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Abstract. It is known that random k-CNF formulas have a so-called satisfiability threshold at a density
(namely, clause-variable ratio) of roughly 2k ln 2: at densities slightly below this threshold almost all k-CNF
formulas are satisfiable, whereas slightly above this threshold almost no k-CNF formula is satisfiable. In the
current work we consider satisfiable random formulas and inspect another parameter—the diameter of the
solution space (that is, the maximal Hamming distance between a pair of satisfying assignments). It was pre-
viously shown that for all densities up to a density slightly below the satisfiability threshold the diameter is
almost surely at least roughly n ∕ 2 (and n at much lower densities). At densities very much higher than the
satisfiability threshold, the diameter is almost surely zero (a very dense satisfiable formula is expected to have
only one satisfying assignment). In this paper we show that for all densities above a density that is slightly
above the satisfiability threshold (more precisely, at ratio ð1þ εÞ2k ln 2, ε ¼ εðkÞ tending to 0 as k grows) the
diameter is almost surely Oðk2−knÞ. This shows that a relatively small change in the density around the
satisfiability threshold (a multiplicative ð1þ εÞ factor) makes a dramatic change in the diameter. This drop
in the diameter cannot be attributed to the fact that a larger fraction of the formulas are not satisfiable (and
hence have diameter 0), because the nonsatisfiable formulas are excluded from consideration by our condition-
ing that the formula be satisfiable.
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1. Introduction. The computational complexity of Boolean formula satisfiability
has been the focus of intensive research for decades. Recently, a promising approach to
understanding the algorithmic difficulty of k-SAT has emerged in the form of a rigorous
analysis of the structural properties of formulas drawn at random from certain distribu-
tions. For example, a natural distribution which has been studied extensively is the uni-
form distribution over k-CNF formulas with exactly m clauses over n variables. We
denote this distribution by Fn;m;k. Despite its simple description, many fundamental
properties of this model have yet to be understood. For example, the computational
complexity of deciding if a random formula is satisfiable and of finding a satisfying as-
signment are both major open problems [14], [21].

The clause-to-variable ratio m ∕ n of a formula is referred to as the density of the
formula. The random model Fn;m;k exhibits a “phase transition” in satisfiability, where
sparse formulas are likely to be satisfiable, whereas dense formulas are unlikely to be
satisfiable. Moreover, this phase transition happens at a very short density interval.
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There exists a satisfiability threshold dk ¼ dkðnÞ such that k-CNF formulas with density
m ∕ n > dk are not satisfiable whp,1 while formulas with m ∕ n < dk are satisfiable whp
[16]. A first-moment-method calculation provides an upper bound of dk ≤ 2k ln 2, and
the threshold is conjectured to be within a constant distance of this upper bound (for all
values of k). A lower bound of 2k ln 2−OðkÞ was established rigorously using a
weighted second-moment method in [3]. For small values of k these rigorous results
are rather irrelevant. For example, for k ¼ 3, the best rigorously known lower and upper
bounds on the satisfiability threshold are 3.52 [18] and 4.506 [19]. In such cases, one
option to “determine” the threshold is by running a complete SAT-solver on random
instances with varying densities and checking when such a solver fails to find a satisfying
assignment most of the time. Another option is using tools from statistical physics of
disordered systems, and in particular the cavity method. Using this method the thresh-
old for 3SAT was calculated to be 4.2667 [23], [22], a value which also agrees with ex-
perimental results [12].

For a satisfiable k-CNF formula F , let rmaxðFÞ be the maximal Hamming distance
between a pair of satisfying assignments of F . In this paper we study the behavior of
rmaxðFÞ as a function of the density. Specifically, we will consider random satisfiable
formulas, and ask what the typical value of rmax is likely to be at various densities. Ob-
serve that as one adds more clauses to a formula, the set of satisfying assignments can
only decrease, and hence also rmax can only decrease. This indicates that the typical
value of rmax should decrease as the density increases. However, when the formula be-
comes unsatisfiable, the formula is discarded from consideration. Since the formulas of
lowest diameter (diameter 0) are those discarded from consideration, and their propor-
tion increases as the density increases, this may conceivably lead to a situation in which
as the density increases, the expected diameter increases rather than decreases. In par-
ticular, there does not seem to be an a priori reason why the threshold for satisfiability
should correspond to a change in typical value of the diameter of satisfiable formulas.

