NON-CONVEX GEOMETRY OF NUMBERS
AND CONTINUED FRACTIONS
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ABSTRACT. In recent work, the first two authors constructed a generalized continued frac-
tion called the p-continued fraction, characterized by the property that its convergents (a
subsequence of the regular convergents) are best approximations with respect to the LP
norm, where p > 1. We extend this construction to the region 0 < p < 1, where now the L”
quasinorm is non-convex. We prove that the approximation coefficients of the p-continued
fraction are bounded above by % + &p, where ¢, = 0 as p — 0. In light of Hurwitz’s
theorem, this upper bound is sharp, in the limit. We also measure the maximum number of
consecutive regular convergents that are skipped by the p-continued fraction.

1. INTRODUCTION

A rational number r/s with ged(r,s) = 1 and s > 0 is said to be a best approximation to
an irrational real number « if, for all rationals r'/s’ # r/s with ged(r’, s') = 1l and 0 < &’ < s,
we have

Ir — sa| < |r' = s'al.
Lagrange [4] showed that each irrational « has infinitely many best approximations p,/q,
with n =0,1,2,3,... and that for each of them

Qn|pn - Qn@‘ <1
The best approximations are given explicitly by the convergents
n 1 1 1
Pn

4+ — —
dn 0 bl—|— b2+ bn

of the regular continued fraction expansion of a:

Classical results of Vahlen and Borel (Theorems 5A and 5B of [9, Ch. I]) state that among any
successive pair of convergents, there is at least one that satisfies g, |p, — ¢.c| < % and among
any successive triple, there is at least one that satisfies the Hurwitz bound ¢, |p, — ¢.a| < \/ig

The notion of best approximation has the following generalization. For (z,y) € R? and a
fixed 0 < p < o0, let

FO(z,y) = (|2]” + [y|)7, (1.1)
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while F(*)(z,y) = max{|z|, |y|}. If p > 1 then F? gives a norm on R? while if 0 < p < 1 it
is a quasinorm in that it only satisfies the weakened triangle inequality

FO () + w9, 51+ y2) < 207 (FP (1,0) + F (23, ).

For a fixed p, we say that r/s is an LP-best approximation to « if there is a t > 1 depending
only on 7/s so that for any rational r'/s’" # 1/s

Ft<p>(s, r—sa) < Ft<p>(s’,r’ —sa),
where
FY(a,y) = FO(t e, ty).
It is not difficult to show that r/s is an L*°-best approximation to « if and only if it is a
best approximation to « in Lagrange’s sense (see Lemma 6.1 in [1]). Generalizing the case

p = 1, which is due to Minkowski [5, 7], it is shown in [1] that for any fixed p > 1 the LP-best
approximations to « are those rationals given by the convergents

T—n:ao—i- ez G (n=0,1,2,... and ¢; = 1)

Snp, a1+ a2+ Qnp,
of a uniquely determined semi-regular continued fraction expansion of «, the p-continued
fraction. Furthermore, each such best approximation satisfies

_1
F(p>(sn, Tn — Spat) < Ay ?

where A, is the critical determinant of the unit ball B® = {(z,y) € R? : F®)(z,y) < 1}.
The value of A, is given in [1, Section 4] (see also the references therein). It is increasing on
1 <p<oowith Ay = %, Ay = \/75 and A, = 1. For any 1 < p < oo, the inequality between
arithmetic and geometric means gives

2
P _ P
Sp|rn — Snal < (5" + |Tn2 50 )p < 4_%A;1. (1.2)
The right-hand side of this inequality increases from % to 1 as p goes from 1 to oo. The con-
vergents 1, /s, of the 1-continued fraction, which is Minkowski’s diagonal continued fraction
6], thus satisfy
Sp|rn — Sna| < %

In fact, Minkowski showed that these r, /s, coincide with those regular convergents p,,/¢m
that satisty ¢ |pm — gnal < % For any p > 1 the sequence of convergents of the p-continued
fraction give a subsequence of the regular convergents, but in general do not give all of those
that satisfy gm|pm — gma| < (4Y/PA,)7L. For details and references see [1].

In this paper we generalize these results to LP-best approximations where p < 1. In view
of the above, our prime motivation is to show that the right-hand side in the generalization
of (1.2) for these approximations can be as close to \/ig as desired. This necessitates letting
p — 0. For p € (0,1) the associated generalized continued fraction

o= ay+ ai_l—i- 612_2+ e (ap € Q and ged(ey, an,eny1) = 1) (1.3)
that we construct in Section 3 (and which we call the p-continued fraction) has integral partial
numerators &, satisfying |e,| < M,, where M, depends only on p. However, M, — oo as
p — 0. Since now F is only a quasinorm, the ball B% is not convex and we must apply
some results of Mordell and Watson [8, 10| from the non-convex geometry of numbers (see
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also the book of Gruber and Lekkerkerker [3] and the references therein). The theorem below
summarizes the main properties of the p-continued fraction.

Theorem 1.1. For each § > 0 there exists a p = ps € (0,1) such that for any irrational «
there is a generalized continued fraction of a of the form (1.3) with the following properties.

