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Abstract

This thesis broadly concerns the field of average case analysis, focusing on one of the most
fundamental problems in computer science – satisfiability. Remarkable phenomenon occurring
for k-CNF formulas is a phase transition in satisfiability. More precisely (yet rather informally),
there exists a number d = d(k, n) such that almost all k-CNF formulas on n variables with m

clauses such that m/n < d are satisfiable, whereas almost all formulas for which m/n > d are
not satisfiable (although some of course are). As k grows, the dominant part of d is 2k ln 2.

For the study of satisfiable k-CNF formulas, the satisfiability threshold is of no a-priori
meaning. Still, the below threshold regime was extensively studied (mathematical rigorous
analysis and experimental study) and the above threshold (satisfiable) regime was far less ex-
plored. In this work we rigorously study the above threshold satisfiable regime. Our interest
in the problem is twofold. From the algorithmic perspective, we are interested in the design
of efficient heuristics for solving satisfiable k-CNF formulas, and their rigorous analysis under
some reasonable probabilistic assumptions (over the inputs). Another line of research that we
found appealing was the study of structural properties of typical k-CNF formulas (again, some
distribution over the inputs is used to define what “typical” means). A particular intriguing
property that we study is the structure of the solution space of satisfiable k-CNF formulas
under different distributions. Previous experience suggests a possible connection between the
structure of the solution space of a typical formula and the algorithmic approaches which do and
do not succeed (two such examples are algorithms that were developed for 3CNF formulas with
a planted solution, and the intuition that served the development of the Survey Propagation
algorithm).

The highlights of this work can be briefly described as follows.

1. We rigorously describe the structure of the solution space of a typical k-CNF formula
drawn from different distributions over satisfiable k-CNF formulas. One major conse-
quence of this study is showing that almost all k-CNF formulas with m clauses over n

variables have a very simple solution-space structure (for m ≥ (1 + λ)2k ln 2, λ goes to 0
as k grows).

2. We study several SAT-solving heuristics (some are well-known and some we developed).
We rigorously analyze their average-case complexity under several natural distributions
over satisfiable k-CNF formulas. In fact, we give the first rigorous analysis of a message
passing algorithm (Warning Propagation) when assuming a non-trivial structure of the
input.
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Chapter 1

Introduction

Constraint satisfaction problems play an important role in many areas of computer science,
e.g. computational complexity theory [20], coding theory [31], and artificial intelligence [48], to
mention just a few. The main challenge is to devise efficient algorithms for finding satisfying
assignments (when such exist), or conversely to provide a certificate of unsatisfiability. One of
the best known examples of a constraint satisfaction problem is k-SAT.

A k-CNF formula over the variables x1, x2, ..., xn is a conjunction of clauses C1, C2, ..., Cm

where each clause is a disjunction of k literals. Each literal is either a variable or its negation.
A k-CNF is satisfiable if there is a boolean assignment to the variables such that every clause
contains at least one literal which evaluates to true. k-SAT is the language of all satisfiable
k-CNF formulas.

While 2SAT is known to be in P, 3SAT is one of the most famous NP-complete problems
[20]. The plethora of worst-case NP-hardness results for many problems in computer science
motivates the study of efficient heuristics that give “useful” answers for “typical” subset of
the problem instances, where “useful” and “typical” are usually not well defined. A rigorous
candidate for the analog of a “useful” answer is the notion of approximation. Although satisfac-
tory approximation algorithms are known for several NP-hard problems, 3SAT is not amongst
them. In fact, H̊astad [32] proved that it is NP-hard to approximate MAX-3SAT (the problem
of finding an assignment that satisfies as many clauses as possible) within a ratio better than
7/8 (which is exactly the expected number of clauses satisfied by a random assignment). On
the other hand, while the problem is believed unsolvable in polynomial time in the worst case,
many heuristics have been proposed and some of them seem to perform quite well “on average”
(or in practice).

1.1 Average Case Analysis

One way of evaluating and comparing heuristics is by running them on a collection of input
instances (“benchmarks”), and checking which heuristic usually gives better results. Empiri-
cal results are sometimes informative, but we also seek more rigorous measures of evaluating
heuristics. When very little can be done in the worst case, comparing heuristics’ behavior
on “average” instances comes to mind. Thus trying to understand the inherent hardness of
the problem, many researchers analyzed structural properties of formulas drawn from different

1



2 Chapter 1: Introduction

distributions. Studying random satisfiability instances is part of a more general theory of ran-
dom structures which has been the focus of extensive research in recent years, see [30] for a
comprehensive survey.

One such natural distribution is the following: fix c, k, n > 0 (c = c(k, n) and k may depend
on n), choose m = cn clauses uniformly at random out of 2k

(
n
k

)
possible ones. We denote

this distribution by Qn,m (for simplicity we omit the k subscript in the notation Qn,m as we
shall confine ourselves to the “canonical” case k = 3). Despite its simplicity, many essential
properties of this model are yet to be understood. In particular, the hardness of deciding if
a random formula is satisfiable, and finding a satisfying assignment for a random formula, are
both major open problems [22, 40].

Remarkable phenomena occurring in the random model Qn,m are phase transitions. Also
the property of being satisfiable has a threshold behavior. More precisely, there exists a number
d = d(k, n) such that a random k-CNF formula with clause-variable ratio greater than d is whp1

not satisfiable, while one with ratio smaller than d is [29]. A simple first-moment calculation
shows that dk ≤ 2k ln 2. The holly-grail for many researchers in the field was, and still is, pin-
pointing the exact value of dk. The state of the art in that respect is the work of Achlioptas and
Peres [3] asserting that for all k ≥ 3, dk ≥ 2k ln 2 − k/2 − O(1). Some researchers conjecture,
based on predictions using tools from statistical mechanics, that dk = 2k ln 2−Θ(1).

1.2 Different SAT distributions

The distribution Qn,m that we defined above was extensively studied in the below threshold
regime (both rigorous study and experimental results). Comparably, much fewer works deal
with the above threshold regime. One reason for this is the difficulty in defining “natural”
distributions over the negligible fraction of satisfiable k-CNF’s in that regime. Even if such
distributions can be defined, analyzing them and finding heuristics that typically solve them is
usually a complicated task. Nevertheless, if one is interested in the study of satisfiable k-CNF
formulas, there is no reason to confine oneself to the below-threshold regime. For satisfiable
instances, the satisfiability-threshold is a-priori a meaningless point.

In our research we focus on satisfiable k-CNF formulas in the above threshold regime, and
to this end Qn,m is not a suitable distribution. We explore three distributions over satisfiable
k-CNF formulas (one of which we introduce for the first time, although analogous distributions
in the context of graph optimization problems were studied in the past).

The first distribution, and arguably the most natural one, is the uniform distribution
defined by the following easy procedure: fix m (m may depend on n, k), choose m clauses
uniformly at random out of 2k

(
n
k

)
possible ones conditioned on satisfiability. We denote this

distribution by Sn,m.
Another option, popular with many researchers, is the planted distribution. To generate a

planted instance, first an assignment ϕ to the variables is fixed, then m clauses consistent with
ϕ are chosen uniformly at random (out of (2k−1)

(
n
k

)
possible ones). Planted distributions were

1Writing whp we mean with probability tending to 1 as n goes to infinity.



1.3. Related Work 3

studied in the context of other optimization problems: maximum clique, minimal bisection, and
k-colorability [6, 7, 11, 25] to mention just a few.

A third distribution, which we just mention here but do not elaborate on, we defined for the
first time in a joint work with Michael Krivelevich and Benjamin Sudakov [37]. We considered
the following “on-line” version of the uniform distribution, inspired by the work of Erdős et al.
[21] on triangle-free graphs. The model is: randomly permute all 2k

(
n
k

)
possible clauses and

starting from the empty formula, go over the clauses one by one (in the random permutation’s
order) including each new clause as you go along if after its addition to the formula, it remains
satisfiable. The interested reader is referred to [37] for the complete details and results.

To recap what we have just defined:

• Sn,m is the uniform distribution over satisfiable k-CNF formulas with m clauses over n

variables,

• Pn,m denotes the planted distribution,

• Qn,m denotes the uniform distribution (without any conditioning).

Some readers may wonder at this point why isn’t it that Sn,m and Pn,m are the same
distribution. Here is a short discussion clarifying why this need not be the case. Let ∆n,m,ϕ be
the number of formulas over n variables with m clauses that are satisfied by a fixed assignment
ϕ. Due to symmetry, ∆n,m,ϕ is the same for every ϕ (thus we omit the ϕ subscript). Fix some
k-CNF F on n variables and m clauses with exactly i satisfying assignments. In the above
notation,

Prplanted[F ] =
i

2n
· 1
∆n,m

. (1.1)

This is because with probability i
2n the planted assignment is one of F ’s satisfying assignments,

and once the assignment is fixed, every formula which is satisfied by it is chosen with the same
probability – hence the 1

∆n,m
factor. Clearly, as Equation (1.1) implies, the more assignments

F has the better its chances of being sampled. This is not the case in the uniform distribution
(where no such bias occurs). On the other hand, if for most instances (with m clauses) the
number of satisfying assignments is roughly the same, then the two distributions are “close”.
This is known to be the case for example when m/n = c log n, c some sufficiently large constant
(when typically there is only one satisfying assignment). Also when no such concentration
is known (or even known not to exist) some relation between the two distributions can be
established, allowing an analysis of Sn,m via the more accessible Pn,m. Indeed we use the latter
technique to establish some of our results.

1.3 Related Work

Within the framework of this general introduction we will survey main papers that studied
average-case complexity of k-SAT and closely-related optimization problems. More related
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work, specific and relevant to a certain result that we present, will be covered in the relevant
chapter.

Almost all (exact) polynomial-time heuristics suggested so far for random instances (either
SAT or graph optimization problems) were analyzed when the input is sampled according to
a planted-solution distribution, or various semi-random variants thereof. As a rule of thumb,
the denser the instance is (more edges in the graph case, or more clauses in CNF formulas)
the algorithmic challenge becomes easier. The early works in the area go back to Koutsoupias
and Papadimitriou [36] where a simple greedy algorithm was shown to solve planted k-CNF
formulas whp when m = Ω(n2). Then, Ben-Sasson et al. [10] noticed that the simple Majority
Vote procedure already finds whp a satisfying assignment for Pn,m with m = Ω(n log n). In
fact, in that regime Sn,m and Pn,m are statistically close (since typically there is only one
satisfying assignment); thus [10] also answer the algorithmic question for Sn,m (in that regime).
The main challenge remained for some time to solve k-CNF formulas in the o(log n)-density
regime. Inspired by Alon and Kahale’s algorithm for k-colorability [6], Flaxman [28] presented
a polynomial time algorithm, based on spectral techniques, that whp solves Pn,m instances for
m/n ≥ c, c some sufficiently large constant.

On the other hand, very little work was done on non-planted distributions, such as Sn,m.
In this context one can mention the work of Chen [16] which provides an exponential time
algorithm for Sn,m with m/n greater than some constant. Ben-Sasson et al. [10] also study
Sn,m but with m/n = Ω(log n), a regime where Sn,m and Pn,m are statistically close; [10] leave
as an open question to characterize Sn,m for m/n = o(log n), and in particular they ask whether
there exists a polynomial time algorithm that finds whp a satisfying assignment in this regime.

We now survey two variations on the “classical” average-case analysis setting. One is ex-
pected polynomial time and the other is semi-random models. Although we have established
new results in both lines of research we decided, in the framework of this dissertation, not to
elaborate in those directions. Thus we confine ourselves to the following short exposition to
allow the reader a more complete view.

An algorithm A works in expected polynomial time over a distribution D if it always produces
the correct answer, and

∑
I tA(I) · PrD[I] is polynomial, where tA(I) is the running time of A

on the instance I.
An expected polynomial time algorithm also performs well on average (that is, works whp),

the converse however isn’t necessarily true. In many cases, in order for an algorithm to run
in expected polynomial time, a distinction between the typical instances (which are easy, and
require polynomial time) and atypical ones (which are rare, but may require super-polynomial
time) is due. Moreover, loosely speaking, the amount of work put in should be inversely propor-
tional to how atypical the instance is. To perform this dichotomy, a deeper understanding of the
underlying probability space is required, as well as a more careful analysis of properties of the
random instance and many a times new algorithmic ideas. Therefore, by designing algorithms
that work in expected polynomial time, one might expect to obtain more robust and efficient
algorithms.

In the context of the planted distribution one can mention the expected polynomial time
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algorithm of Böttcher [12] for coloring planted k-colorable graphs, and our work [39] for planted
3CNF instances. Of course many other researchers studied this notion, and we mention just
the latest results.

Another line of research that was pursued by some researchers, including us, is that of
semi-random models. One possible weakness of random models is that they may simply not
capture the space of “useful” instances. Random instances may show a very particular structure
which need not reflect the “real-world” examples. To “deal” with this “problem” semirandom
models were introduced. Blum and Spencer [11] studied a semi-random model in the context of
planted k-colorable graphs and present a heuristic that whp k-colors such graphs with average
degree nαk , αk ≥ 2/5 (n being the number of vertices). This result was improved by Feige
and Kilian [24] using an SDP-based algorithm that works whp for average degree Ω(k lnn).
Finally, Coja-Oghlan [17] gave a simpler SDP-based heuristic that works whp for same density,
and also provides a certificate for the optimality of the coloring. In two works (one with Julia
Böttcher [13], and one with Michael Krivelevich [38]) we explored semi-random models for sparse
instances of k-colorability (by sparse we means m/n = O(1)). We obtained both algorithmic
and hardness results.

1.4 Our Contribution

As we mentioned in the previous section, the average case complexity of the planted distribution
is very well understood. On the other hand, the uniform distribution Sn,m remained an enigma
for many years. Ben-Sasson et al. [10] show that when the formulas are dense enough (m/n =
Ω(log n)), then a simple heuristic (Majority Vote) solves almost all of them. For that clause-
density regime Sn,m and Pn,m are statistically close. The case where the number of clauses is
linear in the number of variables remained open for many years, with only an exponential time
algorithm due to Chen [16].

The main technical challenge in analyzing Sn,m is the fact that the uniform distribution is
not a product space (due to the conditioning on the contriving event of being satisfiable at that
clause-density regime), clause appearances are dependent and it is unclear how to quantify this
dependence. True, Pn,m as we defined it is not a product space as well, but it is very “close”
to the distribution Pn,p in which every clause satisfied by the planted assignment is chosen
independently at random with probability p = m/

(
(2k − 1)

(
n
k

))
, which is already a product

space. The same goes for Qn,m, which is “close” to a product space as well. One demonstration
of this challenge is the difficulty of answering the following question: given a fixed assignment
ψ, what is the probability that it satisfies a random F? If F is drawn from Qn,m then the
answer is simple, Pr[ψ |= F ] = (1 − 2−k)m. Also if F belongs to Pn,m then one can give an
explicit closed formula for Pr[ψ |= F ], which now also depends on the Hamming distance of ψ

from the planted assignment. If F is drawn from Sn,m then giving an explicit expression (as a
function of m,n, k) for Pr[ψ |= F ] is still an open question.

One consequence of the fact that in Sn,m clauses are dependent is that the rich analytical
methods that were developed to study random structures cannot be applied to Sn,m, at least
not immediately (as most of them assume that the underlying distribution is a product space,
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for example the well known Chernoff bound).
Overcoming those obstacles, in a joint work with Amin Coja-Oghlan and Michael Krivelevich

[19] we finally solved this long-standing open question. We describe a polynomial time algorithm
that solves whp k-CNF formulas sampled according to Sn,m with m/n ≥ c, c = c(k) some
sufficiently large constant. Devising new ideas for analyzing Sn,m we show that Sn,m and
Pn,m actually share many structural properties. As a consequence, we can prove that a certain
algorithm, designed with Pn,m in mind, works for Sn,m as well. In other words, by presenting new
methods for analyzing heuristics on random instances, we can show that algorithmic techniques
invented for the planted model extend to the more “canonical” uniform setting.

This result is described in Chapter 3. It appeared in the proceedings of Analysis of Algorithms
2007 [19], and a similar result (by the same authors) concerning k-colorable graphs appeared in
the proceedings of STACS 2007 [18].

Having understood the computational complexity of the uniform and planted distributions
quite deeply, we wanted to know if there was any a-priori ground to suspect that both distri-
butions will be “easy” (in the regime we considered), and in fact that the same algorithmic
ideas will be useful for both. Indeed, questions regarding the structure of the solution space
of random k-CNF formulas guided the development of algorithms in similar contexts in the
past (two such examples are algorithms that were developed for 3CNF formulas with a planted
solution, and the intuition that served the development of the Survey Propagation algorithm).
Inspired by this line of thought we proved a structural property concerning the structure of the
solution space (that is, satisfying assignments) of a typical instance in Sn,m and Pn,m. This
might turn to be the key to answering the question we opened this paragraph with.

In a joint work with Uriel Feige and Abraham Flaxman [23] we showed that for all k ≥ 20
and m/n ≥ (1 + 0.99k)2k ln 2, all but a o(1)-fraction of satisfiable k-CNF formulas F with m

clauses over n variables enjoy the following property: every two satisfying assignments of F are
at Hamming distance at most O(k2−kn) from each other (and the same is also true whp for
a random formula from Pn,m). If m/n is sufficiently large (say m/n ≥ 100 · 2k), we showed
in a joint work with Amin Coja-Oghlan and Michael Krivelevich [19] that whp not only are
the satisfying assignments close, but they also agree on the assignment of most variables (such
variables are said to be frozen). This latter result holds for all k ≥ 3.

This line of research relates to one of the most surprising recent developments in satisfia-
bility problems that comes from statistical physics. In their well-known work, Mezard, Parisi
and Zecchina [14] designed the Survey Propagation algorithm for solving k-SAT instances. A
particularly dramatic feature of this method is that it appears to remain effective in solving very
large instances of random k-SAT even with densities very close to the conjectured satisfiability
threshold, a regime where other algorithms (e.g., the WalkSAT method [51]) typically fail. The
difficulty that Survey Propagation apparently overcomes lies in the complicated structure of the
solution space of such formulas. That is, the conjectured picture, some supporting evidence of
which were proved rigorously for k ≥ 8 [45, 4, 1], is that typically random k-CNF formulas in
the near-threshold regime have an exponential number of clusters of satisfying assignments.
While any two assignments in distinct clusters disagree on at least εn variables, any two assign-
ments within one cluster coincide on (1− ε)n variables (for the scope of this work, this will be
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the definition of a cluster). Furthermore, each cluster has a linear number of frozen variables
(a variable is said to be frozen in some cluster if all satisfying assignments within that cluster
assign it in the same way). The algorithmic difficulty with such a clustered solution space seems
to be that most known algorithms do not “steer” into one cluster but try to find a “compromise”
between the satisfying assignments in distinct clusters, which actually is impossible.

This, contrasted with our algorithmic results and the existence of a single cluster, suggests
the following interesting connection between the structure of the solution space and the average-
case complexity of the problem. When there exists a single cluster, whose volume might be
exponential, the problem is “easy”. On the other hand, when the clustering is complicated, for
example in the near threshold regime, experimental results predict that many “simple” heuristics
fail, while “heavy machinery” such as Survey Propagation works. Stressing this last point, we
prove that when the cluster structure is simple, then a simple message passing algorithm works
(Warning Propagation), when the cluster structure is complicated, then possibly only a much
more complicated message passing algorithm is known to work, Survey Propagation (and even
this only experimentally).

This result is described in Chapter 2. Although “chronologically” this chapter should come
after the chapter discussing the algorithmic ideas, we chose to reverse the order as we think
this makes the presentation clearer and more cohesive. This work is based on a work which
appeared in the proceedings of Analysis of Algorithms 2007 [19], and on a manuscript which
was just submitted [23].

One of the key ingredients in the proof of the single-cluster phenomenon (and in particular
the existence of frozen variables) is the notion of support. Given a CNF formula F and an
assignment ψ to its variables we say that a literal x supports a clause C in F w.r.t. ψ if x is
the only literal that evaluates to true in C. This notion, though not explicitly referred to, was
used by Achlioptas and Ricci-Tersenghi [4] to rigorously establish the clustering phenomenon
for below-threshold random k-CNF formulas. It was also used in the algorithm of Flaxman [28]
for the planted distribution (for a completely different clause-density regime and distribution) –
as far as we know, Flaxman was the one who actually coined the term “support” in this context.
Also in experimental work, [50, 9] show that some simple variants of the well known RWalkSAT

algorithm [46], which base their greedy rule on the support (although the notion of support is
not referred to explicitly in any of these works), seem to be effective for solving random 3SAT
formulas in the “hard” near-threshold regime. Specifically, the experimental results suggest
that these algorithms may be efficient in finding satisfying assignments for random 3SAT in-
stances in Qn,m with m/n as large as 4.21 (the conjectured satisfiability threshold for 3SAT is
roughly 4.26). In contrast, the “original” RWalkSAT heuristic, which is not part of the “Support
Paradigm”, seems to consume super-polynomial already for m/n = 2.65 [47].

Observing that the notion of support is so beneficial in many different scenarios we asked
ourselves whether one can design an algorithm which is based purely on that notion, and
analyze it rigorously under some reasonable probabilistic assumptions. Specifically, our focus
in this work is on heuristics that obey the following general template: start at some assignment
to the variables, then iteratively, using some predefined (greedy) rule, try to minimize the
number of unsatisfied clauses (or the distance from some satisfying assignment) until a satisfying
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assignment is reached. We say that such a heuristic is part of the Support Paradigm if the
greedy rule uses the support as its main criterion.

Indeed, we answered this question positively and gave a new algorithm in the Support
Paradigm and rigorously proved its effectiveness for the planted distribution Pn,m, with m/n

sufficiently large (yet possibly constant). This result is discussed in Chapter 4. It appeared in
the Journal of Satisfiability (JSAT) [52].

Another line of research that we pursued, favored by others as well ([5, 27, 15] for example)
is rigorously analyzing the performance of well known heuristics when assuming a “reasonable”
distribution over the inputs. The algorithm that we targeted is commonly known as Warn-
ing Propagation, and is part of a family of algorithms usually referred to as message passing
algorithms.

Our starting point was experimental results showing that the aforementioned Survey Propa-
gation (which is a message passing algorithm), seems very effective in finding satisfying assign-
ments for random satisfiable 3CNF formulas in a regime that was observed to be hard for other
heuristics [14]. Making a modest step towards providing a rigorous understanding of that phe-
nomenon, we analyze the performance of another well-known message passing algorithm called
Warning Propagation, which may be viewed as a primal ancestor of the Survey Propagation.
We show that for k-CNF formulas generated under the planted distribution, running Warn-
ing Propagation in the standard way works whp when m/n is sufficiently large (yet possibly
constant). We are not aware of previous rigorous analysis of message passing algorithms for
satisfiability instances, though such analysis was performed for decoding of Low Density Parity
Check (LDPC) Codes.

This work is described in Chapter 5. It appeared in the proceedings of Random 2006 [26].



Chapter 2

The Geometry of the Solution Space

We decided to begin the exposition with the description of the solution space of typical k-CNF
formulas sampled from the uniform or the planted distributions. The reason is that in order to
establish the structure of the typical solution space we go through an extensive discussion on
fundamental structural properties of such formulas. This discussion is the key to understanding
the algorithmic side presented in the next chapters.

2.1 Statement of Results

In this chapter we analyze the structure of the solution space of typical instances from the
uniform and the planted distribution. We prove that when m/n is slightly above the satisfiability
threshold, typically such formulas have a very simple structure of the solution space. The
diameter of the set of satisfying assignments is small, and moreover, if m/n is greater than some
sufficiently large constant, we are able to prove that most variables have the same assignment
in all satisfying assignments (i.e. frozen). One can contrast this structure with the much richer
cluster-structure in the below threshold regime proven in a series of works for k ≥ 8 [4, 45, 1].
Formally,

Theorem 2.1. ([23]) For all k ≥ 20 and m/n ≥ (1 + 0.99k)2k ln 2, all but an o(1)-fraction
of satisfiable k-CNF formulas F with m clauses over n variables enjoy the following property:
every two satisfying assignments of F are at Hamming distance at most 50k2−kn from each
other.

If we allow m to be somewhat larger than 2k ln 2, say m/n ≥ 100 · 2k, then we can already
prove a more detailed characterization of the typical solution space.

Theorem 2.2. ([19]) For all k ≥ 3 and m/n ≥ 100 · 2k, all but a o(1)-fraction of satisfiable
k-CNF formulas F with m clauses over n variables enjoy the following property:

1. All but e−Θ(m/n)n variables are frozen.

2. The formula induced by the non-frozen variables decomposes into connected components
of at most logarithmic size.

3. Letting β(F ) be the number of satisfying assignments of F , we have 1
n log β(G) = e−Θ(m/n).

9
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Remark 2.3. The assertions in both theorems are true also for instances from Pn,m for the
same m/n values. In fact, since our main technique to prove the theorems is first analyzing
the planted distribution, one result of our discussion will be a proof of Theorems 2.1 and 2.2 in
the planted setting (the phrase “all but o(1)-fraction of satisfiable k-CNf formulas” should be
replaced with “whp” since Pn,m is not the uniform distribution over satisfiable k-CNF formulas
with m clauses).

We begin with the proof of Theorem 2.2. The proof of Theorem 2.1 uses somewhat different
techniques and is given (in a self-contained manner) in the last section of the chapter – Section
2.8. Our algorithmic results (in the next chapters) concern only the setting of Theorem 2.2,
that is m/n is sufficiently large. In fact for m/n = O(1) but not necessarily large, it is still an
open problem to describe an algorithm that works on average and rigorously prove its efficiency.

2.2 Techniques and Outline (Theorem 2.2)

To prove Theorem 2.2 (and also 2.1) we consider the uniform distribution over satisfiable
k-CNF formulas with m clauses over n variables, and study the structure of the solution space
of a random instance in that distribution.

The major technical challenge that we face in this present work is the fact that the uniform
distribution Sn,m is not a product space (due to the conditioning on the contriving event of
being satisfiable at that clause-density regime), clause appearances are dependent, and it is
unclear how to quantify this dependence. To derive both our theorems we first analyze the
planted distribution, which we denote by Pn,m. To generate a formula according to Pn,m,
fix an assignment uniformly at random, then include m clauses uniformly at random out of(
2k − 1

) (
n
k

)
clauses that are consistent with the “planted” assignment. When working with

Pn,m, the dependency between the clauses is simple and calculation is much easier. We then
relate the planted model and the uniform model to obtain the desired result.

