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ABSTRACT. In this manuscript we are interested in stored energy functionals W defined on the set
of d x d matrices, which not only fail to be convex but satisfy limge o+ W(§) = co. We initiate
a study which we hope would lead to a theory for the existence and uniqueness of minimizers of
functionals of the form E(u) = [,(W(Vu) — F - u)dz, as well as their Euler-Lagrange equations.
The techniques developed here can be applied to a class of functionals larger than those considered
in this manuscript, although we keep our focus on polyconvex stored energy functionals of the
form W(§) = f(§) + h(det &) — such that lim, 4+ h(t) = co — which appear in the study of Ogden
material. We present a collection of perturbed and relaxed problems for which we prove uniqueness
results. Then, we characterize these minimizers by their Euler—-Lagrange equations.

1. INTRODUCTION

This manuscript describes a series of problems in the calculus of variations and sheds some light
on them. Let ©,A C R? be bounded convex sets and let ug : Q — A be a diffeomorphism. We
consider stored energy functionals of the form

0 wie - { SO ez

Here, f € CY(R¥*?) is strictly convex and is such that there exists p € (1,00) such that f(¢)
behaves as [£|P for |£| large enough. Motivated by the study of Ogden material [12] we impose that
h € C1(0,00) is convex and

h(t
(2) lim A(t) =00 and lim ht) _ 00
t—0+ t—oo t
Given F : © — R% and T > 0, the variational problems we study are motivated by the challenging
system of PDEs: find u: [0,7] x £ — A such that u(¢,-)(2) = A and in the distributional sense,

du+ div(DW(Vu)) =0 in (0,7)xQ
(3) { ( u(O,)-)) —uy in Q. >

Because of the condition (2), it is neither known that (3) has a solution nor that there is a gradient
flow solution for the energy I.(u) := [,(f(Vu) + h(det Vu) — F - u)dz. If p > d, the variational
problem
min{/ (f(Vu) + h(det Vu) —F -u)dz | u € WP(Q,A), u(Q) = A, det Vu > 0}
u Q

has a minimizer u,. One expects u, to satisfies a system of equations which encodes more informa-
tion (cf. (12)) than just being a stationary solution to (3). Making that statement rigorous remains
open outstanding problems in the calculus of variations which we shed some light on.

Key words: Duality, Lower Semicontinuity, Euler—Lagrange Equations, Elasticity Theory, Pseudo—Projected Gra-
dient, Ogden Material, Relaxations. AMS code: 35B27, 49J40, 28 A50.
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In this manuscript, we are concerned with a series of open problems closely related to the system
of Equations in (3). The first one is to know if the minimizer of

(4) (rgur;{/ (f(Vu) + h(B8) — F -u)dz | B € det* Vu}
,2u Q

is unique. Here, the minimization in (4) is performed over the set of pairs (8, u) such that u: Q@ — A

is a Borel map and 8 : 2 — (0,00) is a Borel function. The notation § € det* Vu means that u

pushes L4 forward to ya L%, also denoted by u#(ﬁﬁd) = ya L% In other words,

(5) /Q (w)Bdz = /A ly)dy Vi e CyRY).

In fact, thanks to Remark 3.6 the problem in (4) can be interpreted as a relaxation of

(6) mm{/ (f(Vu) + h(M) —F-u)dz |ue WP(Q,A), u(®)=A, }

u Q Nu(u)
Here, Ny(y) is the cardinality of the pre-image u={y}. Endow L'(Q) and WP(Q, R?) with their
respective weak topologies and endow L'(Q) x W1?(Q, R?) with the product topology. The sublevel
sets of the functional to be minimized in (4), when intersected with the set of (5,u) such that
B € det* Vu, are pre-compact. Since the functional to be minimized is lower semicontinuous for
the topology, these facts ensure existence of a minimizer in (4).

The first condition imposed on h in (2) makes it a hard task to determine the Euler-Lagrange
equations satisfied by the minimizers of (4). In contrast with the study done in [10], while the
presence of f here makes it easy to readily obtain the existence of a minimizer in (4), it becomes
the source of a tremendous complication when dealing with the uniqueness issue.

The second class of problems we study depends on a parameter 7 and is a pertubation of (4)
inspired by the so—called finite elements methods in numerical analysis. To describe these problems,
we will start by introducing a family of spaces S™ and a family of operators Vs- (cf. Proposition
3.1), defined on an appropriate subset Us- (cf. (26)) of the set of Borel maps u : Q — A. The
operators Vgr depend on f and are defined in such a way that

lim [[Vs-u — Vu||p@) = 0,

for all u € W'?(Q,R?). Furthermore, when p = 2 and f(¢) = |£]?, Vs-u is the L?>-orthogonal
projection of Vu onto 8™ (cf. Remark 3.2). We consider the variational problem

(7) inf / (f(Vsrw) +h(B) - F-u)de,
(Bu) Jo
where the infimum is performed over the set of pairs (5, u) such that u € Us- and 8 € det” Vu.
Observe first that unlike the analysis presented above, the sublevel sets of the functional Is-
to be minimized in (7), are not known to be pre-compact for a topology for which Is- is lower
semicontinuous. For instance, if C' > 0 and 7 > 0 are fixed, the set {u € Us~ | [|[Vsrul[zr) < C}
is not a pre-compact set of LP(€2,RY) for the strong topology (cf. Remark 3.7). Regarding the
uniqueness issue, there is no know metric for which the set of pairs (5,u), over which we are
minimizing, is strictly convex (or even convex) and so, there is no known type of convexity satisfies
by the functional to be minimized in (7), which will ensure uniqueness of a minimizer. Under
the assumption that F is non degenerate, i.e. F#(XQL’d) is absolutely continuous with respect to
Lebesgue measure, the main contribution of this manuscript is to prove the existence of a unique
minimizer in (7). We completely characterize the minimizer of (7) by its Euler-Lagrange equations.
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Our results are based on the discovery of a problem dual to (7), which could not have been found
if one relies on the current theory in the calculus of variations.
When 7 tends to 0, the infima in (7) tends to

(8) min I(v)

where
1) = [ (1) +h(O) = (o) - wyy(do. dt, s, )
here T is the set of measures on C where,
C=QxD and D =]0,00)x A xR
satisfying

éﬂ&h<m

9) /Cb(a:)ch:/ﬂbda:, /Ctl(u)dV:/Aldy, /C<§,1/J(x)>d7:—/cu~ div ydy

for all b,1 € Cp(R?) and all v € CX(Q,R¥9). The functions I and v will later play the role
of Lagrange multipliers in a dual problem. When v = 0(; 3(2),u(x).¢(2))d%, the constraint in (9)
involving [ ensures that 5 € det* Vu, while that involving ¢ ensures that £ = Vu.

We can disintegrate any v € I' such that I(7) < co in the following way (cf. [11] III-70) :

/Ldry:/dx/ L(u,t,z, &)~"(dt, du, d§), VLECC(R).
C Q D
We define the Borel maps 3, : © — [0,00), uy : Q — R? and Uy:Q— R*4 by

(10) ﬁ.y(x):/jjt’yx(dt,du,df), uV(:C):/DU’ym(dt,du,df), Uﬂ,(:c):/Dévm(dtjdu,df).

Note that by Jensen’s inequality

h(ﬂv(x)):h( /D tfyz(dt,du,d.f)) < / h(t)y® (dt, du, d€)

D
and so,

(11) /Qh(ﬁw(x))dxg/h(t)’y(dx,dt,du,df).

c

Similarly, by Jensen’s inequality U, € LP(Q, R9*4) and we have Vu, = U, (cf. Subsection 2.6) We
prove that if ; and 72 minimizes I over I' then Vu,, = Vu,,.

Let (I,k,v) € C x () (cf. Subsection 2.4), let k% be the recession function of k. Given
Y € LI(Q,R™*?) such that divpa is a Radon measure, let div*tpa be the singular part of divi)pa

and set ¢g° = | div *tga|. We prove that if u; € WHP(€, A) satisfies

(12) F + div*(Df(Vu)ga) € 0k*(w1), K (A1) +1(m)=0 L% —ae.
and
(13) u € 8k°°(divst(Vu1)Rd) g° —a.e.

then u is the unique minimizer of I over WP(Q, A) (cf. Theorem 6.8). Here, we have used
¥ = Df(Vuy). We conclude from the duality relation max —J = inf I (cf. Theorem 6.4), that if
every minimizer (I,%,) of J such that k = I* satisfies k € C'(R?), then I has a unique minimizer
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over WHP(Q, A) (cf. Corollary 6.9). We don’t know if there are other ways of drawing such a
conclusion but using Lemma 4.4 (iii).
Set f(£) = €/¢?/2 and assume h(t) equal to co everywhere except at ¢ = 1 and h(1) = 0.
Formally, we have the following: u; preserves Lebesgue measure and (12) reads off
F = —cAu; + VE* (0;), £%—ae.

When € = 0 we obtain the polar decomposition of F (cf. [2]) and when € > 0 we obtain a variant
of that where u; is differentiable.

The techniques developed in this manuscript can be applied to a class of functionals larger than
those considered here. This includes functionals of the form W (¢) = [£[?(det €)~%/¢, which appear
in the study of Extremal mappings of finite distortion (cf. e.g. [3], [4] and the references therein).

2. ASSUMPTIONS, NOTATION AND PRELIMINARIES

2.1. Main assumptions. Throughout this manuscript €2 and A are two convex bounded nonempty
open subsets of R?. Without loss of generality, we assume that

(14) 0eA and L£YQ)=1.