Let us review what is known about rmaxðFÞ at densities below the satisfiability
threshold. For m ∕ n ≤ 2k−1 ln 2 we know that all but an oð1Þ-fraction of the formulas
satisfy rmaxðFÞ ¼ n (this is because they are satisfied as NAE-k-SAT instances [2]). The
results in [4] imply that (for k sufficiently large) close to the satisfiability threshold, most
formulas have rmaxðFÞ∼ n∕ 2 (more precisely, if m ∕ n ¼ ð1− δÞ2k ln 2, δ ∈ ð0; 1 ∕ 3Þ,
then for most formulas rmaxðFÞ ≥ ð12 − 5δ1 ∕ 2

6 Þn). This large diameter is attributed to
the existence of many small clusters of satisfying assignments, which are “spread” in
the space of all 2n possible assignments. Currently, it is widely believed that at the
threshold there is more than one cluster left. Therefore there might be no reason to ex-
pect a significant change in the typical value of rmaxðFÞ. For densities much higher than
the satisfiability threshold (by a factor of roughly log n), the typical value of rmaxðFÞ is
0, because such formulas, if satisfiable, are likely to have only one satisfying assignment
(see, for example, [7] for the case of 3-CNF). This shows that the diameter of random
satisfiable formulas undergoes a transition as the density increases (starting at n, and
eventually reaching 0), but it is not clear whether there is any density that serves as a
threshold around which there is a sharp drop in diameter.

In this paper we show the following.
THEOREM 1. For all k ≥ 23 andm ∕ n ≥ ð1þ 0.99kÞ2k ln 2, all but an oð1Þ-fraction of

satisfiable k-CNF formulas F with m clauses over n variables satisfy

1We say a sequence of events holds with high probability (whp) to mean with probability tending to 1 as n
tends to infinity.
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rmaxðFÞ ≤ 2050k2−kn.

Our result proves that there occurs a transition from a typical structure of satisfying
assignments which are widespread in the n-dimensional binary cube to a structure where
all satisfying assignments are typically contained in a ball of small diameter. The win-
dow in which this transition occurs is contained in ½ð1− ε1Þ2k ln 2; ð1þ ε2Þ2k ln 2�,
where both ε1 and ε2 tend to 0 as k grows.

Here are a few interesting observations regarding this transition.
1. The transition in rmax occurs at a window of densities that lies around 2k ln 2,

and whose width is a low-order term w.r.t. 2k ln 2. Since we are considering only
satisfiable k-CNF formulas (below or above the threshold), there is no a priori
reason for this transition to be found in the vicinity of the satisfiability thresh-
old (as the latter is irrelevant for such formulas). It was brought to our attention
by one of the referees that this kind of behavior may be expected using the cav-
ity method (but since we are not deeply familiar with this method, we could not
verify that point). At any rate, there is no simple convincing argument for the
existence of such a transition and its location around the satisfiability threshold.

2. Since we are looking at satisfiable formulas, this is not a product distribution.
Therefore some methods for establishing threshold behaviors (such as [16]) are
not applicable.

3. Consider the property of having a diameter of at least r. This is not necessarily a
monotone property of the density (at least we are not aware of an easy proof
that it is). For example, after the satisfiability threshold, the probability is re-
distributed amongst satisfiable and unsatisfiable formulas, the latter receiving
the majority of the support. It might be the case that the rare satisfiable for-
mulas are the ones with large diameter. Again, this shows that some approaches
to proving the existence of sharp thresholds (such as [16], which requires mono-
tonicity) may not be applicable.

4. Typically rmax ¼ n for m ∕ n < 2k ln 2 ∕ 2. This is because at those ratios most
formulas are satisfiable as NAE-k-SAT formulas [2] (in which case for every
satisfying assignment in the NAE (not all equal) manner, its complement at
distance n is also satisfying). Numerical calculations using tools from statistical
physics predict that at 2k ln k ∕ k there is a phase transition from a typical
structure of a big connected ball of satisfying assignments into many small balls
of satisfying assignments (which are called clusters). Observe that 2k ln k ∕ k <
2k ln 2 ∕ 2 for all k ≥ 3; therefore while there is a major change in the structure of
the solution space, rmax is not affected.

Let us briefly discuss what happens for k < 23. Our approach assumes that
ð2 ⋅ 0.99Þk is a low-order term compared with 2k. This is, however, not true (or not
relevant) when k is small. Also, the fact that we have a constant like 2050 in the bound
on rmax makes the result trivial for small values of k. On the other hand, for fixed k (say
k ¼ 3) one can numerically estimate the value of rmax (via the same methods used in the
proof of Theorem 1, just figuring out the exact numerics instead of a rigorous, less tight
estimation that we perform). For example, for k ¼ 3 the numerics show that typically
rmax < 0.2n for density m ∕ n ¼ 7.625 (which is ∼1.375 ⋅ 2k ln 2 for k ¼ 3).

Questions regarding the structure of the solution space guided the development of
algorithms in similar contexts in the past (two such examples are algorithms that were
developed for 3CNF formulas with a planted solution, and the intuition that served the
development of the Survey Propagation algorithm [9]). In this paper we limit our study
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to some structural properties of the solution space and do not address algorithmic as-
pects, though hopefully our new insights can serve the algorithmic perspective at some
point as well.

1.1. Techniques. One reasonable approach to proving Theorem 1 is to consider
the uniform distribution over satisfiable k-CNF formulas with m clauses over n vari-
ables, and study rmaxðFÞ of a random instance in that distribution. Throughout
Un;m;k denotes the uniform distribution. More specifically, we consider a random formula
F from Un;m;k and estimate the expected number of pairs of satisfying assignments at
distance xn from each other. A similar approach was used, for example, in [3], [13], [4] for
random formulas in the below-threshold regime.

