HOMEWORK 1

Due on Monday, March 1st, in class.

Exercise 1. Let d =3 and 1 < p < 2. Prove that the initial value problem
ugy — Aut |ufPu =0
w(0) =up, u(0) =uy

is locally wellposed for initial data (ug,u1) € HL x L2.

Exercise 2. (Standard blowup criterion) Let d = 3 and 2 < p < 4. Let initial data

(ug,u1) belong to the critical homogeneous space H5e x H5*~!. (Recall s, = 2 —2))

2 p
Let u : [0,7p) x R? — R be the unique strong solution to
upy — Au+ |ulPu=0
u(0) = ug, ut(0) = uy.
Assume that
lell 22, 10,7, <) < o0
Prove that there exists 6 > 0 such that u extends to a strong solution on [0, Ty + ¢].
Exercise 3. (Scattering, part 1) Let d = 3 and 2 < p < 4. Let (ug,u1) €
H2e x H:<~1. Prove that there exists a unique solution u : [T, 00) x R® — R to
ugg — Au+ jufPu=0
for some T € R such that (u,u;) € C([T, 00); He x H~1), u € L?Z([Tpo) x R3)
and ‘
[|u(t) — cos(t|V|)ug — %ulec —0 as t— oo.
Exercise 4. (Scattering, part 2) Let d = 3 and 2 < p < 4. Let (ug,u1) €
H2e x H<~1. Prove that if
[(wo, wr)l grse  grze—1 <1
for n = n(p) sufficiently small, then there exists a unique global solution u to
ugg — Au = JulPu=0
u(0) = ug, ut(0) = uy
satisfying (u,us) € Cy(HSe x H~1) and u € Ltzf;(R x R?). Moreover, for such
small initial data there exist (uZ,uf) € Hse x H~! so that

[|lut) - cos(t|V|)uZ — %uf”lf —0 as t— too.

Exercise 5. (Domain of dependence for classical solutions) Let I be a time interval
containing 0 and let u,v € CZ,(I x R?) be two solutions to
wy — Aw £ |wfPw=0, p>0

with initial data (ug,u1) and (vg,v1), respectively. Prove that if the initial data
agree on a ball {x € R : |z — 29| < R}, then the solutions agree on {(t,z) €
IxR3: |z —xo| < R—|t[}.