(1) The convergents are precisely the best approzimations to o with respect to FP).
(2) Each convergent ry, /s, satisfies s,|r, — spa| < \/ig +9.
(3) There exists a constant M,, (depending only on p) such that |e,| < M, for all n.

For any p > 0 the p-convergents of o form a subsequence of the regular convergents.
Computation confirms that more regular convergents are skipped by the p-continued fraction
than just those with s|r — sa| large. We now describe the relationship between the p-
convergents r, /s, and the regular convergents p, /q,.

Theorem 1.2. Fiz p € (0,1) and an irrational o € R. Let n be a positive integer and let m
and ¢ be such that r, /s, = Pm/Gm and Tni1/Sns1 = Pmae/Gmie. Then
T(1+1)°
¢ <log, |27 5 ——2 |,
=% ( r(1+2)

where ¢ = (1 +/5).

We now show that as p tends to zero, arbitrarily many regular convergents can be skipped
in the p-continued fraction. This is the case for every irrational for which the regular con-
tinued fraction is 1-periodic. See Table 1.1 for the case a = %(1 +/5).

p | First 10 convergents of the p-continued fraction

3 ) 8 13 21 34 55 89 144

oo | 2 = = = - = = = — —
2 3 5 8 13 21 34 55 89

05| 2 5 8 138 2 s 5 s 14 23
) 3 5 8 13 21 34 55 89 144
04| 5 8 138 21 34 55 s 144 283 877
’ 3 5 8 13 21 34 55 89 144 233
03| 8 13 2 3 5 s 14 8 3T 6L
’ 5 8 13 21 34 55 89 144 233 377
095 |13 2L 34 55 8 144 233 37 6l 987
’ 8 13 21 34 55 89 144 233 377 610
09| 2 3% 55 89 144 233 37T G0 98T 1507
’ 13 21 34 55 89 144 233 377 610 987
01 | 3B 8 14 233 37T 60 08T 1507 2584
’ 21 34 55 89 144 233 377 610 987 1597
016 | T 89 144 238 87T G0 98T 1507 2584 4181
) 34 55 89 144 233 377 610 987 1597 2584

TABLE 1.1. Selected values of p with the first several convergents of the p-
continued fraction for ¢ = (1 + v/5).
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Theorem 1.3. Let a > 1 be an integer and let o« = a+ -+ L L ... = %(a—i-\/aQ +4). Then

a+ a+ a+

for each sufficiently large positive integer m there exists a p € (0,1) such that ro/so = pm/Gm.-

The paper is organized as follows. In Section 2 we review Mordell’s result on the geometry
of numbers for the quasinorms F?’. Section 3 contains the algorithm that generates the
p-continued fraction and the proof of Theorem 1.1. Sections 4 and 5 address the question
of how many of the regular convergents can be skipped by the p-continued fraction; they
contain the proofs of Theorems 1.2 and 1.3.

In Sections 2, 3, and 4, the value of p € (0, 1) is fixed, so in those sections we will usually
suppress the dependence on p from the notation. In Section 5, the value of p is allowed to
vary; there, the notation will reflect the dependence on p.

2. GEOMETRY OF NUMBERS FOR NON-CONVEX BODIES

Let F' = F® defined in (1.1). When p > 1, F defines a norm on R?, but when p € (0, 1),
F'is not a norm because the triangle inequality does not hold. However, for such p we have
the following quasi-triangle inequality, so F' defines a quasinorm.

Lemma 2.1. Let p € (0,1). Then for any (z1,y1), (T2, y2) € R?, we have

1
F(x1+z2, 51 +y2) <20 ! (F(z1,91) + F(22,12)) -

Proof. We start by proving that |a + b|P < |a|P + |bP for any a,b € R. By homogeneity and
the usual triangle inequality, it suffices to prove that (1 + ¢)? < 14 ¢? for t > 0, but this
follows from the fact that the derivative of ¢ — (1 4 ¢)? — ¥ — 1 is nonpositive when p < 1.
Using that |a + b|P < |a|? + |b” we obtain
1
F(zy 4 x2, 51 + y2) < (F21,51)” + Flaz,32)7)7 .

. . 1/p 4 p1/p
Now since ¢ — /7 is convex we have (%2)V/r < 24022

1 1
(F(z1,31)" + F(22,y2)P)» <207 (F(z1,31) + F(22,92)) ,
as desired. 0

, from which it follows that

Our starting point for studying best approximations with respect to the quasinorm F
is the following theorem of Mordell [8, Section 8], which we have updated to reflect later
work of Watson [10]. If L C R? is a full lattice, the determinant of L equals |det g|, where
g € GLy(R) is any matrix whose rows form a Z-basis for L.

