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of half-integral weight cusp forms and sums over primes
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1. Introduction

Among the most fascinating arithmetic functions are the Fourier coefficients of
holomorphic modular forms for a congruence group. The sequence of coefficients
of an integral weight form restricted to values prime to the level may be expressed
as a finite linear combination of multiplicative functions, namely eigenvalues of
the Hecke operators. There is no adequate theory of Hecke operators for forms
of weight half an odd integer. The Fourier coefficients of such forms along
square-free numbers cannot be multiplicative, unless they are zero.

In this paper we shall give quantitative evidence for this phenomenon in the
case of holomorphic cusp forms of weight k =4+ ¢ with £22,/eZ for T'4(N),
N=0(mod4). If

fla)= Zl Faelnz) (1)
is such a form and f, = n®~ V/2f, then it will be shown that
Y Y uby S <X+ XEYYX YY) al 1] @
REXmsY

where (a,,) is a sequence of complex numbers supported on square-free integers
and (b,) is any sequence, the constant implied in the symbol « depending on &
and f only. This result follows, by Cauchy’s inequality, from

L2 anfom

n<X|msY

2<<(X—!~X”2Y2)(XY)5{|a||2 3

and the latter will follow from the estimate
zfnr.f_;lse—n,x’ « arsX + ("SAX)I/Z“)-8 (4)
n

for r and s square-free integers congruent mod 4 and prime to a number depending
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on f only. In both estimates the constant implied in « depends on & and f only.
We expect that for the sum (3) restricted to square-free n the bound should be
cEXYF(X + Y)|all®

It may be assumed that f(z) is a Poincaré series and so f,, may be evaluated
as a sum of Kloosterman sums. The sum over n is then transformed using Poisson’s
summation for Fourier coeflicients. The resulting sums are evaluated in terms of
Gauss—Ramanujan sums and finally estimated to give (4). An alternative approach
to (4) would be through the Rankin-Selberg method. This leads, however, to
certain technical difficulties which are avoided by the above exponential sums
method. The exponential sums method seems to better reveal the nature of the
Fourier coefficients of cusp forms and it allows transformations that are familiar
in the theory of Hecke operators.

We shall also estimate special bilinear forms (2) in which the coefficients b, are
Dirichlet characters. In fact we shall deal with

n ~
b, = (1 - ;)lp(n), )

say, where ¢ is the Gauss sum of a Dirichlet character ¥ to modulus ¢ = 0(mod N)
and X = 2. The smoothing factor 1 —nX ! is introduced to claim nicer results.
We shall prove that
Z bnfn « cipliztextk—1)2 (6)
ngX,n=0(modr)
for (r,c) =1 and b, given by (5), where the constant implied in « depends on ¢
and f only. Another bound will be given on average with respect to r, namely
Y ab.i«cta] RHRXHE LT (M

n£X rsR {ro=1
n=0(modr)

where b, is given by (5) and a, is any sequence of complex numbers supported on
square-free numbers, the constant implied in « depending on ¢ and f only.

A general bilinear inequality of type (2) and the special one of type (7) are
crucial ingredients in Vinogradov’s combinatorial method of treating the sum of
a non-multiplicative function over primes. The method was first applied by him
in 1937 to estimate

2, e(ap). @®)
PEX
Vinogradov’s method was remarkably simplified by Vaughan in 1976. We shall
apply one of Vaughan's identities to show that for the Fourier coefficients above
and a primitive or principal character y(mod ¢}, ¢ = O(mod N),

;X Y(p)f, < X155/156+¢, o

the implied constant depending only on ¢, & and f. Such an estimate for the Fourier
coefficients of an integral weight eigenform would be equivalent to the non-
vanishing of the associated L-function in a strip to the left of its line of absolute
convergence and is thus far beyond current methods.
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Apparently, there is a similarity between our estimate (9) and that of
Heath—Brown and Patterson for sums of cubic Gauss sums to prime moduli [2].
Nevertheless, their technique is quite different since for estimating the relevant
bilinear forms they use a kind of twisted multiplicativity for the cubic Gauss sums.
The authors thank the referee for comments which led to improvements in the
exposition of this work.