Let * > 0 be such that A is contained in the ball of radius 7*, centered at 0. We denote by vaq
the outward unit normal to 02, which exists H% '-a.e. Let pop be the Minkowski function of A :

(15) oa(u) = glg{t |uetA}
so that A = {or < 1} and OA = {pn = 1}. The support function of A is g defined by

04 (v) =supu - v.
u€A

We have ¢ is a convex function and for each v € R4
16 030 = (ue k| g —uen) = { PEON AT =} v

We assume that F € L'(Q, R?) is a Borel vector field. Let p,q € (1,00) be such that p~'4+¢~ = 1.
Let f € CY(R?) be a strictly convex function such that there exists a constant ¢ > 0 such that

(17) clefP < f(€) < M€+ 1) IDFEOI< NPT 1) VEe R

The Fenchel Legendre transform of f is a strictly convex function of class C'! which we denote by
f*. We assume the existence of a constant ¢ > 0 such that

1 . 1 « 1 _
(18) “lelr <@ < (el + 1), DI < (€T + 1) VEeRD
Let h € C?(0,+00) be a strictly convex function such that
h(t
(19) lim h(t) =00 and lim h(t) =00
t—0+ t—oo

We extend h to (—oo,0] by setting
(20) h(t) = o0 if ¢t <0.
Remark 2.1. The following are standard remarks.
(i) Since h € C(0,00) is strictly convex and (20) holds, h* € C1(R) and (h*)" > 0.
(ii) By (19), lims—00 h*(s)/s = 00 and lim,_, o h*(s) = —o0.
(iit) If A" > 0 then h* € C?(R) and its second derivative is positive.
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2.2. Divergence of extended functions. B
Matrices whose entries are signed measures. We denote by M (€, R%) the set of m = (my,--- ,mq)
such that m; is a signed Radon measure on R? supported by . We define

Imllany = sup{ [ - m(do) | e ColRl R, [u] < 1}

Divergence of vector fields defined on Q. If ¢ € L(Q, R9*4) " we denote by s the extension of v
to RY which is identically null on R?\ Q. Assume there exists a constant C' > 0 such that

(21) /Q (6, Vu)de < O[] po gy

for all u € C°(R?, R?). Equation (21) is equivalent to the fact that the distributional divergence
of 1ga is a Radon measure of finite total variation. The Riesz representation theorem (cf. e.g. [7])
provides us with a Radon measure p on R?, supported by €, and a p-measurable map o : R — R¢
such that |o| =1 p—a.e. and

(22) /Rd o-udy = /Q<1,Z),Vu)dx

forallu € C(R?, R?). Since p is supported by 2, standard approximation arguments yield (22) for
ue CcYQ, R?). We have o = — div ¢)ga is a vector whose components are signed Radon measures
of finite masses and || div ¢pa|| ) = w(RY).

Let Tr, : WHe(Q,R¥>*) — L9(99, R?*4 H4~1) be the trace operator. If ¢ € Wh4(Q, R¥*?) then
(23) divoga = diveLq — Try(¥)vao H Haq-

Here, vgq is the unit outward normal to 9€2 and div is the pointwise divergence of ¢ in €.

Finite elements and Sobolev spaces. Throughout this manuscript either
(24) 2(Q) = {1 € LI(Q,RYY) | divepga € M(Q,RY}, S =W, QR
and
Ul = 10l Lae) + 1| divpal[pg@)  for o € 2(Q)
or 8§ = %(Q) are finite dimensional vector subspaces of W, ™ (2, R4*4):
(25) $(Q) € Wy (Q,R™4)  and  dim $(Q) < cc.

In the latter case when (25) hold we further assume the following:
(i) there exists a finite collection of d-simplexes (closed and of nonempty interior) {C;}}'_;, whose
union contains €2, and such that two distinct simplexes have disjoint interiors.

(ii) If ¢ = (v4i5)i; € (), then the restriction of 1;; to any C, is an affine function.

2.3. Special displacements and weak determinants.
A useful class of displacements. Suppose that X(§2) = S are finite dimensional vector subspaces of
WOI’OO(Q,RdXd), so that they are closed in L9(€2, R%*?) for the weak topology or S and () are
given by (24).

We define

(26) L{Sz{u:Q—H_XBorel map | 3C > 0 such that /u- divepdz < O] e VI/JES}.
Q
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If we denote by U the set of Borel maps u: Q — A that are in WP(Q, R?) then U C Us.
Using the terminology of [14], we denote the annihilator of S by

St ={¢p e LP(Q,R™) | /Q<¢, ¥) =0 Vi eS}h

When dim S < oo, § is closed for the strong topology and so, we have (cf. [14] Theorem 4.7),

(27) S ={t € LYQ,R>) | /Q (6.0) =0 Ve Sty

Absolute value of determinants. Let u : Q — A be a measurable map and let 8 : Q — [0, 00] be a
measurable function. We write

B € det* Vu
if

(28) /Qﬁ(x)l(u(m))dx:/lxldy

for all I € C.(RY). In other words, ug(BL?) = yaL? Observe that the set det* Vu depends on A
and u. Note that when the set det* Vu is non empty, then it is a convex subset of L'(A), contained
in the sphere of radius £%(A). Its intersection with any weakly compact subset of L!(Q) is also
weakly compact. Since h is strictly convex and grows faster than linearly at co we conclude that
there exists a unique function, which we denote det” Vu, which minimizes 8 — fQ h(B)dz over the
set det” Vu, provided that [, h(3)dz is not identically co on det* Vu. By the fact that h satisfies

(19), the set where det” Vu vanishes, is of null measure.

Functionals to be minimized. Let u € WHP(Q, A). When det* Vu is nonempty we set
I(u) = / <f(Vu) + h(deth Vu)—-F- u> dx,
Q

otherwise, we set I(u) = co. Similarly, if u € Us and Vgu is the S—pseudo projected gradient of u
(cf. Proposition 3.1), we set

Is(u) = / (f(Vgu) + h(det" Vu) — F - u) dx
Q
when the set of det* Vu is non empty, otherwise, we set Is(u) to be co.

2.4. Dual variables and a dual functional.
Let C be the set of pairs (k,[) such that k € C(RY) is a Lipschitz function, [ : R — R U {oc} is
lower semicontinuous, [ = co on R%\ A and

(29) E(v) +1(u)t+h(t) > u-v

for all u,v € R% and all t > 0.

The lowerscript and upperscript § operators. Let k € C(R?) be convex, I : R? — RU {oc} be lower
semicontinuous such that the intersection of A and the effective domain of [ contains an open ball

of positive radius and ! = co on the complement of A. We define I* to be the Legendre transform
of —h*(—1) and we define k; by the relation h*(—k;) = —k*. Note that if we set h(1) = 0 and
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h(t) = oo for all £ # 1 then h*(s) = s and the lowerscript and upperscript # operators are nothing
but the Legendre transform. We have

(30) I*(v) = sup {u v —h(t)—tl(u) |t >0,u € A} = suptl*(g) — h(t).
t>0,uel >0 t

and

kﬁ(u) _ Stl’%){u cV— ]{I(tv) — h(t) t>0,v€ Rd} _ iggk*(U)t_h(t) _ —(h*)_l(—k*(u))

Therefore, ky is the smallest function among the functions [ such that tl(u) + h(t) > k*(u) for all
t > 0 and all v € A. In particular, if u € A then

(31) ky(u) + h(1) > k*(u) > —k(0).

2.5. A lower semicontinuity functional J. Throughout this subsection we assume that (S, X())
is given by either (24) or (25).

A dual functional. Suppose (k,I) € C and ¥ € X(£). Since [ is lower semicontinuous and never
assumes the value —oo on the compact set A while being identically oo outside A, it is bounded
below. The fact that k is Lipschitz ensures that the following expression is well-defined although
it may be oo (cf. Subsection 7.1):

J(k,1,1) —/_<f*(¢)dx+k(divad—i—Fﬁd)) —i—/Aldy.

Q

By (23) if ¥ € Wy (Q,R™?), divepga = divepL?, whereas by (107), if A C domk* C A then
k> = 0%. By the definition of C if (k,l) € C and | = ky then doml! = domk* C A and by Lemma
4.6, if v € X(Q) and J(k,1,v) is finite then A C dom!. In conclusion

: ay Jok(divy + F)de if X(Q)is given by (25)
(32) /Qk(dw Yma + FLY) = { Ja 05 (divey) 4 [ k(div®) 4+ F)dz if () is given by (24).
Lemma 2.2. Suppose that ¥, € %(), (kn,l,) € C are such that k, € C(RY) and l,, € C(A) are

convez, I, = oo on R\ A, and

(33) Sup |[¥nlls (@) + llinllz1(@) < oo

Assume there exists C > 0 such that for all integer n > 1 and all v € R?
(34) |kn(v)] < C(Jv| +1), Lip(k,) <7*, and —-C< inln.

Then

(i) there exist (k,1) € C, 1 € B(Q) such that up to a subsequence {t,}, converges weakly to 1
in LYQ), { divip, ga}n converges weak * to divipga, {kn}n converges locally uniformly to k
on R?, {l1,},, converges locally uniformly to | on A.
(ii) We have
Uk L 16) < liminf J (o, Ly, ).

(ili) If kn = U5 for all n then k = I,
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Proof. (ii) By (33) there exists a subsequence of {1y}, that converges weakly to ¢ in L9(2) and
such that {div, ga}, converges weak x to a vector value measure o of finite total variations.
One check that o = divygs and ¥ € X(Q). Since f* > 0 is convex, the theory of the calculus of
variations (cf. e.g. [6]) ensures that

(35) lim inf/ [ (p)dx > / fr()dz.

Since {l,}» is bounded in L'(A) and I,, is convex, the theory of convex analysis [7] ensures existence
of a subsequence of {l,, },, converges in Cj,.(A) to a convex function ! € C'(A). Thanks to the uniform
bound —C' < infy I, we may apply Fatou’s Lemma to conclude that

(36) liminf/lndyZ/ldy.

Similarly, there exists a subsequence of {k,}, that converges in Cj,.(R?%) to a convex function
k € C(RY). We use (34) to obtain that k¥ > —k,(0) > —C. Because (kn,l,) € C, I, > k¥ — h(1).
Hence, |k%| < |h(1)| + |kn(0)| + |In| and so, since the inequality in (34) controls |k, (0)|, (33) yields
sup,, ||k |21 () < oo. By Lemma 7.6

(37) / E(FLY + diviga) < lini)inf/ ko (FLY + diva, ga).
Q nee Ja
We combine (35), (36) and (37) to conclude the proof of (ii).
(i) To conclude the proof of (i) it remains to show that [ admits an extension I to R? such that
(k,1) € C. To achieve that goal, we define

l(u) = {inf}’ {lin%inf ln(wy) | {wn}n converges to u} for ue€A.
Wn fn
We have that [ is lower semicontinuous and [ = [ on A. Since (ky,[,) € C so does (k,1).