Theorem 2.2 (Mordell and Watson). Let p € (0,1) and let (a,,b,) be the unique solution
to the equations

(a+b)P+ (a—b)P =a” + b,

a?+ b2 =2,
with a, > b,. Define c, by
¢, =2 v F(ay,b,). (2.1)
Then every full lattice has a point (x,y) # (0,0) satisfying
F(z,y) < 2%7%(det L)%cp. (2.2)

Furthermore, for p € (0.3295...,1) the inequality is sharp.
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Note that the maximum value of the function (a,b) — a” + b* subject to the constraint
a? +b? = 2 is 2, and this occurs only when @ = b = 1. Thus ¢, < 1 for all p < 1. Also,
clearly a, and b, both approach 1 as p tends to 1, so we have

lim ¢, = 1. (2.3)
p—1—

Applying Theorem 2.2 to the lattice (0,¢)Z + (t7!, —at)Z, we find that for every ¢ > 1

there exists a rational /s with s > 0 such that

Fi(s,7 — sa) < 2%7%%. (2.4)
Define ,
Bp - 25_1012;- (25)
Following Mordell, if we let j, = b,/a, < 1 then
2 2
ap = and b, =7
P\ P

and from this we find that
o (L
o142
Applying the inequality between arithmetic and geometric means and (2.4)—(2.6), we find
that for each ¢ > 1 there exists a rational r/s with s > 0 such that

(2.6)

s|r—sal < 47 [Fy(s,7 — sa)]” < 47%510,

where equality holds for the first inequality if and only if s = ¢* |r — sal. Letting ¢t — oo we
find that )

s|r—sal <4773, (2.7)
for infinitely many rational approximations r/s. The proposition below describes the values
of 4-Y/73, for p € (0,1). See Figure 2.1.
Proposition 2.3. Let p € (0,1). Then

(1) lim 47178, = 3,

p—1—
2 pl—i>r(l)1+ 471G, = \/Lg’ and

(3) the function p — 47178, is increasing on (0,1).

In order to study the behavior of 3, it is apparent that we must understand the behavior of
Jp- The next lemma follows from Section 2 of [10]; its proof is elementary but quite tedious.

Lemma 2.4. The function p — j, is differentiable and strictly increasing on (0,1) and

lim j, = . (2.8)

Using Lemma 2.4 the proof of Proposition 2.3 is relatively straightforward.

Proof of Proposition 2.3. (1) By (2.5) and (2.3) we have

.1 1, 1
lim 47»8, = lim S¢; = 5.
p—1— p—1— 2
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FIGURE 2.1. A plot of 4773, for p € (0,1), with the limiting values of 3 and

% shown as dashed lines.
(2) Let = € [3,1]. For p close to zero we have the Taylor expansion
2

log(1 4 a?) =log2 + 3(2¥ — 1) + O ((2¥ — 1)?)..

Furthermore,
o0 1 n

n=1

It follows that
4’%(1 + 2P)¥P = exp <% log(1 4 2?) — ]%log 2) = exp (logx + O(p)) = =+ O(p).

Thus
1 (14 aP)?P 1
47 »p = O
1+ a2 rl+x +OW)
uniformly for z € [3,1]. By (2.8) we compute

_a (14 gm)r 1 1
lim 4" » o = — - .
L+G5 2(-1+vB)  +1(-1+v6) V5

p—0t
(3) We will prove that the derivative of the function p ~ 4=1/7 B, is positive. Since 3, > 0

it is enough to prove that f’(p) > 0, where
2log2  2log(1l+ 7%
= + B+ 7)) — log(1 + ]}3)‘

f(p) =log(471/7p,) = »
A straightforward computation yields
2 Ly Jplog(1/7p) L (! j
! I 1 2 - 1 1 p\ _ 7P p 2 / p - p )
) = 15 (102 tos(1 4 i - 2EE ) oy (-
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By Lemma 2.4 we have j/ > 0. Since j, € (0,1) and p € (0,1) we have j2=* > 1 so
Lt gy <gp 2+ a5 =gy (1+3p),
which implies
B
L4+j5 1452
Thus to show that f'(p) > 0 it suffices to prove that g(j?) < log2, where

> 0.

xlog(1/x)
= log(1 _—
g(x) =log(l+z)+ —>
Indeed, we have g(z) < log?2 for any = € (0, 1) because
log(1/2)
/ —
and lim g(z) = log 2. O

r—1—

3. THE p-CONTINUED FRACTION FOR p € (0, 1)

In this section we prove Theorem 1.1. Fix p € (0,1). We will need the following analogue
of Minkowski’s first convex body theorem for the non-convex bodies

B,(P) =B (P)={P' e R*: F,(P') < FK,(P)},

where P € R? and ¢ > 0. We say that a lattice is admissible for a set S if the only lattice
point inside S is the origin.

Proposition 3.1. Fizp € (0,1), t > 1, and P € R?. If L is an admissible lattice for B,(P)

then
areaB;(P) < C,det L,
where e
C, = 22+1%c§
P

and ¢, is given in (2.1).

Proof. Let R = F,(P). By Theorem 2.2, there is a point (z,y) € L that satisfies (2.2). But
this point is not in B;(P) since L is admissible for B;(P). Thus

R < F(z,y) < 2v 2cy(det L)2. (3.1)
The area of B,(P) is given by

r(1+1)*

R 1 1 1 1
area B,(P) 4/ (R? — 27} da — 4R2p1/ B0 — 1)b dt — AR?
0 0 (1

where we have used [2, (5.12.1)] in the last equality. With (3.1) we obtain
1\2
r(1+3)
2
r(1+2)
as desired. O

area B;(P) < 25+ c2(det L),
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We will generate the convergents of the p-continued fraction using a recursive algorithm,
described in Lemma 3.4, that yields a sequence of points in the lattice

Lo = (0,1)Z + (1, —a)Z,

where a point (s,r — sa) € L, corresponds to a rational r/s. Of course we can assume

without loss of generality that a € (—%, %) The properties of the algorithm will show that
the sequence of convergents is, in fact, convergent and is precisely the sequence of best
approximations with respect to F', ordered by increasing denominator.