2. Preliminaries

The group SL,(R) acts on the upper-half plane H by

az+b

yZ=cz+d’

b
where y = (Z d)el" and z=x +iyeH. We set j (z2) =cz+d, so

Jyin(®) = 13, (022)Jy, (2).
For zeC\{0} we define
¥ =exp(klog|z| + ikargz),

where log|z|eR and argze(— =, n]. Since the function

arg j,,,,(2) —arg j,, (22) — arg j,,(2)
is constant in H we may put for k>0

Jer1,72) = jylyz(z)-kj'yi(yZZ)kjyz(z)k'
Let I be a discontinuous and co-finite subgroup of SL,(R) with respect to the
invariant measure duz=y 2dxdy, and suppose I' contains (—1 _ 1). A

function v:I"— C is called a multiplier system of weight k for I" if it satisfies the

consistency conditions
~1 .
Mo =1, v )=

v(y1¥2) = v )02} Jelya, ¥2)- (10)

A holomorphic function f:H— C is called a modular form for I" with respect to
the multiplier system v of weight k> 0 if

Fo2)=v()j,2)f(2) (1
for all yeI” and zeH, and f is holomorphic at each cusp. In particular, the function
[f=)y*? (12)

is I'-invariant. If this function is bounded in H then f(z) is called a cusp form.
The space S, (I, v) of holomorphic cusp forms for I" with respect to the multiplier
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system v of weight k is a finite dimensional Hilbert space with the inner product

fr9>= | f@§)y dpz.

MH
Notice that the function f(z)d(z)y* is I'-invariant and bounded in H.

11
Suppose that < l)eF , S0 a cusp form f(z) has the Fourier expansion

£@)= 5, Juetnz) (13)
By the boundedness of | f(z)|y*/? we infer

Y lfn|2€_4"""=i 1f@))2dx <y *

for any y > 0. Hence on taking y = X ! and discarding some positive terms we
conclude that

Y Il < XY, (14)
=X

n

where the constant implied in the symbol « depends on f only. This is a Hardy
and Hecke type extimate. By a similar argument it follows that

ZX Felan) « X*?log X, (15)

where the constant in « depends on f only.

From now on we assume that " = I'y(N) is the Hecke congruence group of
level N = 0(mod 4), that the weight k is half an odd positive integer and that the
multiplier system is that of a theta-series, i.e.

v(v)=x(d)s’.,(§l)
4

for yeI'y(N), where y is a Dirichlet character to the modulus N, (—) is the extended
; . d
quadratic residue symbol (see [5]) and

{1 if d=1(mod4)
8=V i d=—1(mod4).
<

In particular we have (L> = (d

7 ) if ¢,d > 0. Notice that

— (1/4)(dy ~1)d2—1
Bayay =(— NI/ =D:= D, ¢ .

For any ¢ = 0(mod N) and (d, ¢) = 1 we shall use the notation v(c, d) = v(y), where

y= (: ;)GF o(N), and v,(c,d) = &,5,,v(c,d) if 2Jr.
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3. A functional equation
If i is a periodic function {mod ¢) we define its Fourier transform by
~ dn
vm= ¥ lﬁ(d)e(_)- (16)
d{mod c) 4

Suppose that ¢ is a multiplicative character and that ¢ = 0(mod N). We shall
establish a functional equation for the twisted form

fe) = ; G(n) frelnz). (17
We have

fef= Y w(-d) f<zﬂ§><

d{mod ¢)
{c,d}=1
*

d

d _ _fd 1
f(z - Z) = ¥(y)(c2) kf<z— c*;;)

Hence changing d into d we obtain

Since there exists y = C )eFO(N) by (11) we obtain

feh =™ ¥ J(—d)ﬂc,c?)f(g—i>

d(mod c) 022
— d w =
) (« D d)x(d)a(%)e({))fne(—c—z—z’f)
Letting
pold) =~ d)x(d)e.,(g) (18

we conclude the following functional equation
. (=1
fed=(e2) f<c— pc). (19)

Now suppose r is a positive integer with (¢, r) = 1. We shall derive a functional
equation for

fe)= Y §mien:). (20)

n=0(modr)

