
HOMEWORK 1

Due on Monday, March 1st, in class.

Exercise 1. Let d = 3 and 1 < p < 2. Prove that the initial value problem

utt −∆u± |u|pu = 0

u(0) = u0, ut(0) = u1

is locally wellposed for initial data (u0, u1) ∈ H1
x × L2

x.

Exercise 2. (Standard blowup criterion) Let d = 3 and 2 ≤ p ≤ 4. Let initial data

(u0, u1) belong to the critical homogeneous space Ḣsc
x ×Ḣsc−1

x . (Recall sc = 3
2−

2
p .)

Let u : [0, T0)× R3 → R be the unique strong solution to

utt −∆u± |u|pu = 0

u(0) = u0, ut(0) = u1.

Assume that
‖u‖L2p

t,x([0,T0)×R3) <∞.
Prove that there exists δ > 0 such that u extends to a strong solution on [0, T0 + δ].

Exercise 3. (Scattering, part 1) Let d = 3 and 2 ≤ p ≤ 4. Let (u0, u1) ∈
Ḣsc

x × Ḣsc−1
x . Prove that there exists a unique solution u : [T,∞)× R3 → R to

utt −∆u± |u|pu = 0

for some T ∈ R such that (u, ut) ∈ Ct([T,∞); Ḣsc
x × Ḣsc−1

x ), u ∈ L2p
t,x([T,∞)×R3)

and ∥∥u(t)− cos(t|∇|)u0 − sin(t|∇|)
|∇| u1

∥∥
Ḣsc

x
→ 0 as t→∞.

Exercise 4. (Scattering, part 2) Let d = 3 and 2 ≤ p ≤ 4. Let (u0, u1) ∈
Ḣsc

x × Ḣsc−1
x . Prove that if

‖(u0, u1)‖Ḣsc
x ×Ḣsc−1

x
≤ η

for η = η(p) sufficiently small, then there exists a unique global solution u to

utt −∆u± |u|pu = 0

u(0) = u0, ut(0) = u1

satisfying (u, ut) ∈ Ct(Ḣ
sc
x × Ḣsc−1

x ) and u ∈ L2p
t,x(R × R3). Moreover, for such

small initial data there exist (u±0 , u
±
1 ) ∈ Ḣsc

x × Ḣsc−1
x so that∥∥u(t)− cos(t|∇|)u±0 −

sin(t|∇|)
|∇| u±1

∥∥
Ḣsc

x
→ 0 as t→ ±∞.

Exercise 5. (Domain of dependence for classical solutions) Let I be a time interval
containing 0 and let u, v ∈ C2

t,x(I × R3) be two solutions to

wtt −∆w ± |w|pw = 0, p > 0

with initial data (u0, u1) and (v0, v1), respectively. Prove that if the initial data
agree on a ball {x ∈ R3 : |x − x0| < R}, then the solutions agree on {(t, x) ∈
I × R3 : |x− x0| < R− |t|}.
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