(iii) Suppose k, = I4 for all n and fix v € R%. We are to prove that k(v) = l}(v). By (33) and
the convexity property of I, there exists a constant C' > C such that |I,(0)| < C. Choose t, > 0,
un € A such that u, - v — t,l,(up) — h(ty) = kn(v). We have -C < kn(v) < up-v—h(t,) + Ct,,
and so, —C + h(t,) — Ct, < up -v < 7*|v|. Hence {t, }, is contained in a compact subset on (0, o0)
and so, we may assume without loss of generality that it converges to a point ¢ € (0,00). As a
consequence {ln(uy)}n is bounded and so, lim,, (¢, — t)iy(un) = 0. Similarly, we may assume that
{tun}n converges to some u € A. We have

k(v) = lirrln kn(v) = limsup uy, - v — tply (un) — h(tn) = imsup uy, - v — thy (uy) — h(ty).

n n

Thus, k(v) < wu-v —tl(u) — h(t) < I¥(v). Since (k,1) € C, k > I* and so, k(v) = I}(v). O

2.6. Measures reminiscent to Young’s measures.
Enlarging the set of Us; a Young measure approach. Let v be a Radon measure on R? x R x RY x R4*4
supported by

C =0 x(0,00) x A x R4
and that satisfy the conditions

(38) /C b(x)y(dx, dt, du, d¢) = /Q bdr Vbe Cy(RY)
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and
(39) / f(&)y(dx,dt, du, df) < oo.

Since the Lebesgue measure of €2 has been normalized to 1 (cf. (14)), (38) ensures that not only
v is a probability measure, but we can apply the disintegration theorem to v (cf. [11] III-70): we
obtain a Borel map z — 7* of () into the set of Borel probability measures on

D = (0,00) x A x R*4
such that

/L(x,t,u,f)’y(dx,dt,du,df):/dx/ L(x,t,u, &)~*(dt, du,d§)
forall L € C, ]Rdi R x R? x R*?), Since f is cor?vex alrid (39) holds, by Jensen’s inequality
/f da:<//f “(dt, du, d€) dm—/f ~y(dzx, dt, du,d§) < oo,
where
(40) ) = [ et du,de).

Thus the growth condition (17) on f implies that U, € LP((, R4*?). Similarly, the fact that the
support of v in the u variables is contained in the convex set A yields that the function defined by

(41) uw(q:):/l)uyx(dt,du,df)

maps ) into A up to a set of zero measure.
We define I" to be the set of Radon measures on R? x R x R? x R¥? supported by C such that
not only (38-39) hold, but

(42) / tl(u)y(dz, dt, du, dE) = / ldy V1€ Cy(RY)

and ‘ !

(43) /C(f,w(x))'y(dx,dt, du,d¢) = —/Qu,y~ divepde Vo € O (Q, R9),
By (43), u, € WHP(Q,R?) and Vu, = U,. We have a natural “embedding”

(44) {(B,u) [ue WHP(Q,A),upf=xa} CT

which to (3, u) associates v = v(#W defined for L € C.(R% x R x R? x R¥*9) by

[ Lot oo dt.du,de) = [ Lie f(a). ula), Tu(o)d.
C Q
We extend I to I' to obtain the function

I(v) = /C(f(f) + h(t) — F(x) -u)v(dm, dt, du, d¢).

3. A PSEUDO—PROJECTION AND A WEAK DETERNIMANT.

In this section, we consider a triangulation of € into d—simplexes. This provides us with a way of
defining a pseudo—projection of gradient of vector fields which are not Sobolev maps. Throughout
this section, S = X(Q) are the finite dimensional spaces as introduced in section 2.2 and so, they
are closed in L9(2, R%9) for the weak topology.
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3.1. Pseudo—projected gradients.

Proposition 3.1. Given u € Us, there exists a unique Gy € LP(Q,R?) such that

(45) / udivy de = — / (Go,¥)dx Y eS
Q Q

and g = Df(Goy) € §. We write Gy = Vsu and refer to it as the pseudo—projected gradient of u
onto 8. It is the unique minimizer of [, f(G)dx over the set of G € LP(Q, R satisfying (45).

Proof. 1. If u € Ug, then b — fQudivw dx is a linear bounded operator on S for the || - ||pa—
norm and so, it admits an extension L on L9(2, R¥?) which has the same norm. By the Riesz
representation theorem, the set G of all G € LP(Q, R?*?) such that

(46) L) = /Q (G, p)da

for all ¢ € S, is nonempty. Let G; € G. Observe that St is weakly closed. The growth condition
(17) on f ensures that

{qsGsL ‘ /Qf(c:1 — ¢z < C}

is weakly compact in LP(Q, R¥*9) for every C' € R. Since f is strictly convex, the theory of the
direct methods of the calculus of variations (cf. e.g. [6]) ensures existence of a unique ¢y which
minimizes [, f(G1 — ¢)dx over S*. Note that,

G=G,+S8S*t

and so, setting Gog = G1 — ¢y, we observe that Gy € G. Using the fact that L coincides with
Y — [qu- divepde on S, we infer that (45) holds.

If $ € St is arbitrary, t — Jo f(Go + tp)dx attains its minimum at ¢ = 0 and so, its derivative
isnull at 0:

0= /Q (Df(Go), d)da.

This, together with (27) yields ¢ := Df(Go) € S, if we also use the second inequality in (18) and
the fact that G € LP(Q, R9*9).

2. Suppose G € LP(Q,R¥*9) satisfies (45). Then G — Gy € S*. Since f is strictly convex, if
G 7’5 GO then

/ f(G)dx > / f(Go)dx + / (G — Go,o)dx = / f(Go)dzx.
Q Q Q Q
Thus, Gy is uniquely determined and satisfies the required minimality property. ]

Remark 3.2. It is apparent from the proof of Proposition 3.1 that if u € WP(Q,R?) then
(i) the following decomposition holds:

Vu=Vsu+ ¢g where ¢g€ St.
(ii) Unless Vu = Vsu,
/ f(Vu)dz > / f(Vsu)dz.
Q Q

(iii) When f(&) = |€|? then Vsu is nothing but the orthogonal projection of Vu onto S.
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3.2. Finite elements and approximation of gradients by pseudo—projected gradients.
Consider 7 > 0. By a triangulation of  we mean that Q is covered by a finite number of subsets
{Cr}fgl), called finite elements, whose union contains Q (possibly strictly). These finite elements
are such that:

(i) each C, is a d-simplex, i.e. the convexhull of d + 1 points which are not contained in a
hyperplane.

(ii) Any face of any d-simplex C, either does not intersect (2 or is a subset of the boundary 952
or is a face of another d—simplex C, # C; with r # 7.

(iii) If r # 7 then the interior of C, and C7 don’t intersect.

(iv) Let h, be the diameter of C, and let p, be the supremum of the diameters of the spheres
inscribed in C,. We assume that
(47) sup h%(l + p,?l) = 0(7).

r=1,-,n(T)

We consider X the set of ¢ = (¢¥);; € Whoo(Q, R™¥4) such that the restriction of i to any

finite element C) is an affine function. We define

S™ = X, N Wy, R

Let 7 C (0,00) be a set which has 0 as a point of accumulation and assume that 7 < ¢ implies

(48) Stcsm.
For every ¢ € ng’q(Q,RdXd) there exists ¢! € S such that
(49) lim ¢ — ¢'[lwrag) = 0.

Theorem 3.3. If u € WH(Q,R?) then

ll_r% HVU. - VSTuHLp(Q) = 0.

Proof. Tt suffices to show that every subsequence of {Vs-u}, admits itself a subsequence which
converges to Vu in LP(2).

Since f satisfies the upper bound (17), Remark 3.2 (ii) implies that {V7u}, is bounded in LP(2)
and so, up to a subsequence, it converges weakly to some G € LP(Q2). Fix t € T and ¢! € St. If
7 € T is such that 7 < t, (48) implies

/u‘ div ¢hadz = —/<VSTH, ¢')dz.
Q Q

Thus, letting 7 tend to 0 (up to a subsequence), we have
(50) /u- div ¢adr = —/(G, ¢')dx.
Q Q

Fix an arbitrary ¢ € C5°(Q,R%?). Then select ¢' € S* such that (49) holds and let ¢ tend to 0 in

(50) to conclude that
/u- div ¢pdx = —/(G, ¢ydx.
Q Q

Consequently, G = Vu. The limit being independent of the subsequence of {Vs-u}, used, and the
weak topology being metrizable, this proves that {Vs-u}, converges weakly to Vu.
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Since f is convex and bounded below, G — [, f(G)dx is weakly lower semicontinuous on
LP(Q,R¥*4) (cf. e.g. [6]) and so,

/f (Vu)dz < hmlnf/ f(Vsru)dx < hmsup/ f(Vsru)dz < / f(Vu)dz
Q

T—0
Hence,
/ f(Vu)dz = lim / f(VTu)dz
0 T—0 Q
We use that f is strictly convex to infer that {Vs-u}, converges to Vu in LP(Q). O

3.3. Properties of the absolute values of determinants in the weak sense. Given u: ) —
R? and y € RY, we denote by Ny(y) the cardinality of u='{y}.

Remark 3.4. Suppose that u: Q — A and 3 € det* Vu. Then

(i) If C ¢ R? is a compact set, then (28) holds for [ = y¢. Furthermore, if 3 > 0, then u is
nondegenerate in the sense that uy(xo£?) is absolutely continuous. As a consequence, (28)
holds for [ = xp when B C R? is a bounded £% measurable set.

(ii) Suppose that O C Q is such that £4(2\ 0) = 0. Then £¢(u(0)) = L4(A). As a consequence,
if u(0) is L% measurable, then £4(A \ u(0)) = 0.