The major additional challenge that we face in this present work is the fact that the
uniform distribution Un;m;k is not a product space; clause appearances are dependent,
and it is unclear how to quantify this dependence. On the other hand, in the below-
threshold regime, since whp a random k-CNF formula is satisfiable, one can study ran-
dom k-CNF formulas instead of satisfiable ones. This distribution, which we denoted
above by Fn;m;k, is very “close” to a product space (compare with the distribution where
every clause is chosen independently at random with probability p ¼ m ∕ ð2kðnkÞÞ, which
is already a product space).

One demonstration of this technical challenge is the difficulty of answering
the following question: given a fixed assignment ψ, what is the probability that it sa-
tisfies a random F? If F is drawn from Fn;m;k, then the answer is simple,
Pr½ψ ⊨ F � ¼ ð1− 2−kÞm. If F is drawn from Un;m;k, then giving an explicit expression
(as a function of m;n; k) for Pr½ψ ⊨ F � is still an open question.

We will show that for x ≥ 2050k2−k the expected number of pairs of satisfying as-
signments at distance xn from each other is much smaller than 1 ∕ n. Since there are at
most n possible ways to choose x, we can use the union bound to prove that whp F has
the desired properties (since Un;m;k is the uniform distribution, showing that the prop-
erty holds whp translates immediately to a deterministic statement about all but a van-
ishing fraction of satisfiable formulas).

To derive our estimate on the expected number of pairs of satisfying assignments at
distance xn we first analyze a different distribution which is commonly called the
planted distribution, and we shall denote it by Pn;m;k. To generate a formula according
to Pn;m;k, fix an assignment uniformly at random, then include m clauses uniformly at
random out of ð2k − 1ÞðnkÞ clauses that are consistent with the “planted” assignment.

When working with Pn;m;k, the clauses are nearly independent and calculation is
much easier. We then relate the planted model and the uniform model to obtain the
desired result. The idea of translating bounds from the planted to the uniform model
was used in [1], [4], [13] for the below-threshold regime, and also in [10], [11] but in a
different context.

The reader may wonder at this point what happens when m ∕ n <
ð1þ 0.99kÞ2k ln 2? Do typically all satisfying assignments lie in a low-diameter Ham-
ming ball all the way down to the satisfiability threshold (or even below it)? We believe
(based on some numerical calculations that we performed) that Theorem 1 can be ex-
tended (maybe with some changes in the upper bound on rmax) down to m ∕ n ¼
2k ln 2þOðkÞ (which is an OðkÞ-additive term from the satisfiability threshold). This
extension is done using the same technique of going through the planted distribution.
However, whenm ∕ n ¼ 2k ln 2þOðkÞ this technique breaks. In section 5 we discuss this
issue and suggest another technique that may prove useful when our first technique fails.
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2. Relating the uniform and the planted distributions. Let ux be a random vari-
able counting the number of pairs of satisfying assignments at distance xn from each
other that a random formula in Un;m;k has. Let T denote the expected number of
satisfying assignments that a random formula in Un;m;k has, and f x a random variable
which denotes the number of satisfying assignments at distance xn from the planted
assignment, had F been distributed according to Pn;m;k. The following proposition al-
lows us to upper bound E½ux� via the more accessible quantity E½f x�.

PROPOSITION 2. Let F be a random formula sampled according to Un;m;k, ux ¼ uxðFÞ,
f x ¼ fxðFÞ; then

E½ux� ¼ T ⋅ E½f x� ∕ 2.

(A similar approach for relating the uniform and the planted distribution can be found in
[13], though in that case the uniform distribution was the nonconditioned one.)

Proof. For two satisfying assignments φi;φj we use δðφi;φjÞ to denote their Ham-
ming distance. Consider some ordering on the 2n possible assignments, and let Ai be an
indicator variable which is 1 if φi satisfies F . Using this terminology,

ux ¼
1

2

X
i;j∶δðφi;φjÞ¼xn

Ai ⋅ Aj.

Linearity of expectation gives

E½ux� ¼
1

2

X
i;j∶δðφi;φjÞ¼xn

Pr½Ai ∧ Aj� ¼
1

2

X
δðφi;φjÞ¼xn

Pr½AijAj�Pr½Aj�.

By symmetry, the latter equals

2n ⋅
Pr½Aj�

2
⋅

X
i∶δðφi;φjÞ¼xn

Pr½AijAj�.