Let i, be the principal character to the modulus s, so its Fourier transform

b=, 3 o)
d(mod s) N

{d,s)=1

is the Ramanujan sum. We detect the divisibility n = O(modr) in (20) by means of
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i, as follows
ro dn _Jr if n=0(modr)
.?;:; viln) = d(ngd ” e( r ) h {0, if n#0(modr).
We also have J ¢ = |/7(S)(1//sl,[/)‘ so by (19) we conclude that

fz)=- Z!//(S)f(z YY) = Z!//(S)(CSZ) "f( Py ,pcs)-

slr
The Fourier transform of p,, factors. Indeed we have

dn
pul)= T §(=d) (d)ed( )(cs>

d(mod cs)

_ = cs din dyn
- I% W d1s)x(d1s)a,,ls( i dzc)"( & )
da(mod s}

and by the quadratic reciprocity law we have

L LA P dzc (= 1)t~ D2 @s = 112)
dis+d,c dls
c \/d,
={ — [ 2& }(— D62 -/ +6-1/2
<d1>< § >( : ’

and
Eayo( — 1T VDE@—DDHG- 12 — g g ()6 1I2 o &4, 8,
Therefore
=Y (— 8)x(s)P.As
where

Ad)= .g(f).
N

Notice that 1, is multiplicative in s. We conclude

Theorem 1. Let ¢ = 0(mod N),{ be a character to the modulus ¢ and (c,r) = 1. We
then have

~ -1 — -1 A
2D =YC05 0o (o) ell
Corollary. We have
S X-ndf =¥~ 5 TP
nz’l‘)(<m)c‘>dr) S|"

> ﬁc(mﬂs(m)f‘,,(g)mWJHI(‘Z \/mx)
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Proof. For Rez >0 we have

S G, ep(-2mm =YV 5 g

n=0{modr) s|r
T Adem)Afm) ofesiz) exp( ;i’f;")

Moreover, for 6 >0,a> 0, > 0,7eR we have
1
yz,—2 —
I (i)e z~2dz = max {y,0},
and
1 - o v/2
[ e b z"”"ldz=<ﬁ) J, 2. /ap).

2mi (@)

These formulas for y=21(X —n), a = 27X, =2nX,8=2am(cs) 2 and v=k + 1
yield the assertion of the corollary.

4. Estimates for the mean-values

Theorem 2. Let ¢ =0(mod N),{ be a character to the modulus ¢ and (r,c¢) = 1. Then
Jor X = 1 we have

Y X -nm)], <) X2,
w=0modr

where the constant implied in < depends on f only.
Proof. It follows from the Corollary to Theorem 1 by the following estimates

lpdml S e,

[45(m)] < 512(s,m)' 72,

Ju(y) «min {y*, y =2},

and by (14) with Cauchy’s inequality.

Obviously Theorem 2 yields (6). In order to prove (7) we first establish the
following

Lemma 1. For any complex numbers a,,, f, we have

T YrauBAm < lal | BI{(MS)? + MY4gt+e},

msM ssS

where Y * means that s ranges over square-free odd numbers, the constant implied

in « depending on ¢ only.
Proof. We have
N m
As(m) =1 — |s1/2.
«(m) ( 5 )s
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Splitting into progressions (mod 4) we can assume that any two values of s are
congruent (mod 4). Then by Cauchy’s inequality the sum is bounded by

uau( ) Z*ﬁs( ) >/

msM
< el FBI(SM)? + lIaH(S YXFBB Y, < >
s 45,58 mZuM \S152
m 2\ 1/4
<lal WBI{(SM)” + sm( LD (n) ) }
where Y’ means that n ranges over integers = l(mod 4) different from a square.
For this sum we apply a bound of Jutila [3], giving
O(Ms2+e),

from which the assertion of Lemma 1 follows.
By the Corollary to Theorem 1 and by Lemma ! we shall infer

Theorem 3. For any sequence a, of complex numbers supported on square-free integers
we have

¥ (X —nn) f,0,(R) < flal 2RV 2 XM *+314+e
nsX

where

an(R) = <ZR aV
rs
rin,(r,o)=1

and the constant implied in < depends on & and f only.

