
Stat 200C, Spring 2009 Ferguson
Solutions to Exercise Set 7.

13.1. (a) The distribution function and the density of the Cauchy distribution, C(µ, σ)
are

F (x) =
1
π

[arctan((x − µ)/σ) +
π

2
] f(x) =

1
πσ

1
1 + [(x − µ)/σ]2

.

The pth quantile satisfies F (xp) = p, and solving for xp we find xp = µ + σ tan(π(p− .5)).
Similarly, x1−p = µ + σ tan(π(.5 − p)). We note f(xp) = (πσ(1 + [tan(π(p − .5))]2)−1 =
f(x1−p), since tan(π(p − .5)) = − tan(π(.5 − p)). Hence from the Corollary of Theorem
13, we have

√
n

(
X(np) − xp

X(n(1−p)) − x1−p

)
L−→ N (

(
0
0

)
, π2σ2(1+[tan(π(.5−p))]2)2

(
p(1 − p) p2

p2 p(1 − p)

)
)

(b) We apply Cramér’s Theorem with g(x1, x2) = (x1 +x2)/2 and ġ(x1, x2) = (.5, .5).
We find

√
n(µ̂n − µ) L−→ N (0,

π2σ2

4
(1 + [tan(π(.5 − p))]2)22p).

(c) We must find p to minimize v(p) = (p/2)(1 + [tan(π(.5 − p))]2)2. Using Maple or
Mathematica or some graphing calculator, we find that v(p) is minimized for 0 < p ≤ .5
by pmin = .440, and the value there is v(pmin) = .2359. This gives an asymptotic variance
of .2359π2σ2 compared to the asymptotic variance of .25π2σ2 using the median, as in
Example 13.2. Not much improvement.

13.2. (a) The pth quantile of F is ui + θ. So for Zi = X(�npi�) − ui, we have from

the Corollary of Chapter 13,
√

n(Z − θ1) L−→ N (0,Σ), where Σ = (σij) and for i ≤ j,
σij = pi(1 − pj)/(f(ui)f(uj)).

(b) Using Lagrange mulipliers, write ϕ(a) = aT Σa−λ1Ta. Then ϕ̇(a) = 2Σa−λ1 =
0 has solution a = λΣ−11/2. To find λ, note that 1 = 1T a = λ1T Σ−11/2, so that
λ = 2/1T Σ−11. Therefore, a = Σ−11 /1T Σ−11.

(c) Let gi = f(ui) for i = 1, . . . , k, and let p0 = 0 and pk+1 = 1. Then Σ−1 =
(
σij

)
,

where

σij =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(pi+1−pi−1)g
2
i

(pi+1−pi)(pi−pi−1) if j = i

− gigi+1
(pi+1−pi)

if j = i + 1
− gigi−1

(pi−pi−1)
if j = i − 1

0 otherwise.

(d) For the uniform distribution, gi = 1 for all i, so the vector Σ−11 is the transpose
of (1/p1, 0, . . . , 0, 1/(1 − pk)), and θ̂ = (Z1/p1 − Zk/(1 − pk))/(1/p1 + 1/(1 − pk)).