To prove Theorem 2.2 we study some structural properties of a typical formula in Sn,m

(working through Pn,m). We are able to characterize such formulas in a manner which reveals
the geometrical structure of the solution space. We describe a subset of the vertices, referred
to as the core vertices, which plays a crucial role in understanding the structure of the solution
space of a typical Sn,m and Pn,m formulas, and the algorithmic approach to solve such formulas.
The notion of core relies on another basic notion which is the notion of support.

Definition 2.4. (support) Given a k-CNF formula F and some assignment ψ to the variables,
we say that a literal x supports a clause C (in which it appears) w.r.t. ψ if x is the only literal
that evaluates to true in C under ψ.

To get intuition, first consider the distribution Pn,m, and the case k = 3. Every variable x

is expected to support m · 3
n · 1

7 clauses w.r.t. to the planted assignment (x appears in a clause
with probability 3/n, and supports it with probability 1/7). Suppose indeed that this is the
case. Given a formula F we define the graph induced by F to be GF = (V, E) where V is the
set of variables of F and (x, y) ∈ E if there exists C ∈ F that contains both x and y (regardless
of polarity).

To complete the discussion we need two extra facts.
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Fact 2.5. Assume F is drawn from Pn,m, m/n ≥ C0, C0 a sufficiently large constant. Then whp
every subgraph of GF containing at most n/4000 vertices has average degree at most m/(2n).

Fact 2.6. Assume F is drawn from Pn,m, m/n ≥ C0, C0 a sufficiently large constant. Then whp
there exists no two satisfying assignments of F at distances at least n/4000 from each other.

Both facts are proven in the sequel (perhaps stated somewhat differently). Now suppose
that these two facts are indeed true for F (which is typically the case), and further assume that
every variable has the expected support in F with respect to the planted assignment (which is
typically not the case when m/n is constant). Then we claim that F has only one satisfying
assignment. If not, then let ψ be another satisfying assignment of F , not equal to the planted
one ϕ. Let U be the set of variables that are assigned differently in ϕ and ψ. Every x ∈ U , say
ψ(x) = F , must have at least m/n neighbors in GF [U ]: x supports 3m/(7n) clauses w.r.t. ϕ,
however under ψ x is false, therefore every such clause, since it is satisfied by ψ must contain
at least one more y ∈ U . Thus contributing an edge to GF [U ]. Thus the average degree in
GF [U ] is at least 2 · 3m/7n = 6m/(7n) > m/(2n). However, |U | ≤ n/4000 due to Fact 2.6,
contradicting Fact 2.5.

In what we just described all variables in F are frozen. When m/n ≥ c log n, c a sufficiently
large constant, then whp every variable in F supports roughly 3m/7n clauses, and combined
with the two facts, one derives that typically such formulas in Pn,m are uniquely satisfiable.
However, when m/n = O(1) this is whp not the case. In particular, whp e−Θ(m/n)n variables will
not appear at all in F . Nevertheless, in the case m/n = O(1) there exists a large subformula
of F showing a very similar behavior to the aforementioned one, both in the planted and the
uniform setting. The set of variables inducing this formula is called a core. A similar notion of
core, though in a different context, was introduced by Alon and Kahale [6], and then adjusted
to the SAT setting in [28].

Our techniques should be contrasted with the techniques used to analyze the solution space
of near-threshold instances. In this context one can mention the work in [1, 2, 4, 45], where the
structure of the solution space was analyzed directly (mainly using second moment calculations).
This is possible due to the fair simpleness of the underlying probabilistic model (clauses are
chosen uniformly at random, in Qn,m). In our setting, Sn,m, the clauses are far from being
independent of each other, and therefore trying to characterize directly the relations between
the different satisfying assignments may lead to a dead-end. The idea of relating the planted
and uniform model was used in [1, 4, 44] for the below-threshold regime, and also in [16] but in
a different context.

In the next sections we make this discussion formal and exact.

2.3 Properties of Random Sn,m and Pn,m Instances

In this section we establish the structure of a typical formula in Sn,m and Pn,m (m/n sufficiently
large, that is the setting of Theorem 2.2). A direct consequence of the discussion in this section
is a proof of Theorem 2.2. For the sake of clear and simple presentation we consider the case
k = 3. The extension to general k is immediate. In this section we only state the propositions
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themselves and defer the proofs to the following sections (unless the proof is simple, and then
we give it inline).

Here and throughout we think of m as O(n log n). Otherwise, typically a formula in Sn,m and
Pn,m with m ≥ cn log n, c some sufficiently large constant, has only one satisfying assignment
(see [10] for example). A rather simple probabilistic argument shows that the Majority Vote,
discussed ahead, will reconstruct whp the satisfying assignment in that regime. The interesting
case remains m = O(n log n).

As we mentioned above, the clauses in Sn,m are not chosen independently (due to the con-
ditioning). To analyze Sn,m we use two main techniques. Pn,m is already very well understood,
and in particular the probability of many properties that interest us can be easily estimated
for Pn,m using standard probabilistic calculations (as there clauses are independent). It then
remains to find a reasonable “exchange rate” between Pn,m and Qn,m. We use this approach to
estimate the probability of “complicated” properties, which hold with extremely high probability
in Pn,m. The other method is directly analyzing Qn,m, crucially overcoming clause-dependency
issues. This method tends to be more complicated than the first one, and involves intricate
counting arguments.

2.3.1 Setting the Exchange Rate

Let A be some property of CNF formulas (it would be convenient for the reader to think of A
as a “bad” property). We start by determining the exchange rate for Pr[A] when moving from
the planted distribution to the uniform one. For a property A we use Pruniform[A] to denote
the probability of A occurring under Sn,m, and Prplanted[A] for Pn,m. The following lemma
asserts the exchange rate Pn,m → Sn,m.

Lemma 2.7. (Pn,m → Sn,m) Let A be some property of 3CNF formulas, then

Pruniform[A] ≤ ene−m/(3n) · Prplanted[A].

The lemma is proven in Section 2.5.

Remark 2.8. The exchange rate between the planted distribution and the uniform is exponen-
tial in n. Thus Lemma 2.7 is useful whenever the “bad” event A happens with exponentially
small probability in Pn,m.

2.3.2 The Discrepancy Property

A well known result in the theory of random graphs is that a random graph whp will not contain
a small yet unexpectedly dense subgraph. This is also the case for Qn,m (when considering
the graph induced by the formula). This property holds only with probability 1 − 1/poly(n)
(for example, with probability 1/poly(n) a fixed clique on a constant number of vertices will
appear). Thus the exchange-rate technique is of no use in this case (as the exchange rate factor
is exponential in n).

Definition 2.9. A k-CNF F on n variables and m clauses is said to be proportional if for
every subset U of size |U | ≤ n/4000, there are at most |U | · m

100n clauses in F that contain two
variables from U .
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To see how Definition 2.9 corresponds to the random graph context, consider the graph
induced by the formula F (the vertices are the variables, and two variables share an edge if
there exists some clause containing them both) and observe that every clause that contains
at least two variables from U contributes an edge to the subgraph induced by U . Thus if we
have many such clauses, this subgraph will be prohibitively dense. Since F is random so is its
induced graph (random graph in the sense that its source, F , is random), and therefore the
latter will typically not occur (as we shall prove).

Overcoming the clause-dependency issue, using an intricate counting argument, we directly
analyze Sn,m to prove:

Proposition 2.10. Assume F is drawn from Sn,m with m ≥ C0n, C0 a sufficiently large
constant. Then whp F is proportional. Further, the same is true if F is distributed according
to Pn,m.

The full proof is given in Section 2.4 and is an example of the direct-analysis approach (for
Sn,m). Another example of that approach, though more complicated, is the proof of Proposition
2.16.

2.3.3 The Core Variables

In this section we rigorously define the notion of core variables. Recall that a variable is said to
be frozen in F if in every satisfying assignment it takes the same assignment. As we mentioned
above, the notion of core captures this phenomenon. In addition, a core typically contains
all but a small (though possibly constant) fraction of the variables. This implies that a large
fraction of the variables is frozen, which forces the simple structure given by Theorem 2.2.

Definition 2.11. (core) A set of variables H is called a core of F w.r.t. a satisfying assignment
ψ if the following two properties hold:

• Every variable x ∈ H supports at least m/(6n) clauses in F [H] w.r.t. ψ (F [H] being the
subformula containing the clauses where all three variables belong to H).

• x appears in at most m/(10n) clauses in F \ F [H].

Remark 2.12. The proof of Theorem 2.2 (structure of the solution space) uses only the first
property in Definition 2.11. However, since the notion of core is also used for the algorithmic
perspective, the second property is needed for the analysis of the algorithm.

Remark 2.13. The choice of m/(6n) corresponds to slightly less than the expected support
of a variable w.r.t. the planted assignment (which is roughly 3m/(7n)), had the underlying
probability space been Pn,m.

We proceed by asserting some relevant properties that such a core typically possesses.

Proposition 2.14. Assume F is drawn from Sn,m with m ≥ cn, c a sufficiently large constant.
Then whp there exits a satisfying assignment ϕ of F w.r.t. which there exists a core H and
|H| ≥ (1− e−Θ(m/n))n. Further, the same is true if F is distributed according to Pn,m, and in
that case ϕ is the planted assignment.
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The proof of Proposition 2.14 uses the exchange-rate technique. It is given in Section
2.6. The next proposition characterizes the structure of the formula induced by the non-core
variables. The connected components of a formula F are the sub-formulas F [C1], . . . , F [Ck],
where C1, C2, . . . , Ck are the the connected components in the graph induced by F . Given a
core H of F w.r.t. a satisfying assignment ϕ, we denote by Fϕ

out(H) the subformula of F which
is the outcome of the following procedure: set the variables H in F according to ϕ and simplify
F .

Proposition 2.15. Assume F is drawn from Pn,m with m ≥ cn, c a sufficiently large constant.
Let H be the core promised in Proposition 2.14. The largest connected component in Fϕ

out(H) is
of size O(log n) with probability n−Ω(m/n).

Observe that we prove that the connected components’ size property holds in the planted
setting only with probability 1−1/poly(n) (when m/n is constant), which is not strong enough
to be used in the exchange-rate lemma. Therefore to prove the same property in the uniform
case we have to take the direct-analysis approach, similar to Proposition 2.5. As it will turn
out, the same proof that works for Sn,m also works for Pn,m (as is the case in proposition 2.5 –
see Section 2.4).

Proposition 2.16. Assume F is drawn from Sn,m with m ≥ cn, c a sufficiently large constant.
Let H be the core promised in Proposition 2.14. The largest connected component in Fϕ

out(H) is
whp of size O(log n).

Lastly, we establish the “frozenness” property of the core variables. Before doing so we need
another basic notion.

Definition 2.17. We say that a 3CNF formula F is concentrated w.r.t. ϕ if there is no
satisfying assignment of F at Hamming distance greater than n/4000 from ϕ.

Proposition 2.18. Assume F is drawn from Sn,m with m ≥ cn, c a sufficiently large constant,
and let ϕ be the satisfying assignment w.r.t. which the core was defined. F is whp concentrated
w.r.t. ϕ.

To prove this proposition, we first prove that this property holds in Pn,m with extremely
high probability, and then use Lemma 2.7 to complete the proof.

Proposition 2.19. Assume F is drawn from Pn,m with m ≥ cn, c a sufficiently large constant,
and let ϕ be its planted assignment. With probability at least 1 − 2−n, every assignment ψ at
distance at least n/4000 from ϕ does not satisfy F .

Proof. For this proof, it will be easier to first consider a slightly different version of Pn,m.
Instead of choosing m clauses uniformly at random, choose m clauses with repetitions. Observe
that conditioned on the event that no clause appears twice, the two distributions are the same.
The probability of some clause being chosen twice is at most

(
m

2

)
· n−3 ≤ m2 · n−3.



2.3. Properties of Random Sn,m and Pn,m Instances 15

The setting we explore is m/n = O(log n) (otherwise, it was already established that there is
whp only one satisfying assignment in both Pn,m and Sn,m [5]). Therefore the latter probability
is o(1). Now by a simple averaging argument, every “bad” event A that occurs with probability
q in Pn,m with repetitions, occurs with probability at most 2q in Pn,m.

Let Ar be the event that an assignment at distance r from ϕ satisfies a clause which is also
satisfied by ϕ. Straightforward counting arguments show that

Pr[Ar] = 1 ·
(
n−r

3

)
(
n
3

)
︸ ︷︷ ︸

clause where both assignments agree on all

+
6
7
·
(

1−
(
n−r

3

)
(
n
3

)
)

︸ ︷︷ ︸
clause in which disagree on at least one variable

=

6
7

+
1
7

(
(n− r)(n− r − 1)(n− r − 2)

n(n− 1)(n− 2)

)
=

6
7

+
1
7

(
1− r

n

)3
+ o(1) ≤ 1− r

3n

F contains m clauses, thus the probability that an assignment ψ at distance r also satisfies
F is at most (observing that the events of satisfying a clause are indepdenet in Pn,m with
repetitions) (Pr[Ar])m = (1 − r

3n)m ≤ e−mr/(3n). Setting r0 = n/4000, the probability that a
fixed assignment at distance n/4000 satisfies F is at most

e−mn/(12,000n) = e−n·m/(12,000n) ≤ 5−n.

The last inequality comes from the fact that m/(12, 000n) >> 1 for m/n sufficiently large.
Observe that Pr[Ar] decreases as r grows, and therefore taking the union bound over all assign-
ments at distance n/4000 or more from ϕ (at most 2n such assignments) we obtain that with
the required probability none satisfy F .

Proposition 2.20. Let F be a k-CNF formula with some core H w.r.t. ϕ. If F is concentrated
(Definition 2.17) and proportional (Definition 2.9) then all variables of H receive the same
assignment in all satisfying assignments of F .

Proof. By contradiction let ψ be a “bad” satisfying assignment of F – that is, ψ disagrees
with ϕ on the assignment of at least one core variable. Let x be some variable on which they
disagree. Now consider all the clauses that x supports w.r.t. ϕ where all variables belong to
H. It must be that every such clause contains another core variable on which ψ and ϕ disagree
(since every such clause is satisfied by ψ, and the literal of x is false in ψ). Put differently, let
U be the set of core variables on which ψ and ϕ disagree. By the discussion above, there are
|U | · m

6n clauses each containing two variables from U (no clause was counted twice since the
supporter of a clause is unique by definition). By the concentration property |U | ≤ n/4000, this
however contradicts the proportionality of F .

2.3.4 Proof of Theorem 2.2

Theorem 2.2 is an immediate corollary of Propositions 2.14, 2.16 and 2.20. Propositions 2.14
and 2.20 imply that all but a e−Θ(m/n)n of the variables are frozen. Therefore, there are at most
2e−Θ(m/n)n possible ways to set the assignment of the remaining variables. Furthermore, every
two satisfying assignments of F can differ on the assignment of at most e−Θ(m/n)n variables
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(the non-core variables). Proposition 2.16 completes the proof with the characterization of the
formula induced by the non-frozen variables (which are a subset of the non-core ones).

We shall now fill in the technical details to complete the discussion in this section.

2.4 Proof of Proposition 2.10

Take F distributed according to Sn,m. Let V be the set of n variables, and let U be some fixed
subset of V , |U | = u. Let H be a fixed formula over V with exactly um

100n clauses s.t. each clause
contains at least two variables from U . A formula F is said to be H-poor if it contains H as
a sub-formula ( “poor” in the sense of an “unfortunate” event, and not the event of lacking
something).

Furthermore, let PH signify the set of all H-poor satisfiable formulas with exactly m clauses,
and A the set of all satisfiable formulas with exactly m edges. Our first objective is to establish
the following.

Lemma 2.21. |PH | ≤ (em/n3)um/(100n)|A|.
This immediately implies that the probability of an H-poor formula in Sn,m is at most

(em/n3)um/(100n). Next take the union bound over all possible sub-formulas H (s.t. |U | ≤
n/4000 – as required by Proposition 2.10) to show that whp none is contained in a random Sn,m

formula.
To prove Lemma 2.21 we shall set up an auxiliary bipartite graph G with vertex set V (G) =

PH ∪A. This graph will have the property that the average degree of a vertex in PH is ∆, while
that of a vertex in A is ∆′, where in addition ∆′/∆ ≤ (em/n3)um/(100n). Since ∆#PH = ∆′#A,
by double counting, we thus obtain Lemma 2.21. We describe a nondeterministic procedure P

that receives a formula F ∈ PH and produces a new formula F ′ ∈ A. In our auxiliary graph
G, we connect a right-side node F with a left-side one F ′, if F ′ can be obtained from F by
applying P to F . P is the following procedure:

given a H-poor formula F do:

• Choose a set C of um/(100n) fresh clauses (that are not yet in F )

• Obtain F ′ from F by removing all um/(100n) clauses of H and adding C.
• Output F ′ if it is satisfiable.

Therefore,

∆ ≥
(

n3

um/(100n)

)
.

This is because we have to choose um/(100n) clauses out of at least 7
(
n
3

)−m ≥ n3 possible ones
(since F was satisfiable to begin with, there are at least 7

(
n
3

)
clauses that are satisfied by the

assignment that satisfies F , and we can assume that m = O(n log n)). Conversely, consider the
following nondeterministic procedure to recover a formula F from F ′. Out of m possible clauses
in F ′, choose um/(100n). Take them out, and reinstall the original clauses of H. Therefore,

∆′ ≤
(

m

um/(100n)

)
.
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Using standard bounds on the binomial coefficients, the required bound on ∆′/∆ is obtained
and Lemma 2.21 follows.

We are now ready to bound the probability that a random formula F in Sn,m violates the
condition of Proposition 2.10. Using the union bound this probability is at most

n/4000∑

u=1

(
n

u

)(
8n

(
u
2

)

um/(100n)

)
·
(em

n3

)um/(100n)
≤

n/4000∑

u=1

(en

u

)u
(

1200un2

m

)um/(100n) (em

n3

)um/(100n)

≤
n/4000∑

u=1

(en

u

)u
(

3600u
n

)uC0/100

≤
n/4000∑

u=1

(
en

u
· 3600u

n
·
(

3600u
n

)C0/100−1
)u

≤
n/4000∑

u=1

(
114 ·

(
3600u

n

)C0/200
)u

= o(1)

The last equality is due to (u/n) ≤ 1/4000, so the last sum decreases faster than a geometric
series with quotient and first element equal 1/poly(n), and therefore the whole sum is o(1).

2.4.1 The Planted Setting

The proof of Proposition 2.10 does not imply (at least not directly) the same assertion for the
planted setting. This is because the planted distribution is not uniform over all k-CNF formulas
with m clauses over n variables, and hence the method we used with the auxiliary bi-partite
graph will not work immediately. Nevertheless, let us consider all formulas in Pn,m with exactly
i satisfying assignments – let Ti be that set. It is easy to see that Pn,m is uniform over Ti (recall
Equation (1.1)). Therefore, we can repeat the argument above for Ti (that is, instead of PH

we put PH ∩ Ti) to obtain that Proposition 2.5 holds whp for Ti for every i. Finally, let Ai be
the “bad” event that we sampled a graph in PH given that the graph has exactly i satisfying
assignments (that is, the graph belongs to Ti), and Bi the event that we sampled a graph in Ti.
Observe that in the last discussion we asserted that Pr[Ai|Bi] = o(1). Finally, the probability
for some k-CNF F ∈ PH under the planted distribution is given by

Pr[PH ] =
2n∑

i=1

Prplanted[Ai|Bi] · Pr[Bi] =
∑

i

o(1) · Pr[Bi] = o(1)
∑

i

Pr[Bi] = o(1) · 1 = o(1).

2.5 Proof of Lemma 2.7

Basically, what we show is that Pruniform[A] is at most the expected number of satisfying
assignments that a formula in Sn,m has times Prplanted[A]. To make this bound useful we need
to bound this expectation (which is possibly an interesting result on its own right).

More formally, let C1(n) be the expected number of satisfying assignments of a formula in
Sn,m, and C2(n) is defined similarly for Pn,m. Let ti be the number of formulas on n variables
and m clauses which have exactly i satisfying assignments. Let pi be the probability that
a formula with exactly i satisfying assignments is sampled from Sn,m, and let qi be defined
similarly for Pn,m. For a satisfying assignment ϕ, let ∆n,m,ϕ be the number of formulas on n
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variables with m clauses that are satisfied by ϕ. Observe that due to symmetry ∆n,m,ϕ is the
same for every ϕ – thus we omit the ϕ subscript. In the above notation

pi =
ti∑2n

j=1 tj
,

qi = ti · i

2n
· 1
∆n,m

.

Further observe that

2n ·∆n,m =
2n∑

i=1

i · ti.

This is because every formula with j satisfying assignments is counted exactly j times in the
product 2n ·∆n,m. Lastly,

C1(n) =
2n∑

i=1

i · pi =
∑2n

i=1 i · ti∑2n

i=1 ti
,

C2(n) =
2n∑

i=1

i · qi =
∑2n

i=1 i2 · ti
2n ·∆n,m

=
∑2n

i=1 i2 · ti∑2n

i=1 i · ti
.

Lemma 2.22. Let A be some property of 3CNF formulas, then

Pruniform[A] ≤ C1(n) · Prplanted[A].

Proof. First we obtain the following bound.

Pruniform[A]
Prplanted[A]

≤ max
i

pi

qi
.

This follows from the following discussion. Let TA be the set of satisfiable formulas for which
property A holds.

Pruniform[A] =
∑

F∈TA

Pruniform[F ], P rplanted[A] =
∑

F∈TA

Prplanted[F ].

Now let b = maxi
pi
qi

. For every satisfiable 3CNF F it holds that Pruniform[F ] ≤ b ·Prplanted[F ].
Therefore, ∑

F∈TA

Pruniform[F ] ≤
∑

F∈TA

b · Prplanted[F ] = b ·
∑

F∈TA

Prplanted[F ].

It now remains to estimate maxi
pi

qi
.

Pruniform[A]
Prplanted[A]

≤ max
i

pi

qi
= max

i

(
ti∑2n

j=1 tj

)
·
(

2n ·∆n,m

i · ti

)

= max
i

(
1
i
·
∑kn

j=1 j · tj∑2n

j=1 tj

)
=

(∑2n

j=1 j · tj∑2n

j=1 tj

)
·
(

max
i

1
i

)
= C1(n).
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Since directly estimating C1(n) seems an intricate task, the following lemma is very useful.

Lemma 2.23. C1(n) ≤ C2(n)

Proof. To prove C1(n) ≤ C2(n), one needs to prove that
(

2n∑

i=1

i · ti
)2

≤
(

2n∑

i=1

ti

)
·
(

2n∑

i=1

i2 · ti
)

.

This is just Cauchy-Schwartz, (
∑

ai · bi)
2 ≤ (∑

a2
i

) · (∑ b2
i

)
, with ai =

√
ti and bi = i · √ti.

Corollary 2.24. (Pn,m → Sn,m) Let A be some property of 3CNF formulas, then

Pruniform[A] ≤ C2(n) · Prplanted[A].

Proposition 2.25. Assume F is drawn from Pn,m. Then C2(n) ≤ ene−m/(3n)
(for every ratio

m/n).

Proof. Let F be a planted instance with ϕ its planted assignment. Fix some assignment ψ at
distance r from ϕ, and recall the event Ar (the proof of Proposition 2.19): ψ satisfies a random
clause that is also satisfied by ϕ. As we established in the proof of Proposition 2.19,

Pr[ψ satisfies F ] ≤ (Pr[Ar])
m ≤ e−mr/(3n).

Therefore,

C2(n) ≤
n∑

r=0

(
n

r

)
· e−mr/(3n) =

n∑

r=0

(
n

r

)(
e−m/(3n)

)r
· 1n−r

=
(
1 + e−m/(3n)

)n
≤ ene−m/(3n)

.

Remark 2.26. Observe that if for example m/n ≥ 4 log n, then C2(n) = 1 + o(1). That
is, besides the planted assignment, one expects additional o(1) satisfying assignments. Put
differently, (using the Markov inequality) when m/n ≥ 4 log n then whp there is only one
satisfying assignment. This is then the regime where Sn,m and Pn,m are statistically close (see
Equation (1.1)).

2.6 Proof of Proposition 2.14

To prove Proposition 2.14 we use the exchange-rate technique, that is Lemma 2.7. We start
by proving the proposition in the planted setting and then switch to the uniform. First let us
estimate the number of variables that have too small a support.

Proposition 2.27. Assume F is drawn from Pn,m, m/n bigger than some sufficiently large
constant. Let B be the number of variables whose support w.r.t. ϕ is smaller than m/(4n).
Then

Pr[|B| > e−m/(200n)n] ≤ e−ne−m/(50n)
.
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Proof. A variable x supports a random clause with probability 3/(7n) (with probability 3/n

the variable x appears in the clause and once it appears, it supports the clause with probability
1/7). Therefore x supports in expectation 3m/(7n) clauses. To claim concentration it would be
useful if clauses were chosen independently. One standard “trick” is to consider the following
distribution to generate F , denoted by Pn,p: pick every clause consistent with the planted
assignment with probability p. By setting p = m/

(
7
(
n
3

))
, it follows from standard calculations

that F will have m clauses with probability Ω(m− 1
2 ). It is easily verified that if some property

holds with probability 1− α in Pn,p, it holds with probability 1−O(α ·m 1
2 ) in Pn,m.

Now in Pn,p the clauses are chosen independently, and x supports in expectation 3m/(7n)
clauses. Applying the Chernoff bound one obtains that

Pr[x supports less than m/(4n) clauses] ≤ e−m/150n.

By the linearity of expectation, the expected number of variables that support less than m/(4n)
clauses, call D the random variable that counts these variables, is e−m/150nn. Now observe that
the support of x and y are two independent events (as they concern disjoint sets of clauses that
are chosen independently). Therefore we can use the Chernoff bound to the deviation of D for
its expectation. Namely,

Pr[D ≥ e−m/(200n)n] ≤ Pr[D ≥ 2e−m/(150n)n] ≤ e−e−m/(150n)n/3 ≤ e−e−m/(100n)n.