Proof. Clearly we may assume that R £ X for the proof. The left-hand side is
bounded by

£ g (17

=R m

s,x(s)&%s)is(mu“1(@-—"”5—)‘.

[N

sZR

Given r we break the summation over m and s into subintervals of type
m>(cX)’, s<Rjt (22)
and
M<m=2M, S<s5512S8 (23)

with 1 <2M <(cX)? and 1 <2S < R/t
In the range (22) we estimate trivially by means of (14) and J,,,(y) <y
getting

—-1/2

X

k+1y2 .
Ayt ¥ (~) [ful 2 laglctsmX)™"
1SR m>(@cx): \ M sSR/t

«cslzRXk/2+1/4(Zlar') Z If”mlm~k/2—3/4
rsR X)?

m>(cX)
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< clk( Y |a,|>x"f2-1/4 «Jlaflc?RIFXH2-V4,
r=R
which is satisfactory because R < X.
In the finite subintervals we shall apply Lemma 1. This requires the variables
m, s to be independent. In order to separate m from s in the argument of the Bessel
function we use the integral representation

F<k+l—v>

1 2

J = | —y 4

k+1(2Y) i (£)F<k+3+v>}’ dv (29)
2

valid for y > 0 with 0 < ¢ < k + 1. In the range (23) with (cS)?X ! < M < (cX)* we
use (24) with ¢ =¢, say, getting the following bound

/MX € {(k+1)/2 o
XY (2 Y Ul
cS M M<ms2M

with some B, such that |f;| <|a,|. Then by Lemma 1 and (14) we get

¢ k+1)/2 "
(@> Cz£_l<%> Mk/2< z s‘asrlz) {(MS)1/2+M1/‘431+5}A

cS S<sx2

Y BAdm)
28

S<s=<

Similarly in the range (23) with M < (¢S)* X ~* we use (14) with ¢ = k + 1 — ¢ getting
the following bound

/M -& I X k+1 N
( cS ) 't (ZS) M<mZ§2M el
with some f, such that || <|a,,|. Then by Lemma 1 and (14) we get
- k+1 1/2
VMX 21 £ M2 Z la, |2 {(MS)1/2+M1/481+8}.
cS cS S<s<2§

Summing over M of type M =2° from both estimates we get

Y BAdm)
28

S<sg

1/2
czt”( Z |am|2> SUZYH2+ 34+ 2e

§<s%28

Next we sum over S of type S = 2° < R/t arld over ¢ £ R giving the desired bound.
This completes the proof of Theorem 3.
Obviously (7) follows from Theorem 3.

5. Poisson’s summation formulas
The modular relation (11) when expressed in terms of the Fourier coefficients

*
becomes a Poisson summation type formula. Indeed by (11) for y= (z d)el"
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d .
and z = - + i(cf)” " with Re{ >0 we obtain

;f,e(—fn)exp( —2nc-§) =v(y)(é)k;f:e(—‘C—in)exp(—zg)

An extension of this formula will result from application of the Laplace inversion
formula

i
P =5, ] exp(=x0a(0de,

90 = ;fexp(xop(x)dx

valid for any p(x) of class C? and compactly supported in R*. We obtain
~ f{a 2nn % - d 2nn
%:fne(E")P(T) =1 V()’);fn‘f( - E") (T)’

1 1y
) =5, [ exp(=y a0

where

=T oL ik

= gp(x)zm. (!) exp (x{ — y{™ )¢
w o\ 1)72

= gp(x)<;) Ji=1(24/xyMx.

Setting G(x) = p(x)x*~1¥? we obtain

;fne(gn)6<zcﬂ) = i"v(y);f,,e( —gn>H(2—’c’f’-), 25)

H() = ?’ G}, -1 24/ xp)dx. (26)

where

Here the assumption that G(x) is compactly supported can be replaced by a weaker
one that G(x) is of C? class in R* such that

[GVX)| S (t+xH)™ for j=0,1,2 @n
by a suitable approximation and by the estimate
Y 1 faP <X, (28)
nsX

which follows from (14) by partial summation.
The formula (25) holds true for any co-finite discontinuous group with