We will use this elementary lemma several times.
Lemma 3.2. Fizp € (0,1). If |2/| < |z| and |y| < |y|, then F(2',y) < F(x,y).

We also have the following property of B;(P) as t varies. Roughly speaking, this lemma
shows that in the first quadrant, B;(P) contracts to the left of P and expands to the right
of P as t increases.

Lemma 3.3. Fizp € (0,1) and P = (xp,yp) € R? with xp > 0, and let to,t; € R with
t1 > 1o > 0. Let x > 0 and for j € {0,1} define y; > 0 by Fy,(x,y;) = Fi,(P), when a
solution to this equation exists. We have that

(1) if © < xp, then yo > y1, and
(2) if © > xp, then yo < y1.

Proof. From the implicit definition of y;, we find

1
i =17 (2 — 2 + 7 yp|)?

as an explicit formula for y;.
For algebraic ease, we consider the quantity y§ — y7. Since p > 0, this quantity will have
the same sign as yy — y;. Thence

uh =y =t (ah — 2P + 5 lyp[?) — 17 (ah — 2P + 67 |yp|?)
=t (2 — aP) + |ypl” — £ (2} — 2P) — |yp|”
=ty — ") (2 — aP).

Note that the first term in the above expression is positive, since t; > tog. If x < xp, then
the second term in the above expression is positive, meaning v — 47 is positive and yo > ;.
If instead x > xp, the argument reverses and yo < ;. U

The lemma below describes the aforementioned recursive algorithm.

) and set P_y = (0,1) and t_y = 1. For each
Ty Ym) € Lo and a t,, > 1 with the following

Lemma 3.4. Fix an irrational o € (—
m € Z with m > 0, there exists a P,
properties:

11
272
= (

(1) Tm > Ty and |Yn| < |ym-1],

(2) L, is admissible for By, (Ppn),

(3) th(Pm—1> = th(Pm>; and

(4) for any t € (ty—1,tm), there is no P' = (2',y') € L, different from P,,_; with ' >0
and Fy(P") < Fy(Pp-1).
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Proof. We construct the points P,, inductively. By the construction of L, the only points
on the unit ball B = B; ,(P-1) are £P_;. For any P = (z,y) with y # 0 we have

F((P) = F(t™"z,ty) = F(0,ty) = ty|,
so Fi(P) — oo as t — oo. Note that the area of B,(P) is given by
area B;(P) = F?(P)area B.

Thus by Proposition 3.1, there must be a maximum ¢ for which L, is admissible for B;(P_1).
Call this maximum 5. Among the finitely many P’ = (2, y') € L, with Fy (P') = F,(P-1),
there is a unique P’ with maximal 2’ because « is irrational. Let P, = P’. Note that
xo > x_1. We repeat this process starting with F, always choosing the new point with
maximal z-coordinate. Let m > 0. We construct P, from P,, by increasing t, starting at
tm, until L, is no longer admissible for B;(FP,,), and set t,,11 as the maximum ¢ for which
L, is admissible for B,(F,,). We call the point on the boundary of B;, ., (P,) with maximal
x-coordinate P, ;. We show that the sequence of points constructed this way satisfies
properties (1)—(4) of the lemma.

(1) For t > 0 and P = (z,y) € R?, let S;(P) denote the inner part of the ball B;(P) given
by

Si(P)={P = (2/,y) e R*: |2/| < |z| and F}(P') < F,(P)}.
By Lemmas 3.2 and 3.3 we have S;(P,,—1) C &;,,_,(Pn_1) for all t > t,,_1. Thus the new
point P, has x,, > x,,_1. Using Lemma 3.3 again, we find that |y,,| < |ym_1]-

(2)—(3) These follow from our choice of ¢,, as the maximal ¢ for which L, is admissible for
B:(P,,—1) and our choice of P,, on the boundary of By, (FP—1).

(4) For any t € (t,,—1,tm), the lattice L, is admissible for B;(P,,—1), so there are no points
P’ € L, with F,(P") < Fy(P,,—1). Suppose there is a t € (t;,_1,t,) and a point P’ € L,
for which Fy(P’) = F,(P,_1), i.e. for which P’ is on the boundary of By(F,,—1). Then, by
Lemma 3.3, for all ¢’ > ¢t we have P’ € By(P,,_1), contradicting the definition of ¢,,. O

Figure 3.1 shows a few steps of the algorithm described above.
We claim that the sequence {t,,} from Lemma 3.4 tends to infinity. Indeed, the area of
the ball B;(P,,) is
area By(P,,) = F?(P,,) area B,

where B = B,((0, 1)) is the unit ball, so we observe that

Tt t = F(xpt; 1, 0) < F(xmt, ! Ymtm) = F,, (P) < CF area B_%,

by Lemma 3.2 and Proposition 3.1. Since C,, is fixed for any fixed p and x,, — oo, we must
have that t,, — oc.