Respectively, for Pn,m,

Pr[D ≥ e−m/(200n)n] ≤ O(m
1
2 ) · e−ne−m/(100n)

.

As we said, the interesting regime for us is m/n ≤ 4 log n (see Remark 2.26), and therefore the
m

1
2 factor is dominated by the exponentially decreasing part e−ne−m/(100n)

. To conclude,

Pr[D ≥ e−m/(200n)n] ≤ e−ne−m/(50n)
. (2.1)

We now use Lemma 2.7 to obtain the same property in the uniform setting.

Proposition 2.28. Assume F is drawn from Sn,m, m/n bigger than some sufficiently large
constant. Let Bϕ be the number of variables whose support w.r.t. ϕ is smaller than m/(4n).
There whp exists an assignment ϕ w.r.t. which

|Bϕ| ≤ e−m/(200n)n.

Proof. We call a satisfying assignment good if most variables have a good support w.r.t. to
it, or formally: at most e−m/(200n)n variables support less than m/(4n) clauses w.r.t. to it.
Let A be the following property: “there exists no good satisfying assignments”. Using the
exchange-rate technique we obtain:

Pruniform[A] ≤︸︷︷︸
Lemma 2.7

ene−m/(3n) · Prplanted[A] ≤︸︷︷︸
Proposition 2.27

ene−m/(3n) · e−ne−m/(50n)

= en(e−m/(3n)−e−m/(50n)) = o(1).
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Finally, consider the following iterative procedure for defining a core w.r.t. some assignment
ϕ. Set H(0) to be all vertices that support at least m/(4n) clauses w.r.t. ϕ. Iteratively, remove
a variable x from H(i) if either x supports less than m/(6n) clauses in F [H(i)], or x appears in
more than m/(10n) clauses where not all variables belong to H(i); H(i+1) = H(i) \ {x}. Let t

be the iteration where H(t) = H(t+1), and set H = H(t).
Set α = 2e−m/(50n)n, and let ϕ be the assignment promised in Proposition 2.27 (or 2.28).

Let B be the variables that support less than m/(4n) clauses. Partition the variables not in H
into variables that belong to B, and variables that were removed in the iterative step – C. If
|V \H| ≥ αn, then at least one of B, C has cardinality at least αn/2. Consequently,

Pr[|V \H| ≥ αn] ≤ Pr[|B| ≥ αn/2]︸ ︷︷ ︸
(a)

+Pr[|C| ≥ αn/2
∣∣ |B| ≤ αn/2]︸ ︷︷ ︸

(b)

.

By the choice of ϕ and Proposition 2.27 (or 2.28)

Pr[|B| ≥ αn/2] = Pr[|B| ≥ e−m/(50n)n] = o(1).

To bound (b), observe that every variable that is removed in iteration i of the iterative step
supports at least m/(4n)−m/(6n) ≥ m/(20n) clauses in which at least another variable belongs
to U = {a1, a2, ..., ai−1} ∪ B. Consider iteration αn/2. Assuming |B| ≤ αn/2, by the end of
this iteration there exists a set containing at most |U | = αn variables, and there are at least
m/(20n) · αn/2 = m/(40n) · |U | clauses containing at least two variables from it (note that no
clause was counted twice as the supporter of a clause is unique). However, |U | ≤ n/4000 (for
sufficiently large m/n) and thus Proposition 2.5 can be used to bound (b).

Proposition 2.14 follows from combining these results.

2.7 Proof of Proposition 2.16

Let d = m
n . Let us say that a 3CNF F is bounded if the following conditions hold.

B1. For all X ⊂ V such that |X| ≤ n/d2 there are at most 10|X| clauses containing more than
two variables from X.

B2. Every variable appears in at most ln2 n clauses.

B3. Let H be a subformula of F on |V (H)| ≥ (1− d−10)n variables, so that every variable in
H supports at least d/50 clauses in H. Then H is uniquely satisfiable.

Moreover, we call F ε-feasible if F has an induced subformula H with the following properties.

F1. |V (H)| ≥ (1− ε exp(−
√

d))n and |H| contains at least (1− ε)m clauses.

F2. There exists a satisfying assignment ϕ of F so that every variable x ∈ H supports at least
(1− ε)d/5 clauses in H w.r.t. ϕ.

F3. Every variable in H appears in at most εd clauses where not all variables belong to H.
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F4. H is uniquely satisfiable.

If H, K are two induced subformulas of F that satisfy F1–F4, then the same is true for H ∪K.
Therefore, F has a unique maximal induced subformula that enjoys F1–F4; this subformula will
be denoted by Fε in the sequel. Also observe that if F is ε-feasible then it is also ε′-feasible for
ε′ ≤ ε and it holds that V (Fε) ⊆ V (Fε′) (by V (F ) we denote the variable set of a formula F ).

Lemma 2.29. For any fixed ε > 0 Sn,m is bounded and ε-feasible whp.

The Lemma follows from a discussion very similar to the one in Section 2.3. Also observe
that F0.02 for example is contained in the core defined according to Definition 2.11. Therefore
when reading the proof of Proposition 2.16, it will be easiest to think of the core H as F0.02.

Let T ⊂ V be a set of size t = dlog ne, and let τ be a tree with vertex set T . Let Fτ be
a fixed collection of clauses such that each edge of τ is induced by some clause of Fτ . We say
that a clause set Fτ is minimal w.r.t. τ if by deleting a clause from Fτ , τ is not induced by Fτ

anymore. By the definition of minimality, |Fτ | ≤ |E(τ)| = |V (τ)| − 1 (as τ is a tree). Moreover,
let us call F (T, τ, Fτ )-poor if

• F is bounded,

• F is 0.01-feasible,

• F contains Fτ as a subformula,

• V (τ) does not intersect F0.02.

Denote by G the set of all satisfiable 3CNF formulas with variable set V = {x1, . . . , xn} and
exactly m clauses, and let P(T, τ, Fτ ) signify the set of all (T, τ, Fτ )-poor formulas F ∈ G. Below
we shall establish the following.

Lemma 2.30. We have #P(T, τ, Fτ ) ≤
(
e−Θ(tm/n) · ( m

n3

)#Fτ
)

#G.

Where by #Fτ we denote the number of clauses in Fτ . Before we prove Lemma 2.30, let
us note that it implies Proposition 2.16 immediately (noticing that the core H is contained in
F0.02).

2.7.1 Proof of Proposition 2.16

In this section we prove Proposition 2.16 for Sn,m. Nevertheless, the same discussion as in
Section 2.4.1 provides the correctness of the statement for Pn,m.

Given a tree T of size b (in our case b = log n), we estimate the number of ways to extend
T to a minimal inducing set FT . Every clause in FT can cover either one or two edges of T (if
cannot cover three edges or we have a cycle in T ). Following the argument in [28], let NT,s be
the number of ways to pair 2s edges of T to form s clauses in FT which cover two edges. There
are 8 ways to set the negations in every clause of FT (and there are b− 1− s such clauses), and
nb−1−2s ways to choose the third variable in the b− 1− 2s clauses that cover exactly one edge.
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Using this terminology, the probability that a random formula F contains a set of clauses which
induce a b-tree whose vertices do not intersect H is at most:

∑

T :|V (T )|=b

b/2∑

s=0

NT,s8b−1−snb−1−2s · Pr[FT ⊆ F and V (T ) ∩H = ∅],

and using Lemma 2.30, the latter is at most

∑

b−trees

b/2∑

s=0

NT,s8b−1−snb−1−2s

(
d

n2

)b−1−s

e−Ω(bd) ≤
∑

b−trees




b/2∑

s=0

NT,s


 (8d)bn1−be−Ω(bd), (2.2)

where d = 3m/(4n). Our last task is to obtain useful upper bounds on the sum
(∑b/2

s=0 NT,s

)
.

To this end let us fix a degree sequence (d1, ..., db) for T , and consider the following procedure
for properly pairing edges. By proper we mean that every pair of edges can be covered by a
3CNF clause; for example, we cannot pair the edges (x1, x2) and (x3, x4) as they result in a
4CNF clause. For each vertex, we specify a permutation of the edges incident to that vertex.
Then we iterate through the vertices, and for each vertex, we iterate through the edges and
pair up each unpaired edge with the edge given by the permutation associated with the current
vertex (and leave the edge unpaired if the permutation sends the edge to itself). Any pairing of
edges which can be covered by clauses can be generated this way by choosing the permutations
to transpose each pair of edges to be covered by a single clause and to leave fixed all the other
edges. Since there are di! different permutations for vertex i, we have

b/2∑

s=0

NT,s ≤
b∏

i=1

di!.

A classical result by Prüfer is that the number of b-trees with degree sequence (d1, ..., db) equals(
b−2

d1−1,...,db−1

)
(see, for example, [41], Section 4.1, p. 33). There are

(
n
b

)
ways to choose the b

vertices of the tree. So (2.2) is at most

∑

d1+...+db=2(b−1)

(
n

b

)(
b− 2

d1 − 1, . . . , db − 1

) (
b∏

i=1

di!

)
(8d)bn1−be−Ω(db)

≤
∑

d1+...+db=2(b−1)

1
b(b− 1)

(
b∏

i=1

di

)
(8d)bne−Ω(db).

By convexity, for (d1, ..., db) with d1 + ... + db = 2(b− 1), the product
(∏b

i=1 di

)
is maximized

when d1 = . . . = db, and so
(∏b

i=1 di

)
≤ 2b. The number of ways to choose positive integers

(d1, ..., db) so that d1 + ... + db = 2(b − 1) is
(2(b−1)+b−1

2(b−1)

)
which is less than 23b. Thus, the

probability that F contains a set of clauses which cover a b-tree whose vertex set is disjoint
from H is at most

n23b2b(8d)be−Ω(db).



24 Chapter 2: The Geometry of the Solution Space

Finally, recall that we are only interested in trees of size log n, therefore setting b = log n we
obtain:

n23 log n2log n(8d)log ne−Ω(d log n) = n−Ω(d) = o(1),

assuming we have chosen d = Θ(m/n) sufficiently large.

2.7.2 Proof of Lemma 2.30

Thus, the remaining task is to prove Lemma 2.30. To this end we fix a set T of variables, a
tree τ on the variables T , and a minimal inducing set of clauses Fτ . We set up a bipartite
auxiliary graph A = A(T, Fτ , τ) with vertex set V (A) = P(T, Fτ , τ) ⊕ G; for brevity we set
P = P(T, Fτ , τ). The auxiliary graph will enjoy the following property. In A every vertex
F ∈ P has degree at least ∆, while every vertex F ′ ∈ G has degree at most ∆′ s.t.

∆′ ≤
(

e−Θ(tm/n) ·
(m

n

)#Fτ
)

∆ (2.3)

Since ∆#P(T, τ) ≤ #E(A) ≤ ∆′#G, Lemma 2.30 follows directly from (2.3).

To describe the construction of A we let I be the set of all x ∈ T that appear in at most
6 clauses in Fτ ; then #I ≥ t/2, because #Fτ ≤ #V (τ)− 1 (as τ is a tree and Fτ is minimal).
Let ϕ be the unique satisfying assignment of F0.02. We define the following partition of I:

I1(F ) = {x ∈ I : x appears in at least 0.02d clauses where all variables belong to V \ F0.02},
I2(F ) = {x ∈ I : x supports at most (1− 0.02)d/5 clauses w.r.t. ϕ where the other two variables

belong to F0.02} \ I1(F ).

If F is (T, Fτ , τ)-poor, then all variables x ∈ I are outside of the 0.02-core F0.02; hence, due
to F1–F4 we have I = I1(F ) ∪ I2(F ). Thus, we decompose P into two parts P1 = {F ∈ P :
#I1(F ) ≥ 0.15t}, P2 = P \ P1 (that is, #I2(F ) is at least 0.85t).

As a next step, we will construct two subgraphs A1, A2 of A, both of which consist of the
Pi-G-edges of A. Thus, A = A1 ∪ A2, so that (2.3) will be a consequence of the following
statement. In Aj every vertex F ∈ Pj has degree at least ∆j , while every vertex F ′ ∈ G has
degree at most ∆′

j where

∆′
j ≤

(
e−Θ(tm/n) ·

( m

n3

)#Fτ
)

∆j (j = 1, 2). (2.4)

In the remainder of this section we present the constructions of A1,A2 and establish (2.4). To
facilitate these constructions we say that a triplet {x, y, z} of variables is compatible if there is
no clause in F involving all three variables, and x, y, z lie in F0.01. Moreover, we say that a
set F of triplets of variables is compatible if every triplet in F is compatible and no variable x

occurs in more than one triplet.

Lemma 2.31. Let F ∈ P and let 1 ≤ s ≤ n0.1. There exist
(
n3/4

s

)
compatible sets F of size s.
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Proof. Let ϕ signify the unique satisfying assignment of F0.01, and let C be all the clauses over
the variables of F0.01 that are satisfied by ϕ. Since F satisfies F1, C has at least 7

(
0.99n

3

) ≥ n3/2
clauses. Furthermore, let S be a set of s clauses of C chosen uniformly at random. Then the
probability that S does not contain a clause of F is

(
#C −m

s

)(
#C
s

)−1

=
s−1∏

j=0

1− m

#C − j
= 1− o(1),

because #C = Ω(n3), while ms = o(n3). Moreover, the probability that a specific variable x

occurs twice in S is at most
(

7n2

2

)(
#C

s− 2

)(
#C
s

)−1

≤ O(s2n−2) = o(n−1).

Hence, by the union bound with probability 1−o(1) a randomly chosen S will touch no variable
x more than once. Thus, with probability 1− o(1) a randomly chosen S is compatible, so that
the number of compatible sets is at least (1− o(1))

(
#C
s

)
>

(
n3/4

s

)
.

Construction of A1. The construction of A1 is based on the following observation.

Lemma 2.32. Suppose that F ∈ P1. There exist sets U ⊂ I1(F ), #U = d0.1te, and W ⊂
V \ (τ ∪ F0.02) such that for every x ∈ U , x appears in at least d/1000 clauses where the other
two variables belong to W , and for every y ∈ W , y appears in at most 1000 clauses where the
other two variables belong to U .

Proof. Let J ⊂ I1(G) be a set of size 0.15t, and let K be the set of all variables w ∈ V \(F0.02∪τ)
s.t. there exists a clause in F containing w and some variable from J . Moreover, let L ⊂ K

be the set of all w ∈ K such that the number of clauses containing w and at least one more
variables in J is at least 1000. Then the boundedness property of F implies that #L ≤ 0.01t.
Furthermore, letting Q be all the variables w ∈ J such that the number of clauses containing w

and at least one more variable from L is at least 1000. Then we have #Q ≤ 0.01t (once more
due to the boundedness of F ). Now, let U = J \Q and W = K \L. Then each w ∈ W appears
in at most 1000 clauses where the other two variables are in U . Moreover, if v ∈ U , then the
number of clauses that contain v and two variables in K is at least 0.02d − 6 − 104 ≥ 0.015d
Furthermore, U has the required size.

Our objective is to associate with each F ∈ P1 a large number of “target graphs” F ′ ∈ G
such that no F ′ occurs as a target graph too frequently. To this end, we consider the following
nondeterministic procedure that maps F to a target graph F ′. For each possible outcome F ′

we include the edge {F, F ′} into A1.
Set γ = dd/1000e and u = d0.1te.
C1. Choose a compatible set C of size #Fτ + γu.

C2. Choose sets U and W as in Lemma 2.32.

C3. For each x ∈ U choose a set Nx of γ clauses of the form (`x ∨ `y ∨ `z), y, z ∈ W .
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C4. Obtain F ′ from F by removing the clauses of Fτ along with the clauses of C3 and adding
the clauses from C.

Lemmas 2.31 entails that the number of formulas F ′ that can be obtained from each F via
the above procedure is at least

∆1 =
(

n3/4
#Fτ + γu

)
(2.5)

(because there are at least this many choices in step C1, and one can always set the signs of
variables in each new clause so that the obtained formula remains satisfiable – as we started with
a satisfiable one). Conversely, to recover F from F ′, we consider the following nondeterministic
procedure.

R1. Choose a set C ′ of #Fτ + γu clauses of F ′.

R2. Choose a set U ′ ⊂ T of size u.

R3. For each such x ∈ U ′ choose a set N ′
x of γ pairs of variables outside of F0.015, and a way

to set the signs of the variables in each clause.

R4. Output the formula F ′′ obtained from F ′ by removing the clauses C ′ and adding the
ones (`x ∨ `y ∨ `z), x ∈ U ′, y, z ∈ N ′

x along with the clauses of Fτ .

Lemma 2.33. If {F, F ′} is an edge of A1, then F ′ is 0.015-feasible and the process R1–R4
applied to F ′ can yield the output F ′′ = F .

Proof. Let C, U , W , and (Nx)x∈U be the sets chosen by C1–C4 to obtain F ′ from F . If R1–R4
chooses F ′ = F , U ′ = U , N ′

x = Nx for all x ∈ U , then the outcome will be F ′′ = F . Thus, we
just need to show that it is feasible for R1–R4 to choose N ′

x = Nx, i.e., that F ′ is 0.015-feasible
and the vertices in N ′

x do not belong to F ′
0.015.

It suffices to show that V (F ′
0.015) ⊆ V (F0.02) (since all the variables in Nx lie outside F0.02,

and in particular outside F ′
0.015).

To see that F ′ is 0.015-feasible, let X be the variable set of F0.01. We claim that X satisfies
F1–F4 with respect to F ′ with ε = 0.01. F1 is an immediate consequence of the fact that F is
0.01-feasible. Moreover, as C4 adds a compatible set C and only removes clauses that contain
variables outside of X, the unique satisfying assignment of F0.01 remains then unique for the
set X in F ′, whence F2–F4 follow. Thus, F ′ is indeed 0.01-feasible, and hence 0.015-feasible as
well.

Finally, to show that the variable set Y of F ′
0.015 is contained in that of F0.02, we show that

Y is 0.02-feasible in F . Requirement F1 is satisfied since F ′ is 0.015-feasible (and 0.015 > 0.02).
Further observe that if F ′[Y ] is uniquely satisfiable then so is F [Y ], this is because when
moving from F ′ to F one can either add clauses, or remove clauses that are uniquely satisfied in
F to begin with (therefore removing them incurs no addition of satisfying assignments) – thus
requirement F4 follows. Now consider the (1− 0.015)d/5 clauses that every y ∈ Y supports in
F ′[Y ], then since F ′ \F contains at most 1 clause involving y (as C is a compatible set), it holds
that y supports at least (1 − 0.015)d/5 − 1 ≥ (1 − 0.02)d/5 clauses w.r.t. F [Y ] (requirement
F2). Lastly, observe that if y appears in at most 0.015d clauses in F ′ where not all variables
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belong to Y , then in F this number could have been at most 0.015d + γ ≤ 0.02d, by the choice
of γ (this establishes requirement F3).

Lemma 2.34. If F ′ is an outcome of C1–C4 for some F ∈ P1, then the number of possible
nondeterministic choices in the R1–R4 is at most ∆′

1 = 2#T
(

m
#Fτ+γu

)(
exp(−

√
d)n2

γ

)u
.

Proof. The first factor accounts for the number of ways to choose F ′. Moreover, there are
clearly at most 2#T ways to choose U ′ (recall that in our setting #T = log n). To bound the

number of choices of R3, note that for each x ∈ U ′ there are at most
((n−|V (F ′0.015)|)2

γ

)
ways

to choose the set N ′
x. By the definition of F ′

0.015 (requirement F1) it holds that |V (F ′
0.015)| ≥

n(1− exp(−
√

d)).

Finally, combining (2.5) with Lemma 2.33 and 2.34, and using standard estimates for the
binomial coefficients, one obtains (2.4) for j = 1.

Construction of A2. As in the construction of A1 we consider a nondeterministic procedure
that maps F ∈ P2 to F ′ ∈ G. Let u = d0.1te and γ = d10−9de. Let ϕ be the unique satisfying
assignment of F0.01.

C1. Choose a compatible set C of size #Fτ .

C2. Choose a subset U ⊂ I2(F ) of size u.

C3. Choose a set of clauses M ⊂ F0.01 of size γu s.t. every two clauses in M are variable-
disjoint, and no variable x appears in more than 100 clauses with a variable from M .
Moreover, for each x ∈ U choose a set Nx of clauses C = (`x ∨ `y ∨ `z) s.t. y, z ∈ F0.02,
there in no clause in F that contains both x, z or both x, y, and no variable in Nx occurs
in M . Set the negation in every such C so that x supports C w.r.t. ϕ. Moreover, the sets
(Nx)x∈U should be pairwise disjoint.

C4. Obtain F ′ from F by removing the clauses of Fτ and the set M , adding the clauses of C,
and adding all the clauses (Nx)x∈U .

For each F ∈ P2 and each possible outcome F ′ of C1–C4 we include the edges {F, F ′} into
A2. The following lemma provides a lower bound on the degree of F ∈ P2 in A2.

Lemma 2.35. Each F ∈ P2 has at least ∆2 = 1
2

(n3/4
#Fτ

) · (m/2
γu

) · (n2
(
1−e−

√
d
)

γ

)u

images F ′.

Proof. By Lemma 2.31 there are
(n3/4
#Fτ

)
ways to choose C. Furthermore, property F1 implies

that F0.01 contains at least m/2 clauses. Moreover, since every variable appears in at most ln2 n

clauses in F , property B2, and the boundedness of F (property B1 – which assures that for
every M of size γu there are not too many variables that appear in at least 100 clauses with
some other variable from M) then F0.01 has at least (1− o(1))

(
m/2
γu

)
sets M of size γu. Finally,

since #V (F0.02) ≥ (1− 0.02e−
√

d)n by F2, there are at least
(n2

(
1−e−

√
d
)

γ

)u

ways to choose the
sets (Nx)v∈U .
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Conversely, we consider the following nondeterministic procedure for obtaining a formula
F ′′ from an outcome F ′ of C1–C4.

R1. Choose a set of clauses C ′ from F ′ of size #Fτ .

R2. Determine the unique satisfying assignment ϕ of F ′
0.015. Then, choose a set U ′ ⊂ T of size

u. Moreover, choose a set M ′ of γu clauses out of all possible ones.

R3. For each x ∈ U ′ out of the clauses that x supports in F ′
0.015, choose γ such clauses and set

N ′
x to be that set of these clauses.

R4. Obtain a formula F ′′ from F ′ by removing C ′ and all clauses in N ′
x, and adding the clauses

of Fτ and M ′.

Lemma 2.36. If {F, F ′} is an edge of A2, then F ′ is 0.015-feasible and the process R1–R4
applied to F ′ can yield the output F ′′ = F .

Proof. Suppose that F ′ has been obtained from F by choosing the sets M , U , the sets (Nx)x∈U ,
and the compatible set C. To recover F ′′ = F , we shall prove that F ′ is 0.015 feasible and that
the process R1–R4 can choose M ′ = M , C ′ = C, and N ′

x = Nx.
To see that F ′ is 0.015-feasible, let X be the variable set of F0.01. We claim that X satisfies

F1–F4 with respect to F ′ with ε = 0.015. For F1 is an immediate consequence of the fact that
F is 0.01-feasible. Moreover, as C1 adds a compatible set C, and the Nx’s are variable disjoint,
and of size at most γ, then every x ∈ X appears in at most 0.01d+γ +1 ≤ 0.015d clauses where
not all variables belong to X. Every x ∈ X supports at least (1 − 0.01)d/5 clauses where all
other variables belong to X, and since M removes at most 100 clauses per variable, and C is
compatible, then x supports at least (1−0.01)d/5−100−1 ≥ (1−0.015)d/5 clauses (w.r.t. the
same satisfying assignment, which remains satisfying for F ′ as well). Lastly, F ′[X] is uniquely
satisfiable by property B3. This in turn implies that the same unique assignment satisfies F [X]
(otherwise, if ϕ′ is the different assignment that satisfies F [X] then ϕ′ also satisfies F ′[X], as
in F ′[X] we either removed clauses or added clauses which are satisfied by ϕ′ – contradicting
the uniqueness).

It is clear that R1–R4 can choose C ′ = C and M ′ = M since we had no restrictions in step
R2. It only remains to show that it is feasible for the reconstruction procedure to have chosen
N ′

x = Nx. To this end, it suffices to show that V (F ′
0.015) ⊆ V (F0.02) (since all the variables in

Nx lie outside F0.02, and then in particular outside F ′
0.015, and the set of clauses that x supports

in F ′
0.015 will then contain the set of clauses that it supports in F0.02 – as the unique satisfying

assignment is the same). Let Y be the set of variables of F ′
0.015. We show that Y is 0.02-feasible

in F . Requirement F1 is satisfied since F ′ is 0.015-feasible (and 0.015 > 0.02). Further observe
that if F ′[Y ] is uniquely satisfiable then so is F [Y ], this is because when moving from F ′[Y ]
to F [Y ] one can either add clauses, or remove clauses that are uniquely satisfied in F to begin
with (therefore removing them incurs no addition of satisfying assignments) – thus requirement
F4 follows. Now consider the (1− 0.015)d/5 clauses that every y ∈ Y supports in F ′[Y ], then
since F ′ \ F contains at most 1 clause involving y (as C is a compatible set), it holds that
y supports at least (1 − 0.015)d/5 − 1 ≥ (1 − 0.02)d/5 clauses w.r.t. F [Y ] (requirement F2).
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Lastly, observe that if y appears in at most 0.015d clauses in F ′ where not all variables belong
to Y , then since the Nx are of size γ and variable-disjoint – in F this number could have been
at most 0.015d + γ ≤ 0.02d (by the choice of γ) – this establishes requirement F3.

In the light of Lemma 2.36 we can bound the degrees of F ′ ∈ G in A2 as follows.

Lemma 2.37. If G′ has been obtained from G via C1–C4, then during R1–R4 there are at most
∆′

2 =
(

m
#Fτ

)
2t

(
8(n

3)
γu

)(
d/5
γ

)u
ways to choose F ′, the sets N ′

x, and M ′.

Proof. There are exactly
(

m
#Fτ

)
ways to choose C ′ and at most 2t ways of choosing U ′. Fur-

thermore, there are at most
(
8(n

3)
γu

)
ways to choose M ′. Finally, since each x ∈ U ′ has at most

(1− 0.02)d/5+ γu ≤ d/5 clauses that it supports w.r.t. F ′
0.015, therefore there are at most

(
d/2
γ

)

ways to choose N ′
x.