(1 1) in it. If I' = I',(N) we shall generalize the result as follows.
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Theorem 4. Let ¢ =0(mod N), (¢,d)=1 and r be square-free with (r,N)=1. We
then have

5 <*n) (Z’C‘") )
ot g e N CH )

(29)
where &, is the sign of the Gauss sum, i.e.
< v u=1 (mod 4)
b= {i if v=—1 (modd). (30)

Proof. The sum on the left-hand side is equal to

1 2nn
$=; a(mgicr) ;f" ( ) < cr )I

a=d(modc)

The fraction a/cr reduces to B/cv with (B,cv) =1, r=ovw, (c,w) =1, fw =d(mod )
and the innermost sum transforms by (25) into

witv(cw, B)Zf,, ( ﬁn)H(hnw)‘
e
[fn) H (Znnw).
v cv
Here the multiplier is equal to

vicv, f) = X(F)Eﬂ(%) = x(E)x(w)é,,w(a%X%)
=v,(c, J)x(w)(%)(.’g)ghgﬂ(_ 1)(tdw=1)/2)o=1)/2

by the quadratic recipracity law. Furthermore we have

Hence

L= ¥ pt ¥ V(cv,ﬁ)ane(_C

r=ow d
em=1 g Pede |

& dw—1)/2)(v—~ 1)/2
Bagfgl — 1)@~ D=2 g

Hence we obtain

L=iv(cd } v .;XW)( )an (

S B\ (—Bn
T
B

=w{modc)

) g.(c,d;v,w)

with
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The latter sum vanishes unless (¢, v}|n. Letting v = guv,, with q|c, (v;,¢)=1 and
n=gqgn, we obtain

gnlc, div, w)=q<d—w) ¥ (E)e<_&>
q Pmodevy) Uy CUy
ﬁdEw(mogi

)

—o( (e, pprng — o
q vy ) ¢

6. Poincaré series and Kloosterman sums

from which (29) follows.

From now on let k> 2. The Poincaré series defined by

Pz V)= Y 0)j2) elmyz),

rel N7
where m is a positive integer, is a cusp form of weight k, and it has the Fourier
expansion

PuT¥) = 3, (n/m)*~2p, me(na)

say, with the coeflicients p,(m) given by (see [4]).

an./
Palm) = 8y + 21 3. €™ S(om, c)JH( . c"“”), (1)
>0
where S(m, n; c) is the Kloosterman sum to the modulus ¢ defined by
Smme)y= Y v(y)e('"“ +nd ) (32)
CaeT NI ¢

In the forthcoming arguments we shall aiso use the following sums
md +nd
p .

Sdmmc)=3, Ve, d)é( (33)

d{mode)
Lemma 2. If p/mN, p|n and p*|c then S(m,n;c)=0.
Proof. We have

Stm,n;c)= Y V(c,d)e(ma+nd)

d{mod c) c

i} ¢ md,; (1 — cd,d,/p) + n(d, + cd,/p)
= ¥ c,d, +~-d )e( 1
“.:%:’.%Q;’( s ‘

1 ([ —mild
-5 ;(c,dl,e<M) 5 e<_'f‘__l_£>=o,
d2(mod p)

di(mode/p) c p



Bilinear forms in the Fourier coefficients 795

Lemma 3. If (s, mN) =1 then S(m,ns;c) =0 unless

S=tu, t square-free (34)
and
c=tey, (s,¢q)=1 (35)
in which case we have
S(m, ns; c) = E,E,t”zx(u)<?>(%>Ss(muf, mcy). (36)

Proof. If ¢ is not of type (35) then S(m, ns; ¢) vanishes by Lemma 2. Thus we assume
that (34) and (35) hold. We write

d=d it +d,¢,c(mod c,t)

with d,,d, ranging over the reduced residue classes modulo ¢, , ¢ respectively. We
obtain

d=d 1t + dyc e, (mode,t),

e = (5 )(5).
(2) = (= 1) D/2@- 1)/2)<§> = (= 1) D/ - ”/2)<dt—2>’
e(mtf—z nsd) _ e<m217:: nud, )e(md:;a),
) ) (7 e

s(m,ns;c)=(ﬂ>5,w2 ) i(d1)s.1(—1)““”’2’“"‘"“/2’(—0—‘—)e(m——-————dlt+"ud1)
t ! '

dy(medcy) td, ¢y

Change d, —@d; and use
=1y2 dy ~ 1)/2 3
gudl('_ 1)((! ¥2)((uda = 1)/ )=8sd181>

completing the proof.