To any sequence {r,/s,} of rational numbers with r,, s, € Z and ged(r,, s,) = 1 we can
associate a generalized continued fraction with rational coefficients; that is, an expression of
the form

&1 £9 £3 €1

a0+___...::a0—|—
a1+a2+a3+ a1+

€2
€3

with a;,e; € Q\ {0} and
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04

Py

-0.4

FiGURE 3.1. The lattice L, for &« = 3 — e with p = 0.5. Dark lattice points
correspond to the regular convergents. The points Py = (1, —a) and P, =
(7,2 — Ta) give best approximations for a relative to F?),

The ¢; and a; are defined recursively in terms of 7, and s,, as we describe below. If the
sequence {r,/s,} converges (resp. diverges), we say that the continued fraction is convergent
(resp. divergent). For any sequence {p,} of nonzero reals we have the transformation

€1 €9 € € € €
a0+—1—2—3--~—a0+ P11 P1p2E2 P2P3Es (3.2)
a1+ as+ az+ p1a1+ paas+ p3az+

which preserves the convergents, as can be shown by induction. In particular, a continued
fraction with rational coefficients can be easily transformed into one with integral coefficients
(except possibly ag) by clearing denominators. Of course, for a generic sequence, this process

of clearing denominators will produce arbitrarily large values of |¢;| and |a,]|.

Fix an irrational a € (=%, 1) and let P,, = (2, %) as in Lemma 3.4. For m > 1, let

272
_ T Ym
Gom = <xm—1 ym—l)
_ (%o Yo
go = <0 :L,O) .

[

for m > 1. We further define s,, = x,, and r,, = y,, + r,na. Then r,, and s,, are integers
because the point (2, ) has coordinates (r.,, s,,) in the Z-basis {(0,1), (1, —«a)}. Since

Gm = Sm T'm — SmQ&
m =
Sm—1 Tm—-1 — Sm—-1C&

we see that det g,, € Z \ {0} for all m and that

T'm Sm \ _ a 1
(rm—l Sm—l) = Gm (1 0) ' (34)

and set

Define a,, and &,, by
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Furthermore, &,, = —(det ¢,,)/(det gim—1) € Q and a,, € Q. Substituting for g,, in (3.4), we

find that
T'm Sm o 5m gm Sm—1 Tm—1 — Sm—-1¢ a 1
Tme1 Sm—1) N\ 1 0 ) \Sm2 Tmo—58no0a)\1 0)°
From this, we get the recurrence relations
Tm = mTm—1 + EmTm—2, To = Yo + Toc, r_1 = Zo,
Sm = UmSm—1 + EmSm—2, So = o, s_1=0.
Following the analogous proof from the theory of regular continued fractions, we obtain
T'm gl g2 gm
— = Qq o ...
Sm ai+ as+ Am
where ag = r¢/so. Note that so > 1, so ag € Q but we may not have ag € Z.
We prefer to have integer coefficients. While we cannot change that ag € Q, we can use
(3.2) to replace a,, and &,,, m > 1, with integers. To that end, we define

9

Ay = (det gm—1)am

for m > 1. For m > 2, we define

em = (det g —2)(det gm—1)Em

and set £; = (det go)é;. We note that the denominator of &, is a divisor of det g,,_1 by the
construction in (3.3). Using the recurrence relations and the fact that ged(r,, s,) = 1 for
all m, we find that the same is true for the denominator of a,,. Thus a,, and ¢, are always
integral. We then have a generalized continued fraction for r,,/s,,, with only ay not strictly
integral. We note that this transformation is one of the form given in (3.2), which preserves
the convergents to the continued fraction. Thus,

P gy EL L Ew

Sm a1+ as+ Am
We are not guaranteed that ged(e,,, an,) = 1 or even that ged(e,,, am, ems1) = 1. However,
this generalized continued fraction is unique up to transformation.

Proof of Theorem 1.1. Let 6 > 0. By Proposition 2.3, there exists a p = ps such that

1 1
47vB, < — +6.
P>

(1) The p-convergents are best approximations with respect to F' because the associated
lattice points satisfy part (4) of Lemma 3.4.

(2) Since every p-convergent is a best approximation with respect to F, (2.7) is satisfied.
Thus, every r,,/s,, satisfies

1
Sm |Tm — Sma| < % + 0.

(3) Since &, = —(det g,,)/(det gm—1), we have for m > 2 the bound
lem| < [(det gm—2)(det gn)| -

For m = 1, we see that ; < |det g,,|]. We therefore only need to prove an upper bound
on |det g,,| to obtain a bound for |e,,|. This is accomplished in the next proposition, which
proves that the determinant is bounded and the bound depends only on p. By apply-
ing a transformation as in (3.2), we could obtain an equivalent continued fraction where
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ged(m, Gm, Ems1) = 1, but the values of each new |e,,| would only be smaller. These new

partial numerators would still be bounded by a constant dependent only on p. 0
Proposition 3.5. Fiz p € (0,1) and let a € (—3,3) be an irrational number. With g,, as
above, for each m > 1 we have
r(1+1)°
|det g, | < 24P ——L_¢2. (3.5)
T(1+2)

Proof. Without loss of generality we may assume that y,, 1 > 0. We divide into two cases
depending on the sign of y,,.