Combining the bounds from Lemmas 2.35 and 2.37 establishes (2.4) for j = 2.

2.8 Proof of Theorem 2.1

In this section we prove Theorem 2.1. Like in the proof of Theorem 2.2, we work our way
through the planted distribution. Unlike the proof of Theorem 2.2, we do not derive our result
by establishing structural properties like the existence of a core, but rather analyze directly
relations between satisfying assignments.

2.8.1 Relating the uniform and the planted distributions

For a formula drawn from Sn,m, let ux count the pairs of satisfying assignments at distance
xn from each other. Similarly for Pn,m, let fx count the number of satisfying assignments at
distance xn from the planted assignment. Also recall the definition of C1, C2 from Section 2.5
(C1 is the expected number of satisfying assignments for Sn,m, and C2 for Pn,m). In our new
terminology C2 =

∑
x E[fx] .The following proposition allows us to upper bound E[ux] via the

more accessible quantity E[fx]. A similar version of this proposition appears in [44].

Proposition 2.38. Assume F is drawn from Sn,m, then

E[ux] = C1 · E[fx]/2.

Proof. For two satisfying assignments ϕi, ϕj we use δ(ϕi, ϕj) to denote their Hamming distance.
Consider some ordering on the 2n possible assignments, and let Ai be an indicator variable which
is 1 if ϕi satisfies F . Using this terminology,

ux =
1
2

∑

i,j:δ(ϕi,ϕj)=xn

Ai ·Aj .

Linearity of expectation gives

E[ux] =
1
2

∑

i,j:δ(ϕi,ϕj)=xn

Pr[Ai ∧Aj ] =
1
2

∑

δ(ϕi,ϕj)=xn

Pr[Ai|Aj ]Pr[Aj ].
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By symmetry, the latter equals

2n · Pr[Aj ]
2

·
∑
ϕi

Pr[Ai|Aj ].

It remains to estimate Pr[Ai|Aj ]. Conditioning on the event Aj means conditioning on the fixed
assignment ϕj to be satisfying. In turn, Sn,m conditioned on ϕj being a satisfying assignment
means that only clauses which are satisfied by ϕj can be included, and by symmetry, every set
of t clauses satisfied by ϕj has the same probability of being included. Observe that for t = m

this is exactly the definition of the planted distribution Pn,p. Therefore
∑

i Pr[Ai|Aj ] = E[fx],
when summing over all assignments ϕi at distance xn from ϕj . Furthermore, C1 =

∑
i Pr[Ai]

(now we are summing over all 2n assignments), and hence Pr[Ai] = C1/2n. Putting everything
together we derive

E[ux] = C1 · E[fx]/2.

In [44] this sort of proposition was already enough to estimate E[ux] since C1 can be easily
calculated when m/n is below the satisfiability threshold. However in Sn,m, m/n above the
satisfiability threshold, it is not clear how to calculate C1. Recall Lemma 2.23 which establishes
the following:

Lemma 2.39. Always C1 ≤ C2.

Therefore we can use the more convenient relation:

E[ux] = C2 · E[fx]/2.

2.8.2 The Planted Setting

In this section we analyze C2 and E[fx]. Recall that we use C2 to denote the expected number
of satisfying assignments that a random formula in Pn,p has, and fx counts the number of
satisfying assignments at distance xn from the planted assignment, had F belonged to Pn,p.

Our analysis of E[fx] is composed of two regimes. The first is the case x ∈ [0, 1/k]. In this
regime E[fx] changes from ω(1) to o(1).

To translate our results to the uniform setting, it turns out that we need to have a more
precise control on the rate in which E[fx] decreases once changing to o(1). Therefore the analysis
of that regime is more careful (Proposition 2.43). Then we analyze the case x ∈ [1/k, 1]. In this
regime, for a suitable choice of ε (recall m/n = (1 + ε)2k ln 2), E[fx] is constantly o(1) (in fact,
exponentially small in n). Therefore a more crude analysis will suffice (Proposition 2.42).

In this section we consider a slight modification of Pn,p. Instead of choosing m clauses u.a.r.,
we choose m clauses with repetitions. However, for m/n = O(1), the expected number of pairs
of identical clauses in F (in the modified model) is O(m2/nk). Thus, for k ≥ 3 this quantity is
o(1). Therefore, as standard calculations show, every property that holds with probability q in
the modified model holds with probability q(1+O(1)) in Pn,p. Somewhat abusing notation, we
will denote the modification also by Pn,p.

Let us start with formulating E[fx] in a way which is convenient to work with.
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Lemma 2.40.

E[fx] ≤
(

n

xn

)
·
(

1− 1− (1− x)k

2k − 1

)m

.

Proof. Fix an assignment ψ at distance xn from the planted assignment ϕ. The probability
that ψ also satisfies F can be calculated in the following manner. Let A be the set of variables
on which both ψ and ϕ agree. |A| = (1 − x)n. Consider a random clause C satisfied by ϕ;
if all k variables in that clause fall in A, then C is surely satisfied by ψ. The probability for
that is q =

((1−x)n
k

)
/
(
n
k

)
. If at least one variable falls out of A, which happens with probability

1− q, then the clause is satisfied only with probability 2k−2
2k−1

. This is because there is one way
to complement the variables which is not consistent with ψ but is consistent with ϕ. There are(

n
xn

)
ways to fix ψ, and therefore

E[fx] =
(

n

xn

)(
q · 1 + (1− q) · 2k − 2

2k − 1

)m

=
(

n

xn

) (
2k − 2 + q

2k − 1

)m

=
(

n

xn

)(
1− 1− q

2k − 1

)m

.

Finally, observing that q ≤ (1− x)k proves the lemma.

Remark 2.41. Although Lemma 2.40 establishes an upper bound on E[fx], in fact for x

bounded away from 0 equality holds (up to a o(1) additive factor inside the parenthesis). Also,
the bound on E[fx] (and therefore also the bound that we derive on E[ux]) is monotonically
decreasing and continuous in m/n.

It will be more convenient to work with the following quantity:

f?(x) ≡ lnE[fx]
n

. (2.6)

One can verify that

f?(x) ≤ H(x) ln 2 + c ln
(

1− 1− (1− x)k

2k − 1

)
, (2.7)

where H(x) denotes the binary entropy measure,

H(x) = −(1− x) log2(1− x)− x log2 x,

and c = m/n = (1 + ε)2k ln 2.

To make use of Proposition 2.38 we need to obtain tight bounds on C2 and E[fx]. In terms
of f?(x), E[fx] = ef?(x)n, therefore to prove E[fx] = o(1) it suffices to prove f?(x) < 0. This is
exactly what the following two propositions formally establish.

Proposition 2.42. For any k ≥ 20, ε ≥ 0.99k and x ∈ [1/k, 1],

f?(x) ≤ −50k2−k

Proof. Throughout, we use the following useful upper bound on log(1− x) (for any log base).

log(1− x) ≤ −x.
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We break the interval [1/k, 1] into two subintervals. Let us first consider x ∈ [0.3, 1]. Always
H(x) ln 2 ≤ ln 2, and on the other hand, using log(1− x) ≤ −x,

c ln
(

1− 1− (1− x)k

2k − 1

)
≤ −(1 + ε)2k ln 2

2k − 1
(1− (1− x)k).

Therefore it suffices to prove that (1+ε)(1− (1−x)k) ≥ 1+
(
50k2−k/ ln 2

)
for every x ∈ [0.3, 1].

Indeed,
(1− (1− x)k) ≥ (1− 0.7k), (1 + ε) ≥ (1 + 0.99k).

One can verify that for k ≥ 20, multiplying these two quantities is always greater than 1 +(
50k2−k/ ln 2

)
.

Let us now move the case x ∈ [1/k, 0.3]. H(x) is monotonically increasing until x = 0.5,
therefore it takes its maximal value in this interval at x = 0.3, which gives H(0.3) ≤ 0.266. On
the other hand (1 − (1 − x)k) takes its minimal value at 1/k. Observe that (1 − 1/k)k ≤ e−1,
and therefore

(1− (1− x)k) ≥ 1− 1/e ≥ 0.6 > 0.266 > H(0.3).

In this case we have a ≤ 0.266− 0.6 ≤ −0.3 < 50k2−k for every k ≥ 20.

Proposition 2.43. For any k ≥ 20, ε ≥ 0 and λ ∈ [20, 2k/k], if x = λ2−k then f?(x) ≤ −λ2−k.

Proof. For any x, we have
log(1− x) ≤ −x,

and, for 0 ≤ x ≤ 1,

1− (1− x)k ≥ kx− k2x2

2
.

Thus,

H(x) ln 2 + c ln
(

1− 1− (1− x)k

2k − 1

)

= −x ln x− (1− x) ln(1− x) + (1 + ε)2k(ln 2) ln
(

1− 1− (1− x)k

2k − 1

)

≤ −x ln x + x(1− x)− (1 + ε)2k(ln 2)
(

1− (1− x)k

2k − 1

)

≤ −x ln x + x− (1 + ε)(ln 2)
(

kx− k2x2

2

)
.

Substituting λ2−k for x, this upper-bound becomes

− x lnx + x− (1 + ε)(ln 2)
(

kx− k2x2

2

)

= λ2−k (k(ln 2)− ln λ) + λ2−k − (1 + ε)(ln 2)
(
kλ2−k − k2λ22−2k−1

)

= −(λ ln λ)2−k + λ2−k − ε(ln 2)
(
kλ2−k − k2λ22−2k−1

)
+ (ln 2)k2λ22−2k−1

= −λ2−k
(
(lnλ)− 1 + ε(ln 2)

(
k − k2λ2−k−1

)
− (ln 2)k2λ2−k−1

)
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= −λ2−k

(
(lnλ)

(
1− (ln 2)k2 λ

ln λ
2−k−1

)
− 1 +

(
ε(ln 2)

(
k − k2λ2−k−1

)))
.

Observe that λ ≤ 2k/k and thus,
k − k2λ2−k−1 ≥ 0,

and since ε ≥ 0 it suffices to prove that

(lnλ)
(

1− (ln 2)k2 λ

ln λ
2−k−1

)
− 1 ≥ 1.

Since λ ≤ 2k/k, and k ≥ 5, we have

(ln 2)k2 λ

ln λ
2−k−1 ≤ (ln 2)k2 2k/k

k(ln 2)− ln k
2−k−1 = (ln 2)

1
2((ln 2)− (ln k)/k)

≤ 0.65,

and so it suffices to verify that
lnλ ≥ 2/(1− 0.65),

which is always true for λ ∈ [20, 2k/k] (for k ≥ 20, 2k/k À 20).

2.8.3 Proof of Theorem 2.1

Recall Proposition 2.38 and Lemma 2.39 which establish together

E[ux] ≤ C2 · E[fx]/2.

C2 is the expected number of satisfying assignment is the planted model, C2 =
∑

x E[fx].

The idea of the proof is to use Propositions 2.42 and 2.43 to upper bound C2 by looking
at the largest x s.t. E[fx] contributes to C2 (that is, E[fx] is not vanishing with n). We shall
use x0 to denote this number (regardless, observe that x0 is an upper bound on the diameter of
the cluster region in the planted setting). Then, to beat C2, we take x1 > x0, so that for every
x ≥ x1, E[fx] · C2 ¿ 1. Respectively, x1 uppers bounds the diameter of the cluster region in
the uniform setting. It turns out that x1/x0 = O(k), and since x0 scales down with 2−k, this
additional factor is manageable.

Formally, propositions 2.42 and 2.43 assert that only x ≤ 20 · 2−k may contribute to the
value of C2. Indeed, take x0 = 20 · 2−k, then E[fx] = o(n−1) for every x ≥ x0. For x ≤ x0, the
total number of possible assignments (which obviously bounds the expected number of satisfying
assignments) at distance xn from the planted is

(
n

xn

)
≤

( en

xn

)xn
≤ e(1−ln x)xn.

This quantity is maximized for x ≤ x0 at x0, which gives e(k ln 2+1)2−kn. Therefore, for sufficiently
large n,

C2 ≤ o(1) +
∑

x≤x0

(
n

xn

)
≤ ne(k ln 2+1)20·2−kn ≤ e40k2−kn.
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Now take x1 = 50k2−k (for k ≥ 20, 50k ≤ 2k/k, which is the maximal λ allowed), applying
Propositions 2.42 and 2.43 once more gives that for x ≥ x1,

E[fx] ≤ e−50k2−kn.

In turn, for x ≥ x1

E[ux] ≤ C2 · E[fx]/2 ≤ e40k2−kn · e−50k2−kn = e−10k2−kn.

Using Markov’s inequality, for x ≥ x1,

Pr[ux > 0] ≤ e−10k2−kn.

Applying the union bound,

Pr[∃x ≥ 50k2−k, ux > 0] ≤ n · e−10k2−kn = o(1).



Chapter 3

Why almost all satisfiable k-CNF

instances are easy

In the previous chapter we discussed the structure of the solution space of typical instances
from both Pn,m and Sn,m. In this chapter we will study the average case complexity of Sn,m.
As we mentioned in the introduction chapter, the complexity of the planted distribution is well
understood (at least for the clause-density regimes that interest us).

We prove that for all but a vanishing fraction of satisfiable k-CNF formulas over n variables
with m clauses, one can efficiently find a satisfying assignment (whenever m/n is greater than
some constant). This answers an open problem posed by several researchers, including Ben-
Sasson et. al. in [10], asking whether one can characterize Sn,m for m/n = o(log n). Formally
we prove,

Theorem 3.1. There exists a deterministic polynomial time algorithm that finds a satisfying
assignment for all but o(1)-fraction of satisfiable k-CNF formulas with m clauses over n variables
when m/n ≥ c2k, c a sufficiently large constant.

Remark 3.2. Observe that since Sn,m is the uniform distribution, then having an algorithm
that works whp over Sn,m is equivalent to having an algorithm that solves all but o(1)-fraction
of satisfiable k-CNF formulas with m clauses (which is how we chose to formulate Theorem
3.1).

For the sake of clarity of presentation we prove Theorem 3.1 for the case k = 3 and note
that the proof readily generalizes to any constant k. The dependency of m/n on k is given by
c2k where c is some universal constant. This dependency is not surprising, as the satisfiability
threshold itself scales with 2k.

Our proof of Theorem 3.1 is constructive – that is, we present an algorithm that meets
the requirements of Theorem 3.1. In fact, the algorithm that we present is a variation of the
algorithm given in [28], which was analyzed for the planted distribution. Thus, another merit
of our work is that by presenting new methods for analyzing heuristics on random instances,
we can show that algorithmic techniques invented for the “easy” planted model extend to the
more canonical uniform setting.

35
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The notion of core which was presented in the previous chapter (Definition 2.11) is crucial
for the analysis of the algorithm. One algorithmic ingredient which we didn’t discuss in the
previous chapter is that of the Majority Vote.

3.1 The Majority Vote

For a 3CNF formula F and a variable x we let N+(x) be the set of clauses in F in which x

appears positively (namely, as the literal x), and N−(x) be the set of clauses in which x appears
negatively (that is, as x̄). The Majority Vote assignment over F , which we denote by MAJ,
assigns every x according to the sign of |N+(x)| − |N−(x)| (TRUE if the difference is positive
and FALSE otherwise).

To show the usefulness of the Majority Vote in Sn,m we work our way through Pn,m, and use
the exchange-rate technique (recall Lemma 2.7). Consider F in Pn,m, and let ϕ be its planted
assignment. Consider a variable x whose assignment is w.l.o.g. ϕ(x) = TRUE. In every clause
of F that contains x, x appears positively with probability 4/7, and negatively with probability
3/7. Therefore in expectation the sign of |N+(x)| − |N−(x)| agrees with ϕ(x). More formally,
we prove the following fact:

Lemma 3.3. Let F be distributed according to Pn,m with m ≥ cn, c a sufficiently large constant.
Let FMAJ be a random variable counting the number of variables in F on which MAJ disagrees
with the planted assignment.

Pr[FMAJ ≥ e−m/(50n)n] ≤ e−ne−m/(20n)
.

Proof. To simplify our proof we consider the following version of the planted distribution, Pn,p.
To generate F : pick every clause consistent with the planted assignment with probability p. By
setting p = m/

(
7
(
n
3

))
, it follows from standard calculations that F will have exactly m clauses

with probability Ω(m− 1
2 ). It is easily verified that if some property holds with probability 1−α

in Pn,p, it holds with probability 1−O(α ·m 1
2 ) in Pn,m.

Let Pi be a random variable which counts the positive appearances of xi in F , and similarly
Ni for negative ones. Since in Pn,p the clauses are chosen independently (assuming w.l.o.g. that
ϕ(x) = TRUE)

Pi ∼ Binom

(
4
(

n

3

)
, p

)
, Ni ∼ Binom

(
3
(

n

3

)
, p

)
.

Therefore,

Pr[MAJ(xi) 6= ϕ(xi)] ≤ Pr

[
Binom

(
4
(

n

3

)
, p

)
≤ Binom

(
3
(

n

3

)
, p

)]
.

Set a = p · (4(
n
3

)
+ 3

(
n
3

)
)/2, and then

Pr[MAJ(xi) 6= ϕ(xi)] ≤ Pr[Pi ≤ a] + Pr[Ni ≥ a].

To bound Pr[Pi ≤ a], P r[Ni ≥ a] we use the Chernff bound, and obtain

Pr[Pi ≤ a] + Pr[Ni ≥ a] ≤ e−m/(300n).
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Using the linearity of expectation,

E[FMAJ ] = e−m/(300n)n.

To obtain concentration around this value, observe that FMAJ satisfies the Lipschitz con-
dition with difference 3: let M = 7

(
n
3

)
and Xi be an indicator random variable which is 1 iff

the ith clause was selected to the formula (i = 1, . . . ,M). For every i and every two assign-
ments a = (a1, . . . , ai−1, ai, ai+1, . . . , aM ) and a′ = (a1, . . . , ai−1, a

′
i, ai+1, . . . , aM ) of values to

X1, . . . , XM (that possibly differ on the ith coordinate), it holds that |f(a)− f(a′)| ≤ 3 (every
clause contains three variables). Using the method of bounded differences (see e.g. [8]) one can
prove that

Pr[FMAJ ≥ e−m/(200n)n] ≤ e−ne−m/(100n)
.

Respectively, for Pn,m,

Pr[FMAJ ≥ e−m/(200n)n] ≤ O(m
1
2 ) · e−ne−m/(100n)

.

As we said, the interesting regime for us is m/n ≤ 4 log n (see Remark 2.26), and therefore the
m

1
2 factor is dominated by the exponentially decreasing part e−ne−m/(100n)

. To conclude,

Pr[FMAJ ≥ e−m/(200n)n] ≤ e−ne−m/(50n)
.

Proposition 3.4. Let F be distributed according to Sn,m with m ≥ cn, c a sufficiently large
constant. Then whp there exists a satisfying assignment ϕ of F that differs from MAJ on at
most e−Θ(m/n)n variables.

Proof. Let A be the following property: “there exists no satisfying assignment s.t. MAJ is at
distance at most e−m/(300n)n from it” (by distance we mean the Hamming distance). Using the
exchange-rate technique we obtain:

Pruniform,m[A] ≤︸︷︷︸
Lemma 2.7

ene−m/(3n) · Prplanted,m[A] ≤︸︷︷︸
Lemma 3.3

ene−m/(3n) · e−ne−m/(50n)

= en(e−m/(3n)−e−m/(50n)) = o(1).

The last equality is due to e−m/(3n) − e−m/(50n) < 0.

The next proposition relates the core to the Majority Vote, and is crucial to the analysis of
the algorithm.

Proposition 3.5. Let F be distributed according to Sn,m with m ≥ cn, c a sufficiently large
constant. Then whp there exists a satisfying assignment ϕ s.t. the following two properties
hold:

• MAJ differs from ϕ on at most e−Θ(m/n)n variables

• There exists a core H w.r.t. ϕ as promised in Proposition 2.14.

The proposition follows by noticing that the exchange rate technique used to prove Lemma
3.3 and Proposition 2.14 (the existence whp of a large core in Sn,m) refers to the same assign-
ment in the planted setting – the planted assignment. Thus, one can apply the exchange-rate
technique on the combined property.
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3.2 Proof of Theorem 3.1

We start by presenting the algorithm which we claim meets the requirements of Theorem 3.1.
The algorithm is basically the one given in [28]. The only difference (besides maybe different
constants) is the first step: we use the Majority Vote and not a spectral step. The reason is
that analyzing the spectrum of the adjacency matrix of an Sn,m instance is a complicated task
(as the entries of this matrix are not independent 0/1-random-variables). For an example of
such analysis (for k-colorable graphs) the reader is referred to [18].

SAT(F )
Step 1: Majority Vote

1. π1 ← Majority Vote over F.

Step 2: Reassignment

2. for i = 1 to log n

3. for all x ∈ V

4. if x supports fewer than m/(8n) clauses w.r.t. πi then πi+1 ← πi with x flipped.
5. end for.
6. end for.
Step 3: Unassignment

7. set ψ1 = πlog n, i = 1.
8. while ∃x s.t. x supports fewer than m/(10n) clauses w.r.t. ψi

9. set ψi+1 ← ψi with x unassigned.

10. i ← i + 1.

11. end while.
Step 4: Exhaustive Search

12. Let ξ be the final partial assignment.
13. let A be the set of assigned variables in ξ.

14. exhaustively search F ξ
out(A), component by component.

We now prove that the algorithm SAT meets the requirements of Theorem 3.1. We say that
F is typical in Sn,m if Propositions 2.10, 2.16 and 3.5 hold for it. The discussion in Section
2.3 guarantees that whp F is typical. Therefore, to prove Theorem 3.1 it suffices to consider a
typical F and prove that SAT (always) finds a satisfying assignment for F .

We let H be the core promised in Proposition 2.14, and ϕ – the satisfying assignment w.r.t.
which H is defined. In all the following propositions we assume F is typical (we don’t explicitly
state it every time for the sake of brevity).

Proposition 3.6. Let ψ1 be the assignment defined in line 7 of SAT. Then ψ1 agrees with ϕ

on the assignment of all variables in H.

Proof. Let Bi be the set of core variables whose assignment in ψi disagrees with ϕ at the
beginning of the ith iteration of the main for-loop – line 2 in SAT. It suffices to prove that
|Bi+1| ≤ |Bi|/2 (if this is true, then after log n iterations Blog n = ∅). Observe that by Propo-
sition 3.5 |B0| ≤ n/4000. By contradiction, assume that not in very iteration |Bi+1| ≤ |Bi|/2,
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and let j be the first iteration violating the inequality – |Bj+1| ≥ |Bj |/2. Consider a variable
x ∈ Bj+1. If also x ∈ Bj , this means that x’s assignment was not flipped in the jth iteration,
and therefore, x supports at least m/(8n) clauses w.r.t. ψj . By the second item in the definition
of a core, at least m/(8n) −m/(10n) = m/(40n) of these clauses contain only core variables.
Since the literal of x is true in all these clauses, but in fact should be false under ϕ, each such
clause must contain another variable on which ϕ and ψj disagree, that is another variable from
Bj . If x /∈ Bj , this means that x’s assignment was flipped in the jth iteration. This is because
x supports fewer than m/(8n) clauses w.r.t. ψj . Since x supports at least m/(6n) clauses w.r.t.
ϕ, it must be that in at least m/(6n) −m/(8n) = m/(24n) of them, the literal of some other
core variable evaluates to true (rather than false, as it should be w.r.t. ϕ). For conclusion,
let U = Bj ∪ Bj+1. Then there are at least m/(40n) · |Bj+1| clauses containing at least two
variables from U . Now if |Bj+1| ≥ |Bj |/2, then m/(40n) · |Bj+1| ≥ m/(80n) · |U |, contradicting
Proposition 2.10.

Proposition 3.7. Let ξ be the partial assignment defined in line 12 of SAT. Then all assigned
variables in ξ are assigned according to ϕ, and all the variables in H are assigned.

Proof. By the definition of core – the Majority Vote assignment sets the core variables correctly
in ψ1 (the assignment defined in line 2 in the algorithm SAT) – that is according to ϕ (ϕ is the
satisfying assignment w.r.t. which H is defined). Furthermore, by the definition of core, every
core variable supports at least m/(5n) clauses w.r.t. ϕ, and also w.r.t. ψ1 (the assignment at
hand before the unassignment step begins). Hence all core variables survive the first round of
unassignment. By induction it follows that the core variables survive all rounds. Now suppose by
contradiction that not all assigned variables are assigned according to ϕ when the unassignment
step ends. Let U be the set of variables that remain assigned when the unassignment step ends,
and whose assignment disagrees with ϕ. Every x ∈ U supports at least m/(10n) clauses w.r.t.
to ξ (the partial assignment defined in line 7 of SAT), but each such clause must contain another
variable on which ψ and ϕ disagree (since the clause is satisfied by ϕ, and ϕ falsifies the literal
of x in each such clause). Thus, we have |U | · m

10n clauses each containing at least two variables
from U . Since U ∩ H = ∅ (by the first part of this argument) and |H| ≥ (1 − e−Θ(m/n))n (by
Proposition 3.5) it follows that |U | ≤ e−Θ(m/n)n < n/4000, contradicting Proposition 2.10.

Proposition 3.8. The exhaustive search, Step 4 of SAT, completes in polynomial time with a
satisfying assignment of F .

Proof. By Proposition 3.7, the partial assignment at the beginning of the exhaustive search
step is partial to some satisfying assignment of the entire formula. Therefore the exhaustive
search will succeed. Further observe that the unassigned variables are a subset of the non-core
variables (Proposition 3.7). Proposition 2.16 then guarantees that the running time of the
exhaustive search will be at most polynomial.