7. Convolution series

Our objective is to evaluate the series
Zolf ®g:0) =} fnfimr(n), (37

where f,geSy{I,v),w(x) is a suitable test function and r,s are positive integers.
Traditionally the above series is investigated by the Rankin-Selberg method. In
this paper we give another approach based on the formulas (29), (31) and (36).

Since the space S,(I,v) is spanned by a finite number of Poincaré series we
can assume without loss of generality that

g@)=m*"V2P (2, T, v) (38)
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for some m 2 1, in which case we have (by (31))

gsn = ‘Sm,ns + 2nik Z C_ ls(m’ ns; C)Jk— 1 (47T\/mn5 > (39)

c=0modN) ¢

For technical simplicity we assume that (rs,mN)=1, r =s(mod4) and r,s are
square-free. We then get by Lemma 3

4
Gon=Opmns+27i* Y e,e,x(u)( )‘”2 Y c“l(c) S(mut,n; c)J, _ 1( r /{n—nil)
5=t c=0(modN) S ¢ t

(40

Hence
grs(f®g;w)=w(m>frm/s+27n Z SrH:X(M( )l oy C—1<£)9c(u/t),

N ¢=0(mod N) s

(41)

where
Pul) =3 fuSmu, c)c<2i;f) @)

with
7

G(x) = w(%)Jk_l(Z ”'c’:“x> 43)

Here f,, is defined to be 0 if s/rm. Then by (29) and (33) we infer that

Put)=i"" (=1 =Z guequ(W)(%)(!—;%)v' 1/2 ; f,,,.(%)@c(htu, q)H(?'::W),
qlc

(44)

where
h = muv —nwt (45)

and & (htv,q) is a Gauss—Ramanujan sum defined by
R (htv, q) = i*y(— l)am;dc, v, dvdc, — @(g)e(h?)
“(5), 2 (0(%)
-(3).300(7). 2,0 )
(7). 2, m(5), 2, (%)

= 31”

_ 2 /h/k)
()i p o
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We set

rhg)= 3 k (f)(’ il ") (46)

e=kt
Kk

w

2nn . .. .
Next we express H( ps in (44) in terms of the original test function w(x). We

recall that H{y) is the transform (26) of G(x) given by (43). Thus we have
<21mw) ( tv >1/4_ <21t mu 27 \/n—w)
H = Jol = === =)
cv mnuw cytieN vy

Jo(A, B) = /AB{ 0(x)J,_ 1 2A/x)J~ 1 (2B /x)dx. @7

Gathering together the above evaluations we conclude

where

Theorem 5. Let N =0(mod4), m2 1, (rs,mN)} = 1,r = s(mod 4), and r, s be square-
free. Let w(x) be a function of C? class on R™* satisfying (27). We then have

L, (f®g,w) = w( )frm/s+2m * ; Z(u)x(—W)(—?XS)S(t,v,q)

> (sr/q)zf""( rh ‘I)Jw \/@ 21:\/@ (mnrsq) /4,
csO(modN)

(48)
where

H

et v, ) =§&,5, 68, = £1,

h is given by (45), r{h,q) is given by (46) and j (A, B) is the transform of w(x) given
by (7).

The result simplifies a bit if r =s=1. We obtain

Corollary. If r =s=1 then we have

LU@g.0)=wmfpt 2™ Y et T f (znf,z"f > e

k¢ =0(mod N) n=m{modk)

(49)
6. Estimation of L2 (f®g, )
Let 2%(f ® g, w) stand for the partial sum of the right hand side of (48) restricted by

h=muv — nwt =0, (50)

We have r,(0,q) =0 unless g =1 in which case r.(0,1) = ¢(c). By (50) we get t=v
and w|u, so r|s. Assuming that s < r (which can be done without loss of generality)
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we infer from (50) that r =s and m = » giving