It remains to estimate Pr½AijAj�. Conditioning on the event Aj means conditioning on
the fixed assignment φj to be satisfying. In turn, Un;m;k conditioned on φj being a sa-
tisfying assignment means that only clauses which are satisfied by φj can be included,
and by symmetry, every set of t clauses satisfied by φj has the same probability of being
included. Observe that for t ¼ m this is exactly the definition of the planted distribution
Pn;m;k. Therefore

P
i Pr½AijAj� ¼ E½f x� when summing over all assignments φi at dis-

tance xn from φj. Furthermore, T ¼ P
j Pr½Aj� (now we are summing over all 2n assign-

ments), and hence Pr½Aj� ¼ T ∕ 2n. Putting everything together, we derive

E½ux� ¼ T ⋅ E½fx� ∕ 2. ▯

In [13] this sort of proposition was already enough to estimate E½ux� since T can be easily
calculated when m ∕ n is below the satisfiability threshold. However, in Un;m;k, m ∕ n
above the satisfiability threshold, it is not clear how to calculate T . The follow-
ing lemma is then useful (the proof can also be found in [11] and is given here for
completeness).

LEMMA 3. Let W be the expected number of satisfying assignments of a random
Pn;m;k instance. Then always T ≤ W .

Proof. Let ti be the number of formulas on n variables and m clauses which have
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exactly i satisfying assignments. Let pi be the probability that a formula with exactly i
satisfying assignments is sampled from Un;m;k, and let qi be defined similarly for Pn;m;k.
Observe that due to symmetry, sampling a formula from Pn;m;k is exactly equivalent to
sampling a pair ðφ; FÞ uniformly at random from all pairs such that φ is an assignment
and F is a formula satisfied by φ. Hence

pi ¼
tiP
2n
j¼1 tj

; qi ¼
i ⋅ tiP
2n
i¼1 i ⋅ ti

and

T ¼
X2n
i¼1

i ⋅ pi ¼
P

2n
i¼1 i ⋅ tiP
2n
i¼1 ti

;

W ¼
X2n
i¼1

i ⋅ qi ¼
P

2n
i¼1 i

2 ⋅ tiP
2n
i¼1 i ⋅ ti

:

Therefore to prove T ≤ W , it suffices to show

�X2n
i¼1

i ⋅ ti
�2

≤
�X2n

i¼1

ti

�
⋅
�X2n

i¼1

i2 ⋅ ti
�
.

This is just Cauchy–Schwarz, ðP ai ⋅ biÞ2 ≤ ðP a2i Þ ⋅ ð
P

b2i Þ, with ai ¼
ffiffiffiffi
ti

p
and

bi ¼ i ⋅
ffiffiffiffi
ti

p
. ▯

3. The planted setting. In this section we analyze W and E½fx�. Recall that we
use W to denote the expected number of satisfying assignments that a random formula
inPn;m;k has, and f x counts the number of satisfying assignments at distance xn from the
planted assignment, had F belonged to Pn;m;k.

Our analysis of E½f x� is composed of two regimes. The first is the case x ∈ ½0; 1 ∕ k�. In
this regime we know that E½f x� changes from ωð1Þ to oð1Þ. This phenomenon is depicted
in Figure 1. The y-axis in the plot is f⋆ðxÞ such that E½f x� ¼ ef

⋆ðxÞn, and the x-axis is the

x

f
(x

)

FIG. 1. Plot of f⋆ðxÞ for k ¼ 6 and ε ¼ 2−k.
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Hamming distance from the planted assignment. Therefore the transition from E½fx� ¼
ωð1Þ to E½f x� ¼ oð1Þ corresponds to f⋆ðxÞ changing sign from positive to negative.

To translate our results to the uniform setting, it turns out that we need to have a
more precise control on the rate in which E½f x� decreases once changing to oð1Þ. There-
fore the analysis of that regime is more careful (Proposition 6). Then we analyze the case
x ∈ ½1 ∕ k; 1�. In this regime, for a suitable choice of ε (recallm ∕ n ¼ ð1þ εÞ2k ln 2), E½f x�
is constantly oð1Þ (in fact, exponentially small in n). Therefore a more crude analysis will
suffice (Proposition 5). This corresponds in Figure 1 to the fact that the curve is bounded
away below the x-axis in that range.

In this section we consider a slight modification of Pn;m;k. Instead of choosing m
clauses uniformly at random, we choose m clauses with repetitions. However, for
m ∕ n ¼ Oð1Þ, the expected number of pairs of identical clauses in F (in the modified
model) is Oðm2 ∕ nkÞ. Thus, for k ≥ 3 this quantity is oð1Þ. Therefore, as standard cal-
culations show, every property that holds with probability q in the modified model holds
with probability qð1þOð1ÞÞ in Pn;m;k. Somewhat abusing notation, we will denote the
modification also by Pn;m;k.

Let us start by formulating E½f x� in a way which is convenient to work with.
LEMMA 4.

E½fx� ≤
�
n

xn

�
⋅
�
1−

1− ð1− xÞk
2k − 1

�
m

.