Lemma 3.5. Suppose that r € (d,00), u € WY (Q, A), A is the range of u and assume that Zy,
the set of x such that det Vu(z) = 0 is of null Lebesque measure. A Borel function 5 : Q — (0,00)
belongs to det™ Vu if and only if for almost every y € A

Bla)  _
(51) Z |det Vu(x)|

zeu~1l(y)

In particular, | det Vu|/Ny(u) € det* Vu.

Proof. By Sard’s Theorem for Sobolev functions (cf. e.g. [8]) u(Zy) is a set of null Lebesgue
measure. If I € C(R?) and B : Q — (0, 00) is a Borel function, by the area formula

_ ) . )
/Q (u(x))B(x)dz = / ()T 3o g ot Vul@)lde = /Al(y)(xe;@) v

Q

This proves the remark. O

Remark 3.6. Let r > d, suppose that u € W17(Q, A) is a map of Q into A such that u(Q) has
full measure in A. Modifying N, on a set of zero measure if necessary, we may assume that Ny is a
Borel map. Without no longer requiring as in Lemma 3.5 that Z,, is of null measure, we still have

| det Vu|/Ny(u) € det* Vu.

Proof. Observe that u(f2) is measurable, det Vu € L*(Q), Ny € L'(R9) and so, since u(Q2) C A we
have

[ et Vu@litua)ds = [ 1))y
for all Borel function [ € L>®(R?) (cf. e.g. [8]). Hence for I € C.(R?), since Ny > 1 on A we have

detVuudm:/Nud :/ld.
/Q\ (i = [ Nug=dy = [ tay
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3.4. An example: lack of compactness of {u;},~o and a computation of det” Vu. define
w:(0,1) = (—1,1) by
4z if 0<z< %
(52) w(z) =< —4r+2 ifégxgz
dr—4 if y <z <1
Extend u periodically to R. Set u,(x) = w(x/7 — [x/7]) where [-] denotes the greatest integer
function and 7 = 27" where n is an arbitrary nonnegative integer.

Remark 3.7. A control of the LP norm of the pseudo—projected gradients of a collection of functions
{u:}-, does not ensure any strong compactness property on {u;}, in LP(0,1). Set 7 = 27". Let
t = 27 where m < n and let S* be the set of ¥ € T/VO1 ">°(0,1) whose restriction to each interval
(it, (1 + 1)t) is affine, for 4 = 0,--- ,2™ — 1. We have

1 1 2"—-1 1 1
/0 ur(z)Y'(z) = T/O w(x)dx ; a; = /0 w(a:)dx/o V' (z)dx = 0((1&(1) — w(O)) =0.

Thus, Vsrur = 0 and so, Vgiur, = 0. We use again the fact that fol w(z)dr = 0 to conclude that
{uT}T converges weakly * in L>°(0,1) to 0. But,

1
/]u7|pd:v—/ |z|Pde = ——.
p+1

This proves that {u,}, in not pre-compact in LP(0, 1) whenever p € [1, c0).
Remark 3.8. If n is a nonnegative integer and 7 = 27", then det" Vu, = 8y, where 5y = 2.

Proof. Observe that if y € (—=1,1) \ {0} then u=!{y} is a set of cardinality 2 and so, u;{y} is a
set of cardinality 2-2". If x € u=1{y}, [u/(x)| = 4 and so, |u’(z)| = 4 - 2". We apply Remark 3.6
to conclude that £y € det” Vu,.

It remains to show that 3y is the element which minimizes fol h(B)dz over det* Vu,. Let § €
det* Vu,. We first use the fact that |ul(z)| = 4 - 2", we second use the co—area formula, we third
use the fact that h is convex and finally use (51) to conclude that

/01 h(B)dz = /01 h(B) 2n+2 / > 2n+1 = 2/ ( Z 2n+1) 2/01 h(Bo)dx

zeu—1(y) rxeu~1(
]
4. GENERAL ESTIMATES.
For s € R we define
A(s) = LYN)s — LY (s) + |[F|| 1 o7
For ¢ € R, we set
N =sup{s | A(s) > —c}, A, = inf{s | \(s) > —c}
seR seR
By Remark 2.1 (ii) limg_00 A(s) = —o0 and so, AT < oco. If ¢ is a positive real number such that

tL£4(Q) < L4(A), we use Young’s inequality: h*(s) > —h(t) + ts to obtain
lim sup A(s) < limsup £HQ)h(t) + (£1(8) = t£1(Q) ) s + |[F]| 1 qyr* = —o.

S——00 S——00

This proves that A\, > —oo.
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4.1. A special subset of C. We consider a special subset of C, which we denote by OC— and which
consists of the pairs (k,1) € C such that k; = [ and I* = k. We prove in Lemma 4.3 that if k = *
then for every v € R? there exists 4 € A x R? and £ € (0, 00) such that

k(v) +tl(a) + h(t) = v - a.
The following Lemma and its proof can be found in [10].

Lemma 4.1. For every Lipschitz function k : R — R, ((kﬁ)ﬁ)ﬁ = ky and so, if we set k = (ky)*
and | = ky thenlz:ﬁ:l_andl_hzlzr.

Remark 4.2. Assume k € C(R?) is a Lipschiz, [ : R — R U {oo} is lower semicontinuous and
k(v) 4 ti(u) + h(t) > u-v for all (t,u,v) € (0,00) x A x R%. Assume v € 3(Q2). The following hold:
(i) if w € A then
u
l(u) > |u| — kz(m) — h(1).

In particular, [ is bounded below on A. We use the fact that lim; . h(t)/t = oo to con-
clude that I* assumes only finite values. Furthermore, If is convex as a supremum of aftine
functions. The supremum in (30) being performed over the convex set A, we obtain that
the subdifferential of I is contained in A and so, {¥ is r*~Lipschitz. Similarly, ky is convex
and lower semicontinuous.

(ii) (K, kg, 0p) € C x Y(Q) and (I%,1,7) € C x (Q).

(iii) If (1,7, k) € C x %(€Q), then | > ky and k > I*. Hence,

T(k, 1) = T ((ke)? kg, ), T (R Ry, 00).
(iv) If J(k,1,%) is finite then so is J((kﬁ)ﬁ, ks, ¢) and so, the effective domain of k4 contains A.

Lemma 4.3. Let | : R? — (—o0,00] be a lower semicontinuous such that | = oo on R\ A, let
k:RY = R and let v € R Then the following hold:

(i) the expression in (30) is a mazimum.
(ii) (t,u) € (0,00) X A mazimizes the expression in (30) if and only if

W@ +1(@)=0 and a€ az*(%).

(iil) If (ii) holds and I* is differentiable at v, then VI*(v) = @ and so, () is uniquely determined.
(iv) Suppose i € A, () = ky(u), t >0 and v € R%. Then k(v) + (@) + h(t) = @ - v if and only
if
R (t)+1(a) =0 and v € k™ (u).

Proof. (i) The fact that the expression in (30) is a maximum is a consequence of the fact that A is
bounded, ! is lower semicontinuous and h satisfies (19).
(ii) Suppose k(v) = I*(v) and (f,%) € (0,00) x A satisfies the system of equations in (ii). If

(t,u) € (0,00) x A then
w-v—t(u) — h(t) = t(u- % —(w)) — h(t) < tl*(%) —h(t) = - v — ti(a@) — h(t).

But, by (19), ¢ — tl(@) + h(t) admits a minimizer at a point s such that I(@) 4+ h'(s) = 0. By
Remark 2.1 (i) s = ¢t. We conclude that (¢,%) maximizes the expression in (30).

Conversely, suppose that (#,1) € (0,00) x A maximizes the expression in (30). Then, the deriv-
ative of 4 - v — tl(a) — h(t) with respect to ¢t vanishes at ¢ and so, the first identity in (ii) holds.
Since u - v — tl(u) — h(t) attains its maximum on A at u, so does u - (v/f) — I(u). We use the fact
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that [ = co on R?\ A to conclude that u - (v/f) — I(u) attains its maximum on R? at @. Thus, the
second statement in (ii) is satisfied.

(iii) In case I* is differentiable at v, w — I(w) — u - w + tl(@) + h(f) attains its minimum at v
and so, its gradient at v vanishes, i.e. VI¥(v) = 4.

(iv) Suppose 4 € A and [(i) = ky(u). Note that
(53) kE(w) +thy(u) + h(t) > u-w Y (u,w,t) = thy(u) + h(t) > k*(u) V(u,t).

Suppose k(v) + tl(u) + h(t) = 4 - v. We read off the first inequality in (30) that k(w) + tks(u) +
h(t) — u - w achieves its minimum at (¢, %, v) and so, its partial derivative with respect to t vanishes
at (t,u,v) : B'(t) + (@) = 0. Assume on the contrary that k(v) + k*(@) > @ - v. Then,

k(v) + thy(a) + h(t) = k(v) + tl(a) + h(t) = @ - v < k(v) + k*(a)
and so, simplifying by k(v) we obtain
thy(a) + h(D) < k()

which is at variance with the last assertion in (53). Hence, k(v) + k*(u) = u - v
Conversely, assume that

(54) k(v) + k(@) =u-v and A'(t)+1(a)=0.

The fact that h satisfies (19) ensures that the last supremum in (30) is maximized at a point ¢ty > 0
and the t—derivative of the functional maximized vanishes at tg :

_ k*(u) —h(to)  —toh'(to) — (k" (@) — h(t))
B to ’ t2

(55) (@) = k(@) ~0.

The first equations in respectively (54) and (55) yield

(56) k(v) + tokg(u) + h(to) = u - v,
while the two equations in (55) yield

(57) h'(to) + I(u) = 0.

Since I/ is monotone increasing, the second assertion in (54) and (57) imply that ¢y = t. We exploit
that fact in (56) to conclude the proof of (iv). O

Lemma 4.4. Let (ko,lp) € C be such that ko = lg and let | € C(RY). For |e| < 1, define I = Iy + €l
and ke = 12. Then
(i)
|ke(v) — ko(v)]
supy ——
v,e { lel(Jvl +1)
(ii) Whenever ko is differentiable at v so that we can define Ty(v) by h'(To(v)) + lo(Vko(v)),
ke(v) — k
(58) lim Fe(?) — Folv)

e—0 €

]vE]Rd,0<]e]§1}<oo.