L ®@giw)=2mi"Hy(— l)j'"—rZ Y, ol Jm(z \/—;)

myr vir c= O(modN)

where
JalA) =jol4, A) = A7} [(xA " ((2/x)dx.
Thus
LU ®g,w)=i"Hy(— 1)—M 124/ X)K (x)dx,
where

v?x
Kx)=),v ew ( )
%,: o= (O(Z;jd » 4nimr
Let d(z) be the Mellin transform of w(x), so
1 -z
w(x) =§E(£)é)(z)x dz, o>1

and K(x) is the Mellin inverse transform of

=30 T o0 mhy) o0

tjr c= CO(I;de)

_ dn’mr (22 @(cN) _226}
o ( ); (c§1 o< 2®

oY ey 4 pray-1 @21
w(N)( N) oy TT0 =) 10 =972 Tt

From the above expression it is plainly seen that R(2) is meromorphic in Rez =4
with only a simple pole at z =1 with residue

s es R(z) = 12(1\11‘[(1 +;))—1(1)(l)mr=Kmr, (51)

plr

say. The point z =1 is a zero of K(z). On the line Rez =4 we have

K(z)« (mr)”zf(r)Z(l + %)Iz — 3121721 6(2), (52)

plr

where the constant implied in « is absolute.
From the above evaluations we obtain

LUSR g, w) =i Py~ l)rjr:r Said j J(1 = 2)R(2)dz

== [ 5 - 9R Mz + - 0.KT0),
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where J(z) is the Mellin transform of JZ_,(2,/x),
J@) =T —22)I'k—1+z)/T(k—2)"*(1 - 2).
Hence we conclude that

-1
33(f®g,w)=k121 i'2"x(-—1)fmd)(1)<N M (1 +1))
- PIN p
pirtgpln Lo L@ DIk=2) gy

mrzt—iu,z)rz(z)l’(k +z— 1)
Now we specify the test function w(x) to be
o(x)=exp(—xX ) (54)
with X = 2. Then
a(z) = I'(2)X?,
so @(1) = X. By (52) and (53) we finally get
Lemma 4. We have

2 mo= 2Oy sof (£) (1))
gﬂf@g,(}))—-[ro(l)ro(N)]l X( 1)fm+0 |fm| mr T(r)pl’ 1+p (5!5)

where the constant implied in O is absolute.

7. Estimation of X (f®g, )

Let Z2X(f ® 9, ) stand for the partial sum of the right-hand side of (48) restricted
by h=muv — nwt £ 0 and let w(x) be given by (54). We then have

jo(A,B) = /ABXI, _,(2ABX)exp(—(A* + B)X),
where I ,(z) is the Bessel function (see [1, p.51]). Since
I(z)«min{z’z~*?}e*
we obtain for k =3 that

jold, By« X?min{1,(ABX)*} exp(—(A4 — B)?X)

AN (B\?
X2 mi a 2 24
< mm{(B) ’(A) ,(ABX) }
. 2n [mu 2n  [nw
In particular for A = s and B= o we get

muv  Aawt  mnuw
i (A4, B)« XY *min{—, —, b &
Jal4,B) nwt’ muv’  c*ty ’

and

|L%(f ®@g,0)| £ 21 ; q YV XL | fonlCmnrs) TR |

c¢=k¢=0{modN)
r=vwq kihh0
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«Xmrs)" 1 3, g7 Y If.,,.m-”‘*rﬂhnmi“{m_wi m}

s=tn n nwt’ mup
r=pwg B0
-log (mnrsX)
« XV (mrs)~ 114 -4 - 1/4 pin d UYWL :
(mrs) FZm q ;lfq,.ln n i i (mnrsX)
r=vwg
« (mrsX)Y(mes)~ x4z ¥ 41/4(@12)3/4’
s=tu wt
r=v£vq
by (28) and Cauchy’s inequality. Hence we conclude
Lemma 5. We have
L B g, 0y« (mrsX)/2te {56)

where the constant implied in < depends on ¢ and f only.

Combining Lemmas 4 and 5 one obtains (4). Clearly (4) implies (3) for any
sequence (a,,) supported on square-free integers prime to the level and of given
residue class mod 4. The last two conditions can be released by standard arguments.

