HOMEWORK

Problem 1. Let d > 1. Using Gaussian wave packets prove that for any € > 0,
Je fmg (€2 f)(x)]? dz dt B

= OQ.

sup —75
FES(RY),££0 (V) =1/2=< f113

Problem 2. (Subcritical unconditional uniqueness) Let d > 1, p > 0, and 0 <
s < 1 such that s > s := 4 — %. Let u : [0,7] x RY — C be the strong solution
(constructed in class) to

iy + Au = +[ulPu with  u(0) = up € H*(RY).
Let v € C,HZ([0,T] x R?) be such that

¢
v(t) = ePuyg :Fi/ A (julPu)(s)ds  for all ¢ € [0,T).
0

Prove that u(t) = v(t) a.e. for all ¢t € [0,T] in the following cases:

ol:d>23andp§%

od22,d>2$,andp§3f§§,withp<

Zf;i ifd=2ors=1.

Problem 3. (Critical blowup criterion) Let d > 1 and p > 0 such that the critical
regularity satisfies 0 < s, < 1. Let initial data ug € H*(R?) and let u : [0,Tp) x
R? — C be the unique strong solution to

iug — Au = f|ulPu with  «(0) = ug.

Assume that

||U|| p(d+2) < 00.
2 ([0, To) xR%)

t,x

Prove that there exists 0 > 0 such that u extends to a strong solution on [0, Ty + ¢].

Problem 4. (Existence of wave operators) Let d > 1 and p > 0 such that the
critical regularity satisfies 0 < s, < 1. Let u, € H® (R?). Prove that there exist
T € R and a unique strong solution u : [T, 00) x R? — C to

iug — Au = *|ulPu

such that
[|lu(t) — eitAu+|}HSC(Rd) —0 as t— oo

Problem 5. For any integer k& > 0, let the weighted Sobolev space H**(R?) be
the closure of Schwartz functions under the norm

Hf”Hk’k(Rd) = Z ||xaa:€f||L2(Rd)7
lal+]8|<k

where «, 8 are multi-indices of length d.
1) Prove that

”eitAfHH’f»k(]Rd) Sk.d <t>k|‘f”H’°vk(Rd)~
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2) Show that if k > £, then
I fgll eenmay Sk | F1erer ey gl mek ray-

Problem 6. (Classical NLS solutions) Let d > 1, k > g, and let p > 0 be an

even integer. Then for any R > 0 there exists T = T(d, k,p, R) > 0 such that
for all ug € {f € H"*(R?) : | fllgrrrae) < R} there exists a unique solution
u € CHNR([-T,T) x RY) to

iug — Au = f|ulPu with  «(0) = ug.
Problem 7. (Failure of uniform continuity of the data-to-solution map) Let d > 1

and let p > 0 be an even integer such that s, > 0. Show that the data-to-solution
map for the initial-value problem

iug — Au = |ufPu with  u(0) = uo
is not uniformly continuous in the L2 topology, even on bounded sets. Specifically,

show that for any 0 < ¢,d < 1 and any ¢ > 0 there exist two solutions uj, us such
that u;(0), u2(0) € S(RY),

[ur(O)llzz <& [ur(0)llzz <& and  [ur(0) = u2(0)[L2 <6,
but
[ur (8) = ua (D)l L2 Zap e
(Hint: Use the construction in class with zero Galilei parameter.)

Problem 8. (Energy trapping) Let W denote the unique (up to scaling) non-
negative radial H'(R?) solution to AW + W5 = 0. Let up € H'(R?) be such
that

E(ug) < (1 —00)E(W) for some 69 > 0.
Prove that there exist d1,ds > 0 such that

1) If [|Vuo|3 < VW3, then [[Vuoll3 < (1 —d1)[VWII3.
2) If ||Vuol|3 > [VW |3, then ||[Vug||3 > (1 + 82)[[VW||3. In this case,
[ 19u@)P = fuof@)]* o < ~2(60 -+ 52) [VW
R
Here F denotes the energy functional associated to the focusing energy-critical NLS.

Problem 9. (Refined Fatou) Let d > 1, 1 < p < oo, and let {f,},>1 C LP(RY)
such that limsup || f,|zr < co. Show that if f,, — f almost everywhere, then

[l = 15ute) - @)l = 15@P] as o