= —T[)(’U)Z(Vko(v)) .

(iii) If b € LY(Q,RY) is such that kg is differentiable at b(x) for almost every x € 0, then

i [ FeP@) Zko(b@) / Ty (b(2)) 1 Vo (b(2)) ).

e—0 Q €
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Proof. (i) Fix v € R? and |¢| < 1. By Lemma 4.3 (i) there exists (t, uc) € (0,00) x A such that
(59) —tele(ue) — h(te) +v - ue = ke(v) > —1(0) — h(1).

Since lo(ue) + k(1) + ko(0) > 0, |e| < 1, uc € A and A is contained in the ball of radius r* we
conclude that

(60) h(te) = te(h(1) + ko(0) + lllllex)) < r*lol +10(0) + h(1) + [lUllea)
For each § > 0 define
H0) =sup{t | h(t) <79 + t(h(1) + ko(0) + 1l o)) +1o(0) + 2(1) + [[Ulex) b
Since limy_,o0 h(t)/t = oo there exists a constant C* such that for all § > 0 we have £(§) < C*(5+1).
Hence by (60), t. < t(Jv]) < C*(Jv] +1). By (59),
ke(v) < ko(v) — etd(ue) and  ko(v) < ke(v) + etol(ug).

Hence, if 0 < |¢| <1

[ke(®) = Fo(v)]

. < max{to, te || o(a)-

This, together with the fact that t. < #(|v]) < C*(Jv| + 1) yields (i).
(ii) We refer the reader to Claim b in the proof of Theorem 2.3 [10].
(iii) By (i) there exists C* > 0 such that if 0 < |e| <1 then

ke(b(z)) — ko (b(z))

€

] < C*(|b| +1).

Hence, since b € L'(Q,R?), we may use (ii) and apply the dominated convergence theorem to
compute the limit in (iii). O

Lemma 4.5. Let k € C(RY) be a convex Lipschitz function such that k* € L'(A) and k* = oo

on R¥\ A. Then the map Vk : domVk — A (resp. Vg - R%\ {0} — A) has a Borel extension
K :RY— A (resp. K :RY — A ) such that for allv € R, K (v) € 0k(v) (resp. K®(v) € 905 (v)).

Proof. For each v € R? the sets Ok(v) and d0% (v) are compact, convex and contained in A. Thus,
the theory of multifunctions [5] ensures existence of Borel maps K, K> : R? — A which satisfy the
conclusions of the lemma.

4.2. Coercitivity of the restriction of J to a subset of the boundary of C.

Lemma 4.6. Let c € R and (k,1,¢) € C x () be such that | = ky and J(k,1,%) < c. Then
(i) '
A <infil<m = —— < -
)\c_u[{fl_m Ed(A)/Al_ A
(i)
Ul < e+ 1IF i) + LX) = LA (AD).
(iii) There exists a constant C=Cr(e) dependmg only on ¢ and r such that

sup|l|, sup|VI| < Cy(c), where A" ={ye€ A| dist(xz,0\) > r}.
AT AT

-,

(iv) If the closed ball B¢(0), centered at the origin and of radius € is contained in A", then
k(v) > elv] + h*(Cr(c)) for all v € RY.
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Proof. (i) By Remark 4.2, [ assumes only finite values on A. Since [ is convex, it is locally Lipschitz
on A (cf. e.g [7]). By (29),

(61) k(v) > u-v+ h*(=l(u))

for all u € A and v € R%. For u(z) = u we have (cf. subsection 7.1)

/ K(F + divibga) > / (- (B + diviige) + b (~I(w)) = u- / Fdr + LYQ)* (~1(w))
Q

Q Q

and so, since A is contained in the ball of radius r*

(62) / k(F + diviga)de > —r*|[F||11q) + LYQ)R* (—1(u))
O

We use the fact that f* > 0 in (62) to obtain that

(63) I 1,) = =1 [ 10y + £ (~1(w) + [ 1y

We can use inf [ in place of [(u) in (63) to conclude that
J(k,1,) > —r*[|F|| 1) + LYQR*(—inf 1) + LY(A) inf | = —A(—inf ).

If J(k,1,v) < ¢ then A\(—infl) > —c and so, A\, < —infl < AJ. Since [ is continuous on A and
the latter set is convex, it is connected and so, there exists u € A such that {(u) = m. Using that

specific u in (63) we conclude as before that m satisfies the desired inequalities.
(ii) We have just established that [ + A > 0. Thus by (63),

(64) / [+ A dy < e+ |[F ] 1) — LYQR (= inf 1) < e +r*||F|| 11 0) — LUDR* (D),
A

which yields (ii).

(iii) Since [ is convex, (ii) implies (iii) (cf. e.g. [7]).

(iv) Assume the closed ball B,(0), centered at the origin and of radius € is contained in A”. We
set u = ev/|v| in (61), use (i) and the fact that h* is monotone increasing to conclude the proof of

(iv). O
Corollary 4.7. Let c € R and (k,1,7) € C x X(2) be as in Lemma 4.6. Then
(i)
/Q Fr@)de + LYADNE + LUDR(AT) < e+ 7||Fl| 1o

(ii) There exists a constant C' = C(r,€,c) which depends only on ¢, r and € but is independent
of k,l and v, such that

/_ (P + divipga)|dz < C + 1 ||F||1 ).
Q

(iii) Further assume that k = I*, a > 0 and

C+r*||F C+r*||F — h*(Cr(e)) LYN
Pl Ot rIFle ~ KO 10

o Q€ 2

(65)
Then
(66) lk(v)| < a(l+7")+ 7" v
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Proof. (i) We use (62), Lemma 4.6 (i) and the fact that A* is monotone increasing (cf. Remark 2.1)
to obtain that

(67) / k(F + diviga)de > —r*||F||f1q) + LYQ)A*(A]).
Q

This, together with Lemma 4.6 (i) completes the proof of (i).
(ii) By Lemma 4.6 (iv)

/Q’k(F‘FdiVTZJRd)—e\F—i—divad]—h*(Cr(c))‘dx:/

(k;(F+ div topa) — e[F+ div oga| - h* (CT(C)))
Q

We use the triangle inequality and the fact that f* > 0, then add and substract fQ ldy to conclude
that

/Q\k(FJr div pga)|dr < /Qk:(FJr div ¢pga)dz + f*(¥) + |h*(Cr(c))| — h*(Cy(c))
< c—/_ldy+]h*(0r(c))|—h*(C,n(c)).
Q

This, together with Lemma 4.6 (ii) yields the desired result.
(iii) Let div®yps be the absolutely continuous part of divpas. By (ii)

< C+r|F|[11(q)

cd{yk(F + divge)| > a} -

and so,

~ CHrFlLe)

«

(68) Ed{|kz(F + div9pa)| < a} > £4(Q)

Using Lemma 4.6 (iv) to obtain a lower bound on |k(F + div®pa)|, thanks to (ii) we conclude
that

C+ r*||F[|p1 ) — P (Cr(0) L)

€

/ |F + div “palde <
O

As above, we conclude that

C +r*||F — h*(C () LD
(69) .cd{\F+ div gl <a} > £4(Q) — 11l @) = »*(Cr(0) £7(Y)
Qe
Take « so that (65) holds to conclude that the set of x € €2 such that
(70) |k(F(z) + div*¢pa(z))| <o and |F(z)+ div ¢ga(z)] < o

is of positive measure. By Remark 4.2 (i), k is 7*~Lipschitz. Let x be such that (70) holds and set
vo = F(x) + div%pa(x). We use that

|k(v) — k(vg)| < r*lv—wvg| and |k(vg)|, |vo] < «

to obtain (66). O
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4.3. Comparing the graphs of —J and Is. Throughout this subsection, we fix 7 € 7 C (0, o0)

(cf. Subsection 3.2) and set S = §7. We assume that X(§2) = S is a finite dimensional vector space
as given in (25).

Lemma 4.8. Let (k,1,1) € C x £(Q) be such that k € C(R%) is a convex Lipschitz function such
that A C domk* C A. Ifu € Us and B : Q — (0,00) are such that B € det™ Vu then

(71) Ik 1) < /Q(f(Vgu) 4+ h(B) — F - u)da.
Equality holds in (71) if and only if Vsu = D f*(1),
(72) u(z) € Ok(F + divy) and l(u)+HW(B)=0 L a.e.

Proof. Recall that by (23) divige = divyyL? By Remark 4.2 we may assume without loss of
generality that [ = k4. We use (80) to obtain

(73) /k(F+div¢)dm2/Q(u-(F+divw)—h(ﬁ)—ﬁl(u))daz:/Q(uF—(Vgu,zb)—h(ﬁ)—ﬁl(u)).

Q
Rearranging the terms in (73) and using 5 € det™ Vu we conclude that

(74) I 1,0 < [ (~£7(6) 4 h(B) Pt (Vsu,u).
Unless Vsu = D f*(¢) a.e.,
L (5@ ) ~F-ut (Fuv) < [ (£(Fu)+h(5) ~F-u).

Q
The above calculations show that equality holds in (71) if and only if Vsu = D f*(¢) holds and

(75) E(F + dive) + fl(u) + h(B) =u- (F + divy) L% ae.
We exploit Lemma 4.3 (iii) to conclude that (75) is equivalent to (72). O

4.4. Existence of optimizers in the dual problem of projected pseudo—gradient.

Theorem 4.9. There exists (ko,lo, o) € C x 3(Q2) that minimizes J over C x ¥(§2) and such that
koy = lo and I} = ko.