Theorem 3.1 follows from Propositions 3.6–3.8, and the discussion in Chapter 2 which guar-
antees that whp F is typical (in the sense that we described above).
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Chapter 4

The Support Paradigm

In the previous two chapters we saw that the notion of support (Definition 2.4) plays an impor-
tant role in the definition of a core (Definition 2.11), and also in the analysis of the algorithm
in Chapter 3. As it turns out the notion of support plays an important role in other settings as
well. A rather similar notion of core was defined in [4] to establish the existence of frozen vari-
ables for random k-CNF formulas below the threshold. Another rather surprising motivation
for this work comes from recent experimental results [50, 9] showing that some simple variants
of the well known RWalkSAT algorithm [46], which base their greedy rule on the support (al-
though the notion of support is not referred to explicitly in any of these works), seem to be
effective for solving random 3SAT formulas in the “hard” near-threshold regime. Specifically,
the experimental results suggest that these algorithms may be whp efficient in finding satisfying
assignments for random 3SAT instances in Qn,m with m/n as large as 4.21 (the conjectured sat-
isfiability threshold for 3SAT is roughly 4.26). In contrast, the “original” RWalkSAT heuristic,
which does not consider the support, seems to require typically super-polynomial time already
for m/n = 2.65 [47].

Motivated by a search of a unifying rule that may contribute to the understanding of this
phenomenon we define the Support Paradigm. Specifically, our focus in this work is on heuristics
that obey the following general template: start at some assignment to the variables, then iter-
atively, using some predefined (greedy) rule, try to minimize the number of unsatisfied clauses
(or the distance from some satisfying assignment) until a satisfying assignment is reached. We
say that such a heuristic is part of the Support Paradigm if the greedy rule uses the support
as its main criterion.

We present a new algorithm which is part of the Support Paradigm and rigorously show
its effectiveness for the planted k-SAT distribution with clause-variable ratio greater than some
constant. Our results are thus in line with the experimentally-observed advantage of the algo-
rithms in [50, 9] over RWalkSAT.

To keep the presentation simple we shall confine ourselves to the “canonical” case k = 3,
and just point out that our result extends to any fixed k.

One disclaimer is due before we proceed. We do not claim that our result provides a direct
explanation as to why certain algorithms seem to perform well in the below-threshold regime.
For one, we deal with higher densities in which the instances are typically more structured.

41
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The notion of support also has a constructive interpretation when considering things from
the statistical-mechanics point of view. In this discipline, the combinatorial object 3CNF is a
diluted 3-spin spin glass system. Every assignment to the variables corresponds to an energy
level of the system, where the free energy of the system in a certain state is the number of clauses
not satisfied by the given assignment. Thus, the question of whether the 3CNF is satisfiable
or not is equivalent to the question whether the ground state energy of this diluted 3-spin spin
glass system is zero. One of the main theoretical bases, at least from a physical point of view,
underlying Survey Propagation [14] is the structure of the energy states of near-threshold random
3CNF formulas.

Having said that, one immediately notices that the notion of support is tightly connected to
the notion of free energy. For example, flipping the assignment of the variable with the lowest
(maybe zero) support corresponds to making a move which incurs the least increase in the free
energy of the system; or, lowering the energy of the system (by flipping the assignment of a
variable which appears in at least one unsatisfied clause) corresponds to increasing the number
of clauses that belong to the support of some variable, and so forth.

As we proved in Chapter 2, the notion of support also plays a crucial role in explaining the
existence of frozen variables, at least for the distributions we consider (the uniform distribution
over satisfiable k-CNF instances – Sn,m, and the planted distribution Pn,m). For example, if a
variable has zero-support with respect to some satisfying assignment then it cannot be frozen –
flip its assignment and the new assignment, which lies in the same cluster, remains satisfying.
The other direction is less obvious (that is, what happens when a variable has a large support
w.r.t. some satisfying assignment) – and the argument is more involved.

4.1 Our Result

We now formally state our result. We state it for 3SAT although it generalizes to k-SAT for any
fixed k. To somewhat simplify the presentation we consider the following version of the planted
distribution which we denote by Pn,p. To generate F according to Pn,p: fix an assignment ϕ,
and pick every clause consistent with ϕ with probability p. By setting p = m/

(
7
(
n
3

))
, it follows

from standard calculations that F will have m clauses with probability Ω(m− 1
2 ). It is easily

verified that if some property holds with probability 1 − α in Pn,p, it holds with probability
1 − O(α ·m 1

2 ) in Pn,m. Since all our properties hold with very high probability in Pn,p, they
also hold in Pn,m.

Theorem 4.1. Let F be a random formula distributed according to Pn,p with n2p ≥ c, c a
sufficiently large constant. Then whp the algorithm SupportSAT(F ) finds a satisfying assignment
of F using polynomial time.

The algorithm SupportSAT(F ), which belongs to the Support Paradigm, is described in
Figure 4.2 in Section 4.2. The proof of Theorem 4.1 also reveals an interesting connection
between the notion of support and the notion of frozen variables. Details in Section 4.5.

Combining our result with the work in [5] draws the following interesting picture. We show
that SupportSAT, which can be viewed as a variation on the classical RWalkSAT, succeeds whp in



4.2. The Algorithm 43

finding a satisfying assignment for sufficiently dense Pn,p formulas. For the same clause-density
regime it is shown in [5] that RWalkSAT, which disregards the support, fails1 whp to find a
satisfying assignment, and not even an assignment which is closer than say n/3 to the planted
one. This mirrors nicely the near-threshold picture: experiments predict that RWalkSAT fails
to find a satisfying assignment for random 3SAT instances with clause-variable ratio greater
than 2.65 [47], while variants of RWalkSAT which take the support into account succeed as far
as 4.21 [50, 9].

4.2 The Algorithm

We start with a high-level description of our algorithm. Given a formula F and an assignment
ψ to its variables, we say that the assignment of x is suspicious in ψ if it supports very few
clauses w.r.t. ψ (we soon quantify “very few” in an exact sense). Our algorithm is composed
of two parts. The main part is a simple greedy procedure in which iteratively the assignment
of suspicious variables is flipped. From a physical point of view this part can be viewed as
a fast cool-down process. When reaching low temperature, a large portion of the formula is
already satisfied. If the remaining part of the formula is “simple” then one can find a satisfying
assignment for it using some of-the-shelf heuristic.

The fast cool-down process is done mainly via a procedure that we call a Directed Walk
(inspired by the work of [16]), and then another procedure with a more refined flipping criterion.
This corresponds to Steps 1 and 2 in the description of SupportSAT below (Figure 4.2). Step 2
typically ends up with an assignment which is very close to a satisfying one. Step 3 completes
the job using a simple exhaustive search. As typically the unsatisfied part left at the end of
Step 2 is “simple” the exhaustive search takes polynomial time (by typically we mean whp over
formulas from the planted distribution).

Remark 4.2. The reader may wonder at this point if one can do without Step 3 of SupportSAT.
Namely, can one push the greedy part of the algorithm (Steps 1 and 2) to typically find a
satisfying assignment? The answer is probably no, at least not in our planted setting. To
see this observe that every variable is expected to appear in 7

(
n
2

)
p = Θ(n2p) clauses (which

we think of as constant in our analysis). Further, the number of clauses in which a variables
appears is binomially distributed. Thus, with constant probability some variables never appear,
or appear very scarcely (say once or twice). Therefore in some sense such variables don’t show
enough structure to allow a greedy procedure of the sort we use to set them correctly. On the
other hand, these variables induce a “simple” formula for which exhaustive search is efficient
for example.

4.2.1 The Directed Walk

We now introduce the sub-procedure Directed Walk which is possibly of its own interest. The
input to Directed Walk is a 3CNF formula F and a number ε ∈ [0, 1].

1Throughout when we say that a heuristic fails to produce an optimal solution we always mean that it fails

when spending polynomial time (and similarly for success).
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Directed Walk(F, ε)
1. ψ0 ← an arbitrary assignment to the variables.

2. for i = 1 to 3/ε

ψi ← ψi−1 with the assignment of the εn variables with the lowest

support in F w.r.t. ψi−1 – flipped.

3. return ψ3/ε.

Figure 4.1: Directed Walk

The name “Directed Walk” comes from the fact that as opposed to RWalkSat (‘R’ stands
for Random), where the choice of which variables to flip blends randomness, here one employs
a decisive deterministic rule, thus the walk is in some sense directed. Directed Walk can be
used with other measurements – e.g. flip the assignment of the εn variables whose flipping will
gain the maximal number of satisfied clauses, and so forth. In fact, using the last rule with
ε = 1/n is exactly the algorithm in [36]. Actually, one can generalize Directed Walk to receive
the “directing rule” as an argument, and then have a general template (and analysis) for such
algorithms. More details in Section 4.4.

We are now ready to present our main algorithm (the notations we use are clarified right after
the following figure). In the algorithm we use the parameter m, where m satisfies m = p · 7(

n
3

)
.

We do this to be consistent with the notations of the algorithm in Figure 3.2.

Notations. SupportF (x, ψ) is the support of a variable x in F w.r.t. an assignment ψ; ψ(x)

is the assignment ψ with the assignment of x flipped. For a formula F and a subset U of the
variables we denote by F [U ] the subformula containing all clauses with some variable in U . By
partial assignment we mean an assignment where some variables may take the value UNAS-
SIGNED. For a partial assignment ψ, SupportF (x, ψ) counts only clauses where all variables
are assigned.

The last step of SupportSAT (Step 3) is an exhaustive search. The variables that we want to
exhaustively search are those which are still suspicious after the greedy step ends (Steps 1 and
2). To separate the suspicious variables form the reliable ones we employ a careful unassignment
step (lines 8-12) which leaves assigned only variables with large support.

4.3 Properties of a Random Instance from Pn,p

In this section we remind the reader some structural properties of a random instance from the
planted distribution. These properties we discussed extensively (and proved) in Section 2. Here
we only repeat them briefly (restated in the Pn,p “terminology”; observe that m/n = Θ(n2p)).

The following holds whp for random F in Pn,p when n2p ≥ c, c some sufficiently large constant.

P1. There exists no set of variables U , |U | ≤ n/104 and there are n2p|U |/100 clauses in F that
contain two variables from U .
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SupportSAT(F )
Step 1: Directed Walk

1. ψ1 ← Directed Walk(F, 10−5).
Step 2: refining the assignment

2. for i = 1 to log n

3. for all x ∈ V

4. if SupportF (x, ψi) ≤ m/(8n) then ψi+1 ← ψ
(x)
i

5. end for.
6. end for.
7. let τ be the final assignment.
Step 3: the exhaustive search

8. set τ1 = τ , j = 1.
9. while ∃x s.t. SupportF (x, τj) ≤ m/(10n)
10. set τj+1 ← τj with x unassigned.

11. j ← j + 1.

12. end while.
13. let ξ be the final partial assignment.
14. let U be the set of unassigned variables in ξ.

15. exhaustively search F [U ], separately in every connected component.

Figure 4.2: SupportSAT

P2. There exists a core H, according to Definition 2.11. This core contains all but e−Ω(n2p)n

variables.

P3. Let F [V \ H] be the formula induced by the non-core variables. Then whp the graph
induced by F [V \ H] contains no connected component of size greater than log n.

4.4 Analysis of the Directed Walk

In this section we analyze a typical execution of Directed Walk for Pn,p, n2p greater than some
sufficiently large constant. Directed Walk, as defined in Figure 4.1, uses the measure of support
to determine which variables flip their assignment in every round. Nevertheless, one can use
other measures such as the number of unsatisfied clauses in which a variable appears, the number
of satisfied clauses gained by flipping the variable, and so on. Our analysis can be easily fit
to other measures that satisfy some sufficient conditions which are implicit in Lemma 4.8 (and
stated explicitly in Remark 4.10). In fact, our analysis implies the main result in [36]. The
following proposition summarizes the main quality of Directed Walk.

Proposition 4.3. Let F be a random formula distributed according to Pn,p, n2p ≥ c, c some
sufficiently large constant. Then whp Directed Walk(F, 10−5) enjoys the following property:
after at most 3 ·105 rounds the output assignment differs from the planted one on at most n/105

variables.
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Remark 4.4. The constant 105 is arbitrary. In fact, one can show that whp Directed Walk(F, ε)
finds after 3/ε rounds an assignment at distance at most εn from the planted one for ε as small
as e−Θ(n2p). This is (up to a constant in the exponent that does not depend on n, p) exactly
the approximation ratio of the Majority Vote [27, 10]. Therefore, if one considers Pn,p with
n2p ≥ c log n then whp Directed Walk finds the planted assignment. Indeed, this is what’s
implicitly proved in [36], though the directing measure is not the support.

Before proving the proposition we make some further observations.

Definition 4.5. (misleading assignments) Let F be a satisfiable 3CNF formula and ϕ a satis-
fying assignment of F . We call an assignment ψ k-misleading w.r.t. ϕ if there exists a set of
2k variables t1, . . . , tk, f1, . . . , fk s.t. for every i, j = 1, . . . , k:

• ϕ(ti) = ψ(ti), ϕ(fi) 6= ψ(fi),

• Support(ti, ψ) ≤ Support(fj , ψ).

Definition 4.6. (ε-directable) We say that F is ε-directable w.r.t. a satisfying assignment ϕ

of F if there exists no εn/3-misleading assignment w.r.t. ϕ at Hamming distance greater than
εn from ϕ.

Proposition 4.7. Let F be a random formula distributed according to Pn,p, n2p ≥ c, c some
sufficiently large constant, and let ϕ be its planted assignment. Then whp F is 10−5–directable
w.r.t. ϕ.

The proof of Proposition 4.7 is given by the following lemma.

Lemma 4.8. Fix ε ∈ (0, 1) and let F be a random formula distributed according to Pn,p,
n2p ≥ c, c some sufficiently large constant with ϕ its planted assignment. Let ψ be an assignment
at distance ≥ εn from ϕ. Then the probability that ψ is εn/3-misleading w.r.t. ϕ is at most
3−n.

The union bound then guarantees that whp no misleading ψ exists as there are at most 2n

possible ways to choose ψ. To prove Lemma 4.8 we need the following easy fact whose proof
consists of standard probabilistic arguments.

Lemma 4.9. Let β ∈ (0, 1). Let B1 = Binom(p,
(
N
2

)
), B2 = Binom(p,

(
N
2

) − (
βN
2

)
). Then

Pr[B1 ≤ B2] ≤ e−g(β)pN2
, where g : (0, 1) → (0,∞) is a monotonically increasing function.

Proof. (Lemma 4.8) Consider some assignment ψ at distance βn from ϕ, β ≥ ε. Let t, f be two
variables s.t. ψ(t) = ϕ(t), ψ(f) 6= ϕ(f). t supports

(
n
2

)
clauses w.r.t. ψ, and every one of them

could have been included in F (since ϕ satisfies all of them). On the other hand, f supports(
n
2

)
clauses w.r.t. ψ, but clauses where both ϕ and ψ agree on the assignment of the other two

variables cannot be included in ϕ as they are not satisfied by ϕ – and there are
(
(1−β)n

2

)
of them.

Therefore we get:

Pr[Sup(t, ψ) ≤ Sup(f, ψ)] ≤ Pr

[
Bin

(
p,

(
n

2

))
≤ Bin

(
p,

(
n

2

)
−

(
(1− β)n

2

))]
≤ e−g(1−β)n2p.

(4.1)
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Further observe that the sets of clauses that any two variables support w.r.t. to some
assignment are always disjoint (since the supporting variable is unique by definition). If ψ is
k-misleading w.r.t. ϕ then in particular there exist k pairs of variables (t1, f1), . . . , (tk, fk) s.t.
Support(ti, ψ) ≤ Support(fi, ψ). The probability for this is at most

e−g(1−β)n2p·εn/3 ≤ e−(g(1−β)c·ε/3)n =
(
e−g(1−β)c·ε/3

)n
≤ 12−n.

The last inequality is due to 1 − β ≤ 1 − ε and therefore g(1 − β) ≤ g(1 − ε), where ε is
some fixed number, while c can be an arbitrarily large. Finally observe that there are at most
2n · 2n = 4n ways to choose the sets of ti’s and fj ’s. The lemma follows by applying the union
bound.

Remark 4.10. In order for a measure function M to fit the proof of Proposition 4.3 it suffices
for M to obey Equation (4.1) (maybe with some other function g′), and also

Pr[M(t) ≤ M(f)|M(ti1) ≤ M(fi1), . . . , M(tir) ≤ M(fir)] ≤ Pr[M(t) ≤ M(f)],

for every r-subset of the variables (i, r ≤ k).

Proof. (Proposition 4.3) The proof we give here shares some ideas with the analysis in [16].
We prove that Proposition 4.3 holds with probability 1 for F s.t. F is 10−5–directable w.r.t.
ϕ. Since this is the case whp, as asserted by Proposition 4.7, Proposition 4.3 follows. For two
assignments ψ, ϕ, define T (ψ,ϕ) to be the set of variables on which ψ and ϕ agree, and F (ψ,ϕ)
the set of variables on which they disagree. Let Eε(ψ) be the set of εn variables with lowest
support w.r.t. ψ. Observe that if ϕ is some satisfying assignment of F , and ψ is the current
assignment that Directed Walk(F, ε) considers, then the variables in T (ψ,ϕ) ∩ Eε(ψ) will be
“wrongly” flipped. Our goal is then to show that |T (ψ,ϕ) ∩ Eε(ψ)| cannot be too large.

Set ε = 10−5 (as required by Proposition 4.3). Suppose at first that for every ψ at distance
≥ εn from ϕ, |T (ψ, ϕ) ∩ Eε(ψ)| ≤ εn/3. If so, then |F (ψ,ϕ) ∩ Eε(ψ)| ≥ 2εn/3. Thus in every
iteration of Directed Walk the distance from ϕ is decreased by at least 2εn/3 − εn/3 = εn/3.
The initial distance is at most n; hence, after at most n/(εn/3) = 3/ε = 3 · 105 rounds an
assignment ψ′ at distance at most εn from ϕ is reached.

It remains to prove that the above picture is indeed the case. To this end, consider a “bad”
assignment ψ at distance > εn from ϕ but for which |T (ψ,ϕ) ∩ Eε(ψ)| ≥ εn/3. This implies
that |F (ψ,ϕ) ∩ Eε(ψ)| ≤ 2εn/3. Since the distance between ψ and ϕ is ≥ εn, it holds that
|F (ψ, ϕ)| ≥ εn. The two last observations imply that |F (ψ, ϕ) \ Eε(ψ)| ≥ εn/3.

Set k = εn/3. Let f1, f2, ..., fk be variables in F (ψ,ϕ) \ Eε(ψ), and t1, t2, ..., tk be variables
in T (ψ,ϕ)∩Eε(ψ). For every ti, fj , Support(ti, ψ) ≤ Support(fj , ψ) (by the definition of Eε(ψ)
and the choice of the ti’s and the fj ’s). However this means that ψ is k-misleading w.r.t. ϕ (as
the Hamming distance between ψ and ϕ is greater than εn), which contradicts that fact that
F is ε-directable w.r.t. ϕ.
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4.5 Algorithm’s Analysis – Proof of Theorem 4.1

We say that a formula F is typical if it satisfies the properties mentioned in Section 4.3, and
indeed as we saw a formula is typical whp (when n2p or m/n is sufficiently large). Thus
proving Theorem 4.1 reduces to proving that SupportSAT (always) finds a satisfying assignment
in polynomial time for typical formulas. In all the propositions below we assume that F is
typical; we let H be the core promised in Proposition 2.14 and ϕ the planted assignment of
F . The following three properties were proven for the algorithm described in Chapter 3, for
completeness we just recap them.

P1. Let τ be the assignment defined in line 7 of SupportSAT. Then τ agrees with ϕ on the
assignment of all variables in H (Proposition 3.6).

P2. Let ξ be the partial assignment defined in line 13 of SupportSAT. Then all assigned variables
in ξ are assigned according to ϕ, and all the variables in H are assigned (Proposition 3.7).

P3. The exhaustive search in Step 3 of SupportSAT completes in polynomial time with a sat-
isfying assignment of F (Proposition 3.8).

P1 was proven in Chapter 3 conditioned on the fact that the reassignment step starts with an
assignment at distance at most n/4000 from the planted one (which was supplied in that setting
by the Majority Vote). In our case, Proposition 4.3 guarantees that property.

Theorem 4.1 then follows from this discussion combined with the discussion in Section 4.4.

Taking a closer look at the proof of Theorem 4.1 it turns out that we actually prove the
following:

• The support-based greedy step of SupportSAT (Steps 1 and 2) set (almost all) frozen
variables in F correctly (that is, according to the planted assignment).

• The exhaustive search completes the assignment of the rest.

The latter implies that the frozen variables embed enough “support structure” to allow a
support-based greedy heuristic to set their assignment correctly. This asserts an interesting
connection between the clustering phenomenon, the notion of frozen variables and the success
of support-based greedy heuristics.



Chapter 5

The Message Passing Paradigm:

Warning Propagation

In Chapter 2 we discussed the geometry of the solution space of typical instances from Sn,m

and Pn,m. We proved that such formulas, for m/n above the threshold, typically have a very
degenerated structure of the solution space. We then saw two algorithms that can whp solve
such formulas (for m/n greater than some sufficiently large constant). In Chapter 3 we described
an algorithm which is an adaptation of the “classical” algorithm for the planted distribution
(given by Flaxman [28]). In Chapter 4 we described another algorithm which is part of the
Support Paradigm. In this chapter we describe a third algorithmic approach, commonly known
as message passing. Message passing algorithms were studied in several contexts (not only
SAT). One striking application of this approach is the Survey Propagation algorithm [14]. It was
experimentally shown to be effective in solving “hard” k-CNF formulas with clause-variable
just below the conjectured satisfiability threshold. Unfortunately, no rigorous analysis has yet
backed up these experimental observations.

In this chapter we analyze the performance of Warning Propagation (WP for brevity), a simple
popular message passing algorithm, when applied to random satisfiable formulas generated
under the planted distribution. Specifically, we show that the standard way of running message
passing algorithms – run message passing until convergence, simplify the formula according
to the resulting assignment, and satisfy the remaining subformula (if nonempty), if possible,
using a simple “off the shelf” heuristic – works for planted random satisfiable formulas with
a sufficiently large yet constant clause-variable ratio. We are not aware of previous rigorous
analysis of message passing algorithms for non-trivial SAT distributions.

5.1 Warning Propagation

Warning Propagation (WP) is a simple iterative message passing algorithm, and serves as an
excellent intuitive introduction to more involved message passing algorithms such as Belief

Propagation [48] and Survey Propagation [14]. These algorithms are based on the cavity method
in which the messages that a clause (or a variable) receives are meant to reflect a situation in
which a “cavity” is formed, namely, the receiving clause (or variable) is no longer part of the
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formula. Messages in the WP algorithm can be interpreted as ”warnings”, telling a clause the
values that variables will have if the clause ”keeps quite” and does not announce its wishes, and
telling a variable which clauses will not be satisfied if the variable does not commit to satisfying
them. We now present the algorithm in a formal way.

Let F be a CNF formula. For a variable x, let N+(x) be the set of clauses in F in which
x appears positively (namely, as the literal x), and N−(x) be the set of clauses in which x

appears negatively. For a clause C, let N+(C) be the set of variables that appear positively in
C, and respectively N−(C) for negative ones. There are two types of messages involved in the
WP algorithm. The first type is messages that a variable xi sends to a clause Cj in which it
appears:

xi → Cj =
∑

Ck∈N+(xi),k 6=j

Ck → xi −
∑

Ck∈N−(xi),k 6=j

Ck → xi.

If xi appears only in Cj then we set the message to 0. The intuitive interpretation of this
message should be xi signals Cj what is currently its favorable assignment by the other clauses
it appears in (a positive message means TRUE, negative one means FALSE and a 0 message
means UNASSIGNED). The second type are messages sent from a clause Cj to a variable xi

appearing in Cj :

Cj → xi =
∏

xk∈N+(Cj),k 6=i

I<0(xk → Cj)
∏

xk∈N−(Cj),k 6=i

I>0(xk → Cj),

where I<0(b) is an indicator function which is ’1’ iff b < 0 (respectively I>0). If Cj contains
only xi (which cannot be the case in 3CNF formulas) then the message is set to 1. Cj → xi = 1
can be intuitively interpreted as Cj sending a warning to xi asking it to commit to satisfying
Cj (as all other literals signaled Cj that currently they evaluate to FALSE). Lastly, we define
the current assignment of a variable xi to be

Bi =
∑

Cj∈N+(xi)

Cj → xi −
∑

Cj∈N−(xi)

Cj → xi.

If Bi > 0 then x is assigned TRUE, if Bi < 0 then xi is assigned FALSE, otherwise xi is
UNASSIGNED. Assume some order on the clause-variable messages (e.g. the lexicographical
order on pairs of the form (j, i) representing the message Cj → xi). Given a vector α ∈ {0, 1}3m

in which every entry is the value of the corresponding Cj → xi message, a partial assignment
ψ ∈ {TRUE,FALSE, UNASSIGNED}n can be generated according to the corresponding Bi

values (as previously explained).

5.1.1 3SAT and Factor Graphs

Given a 3CNF formula F on n variables and m clauses, the factor graph of F , denoted by
FG(F ), is the following graph representation of F . The factor graph is a bipartite graph,
FG(F ) = (V1∪V2, E) where V1 = {x1, x2, ..., xn} (the set of variables) and V2 = {C1, C2, ..., Cm}
(the set of clauses). (xi, Cj) ∈ E iff xi appears in Cj . For a 3CNF F with m clauses it holds
that #E = 3m (as every clause contains exactly 3 different variables). To make presentation
clearer, we denote by #A the size of a set A and by |a| the absolute value of a real number a.
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It would be convenient to think of the messages in terms of the corresponding factor graph.
Every undirected edge (xi, Cj) of the factor graph is replaced with 2 anti-parallel directed edges,
(xi → Cj) associated with the message xi → Cj and respectively the edge (Cj → xi).

5.1.2 The Warning Propagation Algorithm

Warning Propagation(CNF formula F ) :
1. construct the corresponding factor graph FG(F ).
2. randomly initialize the clause-variable messages to 0 or 1.

3. repeat until no clause-variable message changed from the

previous iteration:

3.a randomly order the edges of FG(F ).
3.b update all clause-variable messages Cj → xi according

to the random edge order.

4. compute a partial assignment ψ according to the Bi messages.

5. return ψ.

