SOME ARITHMETIC APPLICATIONS OF INVARIANT THEORY
W. DUKE

ABSTRACT. The classical invariant theory of binary forms and pairs of binary forms is applied
to some problems about the representation of integers by certain binary quartic forms.

1. INTRODUCTION

A venerable problem in number theory is to describe the integers that are represented by
an integral binary form. Much more is known here in the quadratic case than in higher
degree cases, as is reflected in the well-known relationship between binary quadratic forms
and (proper) ideals in orders of quadratic fields. A general tool that may be applied to this
problem is the arithmetic invariant theory of forms and pairs of forms. In this paper I will
provide illustrations where invariant theory yields results about binary quartic forms that are
parallel to some classical results about binary quadratic forms.

The following results were discovered early in the study of representations by the integral
binary quadratic form

F(z,y) = az’® + bry + cy?

with discriminant Dp = b* — 4ac.

Theorem 1. Suppose that F(x,y) is primitive with D # 0.

i) There exists a primitive binary quadratic form G with Dg = D that properly represents
the square of each integer prime to Dg that F properly represents.
ii) If F' can be written in the form

F(z,y) = (b* — ac)x® + (be — ad)xy + (* — bd)y?
with integers a, b, c,d then in i) we may take G = F.
Part i) is a well-known consequence of the composition of quadratic forms. Roughly speak-
ing, part ii) reflects Eisenstein’s observation (c.f. [4]) that (negatives of) Hessians of binary
cubics are of order three in the class group, using that a binary quadratic form and its inverse

with respect to composition represent the same integers.
The simplest example to illustrate Theorem 1 is when

F(a,y) =2° +y°
with Dp = —4, where G = F and the result follows easily from the duplication formula
(1.1) F(2zy,2* = y?) = F*(z,y).

Note that 22 4+ y? does not represent 4 properly although 2 = 12 + 12; the theorem is not true
if we drop the assumption that the represented integer be prime to the discriminant. Part ii)
applies here since we can write F in the required form by using (a, b, ¢,d) = (1,0,—1,0). The
general duplication formula for forms of the type in ii) is given in (3.6).
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Consider now a binary quartic form F' with integral coefficients that is even in that it has
the form

F(z,y) = az* + 2bx3y + cax®y* + 2dxy® + ey,
for integers a, b, ¢, d, e and is properly primitive, which we will shorten to “primitive”, meaning
that ged(a, 2b, ¢,2d, e) = 1. The set of primitive even F is preserved under the usual action of
I’ = SL(2,7Z) and there are two independent integral invariants, namely

(1.2) Ap = 12ae — 12bd + ¢ and Bp = 36ace + 18bcd — 54b%e — 5dd*a — c*.
The discriminant of F' normalized for even forms is defined by
(1.3) Dp =555 (A% — BR).

Given such a form F' with D # 0, it is not in general possible to find another integral binary
quartic form G, even one with a different (non-zero) discriminant, that properly represents
the square of every integer that is properly represented by F' and is prime to Dp. This can be
seen already when

F(.CC, y) = 4z + y4,
which has Dr = 219 Tt follows from [5, Theorem 1] that the number of odd integers < T3
properly represented by F'is > T for T > 1. Here we use symmetry to show that enough odd
integers are represented. Suppose that there were a G with D¢ # 0 that represented properly
the square of every odd integer < T3 properly represented by F'. Then G would properly
represent > T’ T squares less than T, i.e. the equation

2> = G(z,y)

would have > T solutions with ged(z,y) = 1 and |z| < T. But it is known by Mordell’s
theorem for nonsingular curves of genus one defined over Q that this number is <, T, for
any € > 0.

Our first new result shows that a weaker statement does hold for certain F'

Theorem 2. Suppose that F(x,y) is a primitive even binary quartic form with Ar = P? for
some P € 7Z and with Drp # 0. There exists a primitive even binary quartic form G with
Dg = m2Dyp for some positive m € Q with the following property. The form G properly
represents some nonzero multiple of the square of each integer prime to 3Dg that F properly
represents.