Proof. Observe first that there exists (k,[,7) € C x X(Q) such that J(k,l,7) < co. Lemma 6.2

ensures that when (€2) is the infinite dimensional space given by (24), then the infimum of J over

C x X(Q) is finite. Similarly, Lemma 4.8 ensures that when ¥(£2) is the finite dimensional space

given by (25), then infimum of J over C x ¥X(2) is not —oo. Let {(k",1",¢™)},, be a minimizing

sequence of J over C x 3(2). Using the fact that the infimum of J over C x X(2) is finite and
combining Remark 4.2 (iii) and Lemma 4.1, we may assume without loss of generality that

kP =10", I""=Fk" and supJ(k",I",9") =:c < 0.
n
We use Lemma 4.6 to conclude that
(76) sup/ [I"dy < oo, infinfl, > —oo.
n A n A
We use Corollary 4.7 to obtain that

(77) sgp/j\f*(w")dx, s%p/ﬂ|k"(F+ divygq)| < oo.
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Furthermore, Lemma 4.6 (iv) and Corollary 4.7 provide us with constants ¢y, Cp > 0 and €¢; € R
independent on n such that

(78) sup |k"(v)] < Co(|v] + 1), infk™(v) > eglv| — €1

for v € R%. We use the first inequality in (77) and the lower bound on f* as provided by (18), we
record the inequality in (76), exploit (77) and (78) to conclude that

(79) sup ¥nlls@) + llinllzra) < oo and i%fi%fln > —oo and Lip (k") <™.

This, together with Lemma 2.2 implies that J admits a minimizer (ly, ¥, ko) over C x X(£2). Com-
bining Remark 4.2 (iii) and Lemma 4.1 and substituting (ko, lo, %) by ((k:oﬁ)ﬂ, ko, o) if necessary,

we preserve the minimizer property while ensuring that koy = lp and lg = k. O

5. A MINIMIZATION PROBLEM INVOLVING A PSEUDO—PROJECTED GRADIENT.

Throughout this subsection, we fix 7 € 7 C (0,00) (cf. Subsection 3.2) and set S = S7. We

assume that ¥(2) = S is a finite dimensional vector space as given in (25) and
F is nondegenerate

in the sense that whenever N C R? is a set of null Lebesgue measure, so is F~'(N). Note that

when X(£2) is given by (25) and u € Us (cf. Proposition 3.1), Vsu satisfies the property:

(80) /Q (), Vsu)da = — /Q u- div g
and all ¢ € S.

5.1. Dual of the problem with projected pseudo—gradient. The goal of this subsection is
to established the duality relation:

sup _J(k7 la ¢) = min IS(U).
(klap)eCxB(Q) uells
Let (ko, lo,%0) be a minimizer of J such that lg = ko (cf. Theorem 4.9).

Remark 5.1. Let C' C € be a closed set of null Lebesgue measure such that vy € C*(Q\ C). Since
F is nondegenerate and div 1y is piecewise constant, then F + div g is nondegenerate.

Let N C Q be a Borel set of null Lebesgue measure that contains C' and the preimage of
OA U (R?\ dom Vkg) by F + divg. Existence of N is ensured by Remark 5.1.
We set
Q =0\ N.

Definition 5.2. As in Lemma 4.5 let Ky : RY — A be a Borel map which extend Vkg. We define
a Borel map Tp : R? — (0, 00) to be the unique solution to the equation

h/(T()(U)) + 1y (Ko(v)) =0.
By Lemma 4.3, whenever kq is differentiable at v and Vko(v) € Q, we have

(81) ko(v) + To(’U)lo (Uo(’U)) + h(Tg(U)) =v- Ko(’U).
Proposition 5.3. Define on the set gy the functions
(82) Bo =Ty (F + divwo) and vy = Ky (F + di'l)iﬁg).

(i) We have that the range of ug is contained in A, By > 0 L%a.e. and By € det* Vug.
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(ii) We have that ug € Us and Vsug = D f*(¢y).
(iii) Finally, we have —J(ko,lo,v0) = Is(up).

Proof. (i) Since kg = lg, by Remark 4.2 the range of K is contained in A and so, the range of ug
is contained in A. Fix [ € Co(R%) and for € € (—1,1) define I = lo + ¢l and k. = I*. By Lemma 4.4,
€ = J(ke,le, 1) is differentiable at 0 and so, since its attains its minimum at 0, its derivative there
must vanish:

(83) 0= /Aldy - /QTO(F + div o)l (U (F + divep)).

Using the definition of u and By as provided by (82) and taking into account that [ € C.(R?) is
arbitrary in (83), we conclude that 8y € det* Vuy.

(ii) For v € S and € € (—1,1) define ¥ = ¥ + €. Since $(Q) = S is a vector space, ¥, € %(Q).
We have

T (ko, o, e) = J (o, Lo, o) + € /Q A

where

ko (F + div ey + edivey) — ko(F + divy) N F* (o + ey) — f*(i/}o)'

e =

€ €
We use that ko is 7*~Lipschitz and the condition on D f* imposed in (18) to obtain that

1
Ad <] divllzeqe) + - RS
[ Al < 7| div @l oo o) + = || 11 (%o] + [9)*77 + L)
Hence, we may apply the Lebesgue Dominated Convergence Theorem to the integral of A, to obtain

that € — J(ko,lo, ) is differentiable at 0 and so, since it attains its minimum at 0, its derivative
vanishes there:

(84) /Q divep - ugds + /Q (Df* (o), ¥)de = 0.
The fact that (84) holds for any arbitrary ¢ € S yields that u € Us and
(85) Vsug = Df*(¢) L% — a.e.
(iii) By the definition of Ky and the definition of ug in (82)
(86) ko(F + div i) + kj(ug) = ug - (F + diveyg), on Q.
Similarly, by Definition 5.2 and the definition of /5 in (82)
(87) R (Bo) + lo(ug) =0, L% —a.e.
We combine (85-87) and apply Lemma 4.8 to conclude that —J(ko,lo, o) = Is(ug). O

Theorem 5.4 (Existence and uniqueness of a minimizer). The following hold:

(1) The minimizer u of Is over Us is unique. In particular, it satisfies | det" Vu| > 0 and
W (|det" Vul) +lo(u) =0, u=Vko(F+ diviyo), Vsu=Df*(p) a.c.
(i) If we further assume that the image of any Borel subset of Q by F is L -measurable, then
LA\ u(Q)) = 0.
(iil) We have L4\ Q1) = 0, where Q is the largest subset of Qo such that
u(z) =u(y), =,y — | det" Vu|(z) = | det" Vu|(y).



22 R. AWI AND W. GANGBO

Proof. (i) Let (ko,lo,%0) be the minimizer of J found in Theorem 4.9 so that lg = ko, kog = lo.
Lemma 4.8 (i) and Proposition 5.3 ensure that the pair (8, ug) given in Proposition 5.3 is the
unique minimizer of

/Q (f(Vsu) + h(B) — F - u)dz

over the set of (3, u) such that u € Us and 8 € det* Vu. Since [, h(det" Vug)dz < [, h(Bo)dz we
conclude that By = det” Vug since otherwise, we would have Jo h(det" Vug)dz < Jo h(Bo)da.

(ii) Assume that the image of any Borel subset of 2 by F is £9-measurable. Then (F+ div 1) (o)
is L% measurable. Since

£d<(F + divz/Jo)(Qo)> = s%p{ﬁd(K) | K C (F + div)(Qo), K is compact},

there exists a countable collection {K,}, of compact sets such that
K, C Kn+1 C (F + diV?/Jo)(Qo) C dom Vkg

for n > 1, and
LYN) =0, where N = (F+ divtyg)(Qo) \ U, K.
The set
O = (F + divepe) (U321 Kn)
is a Borel subset of €) of full measure. Since the K, are contained in the range of F + div g we
conclude that
(F + div o) (€h) = UpZ, Ky,
Thus,
U.()(Ql) = V/{?()(F + diVl/Jo)(Ql) = Vky (Uzolen) = U%o:1Vk0<Kn)
is a Borel set since the restriction of Vkg to dom Vkg is continuous and K,, C dom Vkg is compact.
We eventually invoke Remark 3.4 (ii) to conclude that Vko(F + divg)(€21) is a Borel set of full
measure in A.
(iii) is a direct consequence of (i). O

We have identified necessary conditions satisfied by the minimizer of Is over Us. The goal of the
next theorem is to show that these condition completely characterize the minimizer of Is over Us.

Corollary 5.5 (Minimizers are characterized by Euler—Lagrange equations). Suppose the image of
any Borel subset of Q by F is L% -measurable. Let t : Q — A be a nondegenerate L% —measurable
map belonging to Us and suppose the function ¢ := D f(Vsu) belongs to S. Suppose 5 : @ — (0, 00)
an L% -measurable function such that B € det* V. Let Q. be the largest subset of Q such that

u(z) =u(y), zyee = Br) =By).
Let 1 :u(Qe) — R be univoquely defined by l(a(x)) + W' (B(z)) =0 for z € Q.. Suppose that
(i) £4(Q\ Q) =0 and L4(A\ (Q)) = 0.
(ii) The function | has a lower semicontinuous extension we still denote l : A — (—o00, 0c|, which
is continuous in A.

(iii) Set k = I* and suppose that u = Vk(F + divy) L% ~a.e. on Q.
Then 8 = \deth Vu| £%-a.e., and @ minimizes Is over Us.
Proof. Since (I,k) € C and v € %(Q) and the second property in (iii) holds, thanks to Lemma 4.8

and Theorem 5.4 — using the facts that ¢ := Df(Vgsu) and l(a(z)) + k' (8(z)) = 0 a.e. — we obtain
that 8 = det” Va L% a.e., and G minimizes Is over Us. O
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6. THE VARIATIONAL PROBLEMS WHEN 7 = 0.

Throughout this subsection we assume that F € L'(R? RY) and that ¥(€) is the infinite dimen-
sional vector space given by (24).

6.1. Divergence and Sobolev maps. Let u € W'P(Q, A) and for n > 1 integer, let Q, be the
set of z in R? such that op(z) < n. We consider the extension of u set to be u(z/gq(z)) in Q3\ Q

to obtain a W'P(Q, A)-function which we still denote by u. Let p.(z) = e %p(¢~'z) be a standard
mollifier and set

u.(z) = /Q pelz — y)u(y)dy.

We have {u.}. € C®(Q,RY). If ¢» € £(), since the support of diviga is contained in €,
extending u, to obtain a map in C°(R% R?), we have

(88) /Q<Vu€,1/)>dx = —/Que- div ¢pa(dx).