In the above description it seems like no update of variable-clause messages is carried out.
This however is implicit in line 3.b. Namely, when evaluating the clause-variable message along
the edge C → x, C = (x∨y∨z), the variable-clause messages concerning this calculation (z, y →
C) are evaluated on-the-fly using the last updated values Ci → y, Cj → z (allowing feedback
from the same iteration). We allow the algorithm not to end up at all (the clause-variable
messages may keep changing every iteration). If the algorithm does return an assignment ψ

then we say that it converged. In practice it is common to limit in advance the number of
iterations, and if the algorithm didn’t converge by that limit, to return “failure”.

5.2 Related Work

Currently, the Survey Propagation [14] algorithm experimentally outperforms all known al-
gorithms in finding satisfying assignments to uniformly random 3CNF formulas with clause-
variable ratio ρ close to the satisfiability threshold (4 ≤ ρ ≤ 4.25). However, theoretical
understanding of Survey Propagation and other message passing algorithms for random SAT
problems is still lacking. This should be compared with the success of message passing al-
gorithms for decoding low-density-parity-check (LDPC) codes [31]. Here, the experimental
success of message passing algorithms [31] was recently complemented rigourously by a large
body of theoretical work, see e.g. [42, 49, 43]. Some important insights emerge from this the-
oretical work. In particular, it is shown that the quality of decoding improves exponentially
with the number of iterations – thus all but a small constant fraction of the received codeword
can be decoded correctly using a constant number of iterations. Our analysis of WP on Pn,p

shows that much of the coding picture is valid also for Pn,p thus providing important insights
as to the success of message passing algorithms for random satisfiability problems. The planted
3SAT model is similar to LDPC in many ways. Both constructions are based on random factor
graphs. In codes, the received corrupted codeword provides noisy information on a single bit or
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on the parity of a small number of bits of the original codeword. In Pn,p, ϕ being the planted
assignment, the clauses containing a variable xi contain noisy information on the polarity of
ϕ(xi) in the following sense – each clause contains xi in a polarity coinciding with ϕ(xi) with
probability 4/7. The SAT setting is however more involved than its coding counterpart; for ex-
ample a SAT instance may have many satisfying assignments (which is whp the case in Pn,p with
clause-variable ratio of order o(log n)) whereas a transmitted codeword has a unique decoding.
More discussion follows in Section 5.3.

As for relevant results in random graph theory, the seminal work of Alon and Kahale [6]
paved the road towards dealing with large-constant-degree planted distributions. [6] present an
algorithm that whp k-colors planted k-colorable graphs (the distribution of graphs generated by
partitioning the n vertices into k equally-sized color classes, and including every edge connecting
two different color classes with probability p; commonly denoted Gn,p,k) with a sufficiently large
constant expected degree. Building upon the techniques introduced in [6], Chen and Frieze
[34] present an algorithm that 2-colors large constant degree planted 3-uniform bipartite hy-
pergraphs, and Flaxman [28] presents an algorithm for satisfying large-constant clause-variable
ratio planted 3SAT instances.

Though in our analysis we use similar techniques to the aforementioned works, our result
is conceptually different in the following sense. In [6, 34, 28] the starting point is the planted
distribution, and then one designs an algorithm that works well under this distribution. The
algorithm may be designed in such a way that makes its analysis easier. In contrast, our starting
point is a given message passing algorithm (WP), and then we ask for which input distributions
it works well. We cannot change the algorithm in ways that would simplify the analysis. This
is similar in spirit to the work of [5] who showed that RWalkSat works on very sparse uniformly
random 3CNF instances (for which other simple heuristics are also known to work), and to the
work in [27], where a certain version of the k-opt heuristic is shown to work on Pn,p. Another
kind of interplay between algorithms and random distributions is involved in the work on the
lower end of the satisfiability threshold. Much of it is based on the analysis of simple heuristics,
often too simple to be of practical value (e.g., in [15] the pure-literal heuristic is used for very
sparse uniformly random 3CNF instances).

Another difference between our work and that of [6, 34, 28] is that unlike the algorithms
analyzed in those other papers, WP is a randomized algorithm, a fact which makes its analysis
more difficult. We could have simplified our analysis had we changed WP to be deterministic (for
example, by initializing all clause-variable messages to 1 in step 2 of the algorithm), but there are
good reasons why WP is randomized. For example, it can be shown that (the randomized version
of) WP converges with probability 1 on 2CNF formulas that form one cycle of implications, but
might not converge if step 4 does not introduce fresh randomness in every iteration of the
algorithm (details omitted).

5.3 Our Results

We state our results with respect to a somewhat different notion of planted distribution. Fix
an assignment ϕ and include every clause consistent with ϕ with probability p. Standard
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calculations show that when m = p · 7(
n
3

)
then for the “interesting” properties, Pn,m and Pn,p

behave similarly.
Given a 3CNF F , simplify F according to ψ, when ψ is a partial assignment, means: in

every clause substitute every assigned variable with the value given to it by ψ. Next, if a clause
contains a literal which evaluates to true, remove the clause. Otherwise, remove all literals
which evaluate to false. The resulting instance is not necessarily in 3CNF form. Denote by F |ψ
the 3CNF F simplified according to ψ. For a set of variables A ⊆ V , denote by F [A] the set of
clauses in which all variables belong to A.

To better understand our results it would be convenient to have the somewhat informal
notion of a simple formula in mind. We call a 3CNF formula simple, if it can be satisfied using
simple well-known heuristics (examples include very sparse random 3CNF formulas which are
solvable whp using the pure-literal heuristic [15], formulas with small weight terminators – to
use the terminology of [5] – solvable whp using RWalkSat, etc).

Theorem 5.1. Let F be a 3CNF formula randomly sampled according to Pn,p, where p ≥ d/n2,
d a sufficiently large constant. Then the following holds whp (the probability taken over the
choice of F , and the random choices in lines 2 and 4 of the WP algorithm). There exists a
satisfying assignment ϕ∗ (not necessarily the planted one) such that:

1. WP(F ) converges after at most O(log n) iterations.

2. Let ψ be the partial assignment returned by WP(F ), let VA denote the variables assigned
to either TRUE or FALSE in ψ, and VU the variables left UNASSIGNED. Then for every
variable x ∈ VA, ψ(x) = ϕ∗(x). Moreover, #VA ≥ (1− e−Θ(d))n.

3. F |ψ is a simple formula which can be satisfied in time O(n).

Proposition 5.2. Let F be a 3CNF formula randomly sampled according to Pn,p, where p ≥
c log n/n2, with c a sufficiently large constant, and let ϕ be its planted assignment. Then whp
after at most 2 iterations, WP(F ) converges, and the returned ψ equals ϕ.

It is worth noting that formulas in Pn,p, n2p some large constant, are not known to be
simple (in the sense that we alluded to above). For example, it is shown in [5] that RWalkSat
is very unlikely to hit a satisfying assignment in polynomial time when running on a random
Pn,p instance in the setting of Theorem 5.1.

Comparing our results with the coding setting, the effectiveness of message passing algo-
rithms for amplifying local information in order to decode codes close to channel capacity was
recently established in a number of papers, e.g. [42, 49]. Our results are similar in flavor,
however the combinatorial analysis provided here allows to recover an assignment satisfying all
clauses, whereas in the random LDPC codes setting, message passing allows to recover only
1 − o(1) fraction of the codeword correctly. In [43] it is shown that for the erasure channel,
all bits may be recovered correctly using a message passing algorithm, however in this case the
LDPC code is designed so that message passing works for it. We on the other hand take a
well known SAT distribution and analyze the performance of a message passing algorithm on
it, without changing either of them to ease-up the analysis.
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The remainder of the chapter is structured as follows. Section 5.4 provides an overview that
may help the reader follow the more technical parts of the proofs. In Section 5.5 we discuss
some properties that a typical instance in Pn,p possesses. Using these properties, we prove in
Section 5.6 Theorem 5.1 and Proposition 5.2. In Section 5.8 we summarize our results and
discuss potentially interesting lines for further research.

5.4 An overview

Let us first consider some possible fixed points of the Warning Propagation (WP) algorithm.
The trivial fixed point is the one in which all messages are 0. One may verify that this is the
unique fixed point in some cases when the underlying 3CNF formula is very easy to satisfy, such
as when all variables appear only positively, or when every clause contains at least two variables
that do not appear in any other clause. A local maximum fixed point is one that corresponds
to a strict local maximum of the underlying MAX-3SAT instance, namely to an assignment τ

to the variables in which flipping the truth assignment of any single variable causes the number
of satisfied clauses to strictly decrease. The reader may verify that if every clause C sends a 1
message to a variable if no other variable satisfies C under τ , and a 0 message otherwise, then
this is indeed a fixed point of the WP algorithm. Needless to say, the WP algorithm may have
other fixed points, and might not converge to a fixed point at all.

Recall the definition of Pn,p. First a truth assignment ϕ to the variables V = {x1, x2, ..., xn}
is picked uniformly at random. Next, every clause satisfied by ϕ is included in the formula with
probability p (in our case p ≥ d/n2, d a sufficiently large constant). There are (23 − 1) · (n

3

)

clauses satisfied by ϕ, hence the expected size of F is p · 7 · (n
3

)
= 7dn/6 + o(n) (when d is

constant, then this is linear in n, and therefore such instances are sometimes referred to as
sparse 3CNF formulas). To simplify the presentation, we assume w.l.o.g. (due to symmetry)
that the planted assignment ϕ is the all-one vector.

To aid intuition, we list some (incorrect) assumptions and analyze the performance of WP
on a Pn,p instance under these assumptions.

1. In expectation, a variable appears in 4
(
n
2

)
p = 2d+o(1) clauses positively, and in 3d/2+o(1)

clauses negatively. Our first assumption is that for every variable, its number of positive
and negative appearances is equal to these expectations.

2. We say that a variable supports a clause with respect to the planted assignment (which
was assumed without loss of generality to be the all 1 assignment) if it appears positively
in the clause, and the other variables in the clause appear negatively. Hence the variable
is the only one to satisfy the clause under the planted assignment. For every variable in
expectation there are roughly d/2 clauses that it supports. Our second assumption is that
for every variable, the number of clauses that it supports is equal to this expectation.

3. Recall that in the initialization of the WP algorithm, every clause-variable message C → x

is 1 w.p. 1
2 , and 0 otherwise. Our third assumption is that for every variable, half the

messages it receives from clauses in which it is positive are initialized to 1, and half the
messages from clauses in which it is negative are initialized to 1.
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4. Recall that in step 3b of WP, clause-variable messages are updated in a random order. Our
fourth assumption is that in each iteration of step 3, the updates are based on the values of
the other messages from the previous iteration, rather than on the last updated values of
the messages (that may correspond either to the previous iteration or the current iteration,
depending on the order in which clause-variable messages are visited). Put differently, we
assume that in step 3b all clause-variable messages are evaluated in parallel.

Observe that under the first two assumptions, the planted assignment is a local maximum
of the underlying MAX-3SAT instance. We show that under the third and fourth assumption,
WP converges to that local maximum, which is also a fixed point, in two iterations. Recalling
the initial messages in our third assumption, the messages that variables send to clauses are
all roughly (2d − 3d/2)/2 = d/4. Following the initialization, in the first iteration of step 3
every clause C that x supports will send x the message 1, and all other messages will be
0. Here we used our fourth assumption. (Without our fourth assumption, WP may run into
trouble as follows. The random ordering of the edges in step 3 may place for some variable
x all messages from clauses in which it appears positively before those messages from clauses
in which it appears negatively. During the iteration, some of the messages from the positive
clauses may change from 1 to 0. Without our fourth assumption, this may at some point cause
x to signal to some clauses a negative rather than positive value.) The set of clause-variable
messages as above will become a fixed point and repeat itself in the second iteration of step 3.
(For the second iteration, the fourth assumption is no longer needed.) Hence the algorithm will
terminate after the second iteration.

Unfortunately, none of the four assumptions that we made are correct. Let us first see to
what extent they are violated in the context of Proposition 5.2, namely, when d is very large,
significantly above log n. Standard concentration results for independent random variables then
imply that the first, second and third assumptions simultaneously hold for all variables, up to
small error terms that do not effect the analysis. Our fourth assumption is of course never true,
simply because we defined WP differently. This complicates the analysis to some extent and
makes the outcome depend on the order chosen in the first iteration of step 3a of the algorithm.
However, it can be shown that for most such orders, the algorithm indeed converges to the fixed
point that corresponds to the planted assignment.

The more difficult part of our work is the case when d is constant (though a sufficiently large
constant), as in the case of Theorem 5.1. In this case, already our first two assumptions are
incorrect. Random fluctuations with respect to expected values will whp cause a linear fraction
of the variables to appear negatively more often than positively, or not to support any clause
(with respect to the planted assignment). In particular, the planted assignment would no longer
be a local maximum with respect to the underlying MAX-3SAT instance. Nevertheless, as is
known from previous work [28], a large fraction of the variables will behave sufficiently close to
expectation so that the planted assignment is a local maximum with respect to these variables.
Slightly abusing notation, these set of variables are often called the core of the 3CNF formula.
Our proof plan is to show that WP does converge, and that the partial assignment in step 4
assigns all core variables their correct planted value. Moreover, for non-core variables, we wish
to show that the partial assignment does not make any unrecoverable error – whatever value
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it assigns to some of them, it is always possible to assign values to those variables that are left
unassigned by the partial assignment so that the input formula is satisfied. The reason why we
can expect such a proof plan to succeed is that it is known to work if one obtains a good initial
partial assignment by means other than WP, as was already done in [28, 27].

Let us turn now to our third assumption. It too is violated for a linear fraction of the
variables, but is nearly satisfied for most variables. This fact marks one point of departure for
our work compared to previous work [28, 27]. Our definition of the core variables will no longer
depend only on the input formula, but also on the random choice of initialization messages.
This adds some technical complexity to our proofs.

The violation of the fourth assumption is perhaps the technical part in which our work is
most interesting. It relates to the analysis of WP on factor graphs that contain cycles, which
is often a stumbling point when one analyzes message passing algorithms. Recall that when
d = Ω(log n) (Proposition 5.2), making the fourth assumption simplifies the proof of convergence
of WP. Hence removing this assumption in that case becomes a nuisance. On the other hand,
when d is smaller (as in Theorem 5.1), removing this assumption becomes a necessity. This will
become apparent when we analyze convergence of WP on what we call free cycles. If messages
in step 3b of WP are updated based on the value of other messages in the previous iteration (as
in our fourth assumption), then the random choice of order in step 3a of WP does not matter,
and one can design examples in which the messages in a free cycle never converge. In contrast,
if messages in step 3b of WP are updated based on the latest value of other messages, (either
from the previous iteration or from the current iteration, whichever one is applicable), in the
random order of the current iteration, then free cycles converge with probability 1 (as we shall
later show).

To complete the proof plan, we still need to show that simplifying the input formula ac-
cording to the partial assignment returned by WP results in a formula that is satisfiable, and
moreover, that a satisfying assignment for this sub-formula can easily be found. The existen-
tial part (the sub-formula being satisfiable) will follow from a careful analysis of the partial
assignment returned by WP. The algorithmic part (easily finding an assignment that satisfies
the sub-formula) is based on the same principles used in [6, 28], showing that the sub-formula
breaks into small connected components.

5.5 Properties of a Random Pn,p Instance

In the previous chapters we discussed some properties of typical planted instances. However
since the algorithm WP itself tosses coins, things become more complicated. One difference from
previous chapters is that we incorporate into the notion of core also properties of the algorithm
(the random order in which the messages are evaluated). Thus, in this chapter we prove anew
all the properties that we require for the analysis, but usually as an elaborated outline of a proof
(the fine details can be easily completed by the reader, or can be found in previous chapters).
In what follows, for simplicity of presentation, we assume w.l.o.g. that the planted assignment
is the all TRUE assignment.



5.5. Properties of a Random Pn,p Instance 57

5.5.1 Stable Variables

Definition 5.3. A variable x supports a clause C with respect to a partial assignment ψ, if it
is the only variable to satisfy C under ψ, and the other two variables are assigned by ψ.

Proposition 5.4. Let F be a 3CNF formula randomly sampled according to Pn,p, where p ≥
d/n2, d a sufficiently large constant. Let FSUPP be a random variable counting the number of
variables in F whose support w.r.t. ϕ is less than d/3. Then whp FSUPP ≤ e−Θ(d)n.

Proof. (Outline) The proposition follows from simple concentration arguments. Every variable
is expected to support d

n2 ·
(
n
2

)
= d

2 +O( 1
n) clauses, thus using e.g. Chernoff’s bound and linearity

of expectation, one obtains E[FSUPP ] ≤ e−Θ(d)n. To prove concentration around the expected
value one can use the Chernoff bound once more as the support of one variable is independent of
the others (since it concerns different clauses which are included independently of each other).

Following the definitions in Section 5.1, given a CNF F and a variable x, we let N++(x) be
the set of clauses in F in which x appears positively but doesn’t support w.r.t. ϕ. Let N s(x)
be the set of clause in F which x supports w.r.t. ϕ. Let π = π(F ) be some ordering of the
clause-variable message edges in the factor graph of F . For an index i and a literal `x (by `x

we denote a literal over the variable x) let π−i(`x) be the set of clause-variable edges (C → x)
that appear before index i in the order π and in which x appears in C as `x. For a set of
clause-variable edges E and a set of clauses C we denote by E ∩ C the subset of edges containing
a clause from C as one endpoint.

Definition 5.5. A variable x is stable in F w.r.t. an edge order π if the following holds for
every clause-variable edge C → x (w.l.o.g. assume C = (`x∨ `y ∨ `z), C → x is the i’th message
in π):

1. |#π−i(y) ∩N++(y)−#π−i(ȳ) ∩N−(y)| ≤ d/30.

2. |#N++(y)−#N−(y)| ≤ d/30.

3. #N s(y) ≥ d/3

and the same holds for z.

Proposition 5.6. Let F be a 3CNF formula randomly sampled according to Pn,p, where p ≥
d/n2, d a sufficiently large constant. Let π be a random ordering of the clause-variable messages,
and FUNSTAB be a random variable counting the number of variables in F which are not stable.
Then whp FUNSTAB ≤ e−Θ(d)n.

Proof. We start by bounding E[FUNSTAB]. Consider a clause-variable message edge C → x

in location i in π, C = (`x ∨ `y ∨ `z). Now consider location j ≤ i. The probability of an edge
C ′ → ȳ in location j is

(
3
(
n
2

))
/

(
7
(
n
3

))
= 3

7n + O( 1
n) which is exactly the probability of an edge

C ′′ → y, C ′′ ∈ N++(y). This implies

E[|#π−i(y) ∩N++(y)−#π−i(ȳ) ∩N−(y)|] = 0.
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If however
|#π−i(y) ∩N++(y)−#π−i(ȳ) ∩N−(y)| > d/30

then at least one of the quantities deviates from its expectation by d/60.
Look at #π−i(y)∩N++(y) – this is the number of success in draws without replacement. It

is known that this quantity is more concentrated than the corresponding quantity if the draws
were made with replacement [33]. In particular, since the expectation of #π−i(y) ∩N++(y) is
O(d) it follows from Chernoff’s bound that the probability that it deviates from its expectation
by more than d/60 is e−Θ(d). A similar statement holds for #π−i(ȳ) ∩ N−(y). Properties (b)
and (c) are bounded similarly using concentration results.
The calculations above hold in particular for the first 5d appearances of messages involving x.
As for message 5d+1, the probability of this message causing x to become unstable is bounded
by the event that x appears in more than 5d clauses. As x is expected to appear in 3.5d clauses,
the latter event happens w.p. e−Θ(d) (again using standard concentration results). To sum up,

Pr[x is unstable ] ≤ 5d · e−Θ(d) + e−Θ(d) = e−Θ(d).

The bound on E[FUNSTAB] follows by linearity of expectation.
We are now left with proving that FUNSTAB is concentrated around its expectation, we do

so using a martingale argument. Define two new random variables, F1 counting the number
of unstable variables x s.t. there exists a clause C, containing x, and another variable y, s.t.
y appears in more than log n clauses, and F2 to be the unstable variables s.t. in all clauses
in which they appear, all the other variables appear in at most log n clauses. Observe that
FUNSTAB = F1 + F2. To bound F1, observe that if F1 ≥ 1, then in particular this implies that
there exists a variable which appears in more than log n clauses in F . This however can be
shown not to happen whp (since every variable is expected to appear only in O(d) clauses). To
bound F2 we use a martingale argument in the framework of [8], page 101. We use the clause-
exposure martingale (the clause-exposure martingale implicitly includes the random ordering π,
since one can think of the following way to generate the random instance – first randomly shuffle
all possible clauses, and then toss the coins). The exposure of a new clause C can change F2 by
at most 6 log n since every variable in C appears in at most log n clauses, namely with at most
2 log n other variables that might become (un)stable due to the new clause. The martingale’s
total variance, to use the terminology in [8], is σ2 = Θ(dn log2 n). Using inequality (7.1) in
[8] page 101, with α = e−Θ(d)√n/ log n, and the fact that E[F2] ≤ E[FUNSTAB], concentration
around the expectation of F2 is obtained.

Let α ∈ {0, 1}3#F be a clause-variable message vector. For a set of clause-variable message
edges E let 1α(E) be the set of edges along which the value is 1 according to α. For a set
of clauses C, 1α(C) denotes the set of clause-variable message edges in the factor graph of F

containing a clause from C as one endpoint and along which the value is 1 in α.

Definition 5.7. A variable x is violated by α in π if there exists a message C → x, C =
(`x ∨ `y ∨ `z), in place i in π s.t. one of the following holds:

1. |#1α(π−i(y) ∩N++(y))−#1α(π−i(ȳ) ∩N−(y))| > d/30



5.5. Properties of a Random Pn,p Instance 59

2. |#1α(N++(y))−#1α(N−(y))| > d/30

3. #1α(N s(y)) < d/7.

Or one of the above holds for z.

Proposition 5.8. Let F be as in the setting of Theorem 5.1, and let X be a set of stable variables
w.r.t. an arbitrary ordering π. Let α be a random clause-variable message vector. Let FV IO be
a random variable counting the number of violated variables in X. Then, FV IO ≤ e−Θ(d)#X.

Proof. As in the proof of Proposition 5.6, we first bound E[FV IO], and then prove concentration
using a martingale argument. Since the martingale argument is the same as Proposition 5.6
(instead of a clause-exposure martingale, we have a clause-variable message values exposure
martingale), we just show how to bound the expectation.

Consider a stable variable x in F w.r.t. to an ordering π of the clause-variable messages. Let
α be a random assignment to the clause-variable messages. Consider a clause-variable message
edge C → x at location i in π. x is stable and therefore

|#π−i(y) ∩N++(y)−#π−i(y) ∩N−(y)| ≤ d/30.

Since α is a random assignment

E[|#1α(π−i(y) ∩N++(y))−#1α(π−i(ȳ) ∩N−(y))|] ≤ d/60.

If however
|#1α(π−i(y) ∩N++(y))−#1α(π−i(ȳ) ∩N−(y))| > d/30, (5.1)

then at least one of the quantities in (5.1) deviated from its expectation by at least (d/30 −
d/60)/2. Since both quantities are binomially distributed with expectation O(d), the probability
of the latter happening is e−Θ(d), using standard concentration results. Properties (b) and (c)
are bounded similarly using tight concentration results. Using the union bound as in the proof
of Proposition 5.6 and the linearity of expectation the bound on the expectation follows.

5.5.2 Discrepancy Properties

We prove a proposition very similar to Proposition 2.5, however stated in a way that is more
suitable to our setting.

Proposition 5.9. Let c > 1 be an arbitrary constant. Let F ∈ Pn,pbe as in the setting of
Theorem 5.1. Then whp there exists no subset of variables U , s.t. #U ≤ e−Θ(d)n and there are
at least c#U clauses in F containing two variables from U .

Proof. (Outline) For a fixed set U of variables, #U = k, the number of clauses containing two
variables from U is (

k

2

)
(n− 2)23 ≤ 4k2n.
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Each of these clauses is included independently w.p. d
n2 . Thus, the probability that ck of them

are included is at most
(

4k2n

ck

)(
d

n2

)ck

≤
(

4k2ne

ck
· d

n2

)ck

≤
(

12kd

cn

)ck

.

Using the union bound, the probability there exists a ”dense” set U is at most

e−Θ(d)n∑

k=2

(
n

k

)(
12kd

cn

)ck

= O(d2c/n2c−2).

The last equality is obtained using standard calculations.

5.5.3 The Core Variables

The notion of a stable variable is not enough to ensure that the algorithm will set a stable
variable according to the planted assignment, as it may happen that a stable variable x appears
in many of its clauses with unstable variables. Thus, x can be biased in the wrong direction
(by wrong we mean disagreeing with the planted assignment). However, if most of the clauses
in which x appears contain only stable variables, then this is already a sufficient condition to
ensure that x will be set correctly by the algorithm. The set H captures the notion of such
variables. Our notion of core here is quite similar to the previous notion we had (see Definition
2.11), but has more ingredients (in particular, the order in which the messages are evaluated).

This time we chose to define a core via an explicit procedure, rather through an abstract
definition. There are several ways to define a set of variables with these desired properties, we
present one of them.

Formally, H = H(F, ϕ, α, π) is constructed using the following iterative procedure:

Let A1 be the set of variables whose support w.r.t. ϕ is at most d/3.
Let A2 be the set of non-stable variables w.r.t. π.
Let A3 be the set of stable variables w.r.t. π which are violated by α.

1. Set H0 = V \ (A1 ∪A2 ∪A3).

2. While there exists a variable ai ∈ Hi which supports less than d/4 clauses in F [Hi] OR
appears in more than d/30 clauses not in F [Hi] define Hi+1 = Hi \ {ai}.

3. Let am be the last variable removed in step 2. Define H = Hm+1.

Proposition 5.10. If both α and π are chosen uniformly at random then whp #H ≥ (1 −
e−Θ(d))n.

Proof. Let H̄ = V \H. Set δ = e−Θ(d). Partition the variables in H̄ into variables that belong
to A1 ∪ A2 ∪ A3, and variables that were removed in the iterative step, H̄ it = H0 \ H. If
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#H̄ ≥ δn, then at least one of A1 ∪A2 ∪A3, H̄ it has cardinality at least δn/2. Consequently,

Pr[#H̄ ≥ δn] ≤ Pr[#A1 ∪A2 ∪A3 ≥ δn/2]︸ ︷︷ ︸
(a)

+Pr[#H̄ it ≥ δn/2
∣∣ #A1 ∪A2 ∪A3 ≤ δn/2]︸ ︷︷ ︸

(b)

.