As an example let
F(z,y) = 2* + 2%* — 629> + 2",
which has Ap = 5% and Dy = —2-52-29. The proof of Theorem 2 shows that we may take
G(z,y) = 42 — 2823y + 372%y* — 26xy° + 5y,

for which Aq = —52-23 and D¢ = 2°- 52 Dp. As particular instances of representations of
multiples of squares provided by the proof of Theorem 2 we have

F(0,1)=1 and G(1,1)=-8-1%
F(1,2) = =11 and G(13,3) = —188 - (—11)?,
F(5,14) =37 and G(5417,979) = —750668 - 372
F(3,-2) =293 and G(33,71) = —508 - 293%.

Our next result is an analogue of part ii) of Theorem 1.
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Theorem 3. Suppose that F(x,y) is a primitive even binary quartic form that can be written
in the form

F(z,y) = (b — ac)x* + 2(bc — ad)x’y + (3¢* — ae — 2bd)x*y* + 2(cd — be)xy® + (d* — ce)y*

for integers a, b, c,d, e, and that therefore has Ar = (ae — 4bd + 3c*)?.
Assume that Ap =0 and D # 0. If a and e are not both even, then we may take for G in
Theorem 2 the form

(1.4) G(z,y) = ax® + 4bx®y 4 6ca’y? + dday® + ey,
for which D% = —2833Dp. If both a and e are even we may take

G(z,y) = ax' + 202’y + 3ex®y” + 2day® + Ley?,
for which D% = —27*33Dp.

We will give a proof of Theorem 1 that serves as a model for those of Theorems 2 and
3, that of Theorem 2 being necessarily more intricate. The proof of Theorem 1 uses what
is essentially Gaussian duplication (see Proposition 1), while those of Theorems 2 and 3 use
a higher composition law, one that does not amount to the multiplication of norm forms.
Here an even binary quartic is composed with itself and with another even binary quartic, a
covariant. This composition law is given in Proposition 2.

To illustrate Theorem 3 consider

F(z,y) = 2* + 62%y* — 3y*,

which has A = 0 and D = —283? and is of the form required when we choose (a, b, c, d, ¢) =
(1,0,—1,0,—3). We may take

G(z,y) = 2" — 62%y* — 3y*,

which satisfies Dg = Dp. These F and G are connected by an elegant quartic analogue of the
duplication formula (1.1):

G(32%y + 3y*, 2° = 3ay®) = =3G(z,y) F*(z,y).

This identity yields the conclusion of Theorem 2 explicitly in this simple case.
We cannot apply Theorem 2 directly to the even binary quartic

F(z,y) = (az® + bry + cy?)? = a®z* + 2abz’y + (b* + 2ac)z?y? + 2bcxy® + Ay,

for which Ap = (b* — 4ac)? but Dr = 0. Nevertheless, it is possible to modify the proof of
Theorem 2 to show that in part i) of Theorem 1 we can replace the word “square” by “cube”,
at least for forms with a square-free discriminant. In this way we can get a proof of such a
result that does not use the class group, at least directly. See the Remark at the end of the
paper for a related example.

Of course, much more can be said about such questions in the quadratic case by using
the above-mentioned correspondence between classes of forms and ideal classes and applying
algebraic number theory. My purpose here is to illustrate the use of tools that are also
applicable to basic representation problems by higher degree binary forms.
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2. PRELIMINARIES

First we set notation, make some definitions and record some facts from the invariant theory
of binary forms and pairs of binary forms. Let

F(z,y) =) aa™™"y"
n=0
where ag, ..., a,, € Z be an integral binary form of degree m. We will use the abbreviation
(2.1) F(z,y) = [ag, .-, ]
Such an F is acted on by g = (¢%) € I' = SL(2,Z) through
(2.2) F— Flg = F(azx + by, cx + dy).

