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1. INTRODUCTION

Of the various methods for estimating Fourier coefficients of Maass cusp forms the
most successful one so far has been based on properties of symmetric power [—functions
associated to the form together with an analytic lemma of Landau. This gives

Anl < T(n)nd

for the n*" Hecke eigenvalue A, (see [3],[4],[5] and [6]). Landau’s lemma requires
positivity of the coefficients; this limits the complete exploitation of deeper knowledge
of analytic properties of these L—functions.

In this work we present a method which does not require the coefficients to be positive
but which instead appeals to functional equations of the L-functions twisted by Dirichlet
characters. The signs of these functional equations play a role in this method; in many
cases they give rise to multi-dimensional Kloosterman sums for which Deligne’s estimate
is available. In a sense Deligne’s estimate yields an effect similar to that of the method
of stationary phase for Landau’s lemma (J. Hafner has informed us that S, Friedberg
and J. Hoffstein have also noticed such an effect). When applied to the Rankin-Selberg
convolution of the symmetric square [-function our Theorem 1 also gives the above
estimate for A,. '

1t seems likely that advances in the theory of symmetric power L-functions will allow
the application of Theorem 1 in some new cases. For example, if the twisted fourth
symmetric power L-functions are shown to satisfy the conditions of our Theorem then
we would get the bound

sl < 7(n)n®

If the twisted fourth symmetric power L—function multiplied by the Dirichlet L-function
satisfies these conditions then we would have

[An] € T(n)n% .

In the second paper {2} of this series we shall present a different method for I-.
functions having Euler products of degree three and compatible functional equations.
No estimate for Kloosterman sums is used in [2]. When specified to the Shimura
symmetric square L-function this method yields the bound

Anl < 7(n)n |

which is slightly weaker than % but better than 1 and is obtained within G Ly theory

!
only.
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2. STATEMENT OF THE RESULT

Let A = (a,) be a sequence of complex numbers. Suppose that the series

A(s) = E apn~? (D
n=1

converges absolutely in Res > 1. Let us set

[=e]
A(s,x) = Zanx(n)n"’ , (2)
n=l
where y is a Dirichlet character modulo p. TFor technical simplification we confine
ourselves to prime moduli, so that any non-principal character is primitive. Then we
assume that for all but a small number of exceptional characters x (mod p), the series
A(s, x) may be analytically continued to an entire function which satisfies a functional
equation of the type

A(l = 5,x) = ex B(s)A(5,X) (3)

where |e,] = 1 and ®(s) is holomorphic in Res > 1. ®(s) depends on p and it may
depend on the parity of x, but not on x otherwise. Moreover, we assume there exists a
constant ¢ > 1 such that

(s) < (pls)* 7 | (4)

on Res = o > 1, the implied constant depending on o.
The sign €, of the functional equation features in our argument. We require that

€, X(a) be randomly distributed on the unit circle. More precisely, we assume that for

any a we have

Kp(a) = E exX(a) <<P-;- ) (5)
x¢H,

where H,, is the set of exceptional characters x (mod p), including the trivial character,
for which we do not claim the functional equation (3). We assume that the number of
exceptional characters is bounded:

Hp| < H (6)

say, where H does not depend on p.

TueoreM 1. If the above conditions hold for a set of primes of positive density then

" for any n > 1 we have

an & nifEite




Estimates for Coefficients of L-Functions 15

~ with any € > 0, the implied constant depending on e.

REMARKS: The hypotheses of our theorem are quite realistic. Indeed, in practice we
have the functional equations (3) with ®{s) = ©(s)/O(1 — 5), where

B
Py’ s
@(s) = (;) H F(§ 4 .‘:j) B
=1
with Rex; > —3, and ¢, = (T(x)/\/ﬁ)k, where 7{x) is the Gauss sum

)= Y. x(2)eplz) -

z {mod p)
In this situation we have 2¢ = k and
Yo ax@ = -DpF D elait+m) (7)
x {mod p} zzz;f;

so (5) follows from the Deligne estimate for generalised Kloosterman sums (see [1]).

3. THE DISTRIBUTION IN ARITHMETIC PROGRESSIONS

Let f be a smooth, compactly supported function in RY. We shall study the distri-
bution of Ay = (@ f(n)) in residue classes ! (mod p) with ({,p) = 1. We set

'A.f(p;l) - Z anf(n) )

n=l{modp)
and
Ar(x) = anx(n)f(n)
thus
A =>27 X XOAK) ®)
x {mod p)

If x is not exceptional we apply contour integration and the functional equation (3),
getting
Ar(0) = exA(X) >
where
1
27

o(y) = j F()®(s)y™*ds - (9)
) {14}

and F(s) is given by the Mellin integral

F(s) = /000 fl)r™7dz . ' (10)
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Note that g depends on the parity of x, but not on x otherwise. We display this
dependence by writing g4 and g_ respectively in place of g. We also split the sum
K,(a) into even and odd characters getting

1., 1
Si{a) = §I\P(a)i'2’Kp(“a) .
Let us denote the contribution of exceptional characters to (8) by

My@h = —=1 ¥ WA ()

XE€HM,p

and call it the main term. Then we have the error term equal to

AAp(pil) = Af(pil) — My (pi1)
= T WeAi®)

XEH,

1
m,t

By (5) we deduce that By (5) we deduce that
Ady(pi ) < p7% ) lamg(m)| - (11)

It remains to estimate g{m). To this end let us assume that the Mellin integral (10)
is bounded by

F(s) < ]s|™" (12)
for some r > ¢+ 1. Then by (4) and (12) we infer from (9) that

g{(m) € m~1-epelitio) (13)
for arbitrarily small e > 0. By (11), (13) and (1) we conclude the following:

THEOREM 2. If (12) holds then
AA; (1) < prEe 14)

for any € > 0, the implied constant depending on ¢ but not on I and p.

REMARK: The condition (12) is easily satisfied with any r > 0 for functions of the type

fo) =) (15)

where w(t) is a smooth function supported in the interval [%, 2] and | > 1 is a parameter.
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4, PROOY OF THEOREM 1
We apply Theorem 2 for a test function f of type (15) giving

Z aqw(ni™!) <« p7! Z lan| + po3t¢ .

n=i {mod p} f<ng

This holds for primes p in a set of positive density. On the left-hand side the term
ajw(1) occurs with high multiplicity since every p divides [ — 1. For n # | there are at
most O(log {) prime divisors of n — I. Therefore, summing the above inequality over
admissible primes p ~ P, we get

Plul< 3 lanl(log 1) +Pe+3+e .
Lencu

Hence . .
)| € (IP71 + Pema)ie g [2i e

on choosing the optimal P.
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