Suppose first that y,, > 0. Then the points P,, = (2, Ym) and Py, = (Tyy—1, Ym—1) are in
the first quadrant, with P,,_; to the left of P,,. By Lemma 3.4 there exists a t > 0 such that
Fy(Pn) = Fi(Pp-1). Let Q1 = (t7 '@, tym) = (u1,v1) and Qo = (™ Tp1, tYm—1) = (uz, v2).
Then Q; and @ both lie on the boundary of RB, where R = F,(P,,) and B = {P € R? :
F(P) < 1} is the unit ball. Furthermore,

| det g | = urve — ugvy.

We begin by computing the area of the region D bounded by the line segments OQ); and
OQ2 and the portion of the curve u? +v? = RP in the first quadrant. Let 6; = arctan(v; /u,)
and 6, = arctan(ve/ug) denote the angles that the line segments OQ); and O@Qy make with
the positive z-axis. In polar coordinates (r, ) the region D is described as

R

b <0< b, Osr=rl®)= ((cos O)P + (sin)P)L/P-

Thus we have

0o r(0) R 05 do
D) = = — .
area(D) // rardt =5 ), (cos0) + im0y

Making the change of variable u = tan # we find that

area(D) = R_2/v2/u2 _du _ E/vzmg (1"’“)2 du
T T S W@ g \ T ) T e

1/u1 1/u1

(1+u)?

Gz for positive u, is 22-2/P: it occurs at u = 1.

The minimum of the function v —
Thus we have

U1V2 — V1U2

va/u
area(D) > 212/pR2/ v du _ 9l-2/pp? ‘
- nfu (L+u)? (w1 + v1)(ug + vo)

The maximum value of (u,v) — u + v subject to the constraint u? + v = RP is R; it occurs
when (u,v) = (R,0). Thus we have

arca(D) > 2'7%7| det g, |.
There are two copies of D inside RB = B;1(Q1), so we conclude by Proposition 3.1 that

L1+ %)2 )

| det g < 2°/77*(2area(D)) < 2*/772 area(By(Q1)) < 2477 T(1+2) "
p
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If ¥, < 0, define @1 and @y as before and define @} = (u1, —v1). Let D denote the region
bounded by the line segments OQ} and OQ2 and the portion of the curve u? + v? = RP in
the first quadrant. Then we have

area(D) > 21_2/p(u1v2 + v1us).

Let D’ denote the triangle OQ, Q). Then

area(D') = uy|v1| > uglvy| > 22 Pug|vy| = =222 Puyuy,
SO
area(D U D') > 2127 (uyvy — viug) = 2172/7| det g,
The remainder of the proof proceeds as in the first case. 0

4. REGULAR CONVERGENTS SKIPPED BY THE p-CONTINUED FRACTION

In this section we prove Theorem 1.2 which concerns the question of how many of the
regular convergents of a given irrational a are skipped by the p-continued fraction. We first
list several well-known results about the regular continued fraction. Fix an irrational a.. For
p € (0,1), let p,/q, denote the regular convergents of a and r, /s, the p-convergents. First,
pn and g, are defined recursively by

Pn = bnpnfl + Pn—2, P—2= 07 b-1= 17
n = ann—l + Gn—2, q—2 = 1, q-1 = 07
where b, is the n-th regular partial quotient. Additionally, we have that for n > —1,

qnPn—1 — PnQn—1 = (_1)n, (41)
and for n > 0,
GnPn—2 — Pndn—2 = (_l)n_lbn- (42)

These results and their proofs can be found in Section 3 of [9, Ch. I].

We claim that each convergent of the p-continued fraction of « is also a regular convergent.
Indeed, suppose that r/s with s > 0 is a convergent of the p-continued fraction of a. Then
there exists a ¢ > 1 such that for any r'/s’ # r/s with s’ > 0, we have that

Fi(s,r — sa) < Fy(s',r' — §'a).

If s < s then by Lemma 3.2 we have that |r — sa| < |r' — s'a|. Lagrange [4] showed that all
such r/s are regular convergents of a.

The number of consecutive regular convergents p,/q, that can be skipped by the p-
continued fraction is closely related to the determinants that appear in the following propo-
sition.

Proposition 4.1. Notation as above, let b, denote the n-th reqular partial quotient for «
and for £ > 0 define

DZ(”) - (_1)n—1 (Qn—lpn+€ - pn—IQn—i-Z) .
Then Do(n) =1, D1(n) = bpy1, and for £ > 2, we have

Dg(n) = bn+ng_1(n) + Dg_g(n).
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Proof. For the preliminary cases ¢ € {0,1} we have Dy(n) = 1 and D;(n) = b,41 by (4.1)
and (4.2). For ¢ > 2, using the recursive definitions of p,,, and ¢,,, we have that

Dy(n) = (=1)""" (gn-1(bp-ePrte—1 + Pate—2) = Pn—1(bnseGnse—1 + Gnre—2))
= byie(—1)" " (Gno1Pnte—1 — Pao1nre—1) + (=1)" " (Gr-1Pnse—2 — Pn—1qn+e—2)
= bpyeDy—1(n) + Dy_z(n),
as desired. 0