For each pair of non-negative integers m, n fix ¢, ,, € Z* such that ¢,, 0 = 1 and ¢ = Cm—n-
Define JF to be the set of all F' that can be written in the form

m

(2.3) F(z,y) = Z Crnn@n ™YY ag, .., Gy € 2.

n=0
Say that F is admissible if it is preserved under (2.2) and if, for ' € F as given in (2.3),
ged(ag, . . ., ay,) is left invariant under (2.2). In addition to the set F; of ordinary integral

forms where ¢, ,, = 1 for all m,n, another admissible set is the set of Gaussian forms J3 with
Cn = (:’;) We abbreviate a Gaussian form by using open parentheses, e.g.

ax® + 2xy + cy* = (a, b, ¢).

The set J;, of even forms, with ¢,,1 = ¢nm—1 = 2 for m even and ¢,,,, = 1 otherwise, is also
admissible. Note that admissibility is easily checked by expanding F'(z + y,y) and F(—y,x).
Clearly 3 C F, C F. For an admissible F the form F' € F given by (2.3) is classically called
primitive (for &) if ged(ay, . .., a,) = 1 and properly primitive if

ged(Cm,0G0; - - - 5 Cmm@m) = 1.

As mentioned before, in this paper we will use “primitive” for “properly primitive” unless
otherwise specified.

An (arithmetic) covariant for F' € F; is a binary form Pr whose coefficients are integral
polynomials of the coefficients of F' that satisfies

PF|g:PFlg

for all g € I'. If Pplg = Pr for all g € ' then Pp gives an invariant of F'. The discriminant
Dy = disc, ,(F') is an invariant of . The Hessian of F’

(2.4) Hp(z,y) = det <§§i o )
is a covariant of F'. The Jacobian of two forms F|, G is given by
(2.5) Jrale.y) =det (& &),

We have that Jp g, (x,y) is a covariant of F. The discriminant form of two forms F, G of the
same degree is given by

Drpa(z,y) = discy (2 F(u,v) + yG(u, v)).

If FF and Hp have the same degree, Dp g, (z,y) is an invariant of F.
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A pair (f1, f2) of binary forms of the same degree, each in some &, is acted on in two ways
by g € I'. One action is through

(26) (flan)H(flan)Lq:(f1|gvf2|g)
and the second through
(2.7) (fr, f2) = (f1s f2)g = (afi + cfo, by + dfa).

Invariants and covariants of pairs of forms with a given action are defined similarly to the case
of a single form.

The Jacobian Jy, 1, (x,y) is an invariant of (f1, f2) with respect to (2.7) and a covariant of
(f1, f2) with respect to (2.6). The discriminant form Dy, f,(x,y) is an invariant of (f1, fo) with
respect to (2.6) and a covariant of (fi, fo) with respect to (2.7).

In what follows we will normalize Dp, Hp, Jp ¢ and Dp ¢ by multiplying each by a constant,
depending on the nature of F" and G. For simplicity we will retain the notation D, Hp, Jrq
and Dp ¢ after we specify the normalization.

3. PAIRS OF BINARY QUADRATIC FORMS

The proof of Theorem 1 makes use of the invariant theory of pairs of binary (Gaussian)
quadratic forms, whose theory we will now review. For f; = (a1,b1,¢1) and fo = (ag, by, ¢2)
we have the normalized discriminant form

(31) Df17f2 (LL’, y) == [b% — aicy, 2b1b2 — a1Cy — AgCq, bg — CLQCQ].
The normalized Jacobian is given by

(3.2) (2 y) = [(a1b2), (a1 ¢2), (b1 e2)],

where we are using the convenient notation from [10]:

(33) (ai bj) = (lz'bj — Ciji.