8. Sums over primes

Now we are ready to prove (9). We do not attempt to get the strongest result but
rather to give the simplest argument within the available estimates (2) and (7). In
fact it will be convenient to modify (2) as follows. _

n 1/2
X2 ambnfmn«( L |ambnlz) (X1PM 2 4 MU (5T)
£2X

mn<X mns
M<mz2M

where (a,,) is a sequence of complex numbers supported on square-free integers,
(b,) is any sequence of complex numbers and the constant implied in « depends
on ¢ and f only. The proof of (57) follows easily from (3) by Perron’s formula.

As regards (7) the result has convenient shape for applications. However, a new
sum needs to be estimated in which the coefficient b, is replaced by b, logn. Instead
of generalizing (7) to cover this case we state rather an independent inequality
(which follows immediately from (15)).

Y dmf,«<cX"logX, (58)
nL X n=0(modr)

where the constant implied in « depends on f only. This result is weaker than
(6) but it holds for all r and is free of the smooth factor 1 —nX ~'. The latter
enables one to use partial summation in X or the formula

log ; = f t™dt
giving '
Y oS, logg «cX*?(log X)2. (59

nsX
n=0(modr)
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Now let us consider the sum
P(X)= ;X b, A ), (60)

where b, is given by (5) and A(n) is the Mangoldt function. We appeal to a
combinatorial partition of A(n) 4 la Vaughan [6],

A= T p)log>— Y wmA(©) (61)
rin £min
r<R /<QmsR

valid for n with Q <n < QR = X, say. We split the second sum into <(2log X)?
sums over dyadic intervals L<¢ <2L, M <m <2M with 2L <Q and 2M <R,
and we write accordingly

Am) = Ag(n) = 3 Avarlr)
and
P(X) = Po(X) — 3. Y Pry(X) + O(Q** V2 X")

where
PR = Z bannAR(n)!

nsX

Ppy(X)= Ex b ol L),

and the error term above takes care of terms n < @ on both sides which are not
covered by the identity (61). This error term is obtained by an application of (14)
through Cauchy’s inequality.

For Pg(X) we apply (59) getting

Po(X) < RX**(log X)~.

For P,,(X) we shall give two bounds. To get the first bound we intend to apply
(7) with r = Im. This require Im to be square-free, so we split Py, (X) = P, (X) +
(X)), where P, (X) meets this requirement. We obtain
Py X) <« LMX®N=14+s
For estimating Pj,(X) we use (6) giving
Piu(X) < Y |um)| A@)¢my 2 xEizre
L</=2L

M<m<2M
wemy=0

« LM3/2x(k -1)/2 +e.
Combining both estimates we get our first bound
Poa(X) < (LMX ™34 4 LM¥2X 1 x&+1i2+e
For the second bound we appeal to (57) with a,, = u(m) giving
PLM(X) « (M— 1/2 + M3/4X - 1/4)X(k +1)/2 +s‘
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From the above resuits we conclude that
P(X)<<(RXfl/2 +QMx—3/4+QM3IZX—1 +M—l/2 +R3/4x-—1/4)x(k+1}/2+8
for any M, Q, R subject to I M <R =0 'X. We choose
M=X”26, Q =X9/13, R _____X4/13

getting
P(X) « X(k+ 1)/2—(1/52)+e. (62)

Finally, to prove (9) it remains to get rid of the smoothing factor 1 —nX !, This
is performed by means of a general inequality

IS]? < 8FG,
where
§5=1Y a, F=max|} (x—n)a,, G= 73 la,l%
nsX x5X nsx n=X
We obtain

Z 1/7(n)f,,A(n) « XU+ 1/2-@1/156)+e
nsX

and by partial summation

Z l/?(p)f « X(155/156)+¢
pEX i

Here Ji(p) = ¥(p)¥i(1) if p|c, so we get (9) provided /(1) # 0. The non-vanishing of
the Gauss sum /(1) is guaranteed for primitive characters. If one wishes to remove
the character ¥/(p) in (9) then it suffices to apply (9) for another form whose Fourier
coeflicients are twisted by v.
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