Proof. Fix an assignment ψ at distance xn from the planted assignment φ. The
probability that ψ also satisfies F can be calculated in the following manner. Let A
be the set of variables on which both ψ and φ agree. jAj ¼ ð1− xÞn. Consider a random
clause C satisfied by φ; if all k variables in that clause fall in A, then C is surely satisfied
by ψ. The probability for that is q ¼ ðð1−xÞn

k Þ ∕ ðnkÞ. If at least one variable falls out of A,
which happens with probability 1− q, then the clause is satisfied only with probability
2k−2
2k−1

. This is because there is one way to complement the variables which is not consistent
with ψ but is consistent with φ. There are ð n

xnÞ ways to fix ψ, and therefore

E½f x� ¼
�
n

xn

��
q ⋅ 1þ ð1− qÞ ⋅ 2

k − 2

2k − 1

�
m

¼
�
n

xn

��
2k − 2þ q

2k − 1

�
m

¼
�
n

xn

��
1−

1− q

2k − 1

�
m

.

Finally, observing that q ≤ ð1− xÞk proves the lemma. ▯
It will be more convenient to work with the following quantity:

f⋆ðxÞ≡ ln E½f x�
n

.ð3:1Þ

One can verify that (using Lemma 4 and Stirling’s formula)

f⋆ðxÞ ≤ HðxÞ ln 2þ c ln

�
1−

1− ð1− xÞk
2k − 1

�
;ð3:2Þ

where HðxÞ denotes the binary entropy measure,
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HðxÞ ¼ −ð1− xÞ log 2ð1− xÞ− x log2 x;

and c ¼ m ∕ n ¼ ð1þ εÞ2k ln 2.
To make use of Proposition 2 we need to obtain tight bounds on W and E½f x�. In

terms of f⋆ðxÞ, E½f x� ¼ ef
⋆ðxÞn; therefore to prove E½fx� ¼ oð1Þ it suffices to prove

f⋆ðxÞ < 0. This is exactly what the following two propositions formally establish.
PROPOSITION 5. For any k ≥ 23, ε ≥ 0.99k, and x ∈ ½1 ∕ k; 1�,

f⋆ðxÞ ≤ −2050k2−k.

Proof. We break the interval ½1 ∕ k; 1� into two subintervals. Let us first consider
x ∈ ½0.3; 1�. Always HðxÞ ln 2 ≤ ln 2, and on the other hand, using lnð1− xÞ ≤ −x,

c ln

�
1−

1− ð1− xÞk
2k − 1

�
≤ −

ð1þ εÞ2k ln 2

2k − 1
ð1− ð1− xÞkÞ

≤ −ð1þ εÞ ⋅ ð1− ð1− xÞkÞ ⋅ ln 2.

Therefore it suffices to prove that ð1þ εÞð1− ð1− xÞkÞ ≥ 1þ ð2050k2−k ∕ ln 2Þ for
every x ∈ ½0.3; 1�. Indeed,

ð1− ð1− xÞkÞ ≥ ð1− 0.7kÞ; ð1þ εÞ ≥ ð1þ 0.99kÞ.

One can verify that for k ≥ 23, multiplying these two quantities is always greater than
1þ ð2050k2−k ∕ ln 2Þ.

Let us now move to the case x ∈ ½1 ∕ k; 0.3�. HðxÞ is monotonically increasing until
x ¼ 0.5; therefore, it takes its maximal value in this interval at x ¼ 0.3. 1− ð1− xÞk
takes its minimal value at 1 ∕ k. Observe that ð1− 1 ∕ kÞk ≤ e−1, and therefore

1−ð1− xÞk ≥ 1− 1 ∕ e.

In this case we have f⋆ðxÞ ≤ Hð0.3Þ ln 2− ð1− 1 ∕ eÞ ≤ −0.02 < −2050k2−k for every
k ≥ 23. ▯

PROPOSITION 6. For any k ≥ 23, ε ≥ 0, and λ ∈ ½2900; 2k ∕ k�, if x ¼ λ2−k, then
f⋆ðxÞ ≤ −λ2−k:

Proof. For any x ∈ ½0; 1 ∕ k� we have

lnð1− xÞ ≥ −2x;

and, for 0 ≤ x ≤ 1,

1− ð1− xÞk ≥ kx−
k2x2

2
.

Thus,
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HðxÞ ln 2þ c ln

�
1−

1− ð1− xÞk
2k − 1

�

¼ −x ln x− ð1− xÞ lnð1− xÞ þ ð1þ εÞ2kðln 2Þ ln
�
1−

1− ð1− xÞk
2k − 1

�

≤ −x ln xþ 2xð1− xÞ− ð1þ εÞ2kðln 2Þ
�
1− ð1− xÞk

2k − 1

�

≤ −x ln xþ 2x− ð1þ εÞðln 2Þ
�
kx−

k2x2

2

�
.