Proof of Theorem 1.2. By Proposition 4.1, using that the regular partial quotients of a sat-
isfy b, > 1 for all n, we have the rough lower bound

Dé(n) > FZ+1 >

Y

Sl

where F} is the (-th Fibonacci number and ¢ = $(1 + v/5). On the other hand, D,(n) =
|det g,,| for some m, so by Proposition 3.5 we have Dy(n) < C, where C,, is the expression
on the right hand side in (3.5). Thus

(< logw(\/ng). O

5. PROOF OF THEOREM 1.3

We begin by stating several lemmas regarding 1-periodic continued fractions. For the
remainder of this section we assume that a € Z with ¢ > 1 and that

1 1 1 244
a+ a+ a+ 2

Lemma 5.1. Suppose that « satisfies (5.1) and define a sequence R, by Ry = 0, Ry = 1,
and

R,=aR, 1+ R, o forn>2. (5.2)

Then for all n > 0 we have
a® — (_a>fn

R,=2 Y (5.3)

a+al

Proof. We can rewrite (5.2) using matrices, letting us solve for any R, 1 and R,, for n > 1

by writing .
Rn+1 __[a 1 1
()= (o) ()

The eigenvalues of (¢ ) are @ and —a~!, where « is given by (5.1) and we have used that
a = a + a~!. Diagonalizing, we obtain

() ez (o 26 =) (2 2) )

Further simplification yields

(5) = (R 20 6)

This completes the proof. 0]

Lemma 5.2. If « satisfies (5.1) then p,—1 = q, for alln > 1.
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Proof. Since « satisfies (5.1), every partial quotient is a. Then because ¢y = 1, p, and g,

each satisfy with offset the recursive definition for R, given in Lemma 5.1. In particular,

pn = Ryi0 and ¢, = R,y1. Thus p,1 = Ruyv1 = @y 0

The formula (5.3) can also be written as
a™ — cos(mn)a™™

R, = , 5.4

n a -+ O./_l ( )

which extends naturally to a smooth function n — R,, for real n. This point of view will be
particularly useful later.

Lemma 5.3. Suppose that « satisfies (5.1) and define R,, by (5.4). Then

—n

R,+1 — Rya = cos(mn)a

Proof. By (5.4) we have

a4 cos(mn)a ! — a (@™ — cos(mn)a™™
P ()™~ (o  cosfrn)a™)
a4+«
Ozfnfl +a7n+l 3
= cos(mn) T cos(mn)a™",
as desired. 0

We next define a curve and examine its intersection with the lattice points corresponding to
the regular convergents of a. Let n be a nonnegative integer and let @, = (R, |Ro11 — Ral).
This point is either the lattice point corresponding to a regular convergent or the reflection
of said point across the z-axis because of Lemma 5.2 and our choice of a. Fix an m € N.

We define C¥ to be the portion of the boundary of the ball Bép ) ((0,1)) in the first quadrant,
where ¢ is such that @, is on the boundary of B,fp >((0, 1)). See Figure 5.1. We can describe
the curve G/ algebraically by the equation

= (xt™h)P + (yt)P. (5.5)

Since @), is on CT@, we can write
1

Ry %
t= m . 5.6
(1—»Rmﬁ-—RmaW) (5:6)

We claim there exists a unique p = p(m) such that @, is also on e, Equivalently,

1

Ry, v R g
1 —|Rpy1— Rnal?) \1—|Rpi2— Ry’ )

Simplification yields

Ry, — Rb |Ryys — Rypial” = Rﬁwl - anﬂ [Rps1 — Bal”

or, after Lemma 5.3,
Ry \? 1—a ™ P
= ) 5.7
( R, ) 1—a—mr (5:7)
While we are primarily interested in solving (5.7) when m is an integer, it will be useful to
show that a unique solution p = p(m) exists for all sufficiently large real m.

Lemma 5.4. If m > 3 then there exists a unique p = p(m) € (0,1) satisfying (5.7).
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Proof. Let m > 3 and define
1—a-mrr
Jw) ==
We claim that f(p) is strictly decreasing for p € (0,00). Assuming this for now, and using
that f(p) > 1 we find that

d 1 (f(p) log f(p) 1
ap ) _(pf(p) p? )[f(p)] =

By L'Hoépital’s rule, f(p) — 14+ asp — 0, so lim, o+ [f(p)]"/? = oo. Since lim, o [f(p)]"/? =
1, we see that p — [f(p)]"/? is a bijection from (0, 00) to (1,00). Thus there is a unique p

for which [f(p)]*? = Ryi1/Rm. We claim that this p must be in (0,1). Indeed, when p > 1
we have

1 1—a ™! 1—a ! 1
P < f(l)=— =1 M <14+ —.

On the other hand, by Lemma 5.3 we have
R o 1 1

> o — —

R, amR,, a3’

Since x > 1+ 2/23 for all x > 1.6 and since a > 1.618, we see that [f(p)]'/? < Ry y1/Rm, s0
the p satisfying (5.7) must be in (0,1). Thus it remains to show that f(p) is decreasing.
We have
m(l—a™®)—a?(1—-a ™) a " loga
(1 — a=mp)? ’

f'(p) =~

so it is enough to show that

m(l —a™?)>aP(1—-a ).