A direct calculation verifies the following identity (“syzygy”):

Proposition 1. For any pair (f1, f2) of Gaussian binary quadratic forms with discriminant
form Dy, t, we have the identity

(3'4) Df1,f2(_f2(xay)>f1($7y>) :J]%hfg(xvy>'

Proof of Theorem 1. i) Suppose that F'(z,y) = [a, b, c] is a primitive binary quadratic form with

integer coefficients and non-zero discriminant Dp. First we show that F' may be represented

as the Jacobian, normalized as in (3.2), of two binary quadratic forms of Gaussian type. This

is an immediate consequence of [6, art. 279]. An easy way to see this directly is to complete

(a,b,c) to a matrix A € SL(3,Z), which is possible since ged(a,b,c) = 1, and extract the

coefficients of f; = (a1, b1,¢1) and fo = (as, by, c3) from the entries of A~!. Thus we have
F(ZL“, y) = Jf17f2(x’ y)'

Now we claim that we may take
(3.5) G(z,y) = Dy, 4, (z,y) = (b5 — arc1)z® + (2b1by — aycy — crag)xy + (b5 — agcs)y”.
The discriminant of G(x,y) is given by
Dg = (2b1by — aycy — cra)? — 40 — arcy) (b3 — ascy)

= (a1¢2)* = 4(a1 b2) (b1 ¢2) = D
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by (3.2). Now F(z,y)? is primitive by the Gauss lemma. Thus by (3.4) it follows that G is
primitive.
The resultant of f; and fs is given by
result(f1, f2) = (a1 ¢2)® — 4(a1 ba)(by ¢2) = Dpp.

Thus for a prime p, if p|fi(z,y) and p|fa(x,y) for ged(z,y) = 1 then p|Dp. Combining this

with (3.4) of Proposition 1 proves i) of Theorem 1. d
ii) For F as in ii) the identity (3.4) reduces to

(3.6) F(=bia® = 2c12y — diy?, ana® 4 2byxy + cry®) = F2(x,y),

from which the result follows as before. g

4. PAIRS OF BINARY CUBIC FORMS

The proofs of Theorems 2 and 3 make use of the invariant theory of pairs of binary Gaussian
cubic forms. We review this next. A good reference for the theory over C is [10, p.204-218|.
A pair (fy, f2) of Gaussian binary cubic forms has the normalized discriminant form®

Df17f2 (.T, y) = [507 617 627 537 54])

an invariant binary quartic under (2.6). The normalization is determined by setting for f; =
(ay,b1,¢1,dy) and fo = (ag, b, co, ds) the values

(4.1) S0 =Dy, = —aid; + 6a1bicidy + 3bic; — dayc} — 4dy b3,
81 =2 (3b1bac® — 2asc) + 3bicicy — 6aicicy — 6b3bady + 3agbicidy
+ 3a1bycidy 4 3a1bycody — ayasds — 203dy + 3aibicidy — a?dyds),
09 :3b§c§ + 12b1bycicy — 12a20302 + 3bfc§ — 12@10105
— 12b1b§d1 + 6asbycidy + 6asbicady + 6a1bycad; — a%d% — 12b%bgd2
+ 6asbicidy + 6a1bacidy + 6arbicady — 4ajasdydy — aids,
83 =2 (3b3c1co + 3bibycs — 6ascicy — 2a1cy — 2bydy + 3asbacad; — 6bybsdy
+ 3agbycids + 3agbicady + 3aibycady — adids — ajasds),
04 =Dy,.
A full set of (scalar) invariants of the pair (f1, f2) is provided by &g, 1, 92, I3, 04 together
with P and @), which are given by (recall the convention (3.3))
(4.2) P = Py, 1, = (a1 dy) — 3(by 2)
(4.3) Q= Qp.po = — (b1c2)’ = (c1a2)*(c1 da) — (a1 b2) (b1 do)? + (b1 ¢2)* (a1 do)
+ 3(ay b)(by ca)(c1 da) + (a1 da)(ay be)(c da).

Note that Dy, 1,(x,y) is even. It follows by direct calculation? that for Ap, Bp from (1.2) we
have

(4.4) Ap = P(P? —24Q) and Bp = —P°%+36P3%Q — 216Q*

LAn analysis of the representations of a given binary quartic form as a discriminant form over C is given in
[7]. Such a discriminant form may be interpreted as the Cayley hyperdeterminant of a linear combination of
two symmetric 2 X 2 X 2 tensors.