Let g = |divepga| + £9, let g* > L% g be the absolutely continuous part of g and let g be the
singular part. Choose a Borel set By C €2 such that

9°(B1) = g°(Q\ B1) = 0.

Recall that {u.}. converges to u in W'P(Q, A) and there exists a Borel set B of null Lebesgue
measure such that {u.(z)}. converges to u(z) whenever z € Q\ By. Since {u.}. C L=(Q, A; g) and
the range of u,. is contained in the convex closed set A, there exists a subsequence {u,,}, which
converges in the weak x topology to a Borel map uy : @ — A. We substitute € by ¢, in (88) and
let n tend to oo to obtain

(89) /Q(w,Vu)dx = —/Quw- div gatp(dx).

Replacing By by another Borel set of null Lebesgue measure which we still denote by By and setting
B = By U By, we have

g*(B) =g*(Q\ B) =0 and u=uy; on N\B.
Remark 6.1. If u € WlP(Q,A) N C(Q,RY) then uy = u is independent of 1.

6.2. The dual of the full variational problem. Let I' be the set of Borel measures introduced
in subsection 2.6. For v € T', recall that u, and U, are defined respectively in (40) and (41), and
satisfy the properties: u, € W?(Q,A) and U, = Vu,.

Let (I,9,k) € C x (). We use (89) to obtain

(90) /Q (1) - divpgads = /Q (Y, e = — /C (€, (@) (d, dt, du, dE).
Similarly,
(91) /Qu7 -F(z)dx = /Cu - F(z)y(dz,dt, du, d§).

We apply Jensen’s inequality and then use the fact that (I, k) € C to obtain

(92) /ﬂk*(uw)dxS/Ck*(u)fy(da:,dt,du,df) S/(tl(u)—i—h(t))'y(da:,dt,du,dg).

c
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By Young’s inequality

(93) [ (€ ontdn.de.du.de) < [ (7€) + 5 @)(da . du.de)
C C
unless D f*(¢(x)) = £ y—a.e., in which case, equality holds.
Lemma 6.2. We have —J(k,1,7) < I(v) and the inequality is strict unless Df*(1(x)) = £~y a.e.

Proof. We may assume without loss of generality that J(k,[l,%) < co and by Remark 4.2 we may
assume that [ = kx. These facts allow us to exploit the representation formula (32) and use (89)
to obtain that

/k(FL‘dJr divippa) = /k(F+ div“¢)dw+/ 0% (div *1)
Q Q Q

Q
[ (e B+ divewy =) do+ [ () (div )
= [ (e Pk (w))do+ [ () (divi),
This, together with (11), (90) and (91) implies
/k(ch + divipga) > /

Q C

Y

u - F(x)y(dx,dt, du,df) — /C(h(t) + tl(u))y(dz, dt, du, d€)

_ /C<§71/;(x)>fy(dx,dt,du,d§).

We use the fact that f(&)+ f*(¢0) > ({,¢(x)) and that the inequality is strict unless D f*(1(x)) = &
to conclude the proof. O

Let 7 € T C (0,00) and 8™ be as in Section 5. Let u” € Us- be the unique minimizer of Ig-
over Usr (cf. Theorem 5.4). Let (k7,1") € C and ¥ € 8™ be such that (cf. Proposition 5.3)
—J (K717 47) = Is-(u7), I7 = k™ and k] = I". Set

$=0, 1=0, k() =F()= i)~ fh(t), c=Jk19).

Since ¢ € 8™ and (k,1) € C we conclude that J(k7,17,47) < ¢ and so, by Lemma 4.6 and Corollary
4.7

(94) Slelng/JTHLq(Q) + [ div e[| vy + 171 o) < o0

and there exist constants C, e > 0 independent of 7 such that
(95) el —C <k (v) <r*v|+C, -C< ir[{f .

Lemma 6.3. There ezists a sequence {Tp}n C T decreasing to 0 as n tends to oo such that {{™},
converges weakly in LI(Y) to a map ° in L9(Q, R, In addition, ¢° € %(Q) and { divy™ LY},
converges weak x to div w%d in M(Q). Furthermore, {k™}, converges locally uniformly to a convex
function k° € C(R?), {I™},, C C(A) converges locally uniformly to a convex function 1° € C(A)
which admits an extension over A we still denote 1° such that k° = (1°)¢ — in particular, (k°,1°) € C
- and

liminf J(K™, 1™, ™) > J(k, 10, ¢°).

n—o0
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Proof. Note that ST C ¥(Q). Thanks to (94) and (95) we may apply Lemma 2.2 to conclude this
proof. O

Theorem 6.4. There exists (k,1,7) € C x X(Q) and v € T such that k = 1* and

—J(k,l,¢) = C{(n;%) —J = mIinI:: I(7).

Proof. We first observe that, since every F € L'(Q,R?%) can be approximated by a sequence of
non-degenerate maps {F,},, C L°(Q, R?) we may assume in the sequel, without loss of generality,
that F is non—degenerate and bounded. In light of Lemma 6.2 it suffices to find v € I' such that
I(y) < —J(k,1,9) where (k,l) € C and 1 € %(Q) are given by Lemma 6.3.

We define on C' the measure 47 given by
/ Ldy™ = / L(z,det* Vu'(z),u’ (z), Vs-u(z))dz for L€ C.(C).
C Q

Claim 1. {77}, is pre-compact for the narrow convergence.

Proof of Claim 1. Let @ € W*(2, A) be a homeomorphism of € onto A such that det Vi > 0,
det Via+(det Vi) ~! € L>®(Q2). By Lemma 3.5 {det Via} = det* V1. We use the minimality property
of u” and by the bound in Remark 3.2 (ii) to obtain

/C (F(€) + h(t) — F(x) - u)" (de, dt, du, d€) = Is- (u") < Is-(@) < I(i) < oo.

Thus, since the range of u” is contained in A and the latter set in contained in the ball of radius r*

(96) L)+ h@) " (ot du,de) < 1)+ 7| Pla o
By (17) and (19) the sub-level sets of (z,t,u,&) — f(&)+ h(t) are compact subsets of C' and so, we
learn from (96) that {"};e7 is a pre—compact subset of the set of Borel probability measures, for
the narrow convergence. Let v be a point of accumulation of {77}, for the narrow convergence.
Claim 2. We claim that v € T".
Proof of Claim 2. Since (x,t,u,&) — f(§) + h(t) is lower semicontinuous and bounded below (cf.
e.g. [1]), (96) implies that

/C(f(f) + h(t))v(dz, dt, du,d€) < limTi_1>10f+ é(f(g) + h(t))Y" (dz, dt, du,dE) < I(u) + *|[F[| 1)
This, together with the first inequality in (19) implies that 7 is supported by a compact subset of
C and [ f(&)y(dx,dt,du,df) < oo. Because 47 satisfies the first two identities in (9), so does its
point of accumulation .

It remains to check that the third identity in (9) holds to conclude that v € I'. The set
{(u",Vsru")},e7 is bounded in LP(Q,R?%) x LP(Q,R¥9) and so, we may find a sequence {7},
extracted from the subsequence of Lemma 6.3, decreasing to 0 such that {(u™,Vsm~u™)}, con-
verges weakly to some (u,U) in LP(Q,R?) x LP(Q,R¥>*?) and S™ C S™+! for all n € N. Let
¢ € OX(Q,R¥>%) and let {¢"},e7 be as in (49). Fix ng € N. Since ¢™ € S™o for all n > ng we
conclude that for all n > ng

(97) / u™ - divg™o = —/((;ST"O,VSm u™)
Q Q
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Letting first n tend to oo and then ng tend to oo, we use (49) to conclude that

/Qu- divqﬁz—/g(gzb,U).

Since ¢ is an arbitrary element of C2°(€2, R%*9) we conclude that u € WP(Q,R?) and U = Vu.
Let v € C.(R% R?) and V € C.(R?, R¥*?). We have

/ u-vdr = lim/ u, - vdr = lim/ w-v(x)y) (de,dt, du, d§) = / u - v(x)y(dz,dt, du, df)
Q noJQ noJo

C
and so, u = u,. Similarly, one checks that

/ (U, V)da = / (&, V)y(dx, dt, du, d€)
Q C

and so, U = U,,. The equalities u = u,, U = U, and U = Vu imply that the third identity in (9)
holds, and this concludes the proof of Claim 2.

Claim 3. We claim that I(y) = —J(k,1, ).

Proof of Claim 3. Since (¢,&) — f(&) + h(t) is lower semicontinuous on [0,00) x R?*? and
bounded below and since F(zx) - u is bounded, we have that I is lower semicontinuous for the
narrow convergence (cf. e.g. [1]). This, together with the lower semicontinuity property of J as
provided by Lemma 6.3 implies

I(vy) < lirginff(’f") = lirginflgm (u™) = li%inf—J(kT",lT",¢T") < —J(k,1,7).
]

Lemma 6.5. Let (k,l,v) and 7 be the optima found in Theorem 6.4 and let u be the u—moment
of v — denoted by uy in (10) — as introduced in the above proof. Then

(98) E(F + div®ga) + k*(u) = (F + div®ga) -u and Df(Vu) =1 L% — a.e.
and

o A(div*4ga)

(99) k(l°) =uy g¢°—a.e. where i

9° = | divipal.

Proof. Recall that by Theorem 5.4

/kT"(F+diva”)+/(k:*)T”(uT”)da::/uT”-(F+div¢T”)d3::/
Q Q Q

uT"-Fda:—/ (Vsmu™, ¢™)dx
Q

Q
and so, since Df(Vgmu™) = 9™ we have

(100) [ (4 i) + ()7 (07) + F(Tsw™) + @) de = [ w P

Recall that {Vs-~u™}, converges weakly to Vu in LP(€2,R%9) and f is convex bounded below;
{4 },, converges weakly to ¢ in L9(€2, R%*?) and f* is convex bounded below. Thus, the standard
theory of the calculus of variations (cf. e.g. [6]) ensures that

(101) Iiminf/f(VsmuT”))de/f(Vu)dx and liminf/f*(i/JT”)de/f*(dJ)dx
" Q Q " Q Q

By Lemma 7.6
(102)

liminf/ E™(F + divy™) Z/k(FEd—i- dive) and liminf/(kT")*(uT")dxz/k*(u)d:c.
n Q Q n Q Q
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We combine (100), (101) and (102) to conclude that

/k(F+ div ) +/Q(k*(u7) + f(Vu,) + f*())dx

Q

IN

lim inf /Q (K™ (F + dive™) + (k™) (™) + f(Vsmu™) + f* (™)) dx

IN

limnsup/ﬂ(km (F + divey™) + (™) (u™) + f(Vsmu™) + f*(wm))dx

= /u-de
Q

= /(uy)w-(Fﬁd—l— div¢Rd)dx+/<Vu,w>dx.
Q Q

This proves (98) and (99).