For any m > 3 and any fixed § € (0,1) we have 1 — ™ < m(1 — ) since the two sides agree
when m = 1 and the left side grows slower than the right as m increases. 0

We claim that for p = p(m) as above with sufficiently large m, L, is admissible for the

ball B ((0,1)). This is equivalent to Q44 being above C¥' for any k € Z\ {0,1} such that
k > —m. By solving (5.5) for y, and comparing with the y-coordinate of @, we find that

we can write the condition of @, being above C¥) as

D=

|Riiir1 — Ryra] > (1 — RE_t7P)
After some simplification and substituting the expression in (5.6) for ¢, we see that for a
fixed m, @, remains above ¢ if and only if

D D p D D p
Rm+k - Rm+k |Rm+1 - RmOél > Rm - Rm |Rm+k+1 - Rm+ka| :

By Lemma 5.3, this can be simplified to

L N
> : 5.8
< R, ) 1—amp (5:8)
Lemma 5.5. For each real number m > 3, define p = p(m) € (0,1) by (5.7). Thenp ~ ni‘ffgza

as m — oo. Furthermore, for all sufficiently large m, for any k € Z \ {0,1} with k > —m,
the inequality (5.8) holds.
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FIGURE 5.1. The edge of the ball, C#Z), for p ~ .27, with a = ¢ = %5 and

m = 5. The points Q4 for k € {—3,—2,—1,0,1,2,3} are presented here.

Proof. Let

p 1_ —mp—p
Flnp) = (Gt ) - A

R, 1—a ™

Then F(m,p) is (at least) thrice continuously differentiable in the region m > 0 and p > 0.
So by the implicit function theorem the function p(m) is thrice continuously differentiable.
We claim that p(m) — 0 as m — oo. Indeed, if limsup,, ., p(m) = L > 0 then since
Ryi1/Ry — o as m — oo we would have o = 1, a contradiction. Since p(m) € (0,1) we
must have that p(m) — 0.

Let k € Z\ {0}. Using (5.4) we have

Rpir 1 — (=1)%cos(mm)a2m—2*

R, 1 — cos(mm)a=2m

1—(=1)ka=2 )

1 — cos(mm)a—2m

=af (1 + cos(mm)a 2™
— oF (14 0(a™)).

Thus we have

m

log (Rgﬂg) = kloga+ O (o). (5.9)

For large m, we have the asymptotic expansion
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for some constants py, p;. To determine py, we use that p = po/m + O(1/m?) to get

@™ = a7 4+ O(1/m) L _ 9" L oa/m)
Tl apo — 1 ’

1
1 —qte = MP010BO o)
m

from which it follows that

1 — o mp=kp 1—a™hkr kpg log a 1
log ([ — % ) =log(1+a™>—% ) —log 1+ —20%8Y Lo~
() s (e ) - (e o ()
kpo log 1
=——4+0(— ). 5.10
(aPo — 1)m + (mZ) (5.10)
Hence, by the logarithm of (5.7), (5.9), and (5.10) with £ = 1 we must have

pologa  pologa
m  (ar0 —1)m’

Thus o = 2. This information significantly simplifies the determination of p;. Using that
p =log2/(mloga)+ pi/m? + O(1/m?) we find that

_ 1 ploga 9 1 2p1 log a 9
mp_ 1 S W e N 1§
«a 2 2m +O( /m )7 1—Odimp m + ( /m )7
1 — k?(log 2)?
1_067kp:k10g2+2k;p1 og (log 2) O,
m 2m?
Thus
1 — o mp—hp klog2  k*(log2)? — kp;loga + kp; log4log 1
log = - +0(—
1 —am m m? m3
Again, by (5.7), (5.9), and (5.10) we find that
p1 log o (log 2)? — pylog a + p1 log 4 log o
m2 m? '
It follows that p; = —log2/(2log ). Thus
log 2 1 1
= 1—— Ool— ). 5.11
P mlog o ( 2m> * <m3) (5.11)

Now we assume that k£ # 1. Using (5.9), (5.10), and (5.11), the logarithm of the inequality
(5.8) becomes

klog2  klog?2 1\ klog2 klog?2 1
°6s 198 +O<—>> ogs T8 (2klog2+1—210g2)+0<$),

m 2m?2 m3 m 2m?

which, for sufficiently large m, is true for any k € Z \ {0, 1}. O

For p € (0,1) and ¢ > 1 the closure of the ball B§p>((0, 1)) is the set of points (z,y) € R?
satisfying (|x|/t)P+ (|y|t)? < tP. This inequality is only satisfied for |y| < 1, so it is equivalent
to the condition

0< ‘x’p 2p
Ty T
Thus B§p>((0, 1)) C Bé,p)((O, 1)) for ¢ > t. Let m be sufficiently large and let p = p(m).
Then the previous lemma shows that the first two lattice points that touch the boundary
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of B ((0,1)) as t increases from 1 must be the lattice points corresponding to @, and
@m+1, and furthermore the lattice must be admissible for this ball. This then gives us that

TO/SO - Rm+2/Rm+1 :pm/Qm 0
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