Propositions 5.4, 5.6, and 5.8 and Azuma’s inequality for example are used to bound (a). To
bound (b), observe that every variable that is removed in iteration i of the iterative step (step
2), supports at least (d/3 − d/4) = d/12 clauses in which at least another variable belongs to
{a1, a2, ..., ai−1} ∪ A1 ∪ A2 ∪ A3, or appears in d/30 clauses each containing at least one of the
latter variables. Consider iteration δn/2. Assuming #A1 ∪A2 ∪A3 ≤ δn/2, by the end of this
iteration there exists a set containing at most δn variables, and there are at least d/30 ·δn/2 ·1/3
clauses containing at least two variables from it (we divide by 3 as every clause might have been
counted 3 times). Plugging c = d/180 in Proposition 5.9, (b) is bounded.

5.5.4 The Factor Graph of the Non-Core Variables

Proposition 5.10 implies that for p = c log n/n2, c a sufficiently large constant, whp H contains
already all variables. Therefore the following propositions are relevant for the setting of Theorem
5.1 (namely, p = O(1/n2)).

Proposition 5.11. Whp every connected component in the factor graph induced by the non-
core variables contains O(log n) variables.

This proposition is basically Proposition 2.15, though the notion of core is a bit different (we
do not repeat it’s proof). Proposition 5.11 will not suffice to prove Theorem 5.1, and we need
a further characterization of the non-core factor graph, which is not present in any of the
aforementioned works.

Proposition 5.12. Whp every connected component in the factor graph induced by the non-
core variables contains at most one cycle.

Proposition 5.13. The probability of a cycle of length at least k in the factor graph induced
by the non-core variables is at most e−Θ(dk).

Corollary 5.14. Let f = f(n) be an arbitrary growing function of n (namely, f(n) → ∞ as
n →∞). Then whp there is no cycle of length f(n) in the non-core factor graph

Since Propositions 5.11-5.13 are all proven using similar arguments, we chose to prove Propo-
sition 5.12 which is not present in any of [6, 28]. The proof is given in Section 5.7. We also
show in that section how to change the proof of Proposition 5.12 to fit Proposition 5.13.

5.6 Proof of Theorem 5.1 and Proposition 5.2

We start by giving an outline of the proof of Theorem 5.1, while Proposition 5.2 is derived as
an easy corollary of that proof. We assume that the formula F and the execution of WP are
typical in the sense that Propositions 5.10, 5.11, and 5.12 hold. First we prove that after one
iteration WP sets the core variables H correctly (Bi agrees with ϕ in sign) and this assignment
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does not change in later iterations. The proof of this property is rather straightforward from
the definition of a core. Therefore from iteration 2 onwards WP is basically running on F in
which variables belonging to H are substituted with their planted assignment. This subformula
is satisfiable and its factor graph contains small (logarithmic size) connected components, each
containing at most one cycle. Consider a connected component composed of a cycle and trees
“hanging” on the cycle. Proving convergence on the trees is done using a standard inductive
argument. The more involved part is proving convergence on the cycle, and this involves a
careful case analysis and arguments similar in flavor to the analysis of a random-walk on a line.

The set VA of Theorem 5.1 is composed of all variables from H and those variables from
the non-core factor graph that get assigned. The set VU is composed of the UNASSIGNED
variables from non-core factor graph. We now proceed with the formal proof.

5.6.1 Analysis of WP on the core factor graph

We start by proving that the messages concerning the factor graph induced by the core-variables
converge to the correct value, and remain the same until the end of the execution.

We say that a message C → x, C = (`x ∨ `y ∨ `z), is correct if its value is the same as it is
when y → C and z → C are 1 (that is agree in sign with their planted assignment). In other
words, C → x is 1 iff C = (x ∨ ȳ ∨ z̄) (x supports C).

Proposition 5.15. If xi ∈ H and all messages C → xi, C ∈ F [H] are correct at the beginning
of an iteration (line 3 in the WP algorithm), then this invariant is kept by the end of that
iteration.

Proof. By contradiction, let C0 → x be the first wrongly evaluated message in the iteration.
W.l.o.g. assume C0 = (`x ∨ `y ∨ `z). Then at least one of y, z sent a wrong message to C0.

y → C0 =
∑

C∈N+(y),C 6=C0

C → y −
∑

C′∈N−(y),C′ 6=C0

C ′ → y.

Every message C ′′ → y, C ′′ ∈ F [H] ∩ {N++(y) ∪ N−(y)} is 0 (since it was correct at the
beginning of the iteration and that didn’t change until evaluating C0 → x). On the other hand,
y ∈ H and therefore it supports at least d/4 clauses in F [H]. Thus at least (d/4− 1) messages
in the left hand sum are ‘1’ (we subtract 1 as y might support C0). y appears in at most d/30
clauses with non-core variables (all of which may contribute a wrong ’1’ message to the right
hand sum). All in all, y → C0 ≥ (d/4 − d/30 − 1) > d/5, which is correct (recall, we assume
ϕ = 1n). The same applies for z, contradicting our assumption.

Proposition 5.16. If xi ∈ H and all messages C → xi, C ∈ F [H] are correct by the end of a
WP iteration, then Bi agrees in sign with ϕ(xi) by the end of that iteration.

Proposition 5.16 follows immediately from the definition of H and the message Bi. It suffices
to show then that after the first iteration all messages C → xi, C ∈ F [H] are correct.

Proposition 5.17. If F is a typical instance in the setting of Theorem 5.1, then after one
iteration of WP(F), for every variable xi ∈ H, every message C → xi, C ∈ F [H] is correct.



5.6. Proof of Theorem 5.1 and Proposition 5.2 63

Proof. The proof is by induction on the order of the execution in the first iteration. Consider
the first message C → x, C = (`x ∨ `y ∨ `z), C ∈ F [H], to be evaluated in the first iteration.
Now consider the message y → C at the time C → x is evaluated. All messages C ′ → y,
C ′ ∈ F [H] have their initial random value (as C → x is the first core message to be evaluated).
Furthermore, y ∈ H, and therefore there are at most d/30 messages of the form C ′′ → y,
C ′′ /∈ F [H]. x ∈ H hence it is stable w.r.t. π and not violated by the initial clause-variable
random messages. Therefore

y → C ≥ d/7︸︷︷︸
property (c) in definition. 5.7

− d/30︸︷︷︸
property (b) in definition. 5.7

− d/30︸︷︷︸
non-core messages

> d/14.

The same applies to z, to show that C → x is correct. Now consider a message C → x at
position i, and assume all core messages up to this point were evaluated correctly. Observe
that every core message C ′ → y that was evaluated already, if C ′ ∈ {N++(y) ∪N−(y)} ∩ F [H]
then its value is ’0’ by the induction hypothesis. Since x is not violated by α, property (b)
in definition 5.7 ensures that to begin with |#1α(N++(y)) − #1α(N−(y))| ≤ d/30. y ∈ H,
therefore it appears in at most d/30 non-core messages, all of which could have been already
wrongly evaluated, changing the above difference by additional d/30. As for the core messages
of y which were already evaluated, since they were evaluated correctly, property (a) in definition
5.7 ensures that the above difference changes by at most additional d/30. All in all, by the time
we evaluate C → x,

∑

C′∈N++(y),C′ 6=C

C ′ → y −
∑

C′′∈N−(y),C′′ 6=C

C ′′ → y ≥ −3 · d/30.

As for messages that y supports, property (c) in definition 5.7 ensures that their contribution
is at least d/7 to begin with. Every core message in N s(y) that was evaluated turned to ’1’,
every non-core message was already counted in the above difference. Therefore y → C ≥
d/7− 3 · d/30 > d/25. The same applies to z showing that C → x is correct.

To prove Proposition 5.2, observe that when p = c log n/n2, with c a sufficiently large
constant, Proposition 5.10 implies H = V . Combing this with Proposition 5.17, Proposition 5.2
readily follows.

5.6.2 Analysis of WP on the non-core factor graph

It now remains to analyze the behavior of WP on the non-core factor graph, given that the
messages involving the core factor graph have converged correctly. A key observation is that
once the messages in the factor graph induced by the core variables converged, we can think of
WP as if running on the formula resulting from replacing every core variable with its planted
assignment and simplifying (which may result in a 1-2-3CNF).

Proposition 5.18. Let WP1(t) denote the t’th iteration of WP after it has converged on the
core. Let WP2(t) denote the t’th iteration of WP on the formula obtained by replacing each core
variable with its planted assignment and simplifying. Then for all variables x and clauses C not
in the core, the messages x → C and C → x are identical in both algorithms.
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Proof. First note that all messages x → C, x ∈ H, do not change (sign) from the second
iteration onwards (by the analysis in the proof of Proposition 5.17). Furthermore, if `x satisfies
C in ϕ, then x → C is positive (if x is a true literal in C, or negative otherwise), and therefore
all messages C → y, y 6= x are constantly 0. Namely, they don’t effect any calculation, and this
is as if we replaced `x with TRUE, and in the simplification process C disappeared. If `x is false
in C under ϕ, then x → C is constantly negative (if `x = x, or constantly positive if `x = x̄), and
this is exactly like having `x removed from C (which is the result of the simplification process).

Note that to prove the convergence of the algorithm we need also to prove that messages of
the sort C → x where C is not in the core and x is in the core converge. However, if we prove
that all messages in the factor graph induced by the non-core variables converge, then this (with
the fact that the core factor graph messages converge) immediately implies the convergence of
messages of this type. Therefore, our goal reduces to proving convergence of WP on the factor
graph induced by F |ψ, where ψ assigns the core variables their planted assignment, and the rest
are UNASSIGNED.

We define weakly correct as follows. A message C → x is said to be weakly correct if
C → x = 1 then x is positive in C.

Consider a connected component in the non-core factor graph consisting of a cycle with
trees hanging from it. Our analysis proceeds in three steps:

• We first prove that clause-variable and variable-clause messages of the form α → β where
α → β lead from the trees to the cycle, converge weakly correctly w.r.t. the planted
assignment. In the case that the component has no cycles, this concludes the proof.

• Then, using a refined case analysis, we show that the messages along the cycle also converge
whp, this time not necessarily to the planted assignment, but to some satisfying assignment
which agrees with the already converged messages.

• Finally, we conclude by showing that messages from the cycles to the trees converge which
implies that all messages in the connected component converge correctly according to some
satisfying assignment.

Consider the factor graph F induced by the simplified formula. A cycle in F is a collection
x1, C2, x3, C4, . . . , xr = x1 where xi and xi+2 belong to Ci+1 for all i (in our description we
consider only odd values of i) and xi 6= xi+2, Ci+1 6= Ci+3 for all i. A factor graph F is a tree
if it contains no cycles. It is unicyclic if it contains exactly one cycle. Let x → C be a directed
edge of F . We say that x → C belongs to the cycle, if both x and C belong to the cycle. For
an edge x → C that does not belong to the cycle, we say that x → C is directed towards the
cycle if x doesn’t belong to the cycle and there exists a directed path from C to some element
of the cycle. We say that the edge x → C is directed away from the cycle if C doesn’t belong to
the cycle and there exists a directed path originating from the cycle and ending at x. Similarly
we define what it means for an edges C → x to belong to the cycle, to be directed towards the
cycle and to be directed away from the cycle.
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Proposition 5.19. Let F be a unicyclic factor graph. Then every directed edge of the form
x → C or C → x either belongs to the cycle, is directed towards it or directed away from it.

Proof. Recall that the factor graph is an undirected graph, and the direction is associated with
the messages. Take an edge x → C (similarly for C → x), if it lies on the cycle, then we are
done. Otherwise, since the factor graph is connected, consider the path in the tree leading from
some element of the cycle to C. This path is either contained in the path to x or contains it
(otherwise there is another cycle). In the first case x → C is directed towards the cycle, and in
the latter x → C is directed away from the cycle.

Convergence of messages directed towards the cycle

Lemma 5.20. Let C → x be an edge in the non-core factor graph belonging to a connected
component of size s. Suppose that the factor graph F is either a tree or F is unicyclic and
C → x is directed towards the cycle then the message C → x converges after at most O(s)
iterations. Furthermore, if C → x = 1 then x appears positively in C.

Remark 5.21. Lemma 5.20 immediately implies that all messages y → C ′ pointing towards
the cycle also converge correctly as y → C ′ depends on messages C → y whose direction is
towards the cycle (and they converged by the Lemma).

We also immediately obtain that

Corollary 5.22. Let x be a variable on the cycle, and C → x an edge directed towards the
cycle then the message along the edge C → x converges after at most O(s) iterations and if
after convergence C → x = 1 then x appears positively in x.

Proof. (Lemma 5.20) We consider the case C = (`x ∨ `y) – the case C = (`x ∨ `y ∨ `z) where
all three literals belong to non-core variables is proved similarly. Using the terminology of [14],
for an edge (C, x) in the factor graph, we define level(C, x) to be ∞ if (C, x) lies on a cycle,
or i if i is the maximal length of a path between C and a leaf in the factor graph from which
the edge (C, x) is removed. The lemma is now proved using induction on i. Namely, after the
i′th iteration, all messages C → x associated with an edge (C, x) at level i converge, and if
C → x = 1 then x appears positively in C.

The base case is an edge (C, x) at level 0. If level(C, x) = 0 then C is a unit clause
containing only the variable x. By the definition of the messages, in this case C → x = 1
and indeed it must be the case that x is positive in C (as the other two variables evaluate to
FALSE under the planted). Now consider an edge (C, x) at level i, and consider iteration i.
Since i > 0, it must be that there is another non-core variable y in C (or two more variables
y, z). Consider an edge (Ci, y), y ∈ Ci (if no such Ci exists that we are done as C → x will be
constantly 0 in this case). y cannot be on the cycle (otherwise we found another cycle going
through x), and therefore by definition the edge Ci → y points in the direction of the cycle.
Furthermore, level(Ci, y) is strictly smaller than i since every path from C to a leaf (when
deleting the edge (C, x)) passes through some edge (Ci, y). By the induction hypothesis, all
messages Ci → y already converged, and therefore also y → C and in turn C → x. It is only
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left to take care of the case C → x = 1. In this case, there must be a clause Ci s.t. Ci → y = 1
and y appears positively in Ci (by the induction hypothesis), If C → x = 1 it must be that y

appears negatively in C and therefore x must appear positively (otherwise C is not satisfied by
the planted assignment).

Remark 5.23. The same proof (Lemma 5.20) gives that if the connected component is a tree
then all messages C → x converge correctly after O(s) iterations. In fact a more general folklore
fact can be proved using this technique: WP converges on a tree induced by a satisfiable formula,
and there exists a satisfying assignment ψ such that every Bi is either 0 or agrees with ψ.

Convergence of messages on the cycle and the adjacent trees

In the rest of the section we will denote the cycle by x1, C2, x3, C4...x2r−1, C2r, x1 where by this
we mean that xi appears in the clauses before/after it and that Ci contains the two variables
before/after it. We consider two different types of cycles.

• Biased cycles: cycles that have at least one warning message C → xi = 1 coming into the
cycle, where C → xi directs into the cycle and the value of C → xi is the value after the
edge has converged.

• Free cycles: cycles that do not have such messages coming in, or all messages coming in
are 0 messages.

Convergence of WP when the cycle is biased:
First observe that we may assume w.l.o.g. that every clause on the cycle contains exactly two
non-core variables. This is because of the following simple observation (similar to Lemma 5.18).
Consider an edge going into the cycle, z → C, and w.l.o.g. assume that z appears positively
in C. After all the edges going into the cycle have converged, if z → C ≥ 0 it follows that
C → x = 0 for cycle edges (C, x), and thus execution on the cycle is the same as if C was
removed from the formula, only now we are left with a tree, for which convergence to a correct
assignment is guaranteed (Remark 5.23). If z → C < 0, then the execution is exactly as if z

was removed from C (and C is in 2-CNF form).

Proposition 5.24. Let C be a connected component of the factor graph of size s containing one
cycle s.t. there exists an edge directed into the cycle C → xi where xi belongs to the cycle and
such that the message converges to C → xi = 1. Then WP converges on C after at most O(s)
rounds. Moreover for the fixed point, if the message C ′ → x = 1 then x appears positively in
C ′.

Proof. Lemma 5.20 guarantees that after O(s) iterations all messages directed towards the
cycle have converged correctly. We now consider the execution of WP from the time when this
has happened. Note that a cycle of the type Cj → xj+1 depends only on cycle messages of the
type Cj′ → xj′+1, xj′+1 → Cj′+2 and on messages coming into the cycle. In other words during
the execution of WP the value of all messages Cj′ → xj′−1, xj′−1 → Cj′−2 do not effect the
value of the message Cj → xj+1. Recall that we are in the case where there exists a message
C → xi = 1 going into the cycle (after the convergence of these messages). Note that xi must
appear positively in C. We consider the following cases:
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• There exists a variable xj that appears positively in both Cj−1 and Cj+1 (the case j = i

is allowed here). We note that in this case the message xj → Cj+1 must take the value
either 0 or 1 which implies that the message Cj+1 → xj+2 converges to the value 0. This
in turn implies that the value of all messages xr → Cr+1 and Cr+1 → xr+2 for r 6= j

will remain the same if the clause Cj+1 is removed from the formula. However, this case
reduces to the case of tree formula that was previously analyzed.

• xi appears negatively in Ci+1 and positively in Ci−1. We note that in this case the message
xi → Ci+1 always take the value 1 which implies that the message Ci+1 → xi+2 always
take the value 1. Thus in this case we may remove the clause Ci+1 from the formula and
replace it by the unit clause `y where Ci+1 = `y ∨ x̄i. Again, this reduces to the case of a
tree formula.

• The remaining case is the case where xi appears negatively in both Ci−1 and Ci+1 and
there is no j such that xj appears positively in both Cj−1 and Cj+1. We claim that this
leads to contradiction. Note that by the lemma above there exists a satisfying assignment
where xi = 1. Write Ci+1 = x̄i ∨ `i+2. Then for the truth assignment we must have
`i+2 = 1, similarly `i+4 = 1 etc. until we reach x̄i = 1 - a contradiction.

To summarize, the biased cycle case reduces to a tree, and thus after an additional O(s) itera-
tions it converges in a way that does not disagree with the planted assignment. Lastly, repeating
the argument of Lemma 5.20 once again, one proves that after additional O(s) iterations, all
messages concerning non-cycle edges that point away from the cycle converge weakly correctly,
proving Proposition 5.24.

Corollary 5.25. Assume the conditions of Proposition 5.24. Then for every variable xi in C
it holds that once the messages have converged, Bi does not disagree with ϕ.

The corollary follows immediately by the last statement in Proposition 5.24.

Convergence of WP when the cycle is free:

Claim 5.26. Let C be a connected component of the factor graph of size s containing one cycle
of size r s.t. the fixed point contains no messages C → x = 1 going into the cycle (the cycle
is free). Then whp WP converges after at most O(r2 · log n + s) rounds. Moreover for the
fixed point, if we simplify the formula which induces C according to the resulting Bi’s, then the
resulting subformula is satisfiable.

Remark 5.27. Observe that the free case is the only one where convergence according to the
planted assignment is not guaranteed. Furthermore, the free cycle case is the one that may not
converge “quickly” (or not at all), though this is extremely unlikely. The proof of Proposition
5.26 is the only place in the analysis where we use the fact that in line 3.a of WP we use fresh
randomness in every iteration.

We now prove Proposition 5.26. We divide the analysis into two cases. The easy one is the
case in which the cycle contains a pure variable w.r.t the cycle (though this variable may not
be pure w.r.t to the entire formula).



68 Chapter 5: The Message Passing Paradigm: Warning Propagation

Claim 5.28. If the cycle contains a variable xi appearing in the same polarity in both Ci+1, Ci−1,
then the messages C → x along cycle edges converge. Moreover for the fixed point, if C → x = 1
then x satisfies C according to ϕ.

The proof is very similar to the first case in the proof of Proposition 5.24. We omit the
details.
We now move to the harder case, in which the cycle contains no pure variables (which is the
case responsible for Remark 5.27).

Proposition 5.29. Consider a free cycle of size r with no pure literal, and one of the two
directed cycles of messages. Then the messages along the cycle converge whp to either all 0 or
all 1 in O(r2 log n) rounds.

Convergence whp in polynomial time suffices due to Corollary 5.14 (which asserts that whp
every cycle is of length at most logε n for every ε > 0). The proof of Proposition 5.29 is given
in the end of this section. We proceed by analyzing WP assuming that Proposition 5.29 holds,
which is the case whp.

Proposition 5.30. Suppose that the cycle messages have converged (in the setting of Proposi-
tion 5.29), then the formula resulting from substituting every xi with the value assigned to it by
Bi (according to the fixed point of WP), and simplifying, is satisfiable.

Proof. Let F be the subformula that induces the connected component C, and decompose it
according to the trees that hang on the cycle’s variables and the trees that hang on the cycle’s
clauses. Observe that the formulas that induce these trees are variable and clause disjoint (since
there is only one cycle in the C).

Consider a tree hanging on a cycle variable xi. Let C be some non-cycle clause that contains
xi, and FC the subformula that induces the tree rooted at C. Observe that once the cycle has
converged, then the message xi → C does not change anymore. If xi → C agrees with ϕ then
Remark 5.23 guarantees correct convergence on satisfiable trees. Now consider the case where
xi → C disagrees with ϕ. Recall that we assume ϕ(xi) = TRUE, and therefore x → C is
negative in the fixed point. If xi appears negatively in C then C → y = 0 for every y ∈ C

(since xi signals C that it satisfies it), and therefore C doesn’t effect any calculation from this
point onwards, and the correct convergence of FC is again guaranteed by Remark 5.23 on the
convergence for satisfiable trees. The more intricate case is if C contains xi positively. Since
we are in the free case, it must hold that C → x = 0. Therefore using Proposition 5.31 below
one obtains that FC is satisfiable (regardless of the assignment of xi), and WP will converge as
required (again Remark 5.23).

Now consider a tree hanging on a cycle clause. Namely, Ci+1 = (xi∨xi+2∨y), where xi, xi+2

are cycle variables, and (Ci+1, y) is a tree edge. If one of the cycle orientations converged to
0, then Ci+1 → y converges to 0, and then Remark 5.23 guarantees correct convergence. The
same applies to the case where both orientations converge to 1 and y’s polarity in Ci+1 agrees
with ϕ. In this case Ci+1 → y also converges to 1 since no variable is pure on the cycle, and
both xi, xi+2 signal Ci+1 that they will not satisfy it.

The delicate case remains when Ci+1 → y converges to 1 but y’s polarity in Ci+1 disagrees
with ϕ, that is, y is negative in Ci+1. The key observation is that the message y → Ci+1 (which
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is directed towards the cycle) must have converged to a positive value (otherwise, Ci+1 → xi

and Ci+1 → xi+2 would have converged to 0). This means that there is already at least one
message Ĉ1 → y which converges to 1 in which y appears positively (and is directed towards
the cycle). We decompose the tree hanging on y to a spine, and trees hanging on this spine.
The spine is a path of clauses that caused the warning Ĉ1 → y to be issued, and is defined
inductively with the following being the base case: Ĉ1 must be of the form Ĉ1 = (w̄ ∨ k̄ ∨ y)
(by the convergence according to the planted in the direction of the cycle, and the fact that Ĉ1

issues a warning to y); therefore there exist Ĉ2 = (w ∨ ...), Ĉ3 = (k ∨ ...) that signal a warning
to w and k respectively in the direction of the cycle. Ĉ2, Ĉ3 are the second level of the spine,
and so it unfolds.

First we claim that every variable that belongs to a spinal clause sends a non-negative
message to the trees that hang on it, this is proven via induction on the distance of the variable
from y; the base case is distance 0, which is y itself. The messages that we need to verify are
of the form y → C ′, C ′ 6= Ĉ1, which are pointing away from the cycle (all message pointing in
the direction of the cycle have converged correctly, Remark 5.23). In this case y → C ′ ≥ 0 (y’s
message agrees with the planted); this is because the wrong message Ci+1 → y is evened by the
correct warning Ĉ1 → y, and y → C ′ depends only on one message which is directed away from
the cycle – otherwise there is a second cycle. The induction step follows very similarly. This
fact grantees correct convergence of the variables in the trees hanging from spinal variables.

As for variables that belong to spinal clauses, for example y, w, k in the above example,
there is always at most one message Ĉ1 → w in the direction away from the cycle (otherwise
there is more than one cycle); this message may be wrong. Using induction one can show that
there is always at least one correct warning Ĉ2 → w (in the direction of the cycle), therefore
Bw ≥ 0.

Regarding the cycle clauses, the key observation is that setting the cycle variables according
to one arbitrary orientation (say, set xi to satisfy Ci+1) satisfies the cycle and doesn’t conflict
with any satisfying assignment of the hanging trees: if the tree hangs on a variable xi, then
since the cycle is free, the tree is satisfiable regardless of the assignment of xi (Proposition
5.31). In the case that the tree hangs on a cycle-clause C, then the cycle variables and the tree
variables are disjoint, and C is satisfied already by a cycle-variable regardless of the assignment
of the tree-variables. If in the fixed point one cycle orientation is 0 and one orientation is
1, then the Bi messages of the cycle variables implement exactly this policy. If both cycle
orientations converged to 1 or to 0, then the corresponding Bi messages of all cycle variables
are UNASSIGNED (since the cycle is free), but then the same policy can be used to satisfy the
clauses of the cycle in a manner consistent with the rest of the formula.

Claim 5.31. Let (C, x) be a tree edge, let TC be the subtree rooted at C and FC the formula
that induces TC (without the variable x in C). C → x = 0 in the fixed point if and only if FC

is satisfiable.

Proof. The structure of the proof is similar to that of Lemma 5.20. Recall that for an edge
(C, x) in the factor graph we define level(C, x) to be ∞ if (C, x) lies on a cycle, or t if t is the
maximal length of a path between C and a leaf in the factor graph from which the edge (C, x)
is removed. The lemma is now proved using induction on t.
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The base case is an edge (C, x) at level 0. If level(C, x) = 0 then C is a unit clause
containing only the variable x. Indeed C → x = 1 by definition and deleting x from C results
in an unsatisfiable FC .