2Use a computer or, as is done in [10, p. 211], proceed by hand after reducing to canonical forms. The
second formula of (4.4) corrects the sign of Bp given in the published version of this paper.
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The normalized Jacobian of (fi, f) is the even form given by
(4.5) Iz, y) = [(a1 b2),2(a; ¢2), (a1 d2) + 3(b1 ¢2),2(b1 da), (1 d2)].
Write

F=1Jp s, =a,2b,c 2d,e]

and let
(4.6) Hre(z,y) = [2ac — 3b*, 12ad — 2bc, 12ae + 6bd — ¢*, 12be — 2cd, 2ce — 3d?]
be its normalized Hessian. By another direct calculation we have
(4.7) Ap = P? and By =54Q — P°.

Define the covariant quartic
(4.8) L(z,y) = Ly, p,(v,y) = —2PF(2,y) — Hp(z,y) = (3ajc + - )a* + - - .

Once more, a computation justifies the following higher composition law for binary quartic
forms.

Proposition 2. Notation as above, for any pair (f1, f2) of Gaussian binary cubic forms with
discriminant form Dy, ¢,, we have the syzygy

Df17f2(_f2(xv y), [i(z,y)) = L(x, y)FZ(x7 Y),
where F' is defined below (4.5) and L is defined in (4.8).
Proof of Theorem 2. For

F(z,y) = az* + 2bx3y + cx®y® + 2dxy® + ey,

where Ap = P? we first show that there exist f; = (ay, b1, c1,dy) and fo = (as, ba, 2, ds) such
that

(4'9) F(l’,y) = Jfl,f2(l’,y)
as normalized in (4.5). Since by (1.2) we have
(4.10) P? = 12ae — 12bd + ¢,

we may choose the sign of P so that P = ¢ (mod 6). Here we use that P — ¢ and P + ¢ have
the same parity. In view of (4.5) we must show that (aj, b1, c1,dr) and (ag, b, 2, ds) exist so
that

a:(a1b2), b:<a102), %(C"—P):(Clldg), %(C_P):(b162)7 d:(bldz), €:<Cld2).

We have the necessary condition that ae — bd + 5(c* — P?) = 0 from (4.10). As before,
the needed existence is due to Gauss, who proved a similar result in his treatment of the
composition of two binary quadratic forms. The exact statement we need was given by Arndt
[1]; an English version of his proof appears in [3, p. 65]. A different proof can be found in [11,

p. 380].
Since F' is primitive, by the Gauss lemma we deduce from Proposition 2 that
(411) D;k”l,f2<_f2(x7 y)u fl(x7 y)) - Ll(xv y)FQ(ZE, y)7

where L; is integral and D7}, , (z,y) is the primitive form obtained of dividing Dy, r,(x,y) by
the ged of its coefficients. Let

G([L’, y) = D;Zl,fg(xv y)
By (1.3) and (4.7) we have

(4.12) Dr = Q(P* - 27Q)



8 W. DUKE

and from (4.4) and (1.3)
(4.13) Dp, , = (4Q)*Dp,

so we see that G has a nonzero discriminant since F' does and that Dy = m2Dp for a positive
m € Q.
Now the resultant of f; and f is by [10, p. 205] or a direct calculation

(4.14) result(f1, fo) = P* — 27Q).

Suppose that F(z,y) = n for ged(x,y) = 1 and ged(n,3Dp) = 1. If a prime p is such that p|r
where r = ged(fi(x,y), fo(x,y)), then by (4.14) and (4.12) we know that p|D;. By (4.11) we
must have that r*|L;(z,y) since ged(r,n) = 1 and we get that

G(_%fQ(xay>7 %f1<l’,y)) = T%Ll(xay>n27

where 7%4[11(3:, y) € Z. This gives the desired representation by G of a nonzero multiple of n?
unless L;(z,y) =0, hence L(z,y) = 0. In that case we need the following lemma.

Lemma 1. Suppose that F(x,y) = [a,2b, ¢, 2d, €] is an even binary quartic form with Hessian
Hp(x,y) given by (4.6). If plgcd(F(z,y), Hp(z,y)) for integers x,y with ged(z,y) = 1 then
p|3Dp.