Substituting λ2−k for x, this upper bound becomes

−x ln xþ 2x− ð1þ εÞðln 2Þ
�
kx−

k2x2

2

�

¼ λ2−kðkðln 2Þ− ln λÞ þ 2λ2−k − ð1þ εÞðln 2Þðkλ2−k − k2λ22−2k−1Þ
¼ −ðλ ln λÞ2−k þ 2λ2−k − εðln 2Þðkλ2−k − k2λ22−2k−1Þ þ ðln 2Þk2λ22−2k−1

¼ −λ2−kððln λÞ− 2þ εðln 2Þðk− k2λ2−k−1Þ− ðln 2Þk2λ2−k−1Þ

¼ −λ2−kððln λÞ
�
1− ðln 2Þk2 λ

ln λ
2−k−1

�
− 2þ

�
εðln 2Þðk− k2λ2−k−1ÞÞ

�
.

Observe that λ ≤ 2k ∕ k and thus

k− k2λ2−k−1 ≥ 0;

and since ε ≥ 0 it suffices to prove that

ðln λÞ
�
1− ðln 2Þk2 λ

ln λ
2−k−1

�
− 2 ≥ 1.

Since λ ≤ 2k ∕ k and k ≥ 23, we have

ðln 2Þk2 λ

ln λ
2−k−1 ≤ ðln 2Þk2 2k ∕ k

kðln 2Þ− ln k
2−k−1

¼ ðln 2Þ 1

2ððln 2Þ− ðln kÞ ∕ kÞ ≤ 0.623;

and so it suffices to verify that

ln λ ≥ 3 ∕ ð1− 0.623Þ;

which is always true for λ ∈ ½2900; 2k ∕ k�. ▯

4. Proof of Theorem 1. Recall Proposition 2 and Lemma 3, which together
establish

E½ux� ≤ W ⋅ E½fx� ∕ 2.

W is the expected number of satisfying assignments in the planted model, W ¼P
xE½f x�.
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The idea of the proof is to use Propositions 5 and 6 to upper boundW by looking at
the largest x s.t. E½f x� contributes toW (that is, E½f x� is not vanishing with n). We shall
use x0 to denote this number (regardless, observe that x0 is an upper bound on the dia-
meter of the cluster region in the planted setting). Then, to beat W , we take x1 > x0, so
that for every x ≥ x1, E½f x� ⋅W ≪ 1. Respectively, x1 upper bounds the diameter of the
cluster region in the uniform setting. It turns out that x1 ∕ x0 ¼ OðkÞ, and since x0 scales
down with 2−k, this additional factor is manageable.

Formally, Propositions 5 and 6 assert that only x ≤ 2900 ⋅ 2−k may contribute to the
value of W . Indeed, take x0 ¼ 2900 ⋅ 2−k; then E½f x� ¼ oðn−1Þ for every x > x0. For
x ≤ x0, the total number of possible assignments (which obviously bounds the expected
number of satisfying assignments) at distance xn from the planted is

�
n

xn

�
≤

�
en

xn

�
xn

≤ eð1−ln xÞxn.

This quantity is maximized for x ≤ x0 at x0; therefore, for sufficiently large n,

W ≤ oð1Þ þ
X
x≤x0

�
n

xn

�
≤ neðk ln 2þ1−ln 2900Þ2900⋅2−kn ≤ ne2020k2

−kn.

Now take x1 ¼ 2050k2−k; applying Propositions 5 and 6 once more gives that for x ≥ x1,

E½fx� ≤ e−2050k2−kn.

In turn, for x ≥ x1

E½ux� ≤ W ⋅ E½f x�∕ 2 ≤ e2020k2
−kn ⋅ e−2050k2−kn ¼ e−30k2−kn.

Using Markov’s inequality, for x ≥ x1,

Pr½ux > 0� ≤ e−30k2−kn ¼ e−ΩðnÞ.

Applying the union bound,

Pr½∃x ≥ 2050k2−k; ux > 0� ≤ n ⋅ e−ΩðnÞ.

5. Moving even closer to the threshold. In the previous sections we showed
that when m ∕ n ≥ ð1þ 0.99kÞ2k ln 2 for k ≥ 23, whp there are no pairs of satisfying
assignments at distance greater than Oðk2−kÞ from each other (Theorem 1). Our ap-
proach was to consider the planted distribution and estimate E½f x�, the expected num-
ber of satisfying assignments at distance xn from the planted assignment. Then we used
Proposition 2 to relate this quantity to E½ux�, the expected number of pairs of satisfying
assignments at distance xn from each other (in the uniform setting). The relation we
established was given (in Proposition 2) by

E½ux� ≤ W ⋅ E½fx�.

W is the expected number of satisfying assignments in Pn;m;k.
Observe that W is always at least 1, and therefore using this relation to show that

E½ux� ¼ oð1Þ makes sense only when E½fx� ¼ oð1Þ. However, using (rather tedious)
calculations one can show that when m ∕ n ¼ 2k ln 2þOðkÞ there exists x ∈
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½0.5−Oð2−kÞ; 0.5� such that E½f x� is exponentially large in n (details omitted). This
phenomenon is depicted in Figure 2. Therefore from this density downwards our method
fails (observe that E½f x� is monotonically decreasing and continuous in m ∕ n).