Remark 6.6. Observe that by the inequalities in (103), we have established that

ligln/gf(v‘gmum)d:r—/Qf(Vu)d:r, and lizn/gf*(wT"))dx—/Qf*(w)dx.

6.3. Sufficient condition for uniqueness.

Remark 6.7. By Theorem 6.4, there exists (k,1,7) that minimizes J over C x X(Q). Since I
extends I we have infr I < infy1pa)f. Let v a minimizer of I over WLP(Q, A) and assume

infr I = infy1(qa) I. Observe that if 3 = det” Vv then
PV i=(id x B x v x Vv)x(LYq) €T

and

I = Vv)+h(B)—v -Fldr=I(v)= inf T.

(07) = [(F70) +h(3) —v - F)do = I(v) = inf

Thus, 4>V minimizes I over T' and so, by Lemma 6.2, Vv = D f*(¢). Since A coincides with v(Q)
up to a set of null measure and () is connected, we conclude that v is uniquely determined. Hence,
it is the unique minimizer of I over W1P (2, A).

Throughout the remaining of this subsection we assume that (I, k,) € C x 3(2) is such that
| = ks. We denote by div®ypa (resp. div®ga) the singular (resp. absolutely continuous) part of

div and set
d(div?®
¢ = |divoiga] and 12 = LI Vre) - Urt)
g

Theorem 6.8. Suppose u € W'P(Q, A), B € det* Vu, satisfy the conditions

(103) Vu=Df*(y), u€dk(F+ div'y), h(B)+1l(u)=0 L?—a.e.
and
(104) uy, € k(%) ¢° — a.e.

Then u minimizes I over WYP(Q, A) and any other minimizer of I over WHP(Q, A) coincides with
u L%a.e.
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Proof. By Lemma 4.3, (103) implies
E(F + div®)) + pl(u) + h(B) = u- (F + div?y)

and so,

(105) / (K(F + divee) + Bl(u) + h(8))dz = / - (F + diviy)dz.
Q Q

Similarly, we use (104) and (107) to conclude that

(106) /kaoo(divs¢) = /Qu- div *y(dz).

We combine (32), (105), (106) and use the fact that 8 € det* Vu to conclude that

/Qk:(FJr div¢)+/9h(ﬁ)d:c+/Aldy: /Quw (FLY 4 divy) = /Qu-Fdx/Q(Vu,d))da:
Since Vu = D f*(1)) we have

/Qk:(F+ diw)+Ah(5)dx+//\ldy:/gu-]?@/Q(f*(w)+f(Vu))dx

which is equivalent to
I ,6) = [ (F(Tu) 4 h(B) — u- Fde = I(w).
Q
This, together with Remark 6.7 implies that u is the unique minimizer of I over WHP(Q,A). O

Corollary 6.9. Suppose all the minimizers (k,1,%) of J over C x %(Q) such that k = I* are such
that k is differentiable at F(z) + divy)(z) for almost every x € Q (for example k € CY(RY)). Then
0 := Vk(F + div®) is the unique minimizer of I over WHP (€, A).

Proof. Let (k,l,v) and v be the optima found in Lemma 6.5 and let u, be the u-moment of .
Since u = u, L% almost everywhere on €, we have u, = (uy)y. Let f > 0 be the unique function
defined by /() +1(u) = 0. By Lemma 6.5 and Theorem 6.8, it suffices to prove that 5 € det* Va
to conclude that 1 is the unique minimizer of I over W1P(€, A). But Proposition 5.3 (i) gives that
B € det* Va. g

7. APPENDIX

7.1. Integrals functionals on the set of Radon measures. Let M(Q) be the set of m =
(mq,---,mg) such that mq,--- ,mg are signed Radon measures on R?, supported by .
Definition 7.1. The following definitions can be found respectively in [13] and [15].

(i) The recession function of a convex function k € C(R?) is £ : R — (—o00, 00] given by

K2 (0) = lim PO

(v e RY)  where vy e R?is arbitrary.
t—o0 t

(i) If m € M(Q), m® is the absolutely continuous part of m and m® = m — m?,

S

/Qk(m)—/Qk(m“)dx—ir/ﬁkoo(ms)—/Qk(ma)dx—%/ﬁkoo(%)du,

where p is any Radon measure such that |m®| << p. In particular, we can take p = |m®|.
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Remark 7.2. Observe that if &k € C(R?) is a convex function, then k> is homegeneous of degree
1. If in addition k is a Lipschitz function, then £°° assumes only finite values and so, it is also a
Lipschitz function. Denote by D the domain of k* and let ¢%, be the support function of D:

05 () =sup{u-v|u € D} =sup{u-v|u € D}.
u u

If w € D then k(tv)/t > v-u—k*(u)/t and so, k*°(v) > v-u. Since u € D is arbitrary, we conclude
that k% (v) > 0% (v). Conversely, if ¢ > 0 and u; € 0k(tv), we have k(tv)/t = v - u; — k*(u)/t <
0% (v) 4 k(0)/t. Letting t tend to oo we conclude that if A C domk* C A then

(107) k* = 0% and 0k™(v) = {u cA|u-v= koo(v)}.

It is convenient to have other representation formulas for [ k(m), useful for instance for proving
the uniform lower semicontinuity property appearing in Lemma 7.6.
Define

Ki(m) = sup /

ueC.(R4,R4) J

(w mldz) ~ k(W) Ko(m)= sup / (w- m(dz) - k*(w)).

Q ueC(Q,A) JQ

and
(u Cm(dz) — k*(u)),

where, B is the set of bounded Borel maps u: Q — A.

Ks3(m) = max/

ueB Jgo

Remark 7.3. If k € C(R%) is a convex Lipschitz function, k* € L'(A), k* = oo on R%\ A and
m € M(Q), then

| om) = Ka(m) = Ka(m) = Kl

Remark 7.4. Let k, m be as in Remark 7.3. For every Borel map v :  — A and € > 0, we may
find \' € (0,1) and u € C(Q,RY) such that u(Q) C {op < N} CC A and

/Qk(m) §6+/Q<u-m(dx)k:*(u)).

Lemma 7.5. Let k € C(R?) be a convex function that is eq—Lipschitz and such that the interior of
domk* contains the closed ball B, centered at the origin and of radius r > 0. Then Ja k(m) < oo
if and only if [5 ko(m) < oo where ko(v) = |v|. In that case there exists a constant e, which depends
only on the measure of A, v and any number bigger than ||k*|[11(p,,) such that

r/Qko(m)—erg/QK(m)Seo/ﬂko(m)ﬂr-

Proof. To obtain the above upper bound, we use the fact that &k is ep—Lipschitz. The lower bound
is a direct consequence of the fact that
k(o) > v 0 — (D
|v]
and the fact that the theory of convex analysis ensures that (cf. e.g. [7]) [|k*||p(p,) is bounded
by a constant which depends only on r and [|k*[|1(B,,)- O
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Lemma 7.6. Let {k"}, C C(RY) be a sequence of convex eq—Lipschitz Junctions converging point-
wise to k and suppose {(k™)*},, is a bounded sequence in L'(A). If m € M(Q) and {m"},, C M(Q)

converges distributionally to m, then

/k:(m) Sliminf/ E™(m™).
Q n—o0 Q

Proof. To prove the theorem, we may assume without loss of generality that

(108) [ = sup/ k" (m™) < oo.
n JQ

Observe first that k : R* — R is convex and ey Lipschitz as a pointwise limit of convex and ep—
Lipschitz functions. The sequence {(k™)*},, being bounded in L!(A), the theory of convex analysis
(cf. e.g. [7]) ensures that {(k™)*}, is bounded in W*°(0) is O is a open set such that O C A.
In particular, if A € (0,1) since {u € A | p(u) < A} is a compact set contained in A, we use the
Ascoli-Arzela Theorem to obtain that up to a subsequence, {k} },, converges uniformly on {o < A}
to some function. From the fact that {k,}, converges pointwise to k we infer that £* must be that
function and in fact, the whole sequence {k}, converges to k*. Since, A € (0,1) is arbitrary, we
conclude that {k} },, converges pointwise to &* on A. Similarly, {£"},, converges uniformly to k£ on
compact sets. In particular, {k"},, is bounded in C'(B;) where By is the closed unit ball centered
at the origin. Thus, if u € A,

u u

ke (u) > u - T ~ kn(m) > |uf - sup EnllcBy)-
With that lower bound at hand, since A is a bounded set, we may apply Fatou’s Lemma and obtain
/ E*dy < liminf/ (E")*dy < o0
A A

n—oo

and k* is bounded below.
Let » > 0 be such that the closed ball centered at the origin and of radius 2r, is contained in A.

By Lemma 7.5
/ |m| < lim inf / |m™| < sup/ |m™| < oo.
Q n—=oo Ja neNJQ

This, together with Lemma 7.5 again, shows that fQ k(m) is finite. Thus, given € > 0 arbitrary, we
may use Remark 7.4 to infer existence of ue € C.(2, A) such that the range of u, is contained in a
compact set of the form {o < A} C A and

(109) Jrmy < et [ (ucem— k@)

9) )
Because {k}},, converges uniformly to £* on {o < A}, it follows that
ue-m—k*ue)zlim (ug-m"— k”*ue)glim k™ (m™).
JAl () = tim [ () (w0) < Jim [ 4 (")

We combine this, together with (109) and take into account that € > 0 is arbitrary to conclude the
proof. O
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