Proof. Since ged(x,y) = 1 and Hp is a covariant of F', by (4.6) we may assume that
plegcd(a, 2ac — 3b%).
The discriminant of F' from (1.3) is given in full by
Dp =16a¢® — 48abde® — 8a’c?e? 4 36a’cd®e — 27a%d*

+ 36ab*ce® — 6ab*d*e — 20abc’de + 18abed® + acte — ac®d® — 27b*e?

+ biede — 16V°d° — b2 e + V2P d>.
From this we see that p|3Dp. O

Assuming that L(z,y) = 0, by Lemma 1 we must have n = +1 since
L(z,y) = =2PF(z,y) — Hp(z,y),

and then the conclusion of Theorem 2 is obvious. U
Before proving Theorem 3, it is instructive to see what can be done under the assumption
that —F' is the (Gaussian normalized) Hessian of G in (1.4), so

F(z,y) = (b* — ac)x* + 2(bc — ad)z*y + (3¢ — ae — 2bd)x*y* + 2(cd — be)xy® + (d* — ce)y?,
but not necessarily that Ar = 0. Note that Ap = (ae — 4bd + 3¢*)?. Letting
(4.15) f(@,y) = (b, e di,en) and  fo(w,y) = (a1, b1, ¢1,da),
a computation using (4.5) shows that
F(z,y) = Jp p(2,y).
Using (4.1) another computation yields the identity
(4.16) Dy, 1,(y,x) = 1—12A(;F(;E,y) + ﬁBgG(a@y),
where you should note the (y, z) in the first term. Also we have for L(z,y) from (4.8)
(4.17) L(z,y) = 5AcF (2,y) — 5 BcG(x,y).
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Finally, we have the formulas
(4.18) 2'3°Ap = Az and  2'°3°Dp = BZDg.
Thus using (4.16) and (4.17), we can derive a more explicit version of the syzygy of Proposition

2 if we assume that —F' is a Hessian.

Proof of Theorem 3. Assume now that in addition to —F being the Hessian of G' we have
Ar = 0. By (4.18) we know that Az = 0 and using (1.3) therefore

D% = —2°3*Dp.

Note that this identity implies that 3| Dr. By Proposition 2 we get for fi, fo from (4.15) the
identity

G(—fl(l’,y),fg(ﬂi,y)) = —3G(.T},y)F2<l',y),

for we know that Bg # 0.

Since we are assuming that F' is primitive, from (1.4) we see that either G is primitive,
which happens exactly when not both a; and e; are even, or the ged of its coefficients is 2.
This completes the proof. 0

Remark. It is interesting to apply the identity of Proposition 2 to the pair of binary cubic
forms (fi, f2), where the first form f; = (a,b,c,d) has non-zero discriminant D = Dy, (as
computed in (4.1)), but otherwise is arbitrary and the second f; is the cubic covariant of f;.
Explicitly,

fo = (—2b% + 3abc — a*d, —b*c + 2ac® — abd, bc* — 2b*d + acd, 2¢® — 3bed + ad?).
The Hessian of f; is
Hy = [ac — b* ad — be, bd — ).

The discriminant of Hy, is —D. A calculation shows that
(4'19) Df17f2('x7y) :DQ2(x,y),
where Q(z,y) = 2? + Dy?. The Jacobian of (f1, f2) is

Jf17f2 = _2H‘]%1
Now Proposition 2 and (4.19) give, after computing the Hessian of H 21, the identity

Q(_fQ(xa y)7 fl(xv y))2 = 16Hf1 ({L‘7 y>6'

By combining this with a single evaluation, we see that the identity of Proposition 2 reduces
to the classical identity of Eisenstein [4, §5, eq. 1 ] and Cayley [2]:

f2 + Dft = —Al} .

This identity was used by Mordell [8] [9] to characterize all of the proper representations of
cubes by the principal form z? + Dy?* when 4|D.

Acknowledgement: 1T am grateful to the referee for providing some needed corrections.
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