Compare the plots in Figures 1 and 2. Both depict on the y-axis f⋆ðxÞ≡ ln E½f x�
n and

the distance from the planted assignment on the x-axis. To generate the plots we used
the estimate on E½f x� given in Lemma 4. Although Lemma 4 establishes an upper bound
on E½f x�, in fact for x bounded away from 0 equality holds (up to an oð1Þ additive factor
inside the parenthesis). Since E½f x� is monotonically decreasing inm ∕ n and continuous,
as m ∕ n gets smaller, the “hunchback” around x ¼ 1 ∕ 2 gets closer to the x-axis, and at
some ratio crosses it to become positive. This ratio occurs atm ∕ n ¼ 2k ln 2þOðkÞ. As k
grows, the hunchback (regardless of whether it is above or below the x-axis) becomes
narrower and in general is concentrated in an interval of widthOð2−kÞ around 1 ∕ 2, with
the maximum occurring at 1 ∕ 2−Oð2−kÞ. We have validated these claims using a com-
bination of numerical and rigorous calculations (details omitted here).

In this section we suggest a new technique which in some sense refines the one we
used. Using our refined technique we can prove, for example, that at some settings, even
though E½fx� is exponential in n (which means that our original technique fails), in fact
whp fx ¼ 0. Hopefully this refinement can benefit the uniform distribution as well. We
do not discuss this point in the present paper. The key to the refinement is to replace fx
with another quantity which counts maximal satisfying assignments at distance xn from
the planted assignment—fmax

x . This notion is similar to the notion of minimal satisfying
assignments used in [20]. To demonstrate the power of this new technique we describe a
setting where E½f x� ≥ 1 (which means that our original technique fails) for some
x ∈ ½0.3; 0.6�, but E½fmax

x � ¼ oð1Þ for all x ∈ ½0.3; 0.6�, and in that setting this will imply
that whp fx ¼ 0. To do this we shall assume that the following is true.

Assumption. Let F be distributed according to Pn;m;k, with k a sufficiently large
constant. There exists an ε > 0 so that if m ∕ n ≥ ð1þ εÞ2k ln 2, then whp F has no
satisfying assignments at distance xn from the planted assignment for 0.2 ≤ x ≤ 0.3

or 0.6 ≤ x ≤ 1.0.

x

f
(x

)

FIG. 2. Plot of f⋆ðxÞ for k ¼ 6 and ε ¼ −2−k.
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This assumption can be proven rigorously. Relying on this assumption, we can
prove the following proposition.

PROPOSITION 7. There exists a nonempty interval ðε2; ε1Þ in which for every
ε ∈ ðε2; ε1Þ and F distributed according to Pn;m;k, m ¼ ð1þ εÞ2k ln 2, there exists x ∈
½0.3; 0.6� so that E½fx� ≥ 1, while whp fx ¼ 0 for every x in that interval.

We defer the proof of Proposition 7 to the end of this section. Let us now formally
define the notion of maximal satisfying assignments. For two assignments φ;φ 0 let
Aðφ;φ 0Þ be the set of variables on which both assignments agree.

DEFINITION 8. Given a planted instance F with a planted assignment φ, we say that a
satisfying assignment φ 0 of F is maximal if flipping any x ∈ Aðφ;φ 0Þ results in an assign-
ment that does not satisfy F .

In that sense φ 0 is in a maximal Hamming distance from φ. For example, if the
complement of the planted also satisfies F , then it is maximal (in a vacuous way).

Let ε1 be the maximal value such that for m ∕ n ¼ ð1þ ε1Þ2k ln 2 and some
x ∈ ½0.3; 0.6�,

E½f x� ≥ 1.

Let ε2 be the minimal value such that form ∕ n ¼ ð1þ ε2Þ2k ln 2 and every x ∈ ½0.3; 0.6�

E½fmax
x � ≤ n−2.

The proofs of Propositions 5 and 6 show that ε2 always exists, and we have verified
the existence of ε1 numerically. The condition E½fmax

x � ≤ n−2 for x ∈ ½0.3; 0.6� easily
translates to the following claim: whp there are no maximal satisfying assignments
at distance xn for x ∈ ½0.3; 0.6�. This follows from Markov’s inequality, which gives
an upper bound of n−2 on the probability that fmax

x > 0 (for a fixed x). Now take
the union bound over at most n possible values of x.

Before proving Proposition 7, we still need to show that the interval ðε2; ε1Þ is
not empty.

