HOMEWORK

Problem 1. Let f € H!(R3) be spherically symmetric. Prove that
2l /(@) < | flla forall =€ R,
Use this to prove that the embedding
{f € H'(R?) : f spherically symmetric} — L
is compact for 2 < p < 6.

Problem 2 (Stability). Let I be a compact time interval and let ¢ : I x R — C
be a (strong) solution to

—ity + (V)0 — (V)1 (Red)® + e = 0.
Assume that
(V)98 oo 2 (1 xrey < M and |Re ol L2 s (1xmsy < L
for some positive constants M, L. Let ty € I and vy satisfy
(V)* [6(to) = volll 2 < M’

for some positive constant M’. There exists e; = e1(L, M, M’) > 0 such that if
e <ep and

le™ =10V [55(k) — vo)ll L3 Ls (1xmsy < €
(V)3 )l 112 (1xmsy < €
then there exists a solution v : I x R?® — C to
—ivg + (V)v — (V)1 (Rev)® =0
with data v(tg) = vo. Furthermore, it satisfies
19— vl Ls s (rxrs) < €C(L, M, M)
lo — v|\L?OH§/9(IxR3) < C(L,M,M").

Problem 3. For ¢ € H*(R?) we define

70) = [ 5190 + 5lo@)P - {16 o

and
2 3 4
Ka(o) = [ | [90(a)? = Slo(o)]* do.
Prove that
J(Q) = inf{J(¢): ¢ € H'\ {0} and K»(¢) = 0}
—inf{LIVoI3+ LI6lZ: 6 € H'\ {0} and Ka(6) < 0},
Here @@ denotes the unique, positive, radial solution to the elliptic equation

-AQ+Q—-Q*=0.
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2 HOMEWORK

Show that these infima are achieved uniquely by +@Q, modulo spatial translations.
Furthermore, show that

{¢p € H': J(¢) < J(Q) and Ko(¢) >0} ={¢p € H': J(¢) < J(Q) and Ka(¢) > 0}
and
{pe H' : J(¢) < J(Q) and Ko(¢) <0} ={p € H : J(¢) < J(Q) and K3(¢) < 0},

where

Ko(@) = [ IVo@P + o) - lola)]* do.

Problem 4. Let ¢ € H'(R?) be such that J(¢) < (1 —§)J(Q) for some § > 0.
Prove that

1) if K2(¢) > 0 then Ka(¢) 25 |V4l|3;

2) if K2(¢) < 0 then K2(¢) 55 —1.



