HOMEWORK 1

Problem 1. Prove Young’s inequality: For 1 < p,q,r < oo,

I1f *gllr@ey S Fllee@allgllporey whenever 141 =24 0.
Show that no inequalities of this type are possible for other exponents.
Problem 2. Let || - || denote a quasinorm on functions. Let fi,... fi be functions
satisfying the bounds
[ full <2757
for some £ > 0. Show that

Se 1

)

N
1> 1
n=1
where the implicit constant is independent of N.
Hint: First reduce the problem to large positive .

Problem 3. Let 1 <p < oo and 1 < ¢ < oo and let f € LP4(R™). We can write
f=>" fn where
fo = IX{a By <lf ) <m,y  With  Hy = inf{X: [{z: |f(z)] > A} <2771,

Show that

”fH*LPq ~ ||Hn2;||éq(2)-
Hint: Show that for H, 11 < A < H,, we have 2"~ < |{x : |f(z)| > \}| < 2"
Problem 4. Show that if
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then ’
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Hint: Show that [{z: |f(x)] > A} Ssup{2": > H,, > A}

m>n
Problem 5. (Holder in Lorentz spaces) Let 1 < p,p1,p2 < oo and 1 < ¢,q1,q2 < 00
1_ 1 4, 1 1_ 1, 1
such that 5=t and TR Show that
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Hint: Use the previous three problems.