PROPOSITION 9. ε2 < ε1.
Proof. Fix x ∈ ½0.3; 0.6� and consider a random formula F from Pn;m;k. Let Mi be

the event that φi at distance xn from the planted assignment φ is maximal, and Ai the
event that φi satisfies F . Using this terminology,

E½fmax
x � ¼

X
i∶δðφiÞ¼xn

Pr½Ai ∧ Mi� ¼
X
i

Pr½MijAi�Pr½Ai� ¼ Pr½MijAi�E½fx�.ð5:1Þ

In the last step we used the fact that Pr½MijAi� is the same for every φi by symmetry,
and therefore we can pull it out in front of the summation. It remains to estimate
Pr½MijAi�. Conditioning on the event Ai in the planted model means conditioning
on the fixed assignment φi to be satisfying in addition to the planted assignment. In
other words this means that only clauses which are satisfied by both φi and φ can
be included. By symmetry, every set of t clauses satisfied by both has the same prob-
ability of being included. Observe that for t ¼ m this is exactly the definition of the
doubly planted distribution (the distribution where one chooses randomly among
clauses satisfied by both assignments).

A standard approach is to consider the following variation of the doubly planted
model: pick every clause satisfied by both φi and φ with probability p, where p satisfies
p ¼ m ∕ jS j, S being the set of clauses which are satisfied by both φi;φ. For the proper-
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ties that interest us, it is straightforward to translate results between these two models.
It is also easy to see that jS j ≥ ð2k − 2ÞðnkÞ.

Now consider a variable s in φi whose assignment agrees with φ, and without loss of
generality, assume it is TRUE. We call a clause C s-qualifying for φi if it takes the form
ðs ∨ ly1 ∨ ly2 ∨ ⋅ ⋅ ⋅ ∨ lyk−1

Þ, where lyj is a FALSE literal (over the variable yj) under
φi. If φi is maximal, then at least one of the ð n

k−1Þ s-qualifying clauses had to be included.
The probability that at least one such clause is included is at most

1− ð1− pÞð n
k−1Þ ≤ 1− e−km ∕ ðnð2k−2ÞÞ.

Next we observe that φi has at least ð1− xÞn variables which are assigned according to
φ. Also observe that the set of s-qualifying clauses is disjoint from the set of q-qualifying
clauses. Finally, for φi to be maximal there must be at least one s-qualifying clause in F
for every variable s. The probability for that is at most

Pr½MijAi� ≤ ð1− e−km ∕ ðnð2k−2ÞÞÞð1−xÞn ≤ ð1− ð1− xÞe−km ∕ ðnð2k−2ÞÞÞn ≡ anð5:2Þ

for some a ¼ aðkÞ < 1 (here we assumed that x ∈ ½0.3; 0.6� and therefore ð1− xÞ ∈
½0.4; 0.7�). Combining (5.1) and (5.2) we derive

E½fmax
x � ≤ E½f x� ⋅ an.ð5:3Þ

We claim that this implies ε1 − ε2 ≥ h for some h ¼ hðkÞ > 0 (h actually depends on a,
but a depends only on k). Fix some b ¼ bðkÞ > 1 s.t. b ⋅ a < 1 (since a ¼ aðkÞ < 1, such b
exists). Since E½f x� is continuous and decreasing in m ∕ n, and by the maximality of ε1,
we can find h ¼ hðkÞ > 0 s.t. E½f x� ≤ bn for all x ∈ ½0.3; 0.6� when m ∕ n ≤
ð1þ ε1 − hÞ2k ln 2. On the other hand, as (5.3) implies, E½fmax

x � ≤ bn ⋅ an ¼
ðabÞn ≤ n−2 (for sufficiently large n) for all x ∈ ½0.3; 0.6�. By the minimality of ε2 this
in particular implies that ε2 ≤ ε1 − h.

Proof of Proposition 7. Fix some ε ∈ ðε2; ε1Þ and consider a random formula F in
Pn;m;k so thatm ∕ n ¼ ð1þ εÞ2k ln 2. By the choice of ε > ε2, it holds that whp F has no
maximal satisfying assignments at distance xn from the planted assignment for
x ∈ ½0.3; 0.6�. Assume that indeed this is the case, and also assume that the assumption
we made holds.

By the choice of ε < ε1 and the maximality of ε1, for some x1 ∈ ½0.3; 0.6� indeed
E½f x1 � ≥ 1. We shall now show that f x ¼ 0 for all x ∈ ½0.3; 0.6�. Assume by contradiction
that f x > 0 for some x ∈ ½0.3; 0.6�. Namely, there exists a satisfying assignment ψ at
distance xn from the planted assignment, φ. Construct the assignment ψ 0 in the follow-
ing manner: while possible, flip the assignment of a variable that agrees with φ that
leaves the assignment satisfying. By construction it is clear that ψ 0 is maximal. The
crucial observation now is that at each iteration of the process we increase the distance
between the current assignment and the planted assignment by exactly one. Specifically,
we start the procedure with an assignment at distance xn for x ∈ ½0.3; 0.6�, and we keep
increasing the distance. If the final distance yn is s.t. y ∈ ̸½0.3; 0.6�, then at some point
we’ve reached a satisfying assignment at distance ≥ 0.6nþ 1. This contradicts our as-
sumption above. Therefore we have that ψ 0, a maximal satisfying assignment already, is
at distance yn for y ∈ ½0.3; 0.6�. This, however, contradicts our assumption that no max-
imal satisfying assignments exist at that range.
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