Now consider an edge (C, x) at level t > 0. Observe that every edge (C, y) in TC has level
value which is strictly smaller than t – since every path from C to a leaf (when deleting the
edge (C, x)) passes through some edge (Cj , y). Assume C = (x∨ `y ∨ `z) (maybe only `y). First
we prove that if FC is not satisfiable then it must be that C → x = 1. If FC is not satisfiable
then it must be that `y = ȳ and `z = z̄ (otherwise, if one of them is positive then ϕ satisfies
FC). Further, observe that there must exist at least one clause Cj containing y positively, and
at least one Ck containing z positively s.t. FCi and FCj are unsatisfiable. Otherwise, we can
define ϕ′ to be ϕ except that y or z are assigned FALSE (depending which of Ci or Cj doesn’t
exist). It is easy to see that ϕ′ satisfies FC , contradicting our assumption. By the induction
hypothesis Ci → y = 1 and Cj → z = 1. This in turn implies that C → xi = 1 (since Ci and
Cj contain y and z respectively in an opposite polarity to C and there cannot be any message
Ck → y = 1 where y appears negatively in Ck since FCk

is satisfiable in this case). Now assume
that C → x = 1. The same arguments imply that C must be of the form C = (x ∨ ȳ ∨ z̄) and
there exists Ci, Cj as above. By the induction hypothesis, if one is to satisfy FC it must be that
y = z = TRUE (this is the only way to satisfy FCi and FCj when inserting y back to Ci and z

to Cj), but then C is not satisfied.

In Theorem 5.1 the unassigned variables are required to induce a “simple” formula, which is
satisfiable in linear time. Observe that the factor graph induced by the UNASSIGNED variables
consists of connected components whose structure is a cycle with trees hanging on it, or just a
tree. A formula whose factor graph is a tree can be satisfied in linear time by starting with the
leaves (which are determined uniquely in case that the leaf is a clause – namely, a unit clause,
or if the leaf is a variable then it appears only in one clause, and can be immediately assigned)
and proceeding recursively. Regarding the cycle, consider an arbitrary variable x on the cycle.
By assigning x and simplifying accordingly, we remain with a tree. Since there are only two
ways to assign x, the whole procedures is linear in the size of the connected component. This
completes the proof of Theorem 5.1.

5.6.3 Proof of Proposition 5.29

Since the cycle has no pure literal it must be of the following form: C1 = (`x1 ∨ `x2), C2 =
(`x2 ∨ `x3), . . . , CL = (`xL ∨ `x1).

Consider one of the directed cycles, say: x1 → C1 → x2 → · · · and note that when the
message xi → Ci is updated it obtains the current value of Ci−1 → xi and when the message
Ci → xi+1 is updated, it obtains the current value of xi → Ci.

It thus suffices to show that the process above converges to all 0 or all 1 in time polynomial
in the cycle length. This we prove in the lemma below.

Claim 5.32. Consider the following process on {0, 1}[L]. Given the state of the process Γi at
round i, the state Γi+1 at round i + 1 is defined by choosing a permutation σ ∈ Sk uniformly
at random. Then let ∆0 = Γi and for 1 ≤ j ≤ L, let ∆j be obtained from ∆j−1 by setting
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∆j(σ(j − 1)) = ∆j−1((σ(j − 1) + 1) mod k) and ∆j(i) = ∆j−1(i) for all i 6= σ(j − 1). Finally,
let Γi+1 = ∆L.

Let T be the stopping time where the process hits the state all 0 or all 1. Then

Pr[T ≥ 4aL2] ≤ L2−a. (5.2)

for all a ≥ 1 integer.

The proof of Proposition 5.32 is based on the fact that the process defined in this lemma is
a martingle. This is established in the following two lemmas.

Lemma 5.33. Consider the following variant Γ̃i of the process Γi defined in Proposition 5.32.
In the variant, different intervals of 0/1 are assigned different colors and the copying procedure
is as above. Fix one coloer and let Xi denote the number of elements of the cycle of that color
in Γ̃i. Then Xi is a martingle with respect to the filtration defined by Γ̃i.

Proof. From the definition of the copying process it is easy to see that

E[Xi+1|Γ̃i, Γ̃i−1, . . .] = E[Xi+1|Xi].

We will show below that E[Xi+1|Xi] = 0 and thus that Xi is a martingle with respect to the
filtration Γ̃i.

Assume that Xi = k. Then w.l.o.g. we may assume that the configuration Γ̃i consists of an
interval of 1’s of length k and an interval of 0’s of length L − k. We calculate separately the
expected shifts in the locations of left end-points of the 0 and 1 interval respectively. We denote
the two shift random variables by L0 and L1. Clearly L0 = I0,1 + I0,2 + . . .+ I0,k−1 where I0,j is
the indicator of the event that 0 left-end point shifted by at least j and similarly for L1. Note
that

E[I0,j ] =
1
j!
− 1

(L− k + j)!

and that
E[I1,j ] =

1
j!
− 1

(k + j)!
.

The last equation follows from the fact that in order for the 1 interval to extend by at least j,
the j copying has to take place in the correct order and it is forbidden that they all took place
in the right order and the interval has become a 0 interval. The previous equation is dervied
similarly. Thus

E[(Xi+1 −Xi)|Xi] = E[L1]− E[L0] =
L−k∑

j=1

(
1
j!
− 1

(k + j)!

)
−

k∑

j=1

(
1
j!
− 1

(L− k + j)!

)
= 0

This concludes the proof that Xi is a martingle. The proof follows.

The proof of Proposition 5.32 follows by a union bound from the following lemma where the
union is taken over all intervals.
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Lemma 5.34. Consider the process Γ̃i defined in Lemma 5.33. Fix one interval and let Xi

denote its length. Let T be the stopping time where Xi equals either 0 or L. Then

P [T ≥ 4aL2] ≤ 2−a.

Proof. In order to bound the hitting probability of 0 and L, we need some bounds on the
variance of the martingale differences. In particular, we claim that unless k = 0 or k = L it
holds that

E[(Xt+1 −Xt)2|Xt = k] ≥ 1/2.

If k = 1 or k = L− 1 this follows since with probability at least 1/2 the end of the interval will
be hit. Otherwise, it is easy to see that the probability that Xt+1 −Xt is at least 1 is at least
1/4 and similarly the probability that it is at most −1 is at least 1/4. This can be verified by
considering the event that one end-points moves by at least 2 and the other one by at most 1.

Let T be the stopping time when XT hits 0 or n. Then by a Wald kind of calculation we
obtain:

L2 ≥ E[(XT −X0)2] = E[(
∞∑

t=1

1(T ≥ t)(Xt −Xt−1))2]

= E[
∞∑

t,s=1

(Xt −Xt−1)(Xs −Xs−1)1(T ≥ max t, s)]

= E[
∞∑

t=1

(Xt −Xt−1)21(T ≥ t)] ≥ 1
2

∞∑

t=1

P [T ≥ t] = E[T ]/2,

where the first equality in the last line follows from the fact that if s < t say then:

E[(Xt −Xt−1)(Xs −Xs−1)1(T ≥ max t, s)]

= E[(Xt −Xt−1)(Xs −Xs−1)(1− 1(T < t))]

= E[E[(Xt −Xt−1)(Xs −Xs−1)(1− 1(T < t))|X1, . . . , Xt−1]]

= E[(Xs −Xs−1)(1− 1(T < t))E[Xt −Xt−1|X1, . . . , Xt−1]] = 0.

We thus obtain that E[T ] ≤ 2L2. This implies in turn that P [T ≥ 4L2] ≤ 1/2 and that
P [T ≥ 4aL2] ≤ 2−a for a ≥ 1 since Xt is a Markov chain. The proposition follows.

5.7 Proof of Proposition 5.12

In order to prove Proposition 5.12 it suffices to prove that whp there are no two cycles with
a simple path (maybe of length 0) connecting the two. To this end, we consider all possible
constellations of such prohibited subgraphs and prove the proposition using a union bound over
all of them.

Every simple 2k-cycle in the factor graph consists of k variables, w.l.o.g. say x1, ..., xk (all
different), and k clauses C1, ..., Ck, s.t. xi, xi+1 ∈ Ci. The cycle itself consists of 2k edges.
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As for paths, we have 3 different types of paths: paths connecting a clause in one cycle with
a variable in the other (type 1), paths connecting two clauses (type 2), and paths connecting two
variables (type 3). Clause-variable paths are always of odd length, and clause-clause, variable-
variable paths are always of even length. A k-path P consists of k edges. If it is a clause-variable
path, it consists of (k−1)/2 clauses and the same number of variables. If it is a variable-variable
path, it consists of k/2 − 1 variables and k/2 clauses and symmetrically for the clause-clause
path (we don’t take into account the clauses/variables that participate in the cycle, only the
ones belonging exclusively to the path).

Our prohibited graphs consist of two cycles C1, C2 and a simple path P connecting them.
We call a graph containing exactly two simple cycles and a simple path connecting them a bi-
cycle. The path P can be either one of three types. Similarly to the bi-cycle case, one can have
a cycle C and a cord P in it. We call such a cycle a cord-cycle. For parameters i, j, k ∈ [1, n],
and t ∈ {1, 2, 3}, we denote by B2i,2j,k,t a bi-cycle consisting of a 2i-cycle connected by a k-path
of type t to a 2j-cycle. Similarly, we denote by B2i,k,t a cord-cycle consisting of a 2i-cycle with
a k-path of type t as a cord.

Our goal is then to prove that whp the graph induced by the non-core variables contains no
bi-cycles and no cord-cycles.

For a fixed factor graph H we let FH ⊆ F be a fixed minimal set of clauses inducing H, and
V (H) be the set of variables in H. In order for a fixed graph H to belong to the factor graph
induced by the non-core variables it must be that there exists some FH s.t. FH ⊆ F and that
V (H) ⊆ H̄ (put differently, V (H) ∩H = ∅).

Let B = B2i,2j,k,t (or B = B2i,k,t if B is a cord-cycle) be a fixed bi-cycle and FB a fixed
minimal-set of clauses inducing B. We start by bounding Pr[FB ⊆ F and V (B) ∩ H = ∅]
and then use the union bound over all possible bi-cycles (cord-cycles) and inducing minimal
sets of clauses. As the two events – {FB ⊆ F} and {V (B) ∩ H = ∅} – are not independent,
the calculations are more involved. Loosely speaking, to circumvent the dependency issue, one
needs to defuse the effect that the event {FB ⊆ F} might have on H. To this end we introduce a
set H∗, defined very similarly to H only ”cushioned” in some sense to overcome the dependency
issues (the ”cushioning” depends on FB). This is done using similar techniques to [6, 28].

We start by defining the new set of core variablesH∗ (again w.r.t. an ordering π of the clause-
variable messages and an initial values vector α). The changes compared to H are highlighted
in bold.
Propositions 5.6 and 5.8 could be easily adjusted to accommodate the 6-gap in the new definition
in B2 and B3. Therefore Proposition 5.10 can be safely restated in the context of H∗:

Proposition 5.35. If both α and π are chosen uniformly at random then whp #H∗ ≥ (1 −
e−Θ(d))n.

Proposition 5.36. Let b = #V (B), then the set J defined above satisfies #J ≥ b/4

Proof. Observe that if FB is minimal then #FB ≤ b + 1. This is because in every cycle the
number of variables equals the number of clauses, and in the worst case, the path contains at
most one more clause than the number of variables, and the same goes for the cord-cycle. Now
suppose in contradiction that #J < b/4, then there are more than 3b/4 variables in V (B), each
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Let B1 be the set of variables whose support w.r.t. ϕ is at most d/3.
Let B2 be the set of non-stable variables w.r.t. π where we redefine the gap in Definition 5.5 to
be (d/30-6) in (a) and (b).
Let B3 be the set of stable variables w.r.t. π which are violated by α where we redefine the gap
in Definition 5.7 to be (d/30-6) in (a) and (b).
Let J ⊆ V (B) be the set of variables appearing in no more than 6 different clauses in FB

1. Set H ′
0 = V \ (B1 ∪B2 ∪B3 ∪ (V (FC) \ J)).

2. While there exists a variable ai ∈ H ′
i which supports less than d/4 clauses in F [H ′

i] OR
appears in more than (d/30-6) clauses not in F [H ′

i], define H ′
i+1 = H ′

i \ {ai}.

3. Let am be the last variable removed at step 2. Define H∗ = H ′
m+1. = H ′

m+1.

appearing in at least 6 different clauses in FB. Thus, #FB > (6 · 3b/4)/3 = 1.5b >︸︷︷︸
b≥3

b + 1 (we

divided by three as every clause might have been counted 3 times), contradicting #FB ≤ b + 1.

The following proposition ”defuses” the dependency between the event that a bi-cycle (cord-
cycle) was included in the graph and the fact that it doesn’t intersect the core variables. In
the following proposition we fix an arbitrary π and α in the definition of H∗, therefore the
probability is taken only over the randomness in the choice of F .

Proposition 5.37. Pr[FB ⊆ F and V (B) ∩H = ∅] ≤ Pr[FB ⊆ F ] · Pr[J ∩H∗ = ∅]
To prove Proposition 5.37 we need the following Lemma.

Lemma 5.38. For every bi-cycle (cord-cycle) B and every minimal inducing set FB, H∗(F, ϕ, α, π) ⊆
H(F ∪ FB, ϕ, α, π).

This lemma clarifies the motivation for defining H∗. It is not necessarily true that H(F ) ⊆
H(F ∪ FB). For example, a variable which appears in H(F ) could disappear from H(F ∪ FB)
since the clauses in FB make it unstable. Loosely speaking, H∗ is cushioned enough to prevent
such a thing from happening.

Proof. (Proposition 5.37)

Pr[FB ⊆ F and V (B)∩H = ∅] ≤ Pr[FB ⊆ F and J∩H = ∅] = Pr[J∩H = ∅|FB ⊆ F ]Pr[FB ⊆ F ].

Therefore, it suffices to prove

Pr[J ∩H = ∅|FB ⊆ F ] ≤ Pr[J ∩H∗ = ∅].

P r[J ∩H∗ = ∅] =
∑

F :J∩H∗(F )=∅
Pr[F = F ] ≥︸︷︷︸

Lemma 5.38

∑

F :J∩H(F∪FB)=∅
Pr[F = F ]
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Break each set of clauses F into F ′ = F \ FB and F ′′ = F ∩ FB, and the latter equals
∑

F ′:F ′∩FB=∅,J∩H(F ′∪FB)=∅

∑

F ′′:F ′′⊆FB

Pr[F \ FB = F ′ and F ∩ FB = F ′′]

Since the two sets of clauses, F \FB, and F ∩FB, are disjoint, and clauses are chosen indepen-
dently, the last expression equals,

∑

F ′:F ′∩FB=∅,J∩H(F ′∪FB)=∅

∑

F ′′:F ′′⊆FB

Pr[F \ FB = F ′]Pr[F ∩ FB = F ′′] =

∑

F ′:F ′∩FB=∅,J∩H(F ′∪FB)=∅
Pr[F \ FB = F ′]

∑

F ′′:F ′′⊆FB

Pr[F ∩ FB = F ′′]

︸ ︷︷ ︸
1

=

∑

F ′:F ′∩FB=∅,J∩H(F ′∪FB)=∅
Pr[F \ FB = F ′]

Since (F \ FB) ∩ FB = ∅, and clauses are chosen independently, the event {FB ⊆ F} is inde-
pendent of the event {F \ FB = F ′}. Therefore, the latter expression can be rewritten as

∑

F ′:F ′∩FB=∅,J∩H(F ′∪FB)=∅
Pr[F \ FB = F ′|FB ⊆ F ] = Pr[J ∩H = ∅|FB ⊆ F ].

Proof. (Lemma 5.38) The lemma is proved using induction on i (i being the iteration counter
in the construction of H). For the base case H ′

0(F ) ⊆ H0(F ∪FB), since every variable in H ′
0(F )

appears in at most 6 clauses in FB it holds that Ai(F ∪ FB) ⊆ Bi(F ), i = 2, 3. A1(F ∪ FB) ⊆
B1(F ) holds at any rate as more clauses can only increase the support, and the set J was not
even considered for H0. Suppose now that H ′

i(F ) ⊆ Hi(F ∪FC), and prove the lemma holds for
iteration i + 1. If x ∈ H ′

i+1(F ) then x supports at least d/3 clauses in which all variables are in
H ′

i(F ). Since H ′
i(F ) ⊆ Hi(F ∪ FB), then x supports at least this number of clauses with only

variables of Hi(F ∪FC). Also, x appears in at most d/30−6 clauses with some variable outside
of H ′

i(F ), again since H ′
i(F ) ⊆ Hi(F ∪ FB) and FB contains at most 6 clauses containing x, x

will appear in no more than d/30 clauses each containing some variable not in Hi(F ∪FB). We
conclude then that x ∈ Hi(F ∪ FB).

Corollary 5.39. Let B = B2i,k,t be a cord-cycle, and let λ = 1 − #H∗/n, then Pr[FB ⊆
F and V (B) ∩H = ∅] ≤ p(i, k) where:

1. p(i, k) ≤ (d/n2)(i+k/2) ·λ(i+ k
2
−1)/4 if B consists of a 2i-cycle and a variable-variable k-path

as a cord.

2. p(i, k) ≤ (d/n2)(i+k/2−1) · λ(i+ k
2
)/4 if B consists of 2i-cycle and a clause-clause k-path as

a cord.

3. p(i, k) ≤ (d/n2)(i+
k−1
2

) · λ(i+ k−1
2

)/4 if B consists of 2i-cycle and a variable-clause k-path
as a cord.
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Proof. In (a), we have i + k
2 − 1 variables and i + k

2 clauses. Since the clauses are chosen
independently,

Pr[FB ⊆ F ] ≤ (d/n2)i+ k
2 .

To bound the event {J ∩ H∗ = ∅}, observe that FB is fixed in the context of this event, and
there is no pre-knowledge whether FB is included in F or not. Therefore, J can be treated as
a fixed set of variables, thus the choice of H∗ is uniformly distributed over J . Recalling that
#J ≥ (i + k

2 − 1)/4 , it follows that

Pr[J ∩H∗ = ∅] ≤
(
n−#H∗

#J

)
(

n
#J

) =

( λn
(i+ k

2
−1)/4

)
( n
(i+ k

2
−1)/4

) ≤ λ(i+ k
2
−1)/4.

The last inequality follows from standard bounds on the binomial coefficients. (a) now follows
immediately from Proposition 5.37. In the same manner items b, c are proven (just counting
how many variables and clauses B contains, depending on the type of its path).

Corollary 5.40. Let B = B2i,k,t be a bi-cycle, and let λ = 1 − #H∗/n, then Pr[FB ⊆
F and V (B) ∩H = ∅] ≤ p(i, j, k) where:

1. p(i, j, k) ≤ (d/n2)(i+j+k/2) · λ(i+j+k
2
−1)/4 if B consists of a 2i,2j-cycles and a variable-

variable k-path.

2. p(i, j, k) ≤ (d/n2)(i+j+k/2−1) · λ(i+j+ k
2
)/4 if B consists of 2i,2j-cycles and a clause-clause

k-path.

3. p(i, j, k) ≤ (d/n2)(i+j+ k−1
2

) ·λ(i+j+ k−1
2

)/4 if B consists of 2i,2j-cycles and a variable-clause
k-path.

Corollary 5.40 is proven in a similar way to Corollary 5.39.

To complete the proof of Proposition 5.12, we use the union bound over all possible bi/corde-
cycles. We prove for the bi-cycle case, the proof of the cord-cycle is analogous. First consider
the case where B is a bi-cycles with a variable-variable path (in which case the path must be
of even length). Let s = si,j,k = i + j + k

2 − 1 (namely, #V (B) = s and #FB = s + 1). The
probability of B is then at most

n∑

i,j, k
2
=1

(
n

si,j,k

)
· (si,j,k)! · (7n)si,j,k+1 ·

(
d

n2

)si,j,k+1

· λsi,j,k/4 ≤

n∑

i,j, k
2
=1

7d ·
(

7en

s

)s

· ss · ns+1 ·
(

d

n2

)s+1

· λs/4 ≤
n∑

i,j, k
2
=1

(7e · d · λ1/4)s · 7d

n
≤

n∑

i,j, k
2
=1

(
1
2

)s

· 7d

n
≤

∑

i+j+ k
2
≤4 log n

7d

n
+

∑

i+j+ k
2
≥4 log n

(
1
2

)s

≤ (4 log n)3 · 7d

n
+ n3 · 1

n4
= o(1).

We now move to the case B is a bi-cycles with a clause-clause path (in which case the path
again must be of even length). Let s = si,j,k = i+j + k

2 (namely, #V (B) = s and #FB = s−1).
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Observe that in this case the number of classes in FB is s − 1, however only for s − 3 clauses
one has the freedom in choosing the third variable (the two clauses which are the endpoints of
the path are completely determined once the order of the variables is fixed). The probability is
then at most

n∑

i,j, k
2
=1

(
n

si,j,k

)
· (si,j,k)! · (7n)si,j,k−3 ·

(
d

n2

)si,j,k−1

· λsi,j,k/4 ≤

n∑

i,j, k
2
=1

(
7en

s

)s

· ss · ns−3 ·
(

d

n2

)s−1

· λs/4 ≤
n∑

i,j, k
2
=1

(7e · d · λ1/4)s · 1
n

= o(1)

Lastly, we need to consider the case B is a bi-cycles with a clause-variable path (in which case
the path must be of odd length). Let s = si,j,k = i + j + k−1

2 (namely, s = #V (B) = #FB).
Again, one clause in FB is completely determined once the the order of the variables is fixed.
The probability is then at most

n∑

i,j, k−1
2

=1

(
n

si,j,k

)
· (si,j,k)! · (7n)si,j,k−1 ·

(
d

n2

)si,j,k

· λsi,j,k/4 ≤

n∑

i,j, k−1
2

=1

(
7en

s

)s

· ss · ns−1 ·
(

d

n2

)s

· λs/4 ≤
n∑

i,j, k−1
2

=1

(7e · d · λ1/4)s · 1
n

= o(1)

To sum up, the probability of a bi-cycle in the graph induced by the non-core variables is
3 · o(1) = o(1).

5.7.1 Outline of Proof of Proposition 5.13

The proof is basically the same as that of Proposition 5.12. One defines the same notion of
“cushioned” core H∗, and proceeds similarly. We therefore reprove only the last part – the
union bound over all possible cycles.

First let us bound the number of cycles of length k. There are
(
n
k

)
ways to choose the

variables inducing the cycle, and k!/2 ways to order them on the cycle. As for the set of clauses
that induces the cycle, once the cycle is fixed, we have at most (7n)k ways of choosing the third
variable and setting the polarity in every clause. In what follows we let λn be the number of
vertices in the non-core factor graph.

Using the union bound, the probability of a cycle of length at least k in the non-core factor
graph is at most

λn∑

t=k

(
n

t

)
· t! · (7n)t

︸ ︷︷ ︸
choose the cycle

·
(

d

n2

)t

· λt/2

︸ ︷︷ ︸
cycle included but doesn’t intersect H∗,P rop. 5.37

≤
λn∑

t=k

(
7en

t

)t

· tt · nt ·
(

d

n2

)t

· λt/2

=
λn∑

t=k

(7e · d ·
√

λ)t

Assuming that Proposition 5.35 holds (which is the case whp), then λ = e−Θ(d) and 7e · d ·√
e−Θ(d) = e−Θ(d) – which is much smaller than 1. In particular, the last summation is simply
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the sum of a decreasing geometric series with quotient e−Θ(d), which sums up to at most twice
the first item, which is at most e−Θ(dk).

5.8 Discussion

Our results show that WP is effective in solving Pn,p. Though not being the first to give an
algorithm for Pn,p, our results are a first example of rigourously analyzing a message passing
algorithm on a natural non-trivial random SAT distribution. We remark that our goal was to
analyze WP under its most common definition, resisting attempts to modify the algorithm in
ways that would simplify the analysis. One such simplification would result if messages are
updated in parallel in two phases: clause-variable messages updates and then variable-clause
messages updates.

It is interesting to compare the results obtained here to the non-planted case. First note
that in the non-planted case, the computational hardness of finding a satisfying assignment is
clearly increasing with the formula’s density. This should be contrasted with the planted case
where some algorithms are proved more efficient as the density increases: for example, here
we prove that WP converges after two iteration for dense formulas, while log n iterations are
needed for sparse formulas (also compare [28] to [10]).

In the non-planted case, for low density formulas (considerably below the satisfiability
threshold), some algorithms were rigorously shown to find whp a satisfying assignment effi-
ciently [5, 15]. Experimental results predict that as the density of the formula increases, more
sophisticated algorithms are needed in order to find a satisfying assignment. At higher den-
sities (closer to the satisfiability threshold), there is a major gap between the experimental
performance of the best known algorithms [14] (shown to work for density ∼4.2), and the best
rigorously-analyzed algorithm [35] (density 3.52).

One possible explanation for the increasing computational hardness of finding solutions in
the non-planted case is based on the geometry of the space of satisfying assignment. It is now
established [1, 44] that when k ≥ 8 and just below the satisfiability threshold, the space of
solutions decomposes into an exponential number of (Hamming-distance) connected clusters
such that the distance between each to is linear in the number of variables. Such complex
“fractal” geometry of the space of solutions poses a complex algorithmic challenge.

Our results, and similarly [28, 27], show that in the planted case (with density some large con-
stant above the satisfiability threshold), the algorithmic task of finding a satisfying assignment
is much easier than in the near-threshold regime, and in particular, the näıve WP algorithm is
effective in finding satisfying assignments. This is consistent with the fact that planted formulas
in this regime have only one cluster of satisfying assignments (Chapter 2).

We conclude with an open problem. Can our analysis be extended to show that Belief Prop-

agation (BP) finds a satisfying assignment to Pn,p in the setting of Theorem 5.1? Experimental
results predict the answer to be positive. However, our analysis of WP does not extend as is to
BP. In WP, all warnings received by a variable (or by a clause) have equal weight, but in BP this
need not be the case (there is a probability level associated with each warning). In particular,
this may lead to the case that messages received from non-core portions of the formula can
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effect the core, a possibility that our analysis managed to exclude for the WP algorithm.
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