers {ny}x and paths o* €
ACy(0,T; P (M)) such that v* is a velocity for o* such that

Walorof) < 7 and \/ IvH1 2t — /OTIIthlitdt\ <1 @Y
Furthermore, we can find z% € AC(0,T, M) (i =1,--- ,ny) such that
k 1 &
gy = E;dxi,k(t).

For almost every t € (0,T)

IvEll2e = *le”“

We prove the following lemma.

Lemma 8.3. Given v € Po(M) there exist o* € AC5(0,T;P2(M)) and a velocity
v* for o* such that o5 = v,

’

Wa(or,0/) < Wa(or, o). (8.3)

T
; ?,t*dtg/ [[ve| |2, dt, (8.2)
0

and for all t € [0,T]

Proof. Let (0%, v¥) be as in Lemma 8.2 and let {y**}I"*, C M be such that

1 &
: E oy E_ v
klggo Wa(v®,v) =0, where v" = — Zéyl,k(T). (8.4)
Reordering {y* k}"kl if necessary, we may assume without loss of generality that

W3 (", op) Z [y (1) — 2P (8.5)
Set
IS i i i i
= Z(syi,k’(t), where y"*(t) = 2BF (1) — 2PF(T) 4+ 4BF(T).

We have o*% € ACy(0,T;P™(M)) and it has a unique velocity v*** such that for
almost every t € (0,T") (cf. Section 7.3 [42])

ity () = 5 ().
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For these ¢

*,k koo, _
ViR = = v R )P = — > 15 E &R (@) = [[vi ]2
! ki ki
(8.6)
Observe that

ot =3 LS W0 (0) + (5 (0) - (1) - (D) (1)),

3,7=1

Thanks to (8.5) we conclude that for all ¢ € [0, T,

Nk Nk
WE(oh i) < oo 3 [ O HOF = 23l D)-a (D) = WEGK oh).
B B (8.8)
By the triangle inequality
Wg(af’k,ao) < Wg(cr:’k,af) + Wg(af,at) + Wg(at,ao).
We use (8.8), the first inequality in (8.1) and Remark 1 to conclude that

. 1 ¢ T
Wg(at’k,go) < Wa(V*, ok + Z + [ |vsllo.ds <m+1 +/ [|Vsllo.ds, (8.9)
0 0

where

m = sup Wg(uk,aﬁ) < sup WQ(Vk, v)+ Wa(v,or) + WQ(UTJ?) < 0.
k k

By the second inequality in (8.1) and (8.6),

T
sup / vk |2
keNJO

Passing to a subsequence if necessary and applying the refined version of the Ascoli—
Arzela Theorem in [7] (cf. also Proposition 3.20 [43]) may assume without loss of
generality that there exists o* € ACy(0,T;Pa(M )) such that {o]"*}) converges
narrowly to o; for each ¢ € [0,7]. Since WQ(JT ,v*) = 0, (8.4) implies that
Wa(o5,v) = 0. We let k tend to oo in (8.8) to obtain (8.3).

By (8.1) and (8.6),

T T T
vl s = tyming [ v s = tmint [ v

Since [[vZ*|| -« > [(6**)'|(s) almost everywhere (cf. Proposition 1), we first use
(8.11) and then Proposition 3 [40] to conclude that

T T T
/ ||v5||§sdszliminf/ |(U*’k)’|2d52/ \(o*)[2ds.
0 k—oo 0 0

If v* is the velocity of minimal norm for ¢* we observe that we have established
(8.2). O

T
eds < 1+/ vl 2. ds. (8.10)
° 0

eds. (811)
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